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Abstract

In this series of papers, we present a set of methods to revive quantum geometrodynamics,
which has been buried due to its numerous mathematical and conceptual challenges. In this
paper, we introduce the regularization scheme on which we base the subsequent quantization
and continuum limit of the theory. Specifically, we constrain the phase space of classical
geometrodynamics to piecewise constant fields, resulting in a theory with finitely many
degrees of freedom of the spatial metric field. As this representation effectively corresponds
to a lattice theory, we can utilize well–known techniques to depict the constraints and their
algebra on the lattice. We compute lattice corrections to the constraint algebra and show
that they vanish in the continuum limit. This model can now be quantized using the usual
methods of finite–dimensional quantum mechanics, as we demonstrate in the following
paper. The application of the continuum limit is the subject of a future publication.

Contents

1 Introduction 2
2 Constraints in the Continuum 3
3 Lattice Theory 4
4 Formulas in Riemannian Lattice Geometry 8
5 Constraints and Constraint Algebra on the Lattice 11
6 Conclusion 19
A Formulas in Riemannian Lattice Geometry 20
B Lattice Poisson Bracket 28

*thorsten.lang@fau.de
†sschander@perimeterinstitute.ca

1



2 Quantum Geometrodynamics Revived I. Classical Constraint Algebra

C Constraint Algebra on the Lattice 30

1 Introduction

The quest for a viable theory of quantum gravity is a longstanding and yet still open problem of
theoretical physics. While there exists a plethora of different promising approaches, there remain
open questions and challenges to achieving a widely accepted solution among the scientific
community.

One of the first attempts to quantize gravity was the Hamiltonian quantum geometrodynami-
cal approach based on a (3 + 1)–split of spacetime in which the spatial metric fields 𝑞𝑎𝑏(𝑥), with
𝑎, 𝑏 ∈ 1, 2, 3, and their conjugate momenta 𝑝𝑐𝑑(𝑥) represent the phase space of the theory, see
Arnowitt et al. (2008) for a comprehensive review. An analysis of the dynamical content of the
theory reveals that the system is entirely constrained, reflecting the theory’s invariance under
general coordinate transformations. Following Dirac’s approach to constrained systems, the four
resulting constraints, namely the Hamiltonian and the three diffeomorphism constraints, have
to be preserved under the flow generated by the constraints themselves in order for the theory
to be consistent. At the classical level, this consistency is met since the Poisson algebra of the
gravitational constraints vanishes weakly on the constraint hypersurface.

The quantization of this theory presents a formidable challenge, as was already noted by
DeWitt (1967) (see also references therein). To quantize constrained systems, one would typi-
cally follow the procedure outlined by Dirac (1964), which involves imposing the constraints as
quantum operators on physical states of an appropriate Hilbert space. Unfortunately, due to the
non–polynomial structure and the presence of interaction terms in the Hamiltonian constraint,
constructing a well–defined kinematical Hilbert space for the theory remains an open problem.
Moreover, representing the quantum constraints and defining an inner product for physical states
is far from trivial. An additional concern is the possibility of anomalies in the quantum constraint
algebra, which could undermine the theory’s consistency. This issue is closely tied to the factor
ordering problem and the question of a suitable regularization scheme.

Other fundamental issues related to quantum geometrodynamics include the possibility
of signature change of the metric tensor and the problem of time. Additionally, the question
of interpreting a theory of quantum gravity remains a challenging and open topic. We refer
the reader to the references by Isham (1991) and Kiefer (2007) for in–depth discussions of the
above–mentioned problems.

One way to make progress towards defining a theory of quantum gravity is to regularize the
continuum theory in a first step, and then to consider the continuum limit by e.g., renormalization
group methods. This article, the second in our series of papers, lays the groundwork for this
purpose. More precisely, we start by defining our approach to a lattice theory of gravity, and
by evaluating the constraint algebra on the lattice. All considerations in this paper are purely
classical.

More precisely, our approach to gravity on the lattice confines the phase space of continuum
geometrodynamics to the canonical fields that are piecewise constant with respect to a regular
lattice embedded in the spatial manifold 𝜎. This amounts to assigning a finite number of degrees
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of freedom to each hypercube of the lattice, specifically, we have 𝑛(𝑛+1)/2 parameters associated
with the symmetric metric tensor for each hypercube or at each lattice site. For simplicity, we
assume the lattice to admit periodic boundary conditions. We replace integrals by weighted sums
and partial derivatives by finite (central) differences. We choose a representation of the constraints
on the lattice that resembles the continuum case closely and which simplifies computations.
We are then able to recover the hypersurface deformation algebra on the lattice augmented by
additional terms proportional to 𝜖. These additional terms are regular in the sense that they depend
on regular functions of the phase space variables on their domain of definition. These anomalies
also include couplings between different lattice sites. We emphasize that the appearence of
anomalies is expected since the approach breaks diffeomorphism invariance by defining the
theory on the lattice. It is however expected that these anomalies disappear when taking the
continuum limit.

With the proposed regularization method, a rigorously defined Hilbert space can be con-
structed at each individual lattice site. More significantly, the total Hilbert space can be repre-
sented as a tensor product of the Hilbert spaces at each lattice site, thereby ensuring a consistent
and well–defined framework for the quantum theory under consideration. Furthermore, we are
able to establish the positive definiteness of the metric tensor in our quantum representation,
which constitutes the subject of the subsequent paper in this series (Lang and Schander 2023a).
For a brief and condensed summary of our current findings, we refer to the first paper of the
series (Lang and Schander 2023b).

The structure of this paper is as follows: In section 2, we briefly review the Hamiltonian
approach to classical gravity in the continuum and introduce its constraint algebra. Section 3
provides the basics of our approach to considering gravity on the lattice and introduces the lattice
calculus that we will be using. In section 4, we provide some useful formulas of Riemannian
“geometry” on the lattice. Section 5 specifies our representation of the lattice constraints and
computes their algebra. Finally, section 6 closes with a summary and a discussion of our findings.

Notation

We set 𝑐 = 16𝜋𝐺 = 1. Lower case latin letters 𝑎, 𝑏, 𝑐,… refer to spatial indices ranging from 1 to
𝑛 while lower case greek letters 𝜇, 𝜈, 𝜌,… denote spacetime indices and hence run from 0 to 𝑛.

2 Constraints in the Continuum

Following Arnowitt et al. (1959), the canonical theory of gravity in the continuum rests on intro-
ducing a spatialmetric 𝑞𝑎𝑏 on the𝑛–dimensional spatial hypersurfaces𝜎 of the (𝑛+1)–dimensional
spacetime manifoldℳ = ℝ×𝜎. Together with the lapse function 𝑁 and the shift vector field𝒩𝑏,
the (𝑛 + 1)–dimensional Lorentzian metric 𝑔𝜇𝜈 is then given by

𝑔00 = −𝑁2 +𝒩𝑏𝒩𝑏, 𝑔0𝑏 = 𝑔𝑏0 = 𝒩𝑏, 𝑔𝑏𝑐 = 𝑞𝑏𝑐. (2.1)

It is useful to introduce the second fundamental form 𝐾𝑏𝑐 ≔ ( ̇𝑞𝑏𝑐−2𝐷[𝑏𝒩 𝑐])/(2𝑁)where the dot
denotes a time derivative and 𝐷𝑏 is the covariant derivative on the spatial hypersurfaces. In terms
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of these quantities, together with the determinant of the spatial metric 𝑞 ≔ det 𝑞, the Lagrangian
of general relativity becomes (Wald 1984)

𝐿 = ∫
𝜍
d𝑛𝑥𝑁√𝑞 (𝐾𝑏𝑐𝐾𝑏𝑐 − 𝐾2 + 𝑅) (2.2)

where 𝐾 = 𝐾𝑏𝑐𝑞𝑏𝑐, 𝑅 is the curvature scalar of the spatial hypersurfaces and we set the cosmolog-
ical constant 𝛬 = 0. Note that we discard two dynamically irrelevant boundary terms to derive
equation (2.2) (DeWitt 1967). The momenta conjugate to 𝑁,𝒩𝑏 and 𝑞𝑏𝑐 are respectively given by

𝜋 ≔ 𝜕ℒ
𝜕𝑁̇

= 0, 𝜋𝑏 ≔
𝜕ℒ
𝜕𝒩̇𝑏

= 0, 𝑝𝑏𝑐 ≔ 𝜕ℒ
𝜕 ̇𝑞𝑏𝑐

= √𝑞 (𝐾𝑏𝑐 − 𝐾𝑞𝑏𝑐) (2.3)

where ℒ is the Lagrange density defined by 𝐿 = ∫ d𝑛𝑥ℒ. The first two equations represent
primary constraints according to Dirac (1964) and express the fact that the velocities 𝑁̇ and 𝒩̇𝑏

can be chosen arbitrarily. A Legendre transformation using the above momenta yields the total
Hamiltonian

H = ∫
𝜍
d𝑛𝑥 (𝜆𝜋 + 𝜆𝑏𝜋𝑏 + 𝑁ℋ +𝒩𝑏𝒞𝑏) (2.4)

where 𝜆 and 𝜆𝑏 are Lagrange multipliers (Dirac 1964), and the Hamilton constraint densityℋ
and the diffeomorphism constraint densities 𝒞𝑏 are given by (Thiemann 2007b)

ℋ ≔ 1
√𝑞

(𝑞𝑏𝑑𝑞𝑐𝑒 −
1

𝑛 − 1𝑞𝑏𝑐𝑞𝑑𝑒)𝑝
𝑏𝑐𝑝𝑑𝑒 −√𝑞𝑅, (2.5)

𝒞𝑏 ≔ −2𝐷𝑑𝑝𝑑𝑏 = −2(𝑞𝑏𝑐𝑝𝑐𝑑),𝑑+𝑞𝑐𝑑,𝑏𝑝𝑐𝑑 (2.6)

where we used that 𝑝𝑐𝑑 is a tensor density of weight one in order to express its covariant deriva-
tive in terms of a partial derivative. Defining the smeared versions of the Hamilton and the
diffeomorphism constraints

𝐻(𝑁) ≔ ∫
𝜍
d𝑛𝑥𝑁ℋ, 𝐶(𝒩) ≔ ∫

𝜍
d𝑛𝑥𝒩𝑏𝒞𝑏, (2.7)

the Dirac algebra (Dirac 1964) which encodes the non–trivial dynamics of the system is given by

{𝐶(𝒩1), 𝐶(𝒩2)} = −𝐶(ℒ𝒩1𝒩2), (2.8)
{𝐶(𝒩),𝐻(𝑁)} = −𝐻(ℒ𝒩𝑁), (2.9)
{𝐻(𝑁1), 𝐻(𝑁2)} = −𝐶(𝑉(𝑞, 𝑁1, 𝑁2)) (2.10)

where ℒ𝑔𝑓 is the Lie derivative of the (scalar, vector or tensor) function 𝑓 along the vector field 𝑔,
and 𝑉(𝑞, 𝑁1, 𝑁2) is the vector field defined by 𝑉𝑏 ≔ 𝑞𝑏𝑐(𝑁1 𝜕𝑐𝑁2 − 𝑁2 𝜕𝑐𝑁1).

3 Lattice Theory

Our aim is to formulate a theory of gravity with a finite number of spatial degrees of freedom.
To accomplish this, we limit the theory’s phase space to the set of piecewise constant functions
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(and tensors) as defined below. This allows us to use the tools from conventional lattice theories
while formally physical fields remain defined on the entire spatial manifold. The next step in our
approach involves gradually lifting this restriction.

Let us illustrate this procedure in one spatial dimension. Let [𝑎, 𝑏) ⊂ ℝ be an interval on the
real line. Let us assume that 𝑏 − 𝑎 > 0 is an 𝑁’th multiple of 𝜖 ∈ ℝ+, in particular 𝑏 − 𝑎 = 𝑁𝜖.
We divide [𝑎, 𝑏) into 𝑁 intervals all of the same length 𝜖, and label each of these intervals 𝐼𝑋 by
an entire number 𝑋 ∈ 0,… ,𝑁 − 1. More precisely, we define

𝐼𝑋 ≔ [𝑎 + 𝑋𝜖, 𝑎 + (𝑋 + 1) 𝜖) ⊂ ℝ. (3.1)

The idea is to confine the space of admissible functions 𝑓 ∶ [𝑎, 𝑏) ↦ ℝ to those that are constant
on each 𝐼𝑋 with function value 𝑓𝑋 on 𝐼𝑋, i.e.,

𝑓(𝑥) ≔
𝑁−1
∑
𝑋=0

𝑓𝑋 {
1, if𝑥 ∈ 𝐼𝑋
0, otherwise

=
𝑁−1
∑
𝑋=0

𝑓𝑋𝜒𝑋(𝑥), (3.2)

where we introduced the characteristic function 𝜒𝑋(𝑥) which is one if 𝑥 ∈ 𝐼𝑋 and zero otherwise.
The integral of 𝑓(𝑥) is given by

∫
𝑏

𝑎
d𝑥𝑓(𝑥) =

𝑁−1
∑
𝑋=0

𝑓𝑋∫
𝑏

𝑎
d𝑥𝜒𝑋(𝑥) = 𝜖

𝑁−1
∑
𝑋=0

𝑓𝑋, (3.3)

where by integrating out the characteristic function, we obtain an additional factor 𝜖 in the final
step. The integral reduces to a sum, very similar to how one defines “integration” for lattice
theories. In particular, one can think of each interval 𝐼𝑋 as hosting one lattice point 𝑋 and 𝜖 is the
lattice constant. This view point allows us to consider our reduced theory as a lattice theory and
simplifies the mathematical description. We emphasize however that 𝑓(𝑥) is still defined on the
entire interval [𝑎, 𝑏).

In this work, we focus on the case of periodic boundary conditions which enables us to study
the entire spacetime within a finite region. Specifically, in the one dimensional case, we make
the identification

𝑓𝑋 = 𝑓𝑌 mod 𝑁 ∀𝑌 ∈ ℤ, 𝑋 ∈ 0,… ,𝑁 − 1, (3.4)

for any piecewise constant function 𝑓𝑋 on [𝑎, 𝑏). In particular, we have that 𝑓𝑁 = 𝑓0 and
𝑓𝑁+1 = 𝑓1.

In 𝑛 (spatial) dimensions one can play a similar game. While in one dimension the lattice
points sit on the real line, we define a hypercubical lattice for 𝑛 dimensions in close analogy by

𝛬 ≔ { (𝑋1,… , 𝑋𝑛)∶ 𝑋𝑖 ∈ 0,… ,𝑁 − 1 ∀𝑖 = 1,… , 𝑛 }. (3.5)

The intervals become hypercubes 𝐼𝑋1…𝑋𝑛 and a piecewise constant function is constant over each
of the hypercubes respectively. Hence, a function 𝑓 reduces to

𝑓(𝑥) ≔
𝑁−1
∑

𝑋1…𝑋𝑛=0
𝑓𝑋1…𝑋𝑛𝜒𝑋1…𝑋𝑛

(𝑥), (3.6)
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while its integral over [𝑎, 𝑏)𝑛 is given by

∫
[𝑎,𝑏)𝑛

d𝑛𝑥𝑓(𝑥) = 𝜖𝑛
𝑁−1
∑

𝑋1…𝑋𝑛=0
𝑓𝑋1…𝑋𝑛. (3.7)

Again, the value 𝑓𝑋1…𝑋𝑛 can be thought of being assigned to the lattice point (𝑋1,… , 𝑋𝑛). This
concept leads to the idea of a lattice function. As for the one dimensional case, we specialize to
periodic boundary conditions.

Definition 3.1 (Lattice Function). A real–valued function 𝑓 on the lattice 𝛬 with periodic
boundary conditions is given by the assignment

𝑓 ∶ 𝛬 → ℝ ∶ (𝑋1,… , 𝑋𝑛) ↦ 𝑓𝑋1…𝑋𝑛, (3.8)

where we require that

𝑓𝑋1…𝑋𝑛 = 𝑓(𝑌1 mod 𝑁)…(𝑌𝑛 mod 𝑁) ∀𝑌𝑖 ∈ ℤ, 𝑋𝑖 ∈ 0,… ,𝑁 − 1 ∀𝑖 ∈ 1,… , 𝑛. (3.9)

The space of such functions will be denoted by ℱ(𝛬,ℝ).

We also seek to define finite differences of lattice functions in order to replace the continuum
derivatives. To accomplish this, we employ a ”central” finite difference.

Definition 3.2 (Central Difference). The central difference operator 𝛥𝑎 acts on a lattice function
𝑓 ∈ ℱ(𝛬,ℝ) with periodic boundary conditions according to

(𝛥𝑎𝑓)𝑋1…𝑋𝑛 ≔
𝑓𝑋1…(𝑋𝑎+1 mod 𝑁)…𝑋𝑛 − 𝑓𝑋1…(𝑋𝑎−1 mod 𝑁)…𝑋𝑛

2𝜖 (3.10)

with 𝑋𝑖 ∈ 0,… ,𝑁 − 1 and for all 𝑖 ∈ 1,… , 𝑛.

The following definition also prooves to be useful.

Definition 3.3 (Lattice Shift Operators). The shift operator 𝑇𝑎 and its inverse 𝑇−1
𝑎 act on a lattice

function 𝑓 ∈ ℱ(𝛬,ℝ) by shifting its value according to

(𝑇𝑎𝑓)
𝑋1…𝑋𝑛 ≔ 𝑓𝑋1…𝑋𝑎+1 mod 𝑁…𝑋𝑛, (3.11)

(𝑇−1
𝑎 𝑓)𝑋1…𝑋𝑛 ≔ 𝑓𝑋1…𝑋𝑎−1 mod 𝑁…𝑋𝑛. (3.12)

Omitting lattice indices, this allows us to write the central difference operator as

𝛥𝑎𝑓 =
𝑇𝑎𝑓 − 𝑇−1

𝑎 𝑓
2𝜖 . (3.13)

On the lattice, the product rule of differentiation used in continuous calculus must be aug-
mented by a lattice term proportional to the lattice constant.
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Definition 3.4 (Lattice Product Rule). The difference operator 𝛥 acts on the product of two
lattice functions 𝑓, 𝑔 ∈ ℱ(𝛬,ℝ) according to

𝛥𝑎(𝑓 ⋅ 𝑔) = (𝛥𝑎𝑓) ⋅ 𝑔 + 𝑓 ⋅ (𝛥𝑎𝑔) + 𝜖𝒪𝑎(𝑓, 𝑔), (3.14)

where the additional lattice contribution can be written using the so–called forward and backward
lattice differences 𝛥f,𝜖 and 𝛥b,𝜖 as

𝒪𝑎(𝑓, 𝑔) ≔
1
2((𝛥

f
𝑎𝑓)(𝛥f𝑎𝑔) − (𝛥b𝑎𝑓)(𝛥b𝑎𝑔)) (3.15)

where

(𝛥b𝑎𝑓) ≔
𝑇𝑎𝑓 − 𝑓

𝜖 , (𝛥f𝑎𝑓) ≔
𝑓 − 𝑇−1

𝑎 𝑓
𝜖 . (3.16)

The central, forward and backward differences on the lattice are linked by the assignement

𝛥𝑎𝑓 =
𝛥f𝑎𝑓 + 𝛥b𝑎𝑓

2 . (3.17)

Whether one chooses the central, forward or backward difference is a question of personal taste.
In the continuum limit, all three choices should reduce to the same usual derivative operator.
Likewise, when sending 𝜖 → 0, the additional lattice contributions from the product rule should
disappear. In this work, we use the central difference as it simplifies our computations, in
particular, it translates the continuous integration by parts to the following summation rule.

Lemma 3.5 (Summation by Parts). Let 𝑓, 𝑔 ∈ ℱ(𝛬,ℝ) be two periodic lattice functions. Then, the
following rule for shifting the central difference operator holds:

∑(𝛥𝑎𝑓) 𝑔 = −∑𝑓(𝛥𝑎𝑔), (3.18)

where the sum runs from 0 to𝑁−1 for all 𝑋1,… , 𝑋𝑛 and 𝑓 and 𝑔 depend on these lattice coordinates.

The proof is straightforward, and we will not detail it here. For our goal of defining general
relativity on the lattice, we need a notion of tensors of different types and of lattice tensor “fields”.
While the conventional definitions of such objects employing tangent and cotangent spaces on a
smooth manifold obviously fail on the lattice, it is still possible to define a tensor at each lattice
point.

Definition 3.6 (Lattice Tensor). A tensor 𝑇 of type (𝑟, 𝑠) at the lattice point (𝑋1…𝑋𝑛) is a multi-
linear map

𝑇𝑋1…𝑋𝑛 ∶ 𝑉∗ ×⋯× 𝑉∗ × 𝑉 ×⋯× 𝑉 → ℝ (3.19)

which maps 𝑟 dual vectors 𝑣1,… , 𝑣𝑟 ∈ 𝑉∗ of an 𝑛–dimensional (dual) real vector space 𝑉∗ and 𝑠
vectors 𝑣1,… , 𝑣𝑠 ∈ 𝑉 of an 𝑛–dimensional real vector space 𝑉 onto ℝ. The space of (𝑟, 𝑠) tensors
is denoted by 𝒯 (𝑟,𝑠).
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As such, the usual index notation (𝑇𝑋1…𝑋𝑛)𝑎1…𝑎𝑟
𝑏1…𝑏𝑠 can be used. The conventional con-

traction of indices, the Einstein summation rule and the lowering (raising) of indices with the
(inverse) metric tensor still apply pointwise. A “lattice tensor field” is a collection of tensor fields
at the lattice sites.

Definition 3.7 (Lattice Tensor Field). A lattice tensor field of type (𝑟, 𝑠) on the periodic lattice 𝛬
is a map

𝑇 ∶ 𝛬 → 𝒯 (𝑟,𝑠) ∶ 𝑋1…𝑋𝑛 ↦ 𝑇𝑋1…𝑋𝑛 (3.20)

that assigns an (𝑟, 𝑠) tensor 𝑇𝑋1…𝑋𝑛 to each lattice site 𝑋1…𝑋𝑛 ∈ 𝛬.

As before, we omit the lattice site indices 𝑋1…𝑋𝑛 whenever possible.
In the continuum limit where 𝜖 → 0, the usual geometric interpretation of coordinate

transformations and quantities on a smooth manifold should be restored.
Similarly, we would like to have a notion of tensor densities although the usual intuition about

their transformation when passing to another coordinate system is, again, completely lost on the
lattice. Nevertheless, we will label the square root of the lattice metric tensor’s determinant as
well as the metric’s conjugate momentum as “lattice tensor densities of weight one” and introduce
respective rules of lattice calculus for them.

4 Formulas in Riemannian Lattice Geometry

To aid the reader’s comprehension in the subsequent sections, we present a set of formulas in
Riemannian lattice “geometry” that will be employed. The next section utilizes these formulas to
compute the constraint algebra on the lattice. Therefore, the reader may choose to peruse this
section at a later time if desired. To enhance the readability of this section, we moved the proofs
of the lemmas to appendix A.

We start by introducing the lattice metric 𝑞𝑎𝑏 and its inverse 𝑞𝑏𝑐 both defined in accordance
with the continuum metric but limited to the lattice sites and satisfying the usual relations
𝑞𝑎𝑏𝑞𝑏𝑐 = 𝛿𝑐𝑎 and 𝑞𝑎𝑏𝑞𝑎𝑏 = 𝑛. Together with the central difference (definition 3.2), this leads us to
define the lattice Christoffels symbol according to

𝛤𝑎𝑏𝑐 ≔
1
2𝑞

𝑎𝑑(𝛥𝑏𝑞𝑑𝑐 + 𝛥𝑐𝑞𝑏𝑑 − 𝛥𝑑𝑞𝑏𝑐), (4.1)

and which is symmetric with respect to its lower indices. For the following, it is useful to define
the notion of a “covariant difference operation” on the lattice. The covariant difference operator
on the lattice can be expressed in a manner that parallels its counterpart in the continuum.

Definition 4.1 (Lattice Covariant Difference). The covariant difference 𝐷𝑎 of a lattice tensor
density 𝑇 of type (𝑟, 𝑠) and of weight 𝑤 is given by

𝐷𝑎𝑇
𝑏1…𝑏𝑟

𝑐1…𝑐𝑠 ≔𝛥𝑎𝑇
𝑏1…𝑏𝑟

𝑐1…𝑐𝑠 + 𝛤𝑏1𝑑𝑎𝑇
𝑑𝑏2…𝑏𝑟

𝑐1…𝑐𝑠 +⋯+ 𝛤𝑏𝑟𝑑𝑎𝑇
𝑏1…𝑏𝑟−1𝑑

𝑐1…𝑐𝑠 (4.2)

− 𝛤𝑑𝑐1𝑎𝑇
𝑏1…𝑏𝑟

𝑑𝑐2…𝑐𝑠 −⋯− 𝛤𝑑𝑐𝑠𝑎𝑇
𝑏1…𝑏𝑟

𝑐1…𝑐𝑠−1𝑑 − 𝑤𝛤𝑑𝑑𝑎𝑇
𝑏1…𝑏𝑟

𝑐1…𝑐𝑠 .
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Note that by a simple algebraic calculation, one can show that 𝐷𝑎𝑞𝑏𝑐 = 0 while 𝐷𝑎𝑞𝑏𝑐 fails to
be zero on the lattice.

Lemma 4.2 (Covariant Difference of InverseMetric). The covariant difference of the inverse metric
vanishes up to lattice terms, i.e.,

𝐷𝑎𝑞𝑏𝑐 = 𝜖𝜇𝐷𝑞 𝑏𝑐
𝑎 , where 𝜇𝐷𝑞 𝑏𝑐

𝑎 ≔ −𝑞𝑏𝑑𝒪𝑎(𝑞𝑑𝑒, 𝑞𝑒𝑐). (4.3)

Similar results hold for the metric determinant and its square root as we propose in the
following lemmas 4.3 and 4.4.

Lemma 4.3 (Covariant Difference of Metric Determinant). The covariant finite difference of the
metric determinant vanishes up to lattice contributions of order 𝜖, more precisely,

𝐷𝑎𝑞 = 𝜖 𝜇𝑞𝑎 (4.4)

where 𝜇𝑞𝑎 is given by

𝜇𝑞𝑎 ≔
1
𝑛!(𝒪𝑎(𝑞𝑏1𝑐1,

𝑛
∏
𝑖=2

𝑞𝑏𝑖𝑐𝑖) + 𝑞𝑏1𝑐1𝒪𝑎(𝑞𝑏2𝑐2,
𝑛
∏
𝑖=3

𝑞𝑏𝑖𝑐𝑖) +⋯+
𝑛−2
∏
𝑖=1

𝑞𝑏𝑖𝑐𝑖𝒪𝑎(𝑞𝑏𝑛−1𝑐𝑛−1, 𝑞𝑏𝑛𝑐𝑛))

⋅ 𝜀𝑏1…𝑏𝑛 𝜀𝑐1…𝑐𝑛. (4.5)

Lemma 4.4 (Covariant Difference of Metric Determinant Square Root). The covariant lattice
difference of √𝑞 vanishes up to lattice contributions of order 𝜖, more precisely,

𝐷𝑎√𝑞 = 𝜖𝜇√𝑞𝑎, where 𝜇√𝑞𝑎 ≔
𝛥𝑎𝑞 (−𝛥

f,𝜖
𝑎 √𝑞 + 𝛥b,𝜖𝑎 √𝑞)

2√𝑞 (√𝑇𝑎𝑞 +√𝑇−1
𝑎 𝑞)

−
𝜇𝑞𝑎
2√𝑞

. (4.6)

For later use, let us also compute the central lattice difference of √𝑞
−1.

Lemma 4.5 (Lattice Difference of √𝑞
−1). The (central) lattice difference of √𝑞

−1 is given by

𝛥𝑎
1
√𝑞

= −
𝛥𝑎𝑞

2√𝑞
3 + 𝜖𝜇√𝑞

−1
𝑎

(4.7)

where

𝜇√𝑞
−1
𝑎

≔√(𝑇−1
𝑎 𝑞)(𝑇𝑎𝑞) (−𝛥

f,𝜖
𝑎 √𝑞 + 𝛥b,𝜖𝑎 √𝑞) +√𝑞 (𝑇𝑎𝑞) 𝛥

b,𝜖
𝑎 √𝑞 − 𝑞𝛥f,𝜖𝑎 √𝑞. (4.8)

Lemma 4.6 (Generalized Ricci Identity). Let 𝑇𝑐1…𝑐𝑟
𝑑1…𝑑𝑠 be an (𝑟, 𝑠)–lattice tensor. Then the

commutator of two covariant lattice differences acting upon 𝑇 is defined by

[𝐷𝑎, 𝐷𝑏]𝑇
𝑐1…𝑐𝑟

𝑑1…𝑑𝑠 ≔ 𝑅𝑐1𝑓𝑎𝑏𝑇
𝑓𝑐2…𝑐𝑟

𝑑1…𝑑𝑠 +⋯+ 𝑅𝑐𝑟𝑓𝑎𝑏𝑇
𝑐1…𝑐𝑟−1𝑓

𝑑1…𝑑𝑠

− 𝑅𝑓𝑑1𝑎𝑏𝑇
𝑐1…𝑐𝑟

𝑓𝑑2…𝑑𝑠 −⋯− 𝑅𝑓𝑑𝑠𝑎𝑏𝑇
𝑐1…𝑐𝑟

𝑑1…𝑑𝑠−1𝑓
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+ 𝜖𝜇𝑅𝐼(𝑇𝑐1…𝑐𝑟
𝑑1…𝑑𝑠 )𝑎𝑏, (4.9)

where

𝜇𝑅𝐼(𝑇𝑐1…𝑐𝑟
𝑑1…𝑑𝑠 )𝑎𝑏 = (𝒪𝑎(𝛤

𝑐1
𝑓𝑏 , 𝑇

𝑓𝑐2…𝑐𝑟
𝑑1…𝑑𝑠 ) − 𝒪𝑏(𝛤

𝑐1
𝑓𝑎 , 𝑇

𝑓𝑐2…𝑐𝑟
𝑑1…𝑑𝑠 )) + …

+ (𝒪𝑎(𝛤
𝑐𝑟
𝑓𝑏 , 𝑇

𝑐1…𝑐𝑟−1𝑓
𝑑1…𝑑𝑠 ) − 𝒪𝑏(𝛤

𝑐𝑟
𝑓𝑎 , 𝑇

𝑐1…𝑐𝑟−1𝑓
𝑑1…𝑑𝑠 ))

− (𝒪𝑎(𝛤
𝑓
𝑑1𝑏 , 𝑇

𝑐1…𝑐𝑟
𝑓𝑑2…𝑑𝑠 ) − 𝒪𝑏(𝛤

𝑓
𝑑1𝑎 , 𝑇

𝑐1…𝑐𝑟
𝑓𝑑2…𝑑𝑠 )) − …

− (𝒪𝑎(𝛤
𝑓
𝑑𝑠𝑏 , 𝑇

𝑐1…𝑐𝑟
𝑑1…𝑑𝑠−1𝑓) − 𝒪𝑏(𝛤

𝑓
𝑑𝑠𝑎 , 𝑇

𝑐1…𝑐𝑟
𝑑1…𝑑𝑠−1𝑓)). (4.10)

Lemma 4.7 (Riemann First Skew Symmetry). The lattice Riemann tensor with lower indices
𝑅𝑎𝑏𝑐𝑑 ≔ 𝑞𝑎𝑓𝑅

𝑓
𝑏𝑐𝑑 is skew symmetric up to errors of order 𝜖 with respect to permuting its anterior

indices, i.e.,

𝑅𝑎𝑏𝑐𝑑 = −𝑅𝑏𝑎𝑐𝑑 + 𝜖𝜇𝑅𝑎↔𝑏𝑐𝑑 (4.11)

where the lattice term is defined by

𝜇𝑅𝑎↔𝑏𝑐𝑑 ≔ 𝒪𝑑(𝑞𝑎𝑓, 𝛤
𝑓
𝑐𝑏 ) − 𝒪𝑐(𝑞𝑎𝑓, 𝛤

𝑓
𝑑𝑏 ) + 𝒪𝑑(𝑞𝑏𝑓, 𝛤

𝑓
𝑐𝑎 ) − 𝒪𝑐(𝑞𝑏𝑓, 𝛤

𝑓
𝑑𝑎 ). (4.12)

Lemma 4.8 (Riemann Second Skew Symmetry). The lattice Riemann tensor with lower indices
𝑅𝑎𝑏𝑐𝑑 is skew symmetric with respect to permuting its posterior indices, i.e.,

𝑅𝑎𝑏𝑐𝑑 = −𝑅𝑎𝑏𝑑𝑐. (4.13)

Lemma 4.9 (Riemann Interchange Symmetry). The lattice Riemann tensor with lower indices
𝑅𝑎𝑏𝑐𝑑 is symmetric upon interchanging the two pairs of anterior and posterior indices up to errors of
order 𝜖, more precisely,

𝑅𝑎𝑏𝑐𝑑 = 𝑅𝑐𝑑𝑎𝑏 + 𝜖𝜇𝑅(𝑎𝑏),↔(𝑐𝑑) (4.14)

where

𝜇𝑅(𝑎𝑏)↔(𝑐𝑑) ≔ 𝒪𝑑(𝑞𝑎𝑓, 𝛤
𝑓
𝑐𝑏 ) − 𝒪𝑐(𝑞𝑎𝑓, 𝛤

𝑓
𝑑𝑏 ) + 𝒪𝑎(𝑞𝑐𝑓, 𝛤

𝑓
𝑏𝑑 ) − 𝒪𝑏(𝑞𝑐𝑓, 𝛤

𝑓
𝑎𝑑 ). (4.15)

Lemma 4.10 (Jacobi Identity). The Jacobi identity holds on the lattice for any lattice tensor 𝑇,

([𝐷𝑎, [𝐷𝑏, 𝐷𝑐]] + [𝐷𝑏, [𝐷𝑐, 𝐷𝑎]] + [𝐷𝑐, [𝐷𝑎, 𝐷𝑏]])𝑇 = 0. (4.16)

Lemma 4.11 (First Bianchi Identity). The first (algebraic) Bianchi identity holds on the lattice

𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑎𝑐𝑑𝑏 + 𝑅𝑎𝑑𝑏𝑐 = 0. (4.17)

Lemma 4.12 (Second Bianchi Identity). The second Bianchi identity holds on the lattice up to
lattice contributions proportional to 𝜖, in particular, it holds that

𝐷𝑎𝑅𝑑𝑓𝑏𝑐 + 𝐷𝑏𝑅𝑑𝑓𝑐𝑎 + 𝐷𝑐𝑅𝑑𝑓𝑎𝑏 = 𝜖𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐 , (4.18)

where the lattice contribution is defined by

𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐 = 𝒪𝑎(𝛤𝑑𝑐𝑔 , 𝛤
𝑔
𝑓𝑏 ) − 𝒪𝑎(𝛤𝑑𝑏𝑔 , 𝛤

𝑔
𝑓𝑐 ) + 𝒪𝑏(𝛤𝑑𝑎𝑔 , 𝛤

𝑔
𝑓𝑐 ) − 𝒪𝑏(𝛤𝑑𝑐𝑔 , 𝛤

𝑔
𝑓𝑎 )

+ 𝒪𝑐(𝛤𝑑𝑏𝑔 , 𝛤
𝑔
𝑓𝑏 ) − 𝒪𝑐(𝛤𝑑𝑎𝑔 , 𝛤

𝑔
𝑓𝑏 ). (4.19)
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Lemma 4.13 (Contracted Bianchi Identity). The contraction of the second Bianchi identity on the
lattice reads

𝐷𝑏𝑅𝑏𝑎 =
1
2𝐷𝑎𝑅 + 𝜖𝜇𝐶𝐵𝐼𝑎, (4.20)

where

𝜇𝐶𝐵𝐼𝑎 ≔
1
2(𝑞

𝑓𝑏𝜇𝐵𝐼𝑐𝑓𝑎𝑏𝑐 + 𝐷𝑐(𝑞𝑓𝑏𝑞𝑐𝑑𝜇𝑅𝑓↔𝑑𝑏𝑎) − 𝒪𝑎(𝑞𝑓𝑏, 𝑅𝑓𝑏) − 𝒪𝑏(𝑞𝑓𝑏, 𝑅𝑓𝑎) − 𝒪𝑐(𝑞𝑓𝑏, 𝑅𝑐𝑓𝑎𝑏)

−𝜇𝐷𝑞 𝑓𝑏
𝑎 𝑅𝑓𝑏 + 𝜇𝐷𝑞 𝑓𝑏

𝑏 𝑅𝑓𝑎 + 𝜇𝐷𝑞 𝑓𝑏
𝑐 𝑅𝑐𝑓𝑎𝑏) (4.21)

Finally, let us introduce an operation which we denote by the lattice Lie difference.

Definition 4.14 (Lattice Lie Difference). The Lie difference of a lattice tensor density 𝑇 of type
(𝑟, 𝑠) and of weight 𝑤 in the direction of a lattice vector 𝑋𝑎 is given by

(ℒ𝑋𝑇)
𝑏1…𝑏𝑟

𝑐1…𝑐𝑠
≔𝑋𝑎𝛥𝜖𝑎𝑇

𝑏1…𝑏𝑟
𝑐1…𝑐𝑠 + 𝑤(𝛥𝑎𝑋𝑎)𝑇𝑏1…𝑏𝑟

𝑐1…𝑐𝑠 (4.22)

− (𝛥𝑎𝑋𝑏1)𝑇𝑎𝑏2…𝑏𝑟
𝑐1…𝑐𝑠 −⋯− (𝛥𝑎𝑋𝑏𝑟)𝑇𝑏1…𝑏𝑟−1𝑎

𝑐1…𝑐𝑠

+ (𝛥𝑐1𝑋
𝑎)𝑇𝑏1…𝑏𝑟

𝑎𝑐2…𝑐𝑠 +⋯+ (𝛥𝑐𝑠𝑋
𝑎)𝑇𝑏1…𝑏𝑟

𝑐1…𝑐𝑠−1𝑎 .

5 Constraints and Constraint Algebra on the Lattice

With the notation and the results of the two previous sections, we reproduce the gravitational
constraints on the lattice and compute themodified lattice Poisson algebra of the lattice constraints.
The formerly continuous fields 𝑞𝑏𝑐(𝑥) and 𝑝𝑑𝑒(𝑥) are promoted to a finite number of time–
dependent variables 𝑞𝑋1…𝑋𝑛

𝑏𝑐 and 𝑝𝑑𝑒𝑋1…𝑋𝑛
at the spatial lattice sites (𝑋1,… , 𝑋𝑛) ∈ ℤ𝑛. Whenever

possible, we suppress the lattice point indices to shorten notation.
It is convenient to split the Hamiltonian constraint into a kinetic and a potential part. On the

lattice, we define

𝐻kin(𝑁) ≔ 𝜖𝑛∑ 𝑁
√𝑞

𝐺𝑎𝑏𝑐𝑑𝑝𝑎𝑏𝑝𝑐𝑑, 𝐻pot(𝑁) ≔ −𝜖𝑛∑𝑁√𝑞𝑅 (5.1)

where summation is understood over all lattice points and all quantities appearing in the sum
depend on the lattice points 𝑋1…𝑋𝑛. We define the supermetric 𝐺𝑎𝑏𝑐𝑑 by1

𝐺𝑎𝑏𝑐𝑑 ≔ 𝑞𝑎𝑐𝑞𝑏𝑑 −
1

𝑛 − 1𝑞𝑎𝑏𝑞𝑐𝑑. (5.2)

We should make clear what we mean by the lattice curvature scalar 𝑅 in 𝐻𝜖
pot(𝑁) because it can

have different representations on the lattice that all reproduce the same continuum result (as do
all lattice functions). Here, we choose to define the curvature scalar as follows:

𝑅 ≔ 𝑞𝑏𝑑𝑅𝑏𝑑, (5.3)
1Note that DeWitt (1967) defines the supermetric differently but their contractions with the symmetric tensors 𝑝𝑎𝑏𝑝𝑐𝑑 coincide.
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𝑅𝑏𝑑 ≔ 𝑅𝑎𝑏𝑎𝑑, (5.4)
𝑅𝑎𝑏𝑐𝑑 ≔ 𝛥𝑐𝛤𝑎𝑑𝑏 − 𝛥𝑑𝛤𝑎𝑐𝑏 + 𝛤𝑎𝑐𝑒𝛤𝑒𝑑𝑏 − 𝛤𝑎𝑑𝑒𝛤

𝑒
𝑐𝑏 , (5.5)

with the Christoffel symbols 𝛤 given in equation (4.1). With regards to the diffeomorphism
constraints, we choose to promote the classical constraints as written in equation (2.6) to the
following lattice constraints:

𝐶(𝒩) ≔ 𝜖𝑛∑𝒩𝑎(−2𝛥𝑏(𝑞𝑎𝑐𝑝𝑐𝑏) + (𝛥𝑎𝑞𝑏𝑐)𝑝𝑏𝑐). (5.6)

In order to evaluate the constraint algebra, let us introduce the lattice Poisson bracket.

Definition 5.1 (Lattice Poisson Bracket). For two functionals on the lattice 𝐶 ∶ ℱ(𝛬,ℝ) → ℝ
and 𝐻 ∶ ℱ(𝛬,ℝ) → ℝ and two lattice functions 𝑓, 𝑔 ∈ ℱ(𝛬,ℝ) the lattice Poisson bracket is
given by

{𝐶(𝑓), 𝐻(𝑔)} = 1
𝜖𝑛

𝑁−1
∑

𝑋1…𝑋𝑛=0
(

𝜕𝐶(𝑓)
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗

𝜕𝐻(𝑔)
𝜕𝑝𝑖𝑗𝑋1…𝑋𝑛

−
𝜕𝐶(𝑓)

𝜕𝑝𝑖𝑗𝑋1…𝑋𝑛

𝜕𝐻(𝑔)
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗
). (5.7)

Here, the lattice functionals 𝐶(𝑓) and𝐻(𝑔) are to be understood as functions of the canonical
variables 𝑞𝑌1…𝑌𝑛

𝑎𝑏 and 𝑝𝑎𝑏𝑌1…𝑌𝑛 at each lattice site 𝑌1…𝑌𝑛 such that the derivatives are literally
partial derivatives. Note that the factor 𝜖−𝑛 in this definition comes from properly transfering
the Poisson bracket of continuous functionals to the lattice as we show in appendix B. In what
follows, we will omit the lattice point indices.

5.1 {𝐶(𝒱), 𝐶(𝒲)}

In order to evaluate the Poisson bracket of two smeared diffeomorphism constraints, let us first
express the diffeomorphism constraint in a different manner. By employing the technique of
summation by parts (lemma 3.5), we can express it as

𝐶(𝒱) = 𝜖𝑛∑(2(𝛥𝑏𝒱𝑎) 𝑞𝑎𝑐𝑝𝑐𝑏 − 𝛥𝑎(𝒱𝑎𝑝𝑏𝑐) 𝑞𝑏𝑐). (5.8)

One can then easily show that the derivative of 𝐶(𝒱) with respect to 𝑞𝑖𝑗 using 𝐶(𝒱) as given in
equation (5.8) is

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

= 𝜖𝑛((𝑆𝛥𝑎𝒱 𝑖)𝑝𝑎𝑗 + (𝛥𝑎𝒱𝑗)𝑝𝑎𝑖 − 𝛥𝑎(𝒱𝑎𝑝𝑖𝑗)), (5.9)

see appendix C.1 for a proof. The same approach gives for the derivative of 𝐶(𝒱) with respect to
𝑝𝑖𝑗

𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

= 𝜖𝑛((𝛥𝑗𝒱𝑎)𝑞𝑎𝑖 + (𝛥𝑖𝒱𝑎)𝑞𝑎𝑗 + 𝒱𝑎(𝛥𝑎𝑞𝑖𝑗)) = 𝜖𝑛(ℒ𝒱𝑞)𝑖𝑗, (5.10)
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where we used definition 4.14 to write the result as the lattice Lie difference of 𝑞𝑖𝑗. The Poisson
bracket of two diffeomorphism constraints smeared with the lattice vectors 𝒱 and𝒲 reads

{𝐶(𝒱), 𝐶(𝒲)} = 𝜖−𝑛∑(𝜕𝐶(𝒱)𝜕𝑞𝑖𝑗
𝜕𝐶(𝒲)
𝜕𝑝𝑖𝑗

− 𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜕𝐶(𝒲)
𝜕𝑞𝑖𝑗

) (5.11)

such that its evaluation simply requires to multiply equations (5.9) and (5.10) with the correct
smearing lattice functions. Examplarily, let us consider the first part of the Poisson bracket. The
rationale is to shift the Lie difference ℒ𝒱 acting on 𝑝𝑖𝑗 to (ℒ𝒲𝑞)𝑖𝑗. Using summation by parts this
gives (see appendix C.1)

𝜖−𝑛∑ 𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐶(𝒲)
𝜕𝑝𝑖𝑗

= 𝜖𝑛∑(ℒ𝒱(𝑝𝑖𝑗(ℒ𝒲𝑞)𝑖𝑗) − 𝑝𝑖𝑗(ℒ𝒱(ℒ𝒲𝑞))𝑖𝑗). (5.12)

The first contribution is the Lie difference of a scalar density of weight one and hence vanishes
due to our choice of periodic boundary conditions

∑ℒ𝒱(𝑝𝑖𝑗(ℒ𝒲𝑞)𝑖𝑗) = ∑𝛥𝑎(𝒱𝑎𝑝𝑖𝑗(ℒ𝒲𝑞)𝑖𝑗) = 0. (5.13)

We consequently get for the Poisson bracket

{𝐶(𝒱), 𝐶(𝒲)} = 𝜖𝑛∑𝑝𝑖𝑗((ℒ𝒲(ℒ𝒱𝑞))𝑖𝑗 − (ℒ𝒱(ℒ𝒲𝑞))𝑖𝑗). (5.14)

In the continuum, this expression would reduce to 𝐶(ℒ𝒱(𝒲)) because of the properties of the
Lie derivate. On the lattice however, the result includes additional lattice terms that scale with 𝜖.
As we show in appendix C.1, we obtain by a straightforward evaluation of the Lie differences and
by applying the product rule that

{𝐶(𝒱), 𝐶(𝒲)} = 𝐶(ℒ𝒱(𝒲)) + 𝜖𝐴𝐶𝐶(𝒱,𝒲) (5.15)

where the Lie difference of𝒲 with respect to 𝒱 is given by

ℒ𝒱(𝒲)𝑏 = 𝒱𝑎(𝛥𝑎𝒲𝑏) −𝒲𝑎(𝛥𝑎𝒱𝑏), (5.16)

and the additonal lattice term reads

𝐴𝐶𝐶(𝒱,𝒲) = 𝜖𝑛∑2𝑝𝑖𝑏(𝒪𝑖(𝒲𝑎, 𝛥𝑎𝒱𝑏) − 𝒪𝑖(𝒱𝑎, 𝛥𝑎𝒲𝑏)) + 𝐵(𝒱,𝒲) − 𝐵(𝒲,𝒱), (5.17)

where we used the abbreviation

𝐵(𝒱,𝒲) = 𝜖𝑛∑𝑝𝑖𝑗(𝒱𝑎(2𝒪𝑎(𝛥𝑖𝒲𝑏, 𝑞𝑏𝑗) + 𝒪𝑎(𝒲𝑏, 𝛥𝑏𝑞𝑖𝑗))) (5.18)

with 𝑝𝑖𝑏 ≔ 𝑝𝑖𝑐𝑞𝑐𝑏. The above outcome corresponds to the continuum result up to the lattice term
𝜖 𝐴𝐶𝐶.
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5.2 {𝐻(𝑓), 𝐻(𝑔)}

The Poisson bracket of two smeared Hamiltonian constraints simplifies by splitting 𝐻(𝑓) into its
kinetic and potential parts

{𝐻(𝑓), 𝐻(𝑔)} = {𝐻kin(𝑓) + 𝐻pot(𝑓), 𝐻kin(𝑔) + 𝐻pot(𝑔)}
= {𝐻kin(𝑓), 𝐻kin(𝑔)} + {𝐻pot(𝑓), 𝐻kin(𝑔)} + {𝐻kin(𝑓), 𝐻pot(𝑔)}, (5.19)

where we used that𝐻pot(𝑓) does not depend on 𝑝𝑖𝑗 such that the Poisson bracket {𝐻pot(𝑓), 𝐻pot(𝑔)}
vanishes identically.

We begin by considering the first contribution in equation (5.19). For this, it suffices to recall
that 𝐻kin(𝑓) does not include any difference operators and depends on products of 𝑞𝑖𝑗 and 𝑝𝑖𝑗

with 𝑓. As a consequence, its derivatives with respect to 𝑞𝑖𝑗 and 𝑝𝑖𝑗 respectively factorize the
smearing field 𝑓. This motivates us to define the Hamiltonian lattice densities

ℋkin ≔
1
√𝑞

𝐺𝑎𝑏𝑐𝑑𝑝𝑎𝑏𝑝𝑐𝑑, ℋpot ≔ −√𝑞𝑅. (5.20)

Note that similar to the continuum case, densities are functions (not functionals) of the canonical
lattice functions 𝑞𝑎𝑏, 𝑝𝑎𝑏 ∈ ℱ(𝛬,ℝ). With this, we obtain

𝜕𝐻kin(𝑓)
𝜕𝑞𝑖𝑗

= 𝜖𝑛𝑓𝜕ℋkin
𝜕𝑞𝑖𝑗

,
𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= 𝜖𝑛𝑓
𝜕ℋpot

𝜕𝑞𝑖𝑗
. (5.21)

Hence, the Poisson bracket of 𝐻kin(𝑓) and 𝐻kin(𝑔) reduces to

{𝐻kin(𝑓), 𝐻kin(𝑔)} = 𝜖𝑛∑(𝑓𝑔 − 𝑔𝑓)
𝜕ℋkin
𝜕𝑞𝑖𝑗

𝜕ℋkin
𝜕𝑝𝑖𝑗

= 0. (5.22)

We manipulate the two remaining contributions to the Poisson bracket in equation (5.19) using
that 𝐻pot(𝑓) does not depend on 𝑝𝑖𝑗, and get

{𝐻pot(𝑓), 𝐻kin(𝑔)} + {𝐻kin(𝑓), 𝐻pot(𝑔)} = 𝜖−𝑛∑(
𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

𝜕𝐻kin(𝑔)
𝜕𝑝𝑖𝑗

−
𝜕𝐻kin(𝑓)
𝜕𝑝𝑖𝑗

𝜕𝐻pot(𝑔)
𝜕𝑞𝑖𝑗

).

(5.23)

In order to evaluate this expression, we need the derivative of 𝐻pot(𝑓) with respect to 𝑞𝑖𝑗. We use
that by definition 𝑅 = 𝑞𝑎𝑏𝑅𝑎𝑏 and employ the product rule to get

𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= −𝜖𝑛 𝜕
𝜕𝑞𝑖𝑗

∑𝑓√𝑞𝑞𝑎𝑏𝑅𝑎𝑏 = 𝜖𝑛𝑓√𝑞 (𝐺𝑖𝑗 + 𝜖𝐶𝑖𝑗) − 𝜖𝑛∑𝑓√𝑞𝑞𝑎𝑏
𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

, (5.24)

where we defined the lattice Einstein tensor 𝐺𝑖𝑗 ≔ 𝑅𝑖𝑗 − 𝑞𝑖𝑗𝑅/2 in analogy to the continuum case
and the additional lattice contribution by

𝐶𝑖𝑗 = 1
2𝑞

𝑗𝑎𝑞𝑖𝑏𝑞𝑐𝑑𝜇𝑅(𝑑𝑎)↔(𝑐𝑏), (5.25)
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see appendix C.2 for a proof of this identity. Since the first term in equation (5.24) is proportional
to 𝑓, and 𝜕𝐻kin(𝑔)/𝜕𝑝𝑖𝑗 is proportional to 𝑔, their product will simply cancel with the second
contribution to the Poisson bracket in equation (5.23). This follows from applying the same
rationale as for the purely kinetic contribution to the Poisson bracket. Hence, we can ignore this
term.

The second term in equation (5.24) which includes the derivative of the lattice Ricci tensor
with respect to 𝑞𝑖𝑗 requires more care. Therefore, let us first note that the partial derivative
with respect to 𝑞𝑖𝑗 and the lattice finite difference operator 𝛥𝑎 applied to any lattice function
𝑓 ∈ ℱ(𝛬,ℝ) commute (see lemma C.1 for a proof). Let then 𝜕𝑓 be a short hand notation for the
derivative of 𝑓 with respect to the metric tensor. It is then straightforward to establish that

𝜕𝑅𝑎𝑏 =
1
2(𝐷𝑐(𝑞

𝑐𝑑𝐷𝑎 𝜕𝑞𝑑𝑏) + 𝐷𝑐(𝑞𝑐𝑑𝐷𝑏 𝜕𝑞𝑑𝑎) − 𝐷𝑎(𝑞𝑐𝑑𝐷𝑏 𝜕𝑞𝑐𝑑) − 𝐷𝑐(𝑞𝑐𝑑𝐷𝑑 𝜕𝑞𝑎𝑏)), (5.26)

see lemmas C.2 and C.3 ff. When plugged into the last expression in equation (5.24), it is useful
to have the covariant differences in 𝜕𝑅𝑎𝑏 act exclusively on the smearing lattice function 𝑓. Using
first summation by parts and then evaluating the covariant differences such that they act only
upon 𝑓, we find that

−𝜖𝑛∑𝑓√𝑞𝑞𝑎𝑏
𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

= 𝜖𝑛√𝑞 (𝑞𝑖𝑗𝑞𝑎𝑏 − 𝑞𝑎𝑖𝑞𝑏𝑗) 𝐷𝑎(𝐷𝑏𝑓) + 𝜖𝐸𝑖𝑗(𝑓) (5.27)

where the additional lattice contribution 𝐸𝑖𝑗(𝑓) reads

𝐸𝑖𝑗(𝑓) = 1
2(𝐹

𝑖𝑗(𝑓, 𝑞𝑖𝑗, 𝑞𝑎𝑏) + 𝐹 𝑖𝑗(𝑓, 𝑞𝑎𝑏, 𝑞𝑖𝑗) − 𝐹 𝑖𝑗(𝑓, 𝑞𝑎𝑖, 𝑞𝑏𝑗) − 𝐹 𝑖𝑗(𝑓, 𝑞𝑏𝑗, 𝑞𝑎𝑖)) (5.28)

for which we defined 𝐹 𝑖𝑗 in order to distinguish the lattice terms for each contribution to 𝜕𝑅𝑎𝑏,

𝐹 𝑖𝑗(𝑓, 𝑞𝑖𝑗, 𝑞𝑎𝑏) ≔ 𝜖𝑛−1((𝐷𝑏𝑓)𝐷𝑎(√𝑞𝑞𝑖𝑗𝑞𝑎𝑏) + 𝐷𝑎(𝑓𝑞𝑎𝑏𝐷𝑏(√𝑞𝑞𝑖𝑗))) + 𝜖𝑛𝒪𝑏(𝐷𝑑𝑓,√𝑞𝑞𝑖𝑗𝑞𝑎𝑏)

+ 𝜖𝑛𝐷𝑎(𝑞𝑎𝑏𝒪𝑏(𝑓,√𝑞𝑞𝑖𝑗)). (5.29)

We refer again to appendix C.2 for a more detailed derivation of these results. Note that while
the first two terms formally enter with a factor 𝜖−1, the covariant derivatives of the determinant
of 𝑞 as well as of the inverse metric are proportional to 𝜖 such that 𝜖−1 cancels (see lemmas 4.2
and 4.3).

In a final step, we multiply equation (5.27) with

𝜕𝐻kin(𝑔)
𝜕𝑝𝑖𝑗

= 𝜖𝑛
2𝑔
√𝑞

(𝑝𝑖𝑗 −
𝑝

𝑛 − 1𝑞𝑖𝑗) (5.30)

and subtract the same product with 𝑔 and 𝑓 interchanged in order to compute the total Poisson
bracket. For the first part, we get

𝜖𝑛∑2(𝑓𝐷𝑎𝐷𝑏𝑔 − 𝑔𝐷𝑎𝐷𝑏𝑓)𝑝𝑎𝑏. (5.31)
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Using summation by parts and applying the product rule, this is equivalent to

𝜖𝑛∑𝑞𝑎𝑑(𝑓(𝛥𝑑𝑔) − 𝑔(𝛥𝑑𝑓))(−2𝛥𝑏(𝑞𝑎𝑐𝑝𝑐𝑏) + (𝛥𝑎𝑞𝑏𝑐)𝑝𝑏𝑐) + 𝜖 𝐼(𝑓, 𝑔), (5.32)

where the lattice term 𝐼(𝑓, 𝑔) is given by

𝐼(𝑓, 𝑔) = 𝜖𝑛∑2(𝒪𝑏(𝑔, 𝑝𝑑𝑏)𝛥𝑑𝑓 − 𝒪𝑏(𝑓, 𝑝𝑑𝑏)𝛥𝑑𝑔 + 𝒪𝑏(𝑞𝑎𝑑, 𝑝𝑑𝑏)𝑞𝑎𝑐(𝑓𝛥𝑐𝑔 − 𝑔𝛥𝑐𝑓)). (5.33)

In equation (5.32), we identify the diffeomorphism constraint smeared with the lattice vector

𝑉𝑎(𝑞, 𝑓, 𝑔) ≔ 𝑞𝑎𝑑(𝑓𝛥𝑑𝑔 − 𝑔𝛥𝑑𝑓). (5.34)

Finally, we add the lattice term 𝜖 𝐸𝑖𝑗 from equation (5.27) and get

{𝐻(𝑓), 𝐻(𝑔)} = 𝐶(𝑉) + 𝜖𝐴𝐻𝐻(𝑓, 𝑔), (5.35)

where the additional lattice contribution is given by

𝐴𝐻𝐻(𝑓, 𝑔) = 𝜖𝑛∑ 2
√𝑞

(𝑝𝑖𝑗 −
𝑝

𝑛 − 1𝑞𝑖𝑗)(𝑔𝐸
𝑖𝑗(𝑓) − 𝑓𝐸𝑖𝑗(𝑔)) + 𝐼(𝑓, 𝑔). (5.36)

This corresponds to the continuum result plus the additional lattice contribution 𝜖𝐴𝐻𝐻.

5.3 {𝐶(𝒱), 𝐻(𝑓)}

The Poisson bracket of a smeared diffeomorphism constraint and a smeared Hamiltonian con-
straint reads

{𝐶(𝒱), 𝐻(𝑓)} = 𝜖−𝑛∑(𝜕𝐶(𝒱)𝜕𝑞𝑖𝑗
𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

− 𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜕𝐻(𝑓)
𝜕𝑞𝑖𝑗

) (5.37)

for a smearing lattice function 𝑓 and a lattice vector 𝒱. In order to compute the first contribution
to the Poisson bracket, we use that

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

= 𝜖𝑛((𝛥𝑎𝒱 𝑖)𝑝𝑎𝑗 + (𝛥𝑎𝒱𝑗)𝑝𝑎𝑖 − 𝛥𝑎(𝒱𝑎𝑝𝑖𝑗)), (5.38)

𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

= 𝜖𝑛(
2𝑓
√𝑞

(𝑝𝑖𝑗 −
𝑝

𝑛 − 1𝑞𝑖𝑗)). (5.39)

Wemultiply those expressions and apply the product rule to the last contribution to equation (5.38)
(see appendix C.3 formore details). With regards to the second contribution to the Poisson bracket,
let us first focus on only the kinetic part of the Hamilton constraint contributing to this term.
With this, we can express the respective partial derivatives as follows:

𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

= 𝜖𝑛((𝛥𝑗𝒱𝑎)𝑞𝑎𝑖 + (𝛥𝑖𝒱𝑎)𝑞𝑎𝑗 + 𝒱𝑎(𝛥𝑎𝑞𝑖𝑗)), (5.40)
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𝜕𝐻kin(𝑓)
𝜕𝑞𝑖𝑗

= −𝜖𝑛
𝑓
2𝑞

𝑖𝑗ℋkin + 𝜖𝑛
2𝑓
√𝑞

(𝑝𝑖𝑏𝑝𝑏𝑗 −
𝑝

𝑛 − 1𝑝
𝑖𝑗). (5.41)

We perform a straightforward multiplication of the two expressions. By comparing with the result
for the first contribution to the bracket, we find that several terms cancel and simplify. We are
left with

𝜖−𝑛∑(𝜕𝐶(𝒱)𝜕𝑞𝑖𝑗
𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

− 𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜕𝐻kin(𝑓)
𝜕𝑞𝑖𝑗

) = 𝜖𝑛∑𝒱𝑑(𝛥𝑑𝑓)ℋkin + 𝜖 𝐽(𝑓, 𝒱), (5.42)

where the additional lattice term 𝐽(𝑓, 𝒱) is defined by

𝐽(𝑓, 𝒱) ≔ 𝜖𝑛∑(𝑓𝒪𝑑(𝒱𝑑,ℋkin) + 𝒪𝑑(𝒱𝑑, 𝑝𝑖𝑗)𝑓
𝜕ℋkin
𝜕𝑝𝑖𝑗

− 𝑓𝒱𝑑𝐾𝑑). (5.43)

𝐾𝑑 in this expression comes from using a “lattice chain rule” which establishes the following
identity

(𝛥𝑑𝑝𝑖𝑗)
𝜕ℋkin
𝜕𝑝𝑖𝑗

+ (𝛥𝑑𝑞𝑖𝑗)
𝜕ℋkin
𝜕𝑞𝑖𝑗

= 𝛥𝑑ℋkin + 𝜖𝐾𝑑, (5.44)

The lattice term 𝐾𝑑 is accordingly given by

𝐾𝑑 =(−
𝜇𝑞𝑑
2√𝑞

3 + 𝜇√𝑞
−1
𝑑
)√𝑞ℋkin +

𝑝𝑎𝑏𝑝𝑐𝑒

√𝑞
(𝒪𝑑(𝑞𝑎𝑐, 𝑞𝑏𝑒) −

𝒪𝑑(𝑞𝑎𝑏, 𝑞𝑐𝑒)
𝑛 − 1 ) + 𝒪𝑑(

1
√𝑞

,√𝑞ℋkin)

+ 1
√𝑞

𝒪𝑑(𝐺𝑎𝑏𝑐𝑒, 𝑝𝑎𝑏𝑝𝑐𝑒) +
𝐺𝑎𝑏𝑐𝑒
√𝑞

𝒪𝑑(𝑝𝑎𝑏, 𝑝𝑐𝑒). (5.45)

see lemma C.4 for a proof. After using this chain rule, we used summation by parts in order to
shift the difference operator onto 𝑓 in equation (5.42).

The only remaining contribution to the Poisson bracket involves on the one hand the expres-
sion

𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= 𝜖𝑛𝑓√𝑞 (𝐺𝑖𝑗 + 𝜖𝐶𝑖𝑗) + 𝜖𝑛√𝑞 (𝑞𝑖𝑗𝑞𝑎𝑏 − 𝑞𝑎𝑖𝑞𝑏𝑗) 𝐷𝑎(𝐷𝑏𝑓) + 𝜖𝐸𝑖𝑗(𝑓) (5.46)

which we know from the previous section and where the lattice terms 𝐶𝑖𝑗(𝑓) and 𝐸𝑖𝑗 are respec-
tively defined in equations (5.25) and (5.28). On the other hand, it involves the derivative of 𝐶(𝒱)
with respect to 𝑝𝑖𝑗 that we write in a slightly different manner than before as

𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

= 𝜖𝑛((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗). (5.47)

We multiply these two expressions and start by defining the lattice terms proportional to 𝜖 as

𝜖𝑀(𝑓, 𝒱) ≔ −𝜖𝑛+1∑((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗)(𝑓√𝑞𝐶𝑖𝑗 + 𝐸𝑖𝑗(𝑓)). (5.48)
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For the term proportional to the Einstein tensor, we get

𝜖𝑛∑√𝑞𝒱𝑎(2𝑅𝑏𝑎𝛥𝑏𝑓 − 𝑅𝛥𝑎𝑓) + 𝜖𝑁(𝑓, 𝒱) (5.49)

where the additional lattice contributions 𝑁(𝑓, 𝒱) are given by

𝑁(𝑓, 𝒱) = 𝜖𝑛∑(𝑓√𝑞𝑞𝑗𝑏𝑞𝑐𝑑𝜇𝑅(𝑐𝑎)↔(𝑑𝑏) + 2𝑓𝒱𝑎𝜇𝐷√𝑞𝑏𝑅
𝑏
𝑎 − 𝑓𝒱𝑎𝑅𝜇𝐷√𝑞𝑎). (5.50)

This lattice term comes from interchanging indices of the Riemann tensor, see lemma 4.9 for the
definition of 𝜇𝑅(𝑑𝑎)↔(𝑐𝑏), and from shifting the covariant differences from 𝒱 to 𝑓. Finally, the
last step consists in multiplying the second contribution to 𝜕ℋpot(𝑓)/𝜕𝑞𝑖𝑗 with 𝜕𝐶(𝒱)/𝜕𝑝𝑖𝑗, i.e.,
to evaluate

−∑((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗)√𝑞 (𝑞𝑖𝑗𝑞𝑎𝑏 − 𝑞𝑎𝑖𝑞𝑏𝑗) 𝐷𝑎(𝐷𝑏𝑓). (5.51)

Once more, it is useful to shift the covariant difference operators from 𝒱 to 𝑓 in this expression
and then to apply the generalized Ricci identity, see appendix C.3 for more details. This yields

−𝜖𝑛∑2√𝑞𝒱𝑎𝑅𝑏𝑎𝛥𝑏𝑓 + 𝜖 𝑆(𝑓, 𝒱), (5.52)

where 𝑆(𝑓, 𝒱) is defined by

𝑆(𝑓, 𝒱) ≔ 𝜖𝑛∑2√𝑞𝒱𝑐𝑞𝑎𝑏(𝑞𝑑𝑓𝜇𝑅𝑓↔𝑏𝑎𝑐𝛥𝑑𝑓 − 𝜇𝑅𝐼(𝐷𝑏𝑓)𝑎𝑐) + 𝑇(𝑓, 𝒱) (5.53)

with

𝑇(𝑓, 𝒱) ≔ 𝜖𝑛∑2𝒱𝑐(𝜇𝐷√𝑞𝑐𝐷
𝑎𝐷𝑎𝑓 − 𝜇𝐷√𝑞𝑎𝑞

𝑏𝑎𝐷𝑐𝐷𝑏𝑓 + √𝑞𝜇𝐷𝑞 𝑎𝑏
𝑐 𝐷𝑎𝐷𝑏𝑓 − √𝑞𝜇𝐷𝑞 𝑎𝑏

𝑎 𝐷𝑐𝐷𝑏𝑓

+√𝑞 (𝒪𝑐(𝑞𝑎𝑏, 𝐷𝑎𝐷𝑏𝑓) − 𝒪𝑎(𝑞𝑎𝑏, 𝐷𝑐𝐷𝑏𝑓)) + 𝒪𝑐(√𝑞, 𝐷𝑎𝐷𝑎𝑓) − 𝒪𝑎(√𝑞, 𝑞𝑎𝑏𝐷𝑐𝐷𝑏𝑓)).
(5.54)

We are ready to add all contributions, in particular equations (5.42), (5.48), (5.49) and (5.52). Two
terms cancel and we end up with

{𝐶(𝒱), 𝐻(𝑓)} = 𝜖𝑛∑𝒱𝑑(𝛥𝑑𝑓) (ℋkin −√𝑞𝑅) + 𝜖𝐴𝐶𝐻(𝑓, 𝒱) (5.55)

where we defined

𝐴𝐶𝐻(𝑓, 𝒱) ≔ 𝐽(𝑓, 𝒱) + 𝑀(𝑓, 𝒱) + 𝑁(𝑓, 𝒱) + 𝑆(𝑓, 𝒱). (5.56)

Knowing thatℋpot = −√𝑞𝑅 and withℋ ≔ ℋkin +ℋpot , the final result is

{𝐶(𝒱), 𝐻(𝑓)} = 𝜖𝑛∑𝒱𝑑(𝛥𝑑𝑓)ℋ + 𝜖𝐴𝐶𝐻(𝑓, 𝒱)

= 𝐻(ℒ𝒱𝑓) + 𝜖𝐴𝐶𝐻(𝑓, 𝒱) (5.57)

where we employed that ℒ𝒱𝑓 = 𝒱𝑑𝛥𝑑𝑓.
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6 Conclusion

In this series of papers, of which this is the second one, we aim to overcome the longstanding
obstacles that have hindered the progress of quantum geometrodynamics by proposing novel
solutions.

Our first step towards achieving this goal consists in regularizing the classical Hamiltonian
approach to gravity. Specifically, we reduce its phase space to the set of piecewise constant
functions on the spatial manifold. With this, our approach amounts to confining the theory
to a regular lattice with lattice constant 𝜖. We are then able to construct a discrete theory of
gravity with the tools of conventional lattice theory. Besides, we implement periodic boundary
conditions which allow us to study an infinite spacetime within a finite region. We represent
the constraints on the lattice and compute their Poisson algebra. It is not surprising that the
hypersurface deformation algebra does not close anymore as we put gravity on the lattice. In
fact, we obtain anomalies that are proportional to the lattice constant, and which depend on the
canonical variables at the respective lattice sites. These functions are regular on the phase space
of positive definite metrics, and mix the variables of different lattice sites.

We note that the restriction of the phase space to piecewise constant functions required
the modification of the constraint algebra in the sense that derivatives were replaced by finite
differences. This resembles the finite differences method in the theory of numerical partial
differential equations and is akin to what is being done in numerical relativity. Another popular
method would be finite element analysis. There, it is possible to use higher order approximations
and, e.g. express the spatial metric in terms of piecewise quadratic functions. One is then freed
from the necessity to replace derivatives by finite differences and the lattice corrections would
vanish identically. The price we would pay for this is that we would get additional degrees of
freedom on each lattice site, corresponding to the additional slopes needed to parametrize the
piecewise quadratic functions and these additional degrees of freedom would also have to be
quantized later on. We will explore this possibility in a future publication.

Our findings serve as the starting point for constructing a well–defined quantum theory of
gravity in its ADM incarnation. Since our reduction scheme confines classical gravity to a finite
number of degrees of freedom, we can define a Hilbert space at each lattice site following the
rules of standard quantum mechanics. More precisely, we introduce a quantum representation
of the standard commutation relations of the spatial metric and its conjugate momenta at each
lattice site that is able to realize positive definiteness of the metric tensor (Lang and Schander
2023a). With a simple tensor product, we combine all lattice site Hilbert spaces to a total Hilbert
space. With this procedure, we have constructed, for the first time, a well–defined Hilbert space
for quantum geometrodynamics on the lattice. In upcoming publications, we address the issue of
taking the continuum limit of our proposed lattice quantum theory.
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A Formulas in Riemannian Lattice Geometry

In this appendix, we provide more details on the derivation of the formulas in Riemannian lattice
geometry as presented in section 4. In particular, we state the lemmas again with their respective
proofs.

LemmaA.1 (Covariant difference of inverse metric). The covariant difference of the inverse metric
vanishes up to lattice terms, i.e.,

𝐷𝑎𝑞𝑏𝑐 = 𝜖𝜇𝐷𝑞 𝑏𝑐
𝑎 , where 𝜇𝐷𝑞 𝑏𝑐

𝑎 ≔ −𝑞𝑏𝑑𝒪𝑎(𝑞𝑑𝑒, 𝑞𝑒𝑐). (A.1)

Proof. By definition the metric and its inverse satisfy 𝑞𝑑𝑒𝑞𝑒𝑐 = 𝛿𝑐𝑑, where 𝛿
𝑐
𝑑 is the Kronecker

delta. Applying the covariant lattice difference to this equation gives

0 = 𝐷𝑎(𝑞𝑑𝑒𝑞𝑒𝑐) = (𝐷𝑎𝑞𝑑𝑒) 𝑞𝑒𝑐 + 𝑞𝑑𝑒(𝐷𝑎𝑞𝑒𝑐) + 𝜖𝒪𝑎(𝑞𝑑𝑒, 𝑞𝑒𝑐)
= 𝑞𝑑𝑒(𝐷𝑎𝑞𝑒𝑐) + 𝜖𝒪𝑎(𝑞𝑑𝑒, 𝑞𝑒𝑐) (A.2)

where we used that 𝐷𝑎𝑞𝑑𝑒 = 0 as can easily seen by evaluating the Christoffel symbols in this
expression. Contraction with 𝑞𝑏𝑑 yields

𝐷𝑎𝑞𝑏𝑐 = −𝜖 𝑞𝑏𝑑𝒪𝑎(𝑞𝑑𝑒, 𝑞𝑒𝑐). (A.3)

Lemma A.2 (Covariant Difference of Metric Determinant). The covariant finite difference of the
metric determinant vanishes up to lattice contributions of order 𝜖, more precisely,

𝐷𝑎𝑞 = 𝜖 𝜇𝑞𝑎 (A.4)

where 𝜇𝑞𝑎 is given in equation (A.7).

Proof. We use the definition of the finite covariant difference of a lattice function of density
weight two, namely,

𝐷𝑎𝑞 = 𝛥𝑎𝑞 − 2𝛤𝑏𝑏𝑎𝑞. (A.5)

To compute the finite difference 𝛥𝑎 of 𝑞, we exploit the representation of 𝑞 in terms of the metric
and the Levi–Civita symbol 𝜀𝑏1…𝑏𝑛 in 𝑛 dimensions as well as the lattice product rule and obtain

𝛥𝑎𝑞 =
1
𝑛!𝜀

𝑏1…𝑏𝑛 𝜀𝑐1…𝑐𝑛𝛥𝑎
𝑛
∏
𝑖=1

𝑞𝑏𝑖𝑐𝑖 (A.6)
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= 1
𝑛!𝜀

𝑏1…𝑏𝑛 𝜀𝑐1…𝑐𝑛((𝛥𝑎𝑞𝑏1𝑐1)
𝑛
∏
𝑖=2

𝑞𝑏𝑖𝑐𝑖 + 𝑞𝑏1𝑐1(𝛥𝑎𝑞𝑏2𝑐2)
𝑛
∏
𝑖=3

𝑞𝑏𝑖𝑐𝑖 +⋯+
𝑛−1
∏
𝑖=1

𝑞𝑏𝑖𝑐𝑖(𝛥𝑎𝑞𝑏𝑛𝑐𝑛))

+ 𝜖 (𝒪𝑎(𝑞𝑏1𝑐1,
𝑛
∏
𝑖=2

𝑞𝑏𝑖𝑐𝑖) + 𝑞𝑏1𝑐1𝒪𝑎(𝑞𝑏2𝑐2,
𝑛
∏
𝑖=3

𝑞𝑏𝑖𝑐𝑖) +⋯+
𝑛−2
∏
𝑖=1

𝑞𝑏𝑖𝑐𝑖𝒪𝑎(𝑞𝑏𝑛−1𝑐𝑛−1, 𝑞𝑏𝑛𝑐𝑛))

⋅ 1𝑛!𝜀
𝑏1…𝑏𝑛 𝜀𝑐1…𝑐𝑛.

By relabeling indices the sum in the first line reduces to 𝑛 times the same term while we define
the lattice term proportional to 𝜖 in the second and third line to be

𝜇𝑞𝑎 ≔
1
𝑛!(𝒪𝑎(𝑞𝑏1𝑐1,

𝑛
∏
𝑖=2

𝑞𝑏𝑖𝑐𝑖) + 𝑞𝑏1𝑐1𝒪𝑎(𝑞𝑏2𝑐2,
𝑛
∏
𝑖=3

𝑞𝑏𝑖𝑐𝑖) +⋯+
𝑛−2
∏
𝑖=1

𝑞𝑏𝑖𝑐𝑖𝒪𝑎(𝑞𝑏𝑛−1𝑐𝑛−1, 𝑞𝑏𝑛𝑐𝑛))

⋅ 𝜀𝑏1…𝑏𝑛 𝜀𝑐1…𝑐𝑛. (A.7)

This gives in total

𝛥𝑎𝑞 =
1

(𝑛 − 1)!
𝜀𝑏1…𝑏𝑛 𝜀𝑐1…𝑐𝑛

𝑛
∏
𝑖=2

𝑞𝑏𝑖𝑐𝑖(𝛥𝑎𝑞𝑏1𝑐1) + 𝜖 𝜇𝑞𝑎 = 𝑞𝑞𝑏1𝑐1(𝛥𝑎𝑞𝑏1𝑐1) + 𝜖 𝜇𝑞𝑎, (A.8)

where we inserted an explicit formula for the inversemetric in terms of themetric. Let us consider
the second contribution

−2𝛤𝑏𝑏𝑎𝑞 = −𝑞𝑏𝑐(𝛥𝑏𝑞𝑐𝑎 + 𝛥𝑎𝑞𝑏𝑐 − 𝛥𝑐𝑞𝑏𝑎) 𝑞. (A.9)

Since 𝑞𝑏𝑐 is symmetric, the first and the second contribution on the right hand side of this
expression cancel and we are left with

−2𝛤𝑏𝑏𝑎 = −𝑞𝑞𝑏𝑐𝛥𝑎𝑞𝑏𝑐. (A.10)

Adding equation (A.8) and equation (A.9) gives the desired result.

Lemma A.3 (Covariant Difference of Metric Determinant Square Root). The covariant lattice
difference of √𝑞 vanishes up to lattice contributions of order 𝜖, more precisely

𝐷𝑎√𝑞 = 𝜖𝜇√𝑞𝑎, (A.11)

where 𝜇√𝑞𝑎 is defined by equation (A.13).

Proof. First, we use the expression of the central difference and the finite covariant difference in
order to write

𝐷𝑎√𝑞 = (𝛥𝑎√𝑞 − √𝑞𝛤𝑏𝑏𝑎) (A.12)

=
√𝑇𝑎𝑞 −√𝑇−1

𝑎 𝑞
𝜖 −

√𝑞
2 𝑞𝑏𝑐𝛥𝑎𝑞𝑏𝑐
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=
𝛥𝑎𝑞

√𝑇𝑎𝑞 +√𝑇−1
𝑎 𝑞

−
𝛥𝑎𝑞 − 𝜖 𝜇𝑞𝑎

2√𝑞

=
𝛥𝑎𝑞(√𝑞 −

1
2
(√𝑇𝑎𝑞 +√𝑇−1

𝑎 𝑞))

√𝑞 (√𝑇𝑎𝑞 +√𝑇−1
𝑎 𝑞)

−
𝜖 𝜇𝑞𝑎
2√𝑞

=
𝜖𝛥𝑎𝑞 (−𝛥f𝑎√𝑞 + 𝛥b𝑎√𝑞)

2√𝑞 (√𝑇𝑎𝑞 +√𝑇−1
𝑎 𝑞)

−
𝜖 𝜇𝑞𝑎
2√𝑞

.

Then, we define

𝜇√𝑞𝑎 ≔
𝛥𝑎𝑞(−𝛥f𝑎√𝑞 + 𝛥b𝑎√𝑞)

2√𝑞 (√𝑇𝑎𝑞 +√𝑇−1
𝑎 𝑞)

−
𝜇𝑞𝑎
2√𝑞

(A.13)

which completes the proof.

Lemma A.4 (Lattice Difference of √𝑞
−1). The (central) lattice difference of √𝑞

−1 is given by

𝛥𝑎
1
√𝑞

= −
𝛥𝑎𝑞

2√𝑞
3 + 𝜖𝜇√𝑞

−1
𝑎
, (A.14)

where

𝜇√𝑞
−1
𝑎

= √(𝑇−1
𝑎 𝑞)(𝑇𝑎𝑞) (−𝛥

f
𝑎√𝑞 + 𝛥b𝑎√𝑞) +√𝑞 (𝑇𝑎𝑞) 𝛥b𝑎√𝑞 − 𝑞𝛥f𝑎√𝑞. (A.15)

Proof. By definition, the covariant difference of √𝑞
−1 on the lattice is given by

𝛥𝑎
1
√𝑞

= 1
𝜖(

1
√𝑇𝑎𝑞

− 1

√𝑇−1
𝑎 𝑞

). (A.16)

Bringing both terms to the same denominator and using the binomial theorem, we get

𝛥𝑎
1
√𝑞

= 1
𝜖

⎛
⎜
⎜
⎝

−
𝑇𝑎𝑞 − 𝑇−1

𝑎 𝑞

√(𝑇𝑎𝑞)(𝑇−1
𝑎 𝑞)(√𝑇𝑎𝑞 +√𝑇−1

𝑎 𝑞)

⎞
⎟
⎟
⎠

= −
𝛥𝑎𝑞

√(𝑇𝑎𝑞)(𝑇−1
𝑎 𝑞)(√𝑇𝑎𝑞 +√𝑇−1

𝑎 𝑞)
. (A.17)

In order to simplify this expression, it is helpful to write√𝑞
3 as

√𝑞
3
= √𝑞

3
− 𝑞√𝑇𝑎𝑞 + 𝑞√𝑇𝑎𝑞

= 𝑞√𝑇𝑎𝑞 − 𝜖 𝑞𝛥f𝑎√𝑞
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= 𝑞√𝑇𝑎𝑞 − √𝑞√𝑇−1
𝑎 𝑞√𝑇𝑎𝑞 + √𝑞√𝑇−1

𝑎 𝑞√𝑇𝑎𝑞 − 𝜖 𝑞𝛥f𝑎√𝑞

= √𝑞√𝑇−1
𝑎 𝑞√𝑇𝑎𝑞 + 𝜖√𝑞√𝑇𝑎𝑞𝛥b𝑎√𝑞 − 𝜖 𝑞𝛥f𝑎√𝑞

= √𝑞√𝑇−1
𝑎 𝑞√𝑇𝑎𝑞 + 𝜖√𝑞√𝑇𝑎𝑞𝛥b𝑎√𝑞 − 𝜖 𝑞𝛥f𝑎√𝑞

− 1
2(√𝑇𝑎𝑞 −√𝑇−1

𝑎 𝑞)√𝑇−1
𝑎 𝑞√𝑇𝑎𝑞 +

1
2(√𝑇𝑎𝑞 −√𝑇−1

𝑎 𝑞)√𝑇−1
𝑎 𝑞√𝑇𝑎𝑞

= 1
2(√𝑇𝑎𝑞 −√𝑇−1

𝑎 𝑞)√𝑇−1
𝑎 𝑞√𝑇𝑎𝑞 + 𝜖 12√𝑇−1

𝑎 𝑞√𝑇𝑎𝑞(−𝛥f𝑎√𝑞 + 𝛥b𝑎√𝑞)

+ 𝜖√𝑞√𝑇𝑎𝑞𝛥b𝑎√𝑞 − 𝜖 𝑞𝛥f𝑎√𝑞. (A.18)

Then, we expand the fraction in equation (A.17) by√𝑞
3 and replace√𝑞

3 in the numerator by the
expression in equation (A.18). This gives

𝛥𝑎
1
√𝑞

= −
𝛥𝑎𝑞

2√𝑞
3 + 𝜖𝜇√𝑞

−1
𝑎
, (A.19)

which looks like the continuum result plus a lattice error term given in equation (A.15).

Lemma A.5 (Generalized Ricci Identity). Let 𝑇𝑐1…𝑐𝑟
𝑑1…𝑑𝑠 be an (𝑟, 𝑠)–lattice tensor. Then the

commutator of two covariant lattice differences acting upon 𝑇 is

[𝐷𝑎, 𝐷𝑏]𝑇
𝑐1…𝑐𝑟

𝑑1…𝑑𝑠 = 𝑅𝑐1𝑓𝑎𝑏𝑇
𝑓𝑐2…𝑐𝑟

𝑑1…𝑑𝑠 +⋯+ 𝑅𝑐𝑟𝑓𝑎𝑏𝑇
𝑐1…𝑐𝑟−1𝑓

𝑑1…𝑑𝑠

− 𝑅𝑓𝑑1𝑎𝑏𝑇
𝑐1…𝑐𝑟

𝑓𝑑2…𝑑𝑠 −⋯− 𝑅𝑓𝑑𝑠𝑎𝑏𝑇
𝑐1…𝑐𝑟

𝑑1…𝑑𝑠−1𝑓

+ 𝜖𝜇𝑅𝐼(𝑇𝑐1…𝑐𝑟
𝑑1…𝑑𝑠 )𝑎𝑏, (A.20)

where

𝜇𝑅𝐼(𝑇𝑐1…𝑐𝑟
𝑑1…𝑑𝑠 )𝑎𝑏 = (𝒪𝑎(𝛤

𝑐1
𝑓𝑏 , 𝑇

𝑓𝑐2…𝑐𝑟
𝑑1…𝑑𝑠 ) − 𝒪𝑏(𝛤

𝑐1
𝑓𝑎 , 𝑇

𝑓𝑐2…𝑐𝑟
𝑑1…𝑑𝑠 )) + …

+ (𝒪𝑎(𝛤
𝑐𝑟
𝑓𝑏 , 𝑇

𝑐1…𝑐𝑟−1𝑓
𝑑1…𝑑𝑠 ) − 𝒪𝑏(𝛤

𝑐𝑟
𝑓𝑎 , 𝑇

𝑐1…𝑐𝑟−1𝑓
𝑑1…𝑑𝑠 ))

− (𝒪𝑎(𝛤
𝑓
𝑑1𝑏 , 𝑇

𝑐1…𝑐𝑟
𝑓𝑑2…𝑑𝑠 ) − 𝒪𝑏(𝛤

𝑓
𝑑1𝑎 , 𝑇

𝑐1…𝑐𝑟
𝑓𝑑2…𝑑𝑠 )) − …

− (𝒪𝑎(𝛤
𝑓
𝑑𝑠𝑏 , 𝑇

𝑐1…𝑐𝑟
𝑑1…𝑑𝑠−1𝑓) − 𝒪𝑏(𝛤

𝑓
𝑑𝑠𝑎 , 𝑇

𝑐1…𝑐𝑟
𝑑1…𝑑𝑠−1𝑓)). (A.21)

Proof. We show lemma A.5 for a vector and a covector, and the case of a generic tensor follows
from representing the tensor as a tensor product of vectors and covectors together with the
product rule of finite differences. For a lattice vector 𝒱𝑐, the commutator of covariant differences
on the lattice reads

[𝐷𝑎, 𝐷𝑏]𝒱𝑐 = 𝐷𝑎(𝛥𝑏𝒱𝑐 + 𝛤𝑐𝑑𝑏𝒱𝑑) − 𝐷𝑏(𝛥𝑎𝒱𝑐 + 𝛤𝑐𝑑𝑎𝒱𝑑)
= 𝛥𝑎(𝛥𝑏𝒱𝑐 + 𝛤𝑐𝑑𝑏𝒱𝑑) − 𝛤𝑒𝑏𝑎 (𝛥𝑒𝒱𝑐 + 𝛤𝑐𝑑𝑒𝒱𝑑) + 𝛤𝑐𝑒𝑎 (𝛥𝑏𝒱𝑒 + 𝛤𝑒𝑑𝑏𝒱𝑑)
− 𝛥𝑏(𝛥𝑎𝒱𝑐 + 𝛤𝑐𝑑𝑎𝒱𝑑) + 𝛤𝑒𝑎𝑏 (𝛥𝑒𝒱𝑐 + 𝛤𝑐𝑑𝑒𝒱𝑑) − 𝛤𝑐𝑒𝑏 (𝛥𝑎𝒱𝑒 + 𝛤𝑒𝑑𝑎𝒱𝑑). (A.22)
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Using that finite differences commute and that the lattice Christoffel symbol is symmetric in its
lower indices, we get

[𝐷𝑎, 𝐷𝑏]𝒱𝑐 = 𝛥𝑎(𝛤𝑐𝑑𝑏𝒱𝑑) + 𝛤𝑐𝑒𝑎 (𝛥𝑏𝒱𝑒 + 𝛤𝑒𝑑𝑏𝒱𝑑) − 𝛥𝑏(𝛤𝑐𝑑𝑎𝒱𝑑) − 𝛤𝑐𝑒𝑏 (𝛥𝑎𝒱𝑒 + 𝛤𝑒𝑑𝑎𝒱𝑑)
= (𝛥𝑎𝛤𝑐𝑑𝑏 − 𝛥𝑏𝛤𝑐𝑑𝑎 + 𝛤𝑐𝑒𝑎𝛤𝑒𝑑𝑏 − 𝛤𝑐𝑒𝑏𝛤

𝑒
𝑑𝑎 ) 𝒱𝑑 + 𝜖 (𝒪𝑎(𝛤𝑐𝑑𝑏 , 𝒱𝑑) − 𝒪𝑏(𝛤𝑐𝑑𝑎 , 𝒱𝑑))

= 𝑅𝑐𝑑𝑎𝑏 𝒱𝑑 + 𝜖 (𝒪𝑎(𝛤𝑐𝑑𝑏 , 𝒱𝑑) − 𝒪𝑏(𝛤𝑐𝑑𝑎 , 𝒱𝑑)). (A.23)

With this let us define

𝜇𝑅𝐼(𝒱𝑐)𝑎𝑏 ≔ 𝒪𝑎(𝛤𝑐𝑑𝑏 , 𝒱𝑑) − 𝒪𝑏(𝛤𝑐𝑑𝑎 , 𝒱𝑑) (A.24)

which proves the statement for the vector case. For a covector 𝒱𝑐, the proof is very similar. In a
first step, we write the commutator of the covariant differences as

[𝐷𝑎, 𝐷𝑏]𝒱𝑐 = 𝐷𝑎(𝛥𝑏𝒱𝑐 − 𝛤𝑑𝑐𝑏𝒱𝑑) − 𝐷𝑏(𝛥𝑎𝒱𝑐 + 𝛤𝑑𝑐𝑎𝒱𝑑). (A.25)
(A.26)

Then, the same proceeding as before yields

[𝐷𝑎, 𝐷𝑏]𝒱𝑐 = −𝑅𝑑𝑐𝑎𝑏𝒱𝑑 + 𝜖𝜇𝑅𝐼(𝒱𝑐)𝑎𝑏 (A.27)

where

𝜇𝑅𝐼(𝒱𝑐)𝑎𝑏 = −𝒪𝑎(𝛤𝑑𝑐𝑏 , 𝒱𝑑) + 𝒪𝑏(𝛤𝑑𝑐𝑎 , 𝒱𝑑). (A.28)

Lemma A.6 (Riemann First Skew Symmetry). The lattice Riemann tensor with lower indices
𝑅𝑎𝑏𝑐𝑑 ≔ 𝑞𝑎𝑓𝑅

𝑓
𝑏𝑐𝑑 is skew symmetric up to errors of order 𝜖 with respect to permuting its anterior

indices. Specifically, we have

𝑅𝑎𝑏𝑐𝑑 = −𝑅𝑏𝑎𝑐𝑑 + 𝜖𝜇𝑅𝑎↔𝑏𝑐𝑑, (A.29)

where

𝜇𝑅𝑎↔𝑏𝑐𝑑 ≔ 𝒪𝑑(𝑞𝑎𝑓, 𝛤
𝑓
𝑐𝑏 ) − 𝒪𝑐(𝑞𝑎𝑓, 𝛤

𝑓
𝑑𝑏 ) + 𝒪𝑑(𝑞𝑏𝑓, 𝛤

𝑓
𝑐𝑎 ) − 𝒪𝑐(𝑞𝑏𝑓, 𝛤

𝑓
𝑑𝑎 ). (A.30)

Proof. 𝑅𝑎𝑏𝑐𝑑 is defined as

𝑅𝑎𝑏𝑐𝑑 = 𝑞𝑎𝑓(𝛥𝑐𝛤
𝑓
𝑑𝑏 − 𝛥𝑑𝛤

𝑓
𝑐𝑏 + 𝛤𝑓𝑐𝑔𝛤

𝑔
𝑑𝑏 − 𝛤𝑓𝑑𝑔𝛤

𝑔
𝑐𝑏). (A.31)

Using the product rule to shift the finite differences yields

𝑅𝑎𝑏𝑐𝑑 = 𝛥𝑐𝛤𝑎𝑑𝑏 − (𝛥𝑐𝑞𝑎𝑓)𝛤
𝑓
𝑑𝑏 − 𝛥𝑑𝛤𝑎𝑐𝑏 + (𝛥𝑑𝑞𝑎𝑓)𝛤

𝑓
𝑐𝑏 + 𝛤𝑎𝑐𝑔𝛤

𝑔
𝑑𝑏 − 𝛤𝑎𝑑𝑏𝛤

𝑔
𝑐𝑏

− 𝜖𝒪𝑐(𝑞𝑎𝑓, 𝛤
𝑓
𝑑𝑏) + 𝜖𝒪𝑑(𝑞𝑎𝑓, 𝛤

𝑓
𝑐𝑏), (A.32)
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where the Christoffel symbols of the first kind are

𝛤𝑎𝑑𝑏 ≔ 𝑞𝑎𝑓𝛤
𝑓
𝑑𝑏 = 𝛥𝑑𝑞𝑎𝑏 + 𝛥𝑏𝑞𝑑𝑎 − 𝛥𝑎𝑞𝑑𝑏. (A.33)

We insert this expression as well as the explicit formula for the Christoffel symbols of the second
kind 𝛤𝑓𝑑𝑏 into equation (A.32). The result consists of several contributions of the form 𝛥𝑐𝛥𝑑𝑞𝑎𝑏
and (𝛥𝑐𝑞𝑎𝑓)𝑞𝑓𝑔(𝛥𝑑𝑞𝑔𝑏) (with varying indices). The same assessment of 𝑅𝑏𝑎𝑐𝑑, adding it to 𝑅𝑎𝑏𝑐𝑑
and comparing terms yields in a straightforward but tedious calculation

𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑏𝑎𝑐𝑑 = 𝜖 (𝒪𝑑(𝑞𝑎𝑓, 𝛤
𝑓
𝑐𝑏 ) − 𝒪𝑐(𝑞𝑎𝑓, 𝛤

𝑓
𝑑𝑏 ) + 𝒪𝑑(𝑞𝑏𝑓, 𝛤

𝑓
𝑐𝑎 ) − 𝒪𝑐(𝑞𝑏𝑓, 𝛤

𝑓
𝑑𝑎 )) (A.34)

which completes the proof.

Lemma A.7 (Riemann Second Skew Symmetry). The lattice Riemann tensor with lower indices
𝑅𝑎𝑏𝑐𝑑 ≔ 𝑞𝑎𝑓𝑅

𝑓
𝑏𝑐𝑑 is skew symmetric with respect to permuting its posterior indices

𝑅𝑎𝑏𝑐𝑑 = −𝑅𝑎𝑏𝑑𝑐. (A.35)

Proof. 𝑅𝑎𝑏𝑐𝑑 is by definition

𝑅𝑎𝑏𝑐𝑑 = 𝑞𝑎𝑓(𝛥𝑐𝛤
𝑓
𝑏𝑑 − 𝛥𝑑𝛤

𝑓
𝑏𝑐 + 𝛤𝑓𝑐𝑔𝛤

𝑔
𝑏𝑑 − 𝛤𝑓𝑑𝑔𝛤

𝑔
𝑏𝑐). (A.36)

We immediately see that 𝑅𝑎𝑏𝑐𝑑 is antisymmetric upon exchanging the indices 𝑐 and 𝑑. Hence, we
have 𝑅𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑑𝑐 = 0.

Lemma A.8 (Riemann Interchange Symmetry). The lattice Riemann tensor with lower indices
𝑅𝑎𝑏𝑐𝑑 ≔ 𝑞𝑎𝑓𝑅

𝑓
𝑏𝑐𝑑 is symmetric upon interchanging the two pairs of anterior and posterior indices

up to errors of order 𝜖 as given by

𝑅𝑎𝑏𝑐𝑑 = 𝑅𝑐𝑑𝑎𝑏 + 𝜖𝜇𝑅(𝑎𝑏)↔(𝑐𝑑), (A.37)

where

𝜇𝑅(𝑎𝑏)↔(𝑐𝑑) = 𝒪𝑑(𝑞𝑎𝑓, 𝛤
𝑓
𝑐𝑏 ) − 𝒪𝑐(𝑞𝑎𝑓, 𝛤

𝑓
𝑑𝑏 ) + 𝒪𝑎(𝑞𝑐𝑓, 𝛤

𝑓
𝑏𝑑 ) − 𝒪𝑏(𝑞𝑐𝑓, 𝛤

𝑓
𝑎𝑑 ). (A.38)

Proof. The proof requires the very same steps as the proof of lemma A.6. Due to different indices,
the lattice terms are also different and given in equation (A.38).

Lemma A.9 (Jacobi Identity). The Jacobi identity holds on the lattice for any lattice tensor 𝑇,

([𝐷𝑎, [𝐷𝑏, 𝐷𝑐]] + [𝐷𝑏, [𝐷𝑐, 𝐷𝑎]] + [𝐷𝑐, [𝐷𝑎, 𝐷𝑏]])𝑇 = 0. (A.39)

Proof. The proof is trivial – it simply requires to evaluate the commutator brackets.

Lemma A.10 (First Bianchi Identity). The first (algebraic) Bianchi identity holds on the lattice

𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑎𝑐𝑑𝑏 + 𝑅𝑎𝑑𝑏𝑐 = 0. (A.40)



26 Quantum Geometrodynamics Revived I. Classical Constraint Algebra

Proof. The proof is trivial. Simply write 𝑅𝑎𝑏𝑐𝑑 as

𝑅𝑎𝑏𝑐𝑑 = 𝑞𝑎𝑓(𝛥𝑐𝛤
𝑓
𝑏𝑑 − 𝛥𝑑𝛤

𝑓
𝑐𝑏 + 𝛤𝑓𝑔𝑐𝛤

𝑔
𝑏𝑑 − 𝛤𝑓𝑔𝑑𝛤

𝑔
𝑏𝑑) (A.41)

and similarly for 𝑅𝑎𝑐𝑑𝑏 and 𝑅𝑎𝑑𝑏𝑐. Then, we add these contributions and compare terms by
exploiting the symmetry of 𝛤 upon interchanging its lower indices. All contributions cancel.

Lemma A.11 (Second Bianchi Identity). The second Bianchi identity holds on the lattice up to
lattice contributions proportional to 𝜖. Specifically, we have

𝐷𝑎𝑅𝑑𝑓𝑏𝑐 + 𝐷𝑏𝑅𝑑𝑓𝑐𝑎 + 𝐷𝑐𝑅𝑑𝑓𝑎𝑏 = 𝜖𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐 , (A.42)

where

𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐 = 𝒪𝑎(𝛤𝑑𝑐𝑔 , 𝛤
𝑔
𝑓𝑏 ) − 𝒪𝑎(𝛤𝑑𝑏𝑔 , 𝛤

𝑔
𝑓𝑐 ) + 𝒪𝑏(𝛤𝑑𝑎𝑔 , 𝛤

𝑔
𝑓𝑐 ) − 𝒪𝑏(𝛤𝑑𝑐𝑔 , 𝛤

𝑔
𝑓𝑎 )

+ 𝒪𝑐(𝛤𝑑𝑏𝑔 , 𝛤
𝑔
𝑓𝑏 ) − 𝒪𝑐(𝛤𝑑𝑎𝑔 , 𝛤

𝑔
𝑓𝑏 ). (A.43)

Proof. We apply the Jacobi identity lemma A.9 to a lattice vector 𝒱𝑑, and exploit the generalized
Ricci identity. The first two contributions to the Jacobi identity are respectively given by

𝐷𝑎([𝐷𝑏, 𝐷𝑐]𝒱𝑑) = 𝐷𝑎(𝑅𝑑𝑓𝑏𝑐𝒱
𝑓 + 𝜖𝜇𝑅𝐼(𝒱𝑑)𝑏𝑐)

= (𝐷𝑎𝑅𝑑𝑓𝑏𝑐)𝒱
𝑑 + 𝑅𝑑𝑓𝑏𝑐𝐷𝑎𝒱

𝑓 + 𝜖 (𝒪𝑎(𝑅𝑑𝑓𝑏𝑐, 𝒱
𝑓) + 𝐷𝑎(𝜇𝑅𝐼(𝒱𝑑)𝑏𝑐)), (A.44)

−[𝐷𝑏, 𝐷𝑐](𝐷𝑎𝒱𝑑) = −(−𝑅𝑓𝑎𝑏𝑐𝐷𝑓𝒱𝑑 + 𝑅𝑑𝑓𝑏𝑐𝐷𝑎𝒱
𝑓 + 𝜖𝜇𝑅𝐼(𝐷𝑎𝒱𝑑)𝑏𝑐). (A.45)

Upon comparing the two contributions, we see that the remaining terms are

(𝐷𝑎𝑅𝑑𝑓𝑏𝑐)𝒱
𝑓 + 𝑅𝑓𝑎𝑏𝑐𝐷𝑓𝒱𝑑 + 𝜖 (𝒪𝑎(𝑅𝑑𝑓𝑏𝑐, 𝒱

𝑓) + 𝐷𝑎(𝜇𝑅𝐼(𝒱𝑑)𝑏𝑐) − 𝜇𝑅𝐼(𝐷𝑎𝒱𝑑)𝑏𝑐). (A.46)

If we evaluate the remaining four contributions to the Jacobi identity, we get similar results with
different indices which sum up to

0 = (𝐷𝑎𝑅𝑑𝑓𝑏𝑐 + 𝐷𝑏𝑅𝑑𝑓𝑐𝑎 + 𝐷𝑐𝑅𝑑𝑓𝑎𝑏)𝒱
𝑓 + (𝑅𝑓𝑎𝑏𝑐 + 𝑅𝑓𝑏𝑐𝑎 + 𝑅𝑓𝑐𝑎𝑏)𝐷𝑓𝒱𝑑 − 𝜖𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐𝒱

𝑓

(A.47)

The second bracket is a version of the first Bianchi identity which holds exactly on the lattice, and
hence the contribution cancels. Let us examine the additional lattice contribution 𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐𝒱

𝑓.
Therefore, we note that the additional lattice term of the product rule defined in equation (3.15)
can also take the form

𝜖𝒪𝑎(𝑓, 𝑔) = 𝛥𝑎(𝑓𝑔) − (𝛥𝑎𝑓)𝑔 − 𝑓𝛥𝑎𝑔. (A.48)

We first examine 𝜖𝐷𝑎(𝜇𝑅𝐼(𝒱𝑑)𝑏𝑐) and express it in the following way:

𝜖𝐷𝑎(𝜇𝑅𝐼(𝒱𝑑)𝑏𝑐) (A.49)
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= 𝐷𝑎(𝜖𝒪𝑏(𝛤𝑑𝑐𝑔 , 𝒱𝑔) − 𝜖𝒪𝑐(𝛤𝑑𝑏𝑔 , 𝒱𝑔))

= 𝐷𝑎(𝛥𝑏(𝛤𝑑𝑐𝑔𝒱𝑔) − 𝛥𝑏(𝛤𝑑𝑐𝑔 ) 𝒱𝑔 − 𝛤𝑑𝑐𝑔𝛥𝑏(𝒱𝑔) − 𝛥𝑐(𝛤𝑑𝑏𝑔𝒱𝑔) + 𝛥𝑐(𝛤𝑑𝑏𝑔) 𝒱𝑔 + 𝛤𝑑𝑏𝑔𝛥𝑐(𝒱𝑔)).

The next step consists in evaluating the covariant difference 𝐷𝑎 in this equation for the given
(1, 2)–tensor, and which yields a large number of contributions. Many of these cancel with the
other two terms of the same form 𝜖𝐷𝑏(𝜇𝑅𝐼(𝒱𝑑)𝑐𝑎) and 𝜖𝐷𝑐(𝜇𝑅𝐼(𝒱𝑑)𝑎𝑏). The second kind of
lattice terms reads

𝜖 𝜇𝑅𝐼(𝐷𝑎𝒱𝑑)𝑏𝑐 = 𝜖 (−𝒪𝑏(𝛤
𝑓
𝑐𝑎 , 𝐷𝑓𝒱𝑑) + 𝒪𝑐(𝛤

𝑓
𝑏𝑎 , 𝐷𝑓𝒱𝑑) + 𝒪𝑏(𝛤𝑑𝑐𝑓 , 𝐷𝑎𝒱

𝑓) − 𝒪𝑐(𝛤𝑑𝑏𝑓 , 𝐷𝑎𝒱
𝑓)).

(A.50)

We express again the individual contributions as in equation (A.48), and get a large number
of terms. Many of these cancel with the two other terms of the same form, specifically with
𝜖 𝜇𝑅𝐼(𝐷𝑏𝒱𝑑)𝑐𝑎 and 𝜖 𝜇𝑅𝐼(𝐷𝑐𝒱

𝑑)𝑎𝑏. Others cancel with contributions from the first kind of terms
from above. For both kinds of terms, we are eventually left with

(−𝛥𝑎(𝑅𝑑𝑓𝑏𝑐𝒱
𝑓) + 𝑅𝑑𝑓𝑏𝑐𝛥𝑎𝒱

𝑓 + 𝒱𝑓(𝛤𝑔𝑓𝑐𝛥𝑎𝛤
𝑑
𝑏𝑔 + 𝛤𝑑𝑏𝑔𝛥𝑎𝛤

𝑔
𝑓𝑐 − 𝛤𝑔𝑓𝑏𝛥𝑎𝛤

𝑑
𝑐𝑔 − 𝛤𝑑𝑐𝑔𝛥𝑎𝛤

𝑔
𝑓𝑏))

+ ( − − (𝑎 𝑏 𝑐) − − ) + ( − − (𝑎 𝑐 𝑏) − − ), (A.51)

where the second line means that the first line appears again but with indices 𝑎, 𝑏, 𝑐 cyclically
permuted. The 𝛤–contributions look like the application of the product rule, and using the latter
one can easily establish that equation (A.51) is equivalent to

(−𝛥𝑎(𝑅𝑑𝑓𝑏𝑐𝒱
𝑓) + 𝑅𝑑𝑓𝑏𝑐𝛥𝑎𝒱

𝑓 + 𝒱𝑓𝛥𝑎𝑅𝑑𝑓𝑏𝑐 + 𝜖 (𝒪𝑎(𝛤𝑑𝑐𝑔 , 𝛤
𝑔
𝑓𝑏) − 𝒪𝑎(𝛤𝑑𝑏𝑔 , 𝛤

𝑔
𝑓𝑐))𝒱

𝑓)

+ ( − − (𝑎 𝑏 𝑐) − − ) + ( − − (𝑎 𝑐 𝑏) − − ). (A.52)

The first three contributions simplify to −𝜖𝒪𝑎(𝑅𝑑𝑓𝑏𝑐, 𝒱
𝑓), and similarly for the terms with

permuted indices. Upon comparing with the total additional lattice term in equation (A.46), we
see that this contribution just cancels with the first lattice term there. Hence, we are left with the
following expression for the total lattice term

𝜖 (𝒪𝑎(𝛤𝑑𝑐𝑔 , 𝛤
𝑔
𝑓𝑏) − 𝒪𝑎(𝛤𝑑𝑏𝑔 , 𝛤

𝑔
𝑓𝑐))𝒱

𝑓 + ( − − (𝑎 𝑏 𝑐) − − ) + ( − − (𝑎 𝑐 𝑏) − − ). (A.53)

and which completes the proof.

Lemma A.12 (Contracted Bianchi Identity). The contraction of the second Bianchi identity on the
lattice reads

𝐷𝑏𝑅𝑏𝑎 =
1
2𝐷𝑎𝑅 + 𝜖𝜇𝐶𝐵𝐼𝑎, (A.54)

where

𝜇𝐶𝐵𝐼𝑎 ≔
1
2(𝑞

𝑓𝑏𝜇𝐵𝐼𝑐𝑓𝑎𝑏𝑐 + 𝐷𝑐(𝑞𝑓𝑏𝑞𝑐𝑑𝜇𝑅𝑓↔𝑑𝑏𝑎) − 𝒪𝑎(𝑞𝑓𝑏, 𝑅𝑓𝑏) − 𝒪𝑏(𝑞𝑓𝑏, 𝑅𝑓𝑎) − 𝒪𝑐(𝑞𝑓𝑏, 𝑅𝑐𝑓𝑎𝑏)

−𝜇𝐷𝑞 𝑓𝑏
𝑎 𝑅𝑓𝑏 + 𝜇𝐷𝑞 𝑓𝑏

𝑏 𝑅𝑓𝑎 + 𝜇𝐷𝑞 𝑓𝑏
𝑐 𝑅𝑐𝑓𝑎𝑏). (A.55)
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Proof. Consider the following contraction of the second Bianchi identity (lemma A.11):

𝑞𝑓𝑏𝛿𝑐𝑑 (𝐷𝑎𝑅
𝑑
𝑓𝑏𝑐 + 𝐷𝑏𝑅𝑑𝑓𝑐𝑎 + 𝐷𝑐𝑅𝑑𝑓𝑎𝑏) = 𝜖 𝜇𝐵𝐼𝑑𝑓𝑎𝑏𝑐𝑞

𝑓𝑏𝛿𝑐𝑑. (A.56)

The first contribution gives upon using the posterior skew symmetry of the Riemann tensor and
the (inverse) product rule

𝑞𝑓𝑏𝐷𝑎𝑅𝑐𝑓𝑏𝑐 = −𝑞𝑓𝑏𝐷𝑎𝑅𝑓𝑏

= −𝐷𝑎𝑅 + 𝜖 (𝜇𝐷𝑞 𝑓𝑏
𝑎 𝑅𝑓𝑏 + 𝒪𝑎(𝑞𝑓𝑏, 𝑅𝑓𝑏)). (A.57)

The second contribution yields

𝑞𝑓𝑏𝐷𝑏𝑅𝑓𝑎 = 𝐷𝑏𝑅𝑏𝑎 − 𝜖 (𝜇𝐷𝑞 𝑓𝑏
𝑏 𝑅𝑓𝑎 + 𝒪𝑏(𝑞𝑓𝑏, 𝑅𝑓𝑎)), (A.58)

and the third contribution gives using the skew symmetry of the Riemann tensor and the product
rule

𝑞𝑓𝑏𝐷𝑐𝑅𝑐𝑓𝑎𝑏 = 𝐷𝑐(𝑞𝑓𝑏𝑞𝑐𝑑𝑅𝑑𝑓𝑎𝑏) − 𝜖 (𝜇𝐷𝑞 𝑓𝑏
𝑐 𝑅𝑐𝑓𝑎𝑏 + 𝒪𝑐(𝑞𝑓𝑏, 𝑅𝑐𝑓𝑎𝑏)) (A.59)

= 𝐷𝑐(𝑞𝑓𝑏𝑞𝑐𝑑(𝑅𝑓𝑑𝑏𝑎 − 𝜖𝜇𝑅𝑑↔𝑓𝑏𝑎)) − 𝜖 (𝜇𝐷𝑞 𝑓𝑏
𝑐 𝑅𝑐𝑓𝑎𝑏 + 𝒪𝑐(𝑞𝑓𝑏, 𝑅𝑐𝑓𝑎𝑏))

= 𝐷𝑐𝑅𝑐𝑎 − 𝜖 (𝐷𝑐(𝜇𝑅𝑑↔𝑓𝑏𝑎𝑞𝑓𝑏𝑞𝑐𝑑) + 𝜇𝐷𝑞 𝑓𝑏
𝑐 𝑅𝑐𝑓𝑎𝑏 + 𝒪𝑐(𝑞𝑓𝑏, 𝑅𝑐𝑓𝑎𝑏)).

Taking all three contributions and the lattice term from the Bianchi identity, the result is

0 = −𝐷𝑎𝑅 + 2𝐷𝑏𝑅𝑏𝑎 − 2𝜖 𝜇𝐶𝐵𝐼𝑎 (A.60)

where 𝜇𝐶𝐵𝐼𝑎 is given in equation (A.55). This completes the proof.

B Lattice Poisson Bracket

We recall that in the continuum classical field theory, the Poisson bracket of two functionals
𝐶 ∶ 𝒢 → ℂ and𝐻 ∶ 𝒢 → ℂ, where 𝒢 denotes an appropriate space of functions on the underlying
𝑛–dimensional space manifold 𝜎, is given for two functions 𝑓, 𝑔 ∈ 𝒢 by

{𝐶(𝑓), 𝐻(𝑔)} = ∫
𝜍
d𝑛𝑥 (

𝛿𝐶(𝑓)
𝛿𝑞𝑖𝑗(𝑥)

𝛿𝐻(𝑔)
𝛿𝑝𝑖𝑗(𝑥)

−
𝛿𝐶(𝑓)
𝛿𝑝𝑖𝑗(𝑥)

𝛿𝐻(𝑔)
𝛿𝑞𝑖𝑗(𝑥)

), (B.1)

where 𝛿𝐶(𝑓)/𝛿𝑞𝑖𝑗(𝑥) denotes the functional derivative of 𝐶(𝑓)with respect to 𝑞𝑖𝑗(𝑥), and similarly
for the other contributions. More precisely, the functional derivative 𝛿𝐶/𝛿𝑞 of a functional 𝐶
with respect to a function 𝑞 is defined through

∫
𝜍
d𝑛𝑥 𝛿𝐶𝛿𝑞 (𝑥) 𝛿𝑞(𝑥) ≔ ( dd𝑠𝐶(𝑞 + 𝑠 𝛿𝑞))

𝑠=0
, (B.2)
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where 𝛿𝑞(𝑥) ∈ 𝒢. Let us examine this expression for the case that the canonical fields are
piecewise constant as described in the main part of the paper. In particular, we assume that

𝛿𝑞(𝑥) = ∑
𝑋1…𝑋𝑛

𝛿𝑞𝑋1…𝑋𝑛 𝜒𝑋1…𝑋𝑛
(𝑥), 𝑞(𝑥) = ∑

𝑋1…𝑋𝑛

𝑞𝑋1…𝑋𝑛 𝜒𝑋1…𝑋𝑛
(𝑥), (B.3)

where the sum runs from 0 to 𝑁 − 1 for each lattice direction 𝑋𝑖, 𝑖 ∈ 1,… , 𝑛, and where 𝛿𝑞, 𝑞 ∈
ℱ(𝛬,ℝ) are lattice fields. Thus, the left–hand side of equation (B.2) reduces to

∫
𝜍
d𝑛𝑥 𝛿𝐶𝛿𝑞 (𝑥) 𝛿𝑞(𝑥) = ∑

𝑋1…𝑋𝑛

𝛿𝑞𝑋1…𝑋𝑛 ∫
𝜍
d𝑛𝑥 𝛿𝐶𝛿𝑞 (𝑥)𝜒𝑋1…𝑋𝑛

(𝑥) (B.4)

= ∑
𝑋1…𝑋𝑛

𝛿𝑞𝑋1…𝑋𝑛 ∫
𝑉𝑋1…𝑋𝑛

d𝑛𝑥 𝛿𝐶𝛿𝑞 (𝑥), (B.5)

where 𝑉𝑋1…𝑋𝑛 denotes the volume of the hypercube associated with the lattice point 𝑋1…𝑋𝑛.
Since the functional derivative of e.g., the constraints, is a function of the canonical fields, it is
reasonable to assume that it is piecewise constant as well. Consequently, we define

𝛿𝐶
𝛿𝑞 (𝑥) ≔ ∑

𝑋1…𝑋𝑛

(𝛿𝐶𝛿𝑞 )
𝑋1…𝑋𝑛

𝜒𝑋1…𝑋𝑛
(𝑥). (B.6)

This yields for the left–hand side of equation (B.2):

∫
𝜍
d𝑛𝑥 𝛿𝐶𝛿𝑞 (𝑥) 𝛿𝑞(𝑥) = 𝜖𝑛 ∑

𝑋1…𝑋𝑛

(𝛿𝐶𝛿𝑞 )
𝑋1…𝑋𝑛

𝛿𝑞𝑋1…𝑋𝑛. (B.7)

The right–hand side of equation (B.2) by means of equation (B.3) and the chain rule evaluates to

( dd𝑠𝐶(𝑞 + 𝑠 𝛿𝑞))
𝑠=0

= ∑
𝑋1…𝑋𝑛

𝜕𝐶
𝜕𝑞𝑋1…𝑋𝑛

𝛿𝑞𝑋1…𝑋𝑛. (B.8)

We compare the last two equations term by term and obtain that the functional derivative is given
by

𝛿𝐶
𝛿𝑞 (𝑥) =

1
𝜖𝑛 ∑

𝑋1…𝑋𝑛

𝜕𝐶
𝜕𝑞𝑋1…𝑋𝑛

𝜒𝑋1…𝑋𝑛
(𝑥). (B.9)

We replace 𝑞 bei 𝑞𝑖𝑗 and 𝑝𝑖𝑗 respectively, and insert this into the original formula for the Poisson
bracket, equation (B.1). We get after evaluating the integral the following expression for the
Poisson bracket for piecewise constant fields:

{𝐶(𝑓), 𝐻(𝑔)} = 1
𝜖𝑛 ∑

𝑋1…𝑋𝑛

(
𝜕𝐶(𝑓)
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗

𝜕𝐻(𝑔)
𝜕𝑝𝑖𝑗𝑋1…𝑋𝑛

−
𝜕𝐶(𝑓)

𝜕𝑝𝑋1…𝑋𝑛
𝑖𝑗

𝜕𝐻(𝑔)
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗
) (B.10)

where𝐶(𝑓), 𝐻(𝑔) are to be understood as functions of the lattice tensor degrees of freedom 𝑞𝑌1…𝑌𝑛
𝑎𝑏

and 𝑝𝑎𝑏𝑌1…𝑌𝑛 at each 𝑌1…𝑌𝑛.
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C Constraint Algebra on the Lattice

In this appendix, we providemore details on the derivation of the lattice hypersurface deformation
algebra as presented in section 5.

C.1 {𝐶(𝒱), 𝐶(𝒲)}

For computing the Poisson bracket of two smeared diffeomorphism constraints, we start by
deriving the derivative of 𝐶(𝒱)with respect to 𝑞𝑖𝑗 (given in equation (5.9)), where𝒱 is an arbitrary
lattice smearing vector. For this purpose, we use that the diffeomorphism constraint on the lattice
takes the form

𝐶(𝒱) = 𝜖𝑛∑(2(𝛥𝑏𝒱𝑎) 𝑞𝑎𝑐𝑝𝑐𝑏 − 𝛥𝑎(𝒱𝑎𝑝𝑏𝑐) 𝑞𝑏𝑐) (C.1)

(see also equation (5.8)), and that we have for the derivative of 𝑞𝑎𝑏 with respect to 𝑞𝑖𝑗

𝜕𝑞𝑌1…𝑌𝑛
𝑎𝑏

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

= 𝛿(𝑖𝑎 𝛿
𝑗)
𝑏 𝛿

𝑌1
𝑋1
…𝛿𝑌𝑛𝑋𝑛

(C.2)

where all 𝛿’s are Kronecker deltas and the round brackets denote symmetrization with respect to
the given indices. Now let us reintroduce lattice indices and relabel the tensor indices to get

𝜕𝐶(𝒱)
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗
= 𝜕
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗
𝜖𝑛

𝑁−1
∑

𝑌1…𝑌𝑛=0
(2(𝛥𝑐𝒱𝑎)𝑝𝑏𝑐 − 𝛥𝑐(𝒱𝑐𝑝𝑎𝑏) )

𝑌1…𝑌𝑛𝑞𝑌1…𝑌𝑛
𝑎𝑏

= 𝜖𝑛
𝑁−1
∑

𝑌1…𝑌𝑛=0
(2(𝛥𝑐𝒱𝑎)𝑝𝑏𝑐 − 𝛥𝑐(𝒱𝑐𝑝𝑎𝑏) )

𝑌1…𝑌𝑛𝛿(𝑖𝑎 𝛿
𝑗)
𝑏 𝛿

𝑌1
𝑋1
…𝛿𝑌𝑛𝑋𝑛

(C.3)

Evaluating the Kronecker deltas yields the following result:

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

= 𝜖𝑛((𝛥𝑐𝒱 𝑖)𝑝𝑗𝑐 + (𝛥𝑐𝒱𝑗)𝑝𝑖𝑐 − 𝛥𝑐(𝒱𝑐𝑝𝑖𝑗)). (C.4)

The very same strategy applies for deriving 𝜕𝐶(𝒱)/𝜕𝑝𝑖𝑗. Therefore, we write the diffeomorphism
constraint as

𝐶(𝒱) = 𝜖𝑛∑(2(𝛥𝑏𝒱𝑎) 𝑞𝑎𝑐𝑝𝑐𝑏 + 𝒱𝑎𝑝𝑏𝑐(𝛥𝑎𝑞𝑏𝑐)) (C.5)

(C.6)

and perform similar steps as above. This yields

𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

= 𝜖𝑛((𝛥𝑗𝒱𝑎)𝑞𝑎𝑖 + (𝛥𝑖𝒱𝑎)𝑞𝑎𝑗 + 𝒱𝑎(𝛥𝑎𝑞𝑖𝑗)) = (ℒ𝒱𝑞)𝑖𝑗. (C.7)
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The last identity follows by comparing the result with our definition of the Lie difference in
definition 4.14. We use equations (C.4) and (C.7) in order to derive the Poisson bracket of 𝐶(𝒱)
and 𝐶(𝒲). Therefore, let us write the first contribution to the Poisson bracket as follows:

𝜖−𝑛∑ 𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐶(𝒲)
𝜕𝑝𝑖𝑗

= 𝜖𝑛∑((𝛥𝑎𝒱 𝑖)𝑝𝑎𝑗 + (𝛥𝑎𝒱𝑗)𝑝𝑎𝑖 − 𝛥𝑎(𝒱𝑎𝑝𝑖𝑗)) (ℒ𝒲𝑞)𝑖𝑗. (C.8)

By relabeling indices of the two first contributions and using summation by parts for shifting the
finite difference in the last term, it immediately follows that

𝜖−𝑛∑ 𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐶(𝒲)
𝜕𝑝𝑖𝑗

= 𝜖𝑛∑𝑝𝑖𝑗((𝛥𝑗𝒱𝑎)(ℒ𝒲𝑞)𝑎𝑖 + (𝛥𝑎𝒱𝑗)(ℒ𝒲𝑞)𝑎𝑗 + 𝒱𝑎𝛥𝑎(ℒ𝒲𝑞)𝑖𝑗)

= 𝜖𝑛∑𝑝𝑖𝑗(ℒ𝒱(ℒ𝒲𝑞))𝑖𝑗, (C.9)

where the last identity follows by simply looking at definition 4.14 for the Lie difference. Hence,
in total we have

{𝐶(𝒱), 𝐶(𝒲)} = 𝜖𝑛∑𝑝𝑖𝑗(ℒ𝒱(ℒ𝒲𝑞)𝑖𝑗 − ℒ𝒱(ℒ𝒲𝑞)𝑖𝑗). (C.10)

In the continuum, the bracket would simply reduce to (ℒ[𝒱,𝒲]𝑞)𝑖𝑗 as one can see using the
properties of the Lie derivative. On the lattice however, additional terms prevent this identity.
The procedure to derive these lattice contributions is as follows: We use definition 4.14 for the Lie
difference, and evaluate the two Lie differences acting on 𝑞 respectively in the previous equation.
Many of the numerous contributions cancel without further ado. Others include difference
operators that act on products of functions so we need to apply the product rule and thereby
generate additional lattice terms. The first of these reads

𝐵(𝒱,𝒲) = 𝜖𝑛∑𝑝𝑖𝑗(𝒱𝑎(2𝒪𝑎(𝛥𝑖𝒲𝑏, 𝑞𝑏𝑗) + 𝒪𝑎(𝒲𝑏, 𝛥𝑏𝑞𝑖𝑗))), (C.11)

while the second is simply −𝐵(𝒲,𝒱). Two other contributions to the Poisson bracket remain,
the first of which is given by

𝜖𝑛∑2𝑝𝑖𝑏((𝛥𝑖𝒱𝑎)(𝛥𝑎𝒲𝑏) + 𝒱𝑎(𝛥𝑖𝛥𝑎𝒲𝑏) − (𝛥𝑖𝒲𝑎)(𝛥𝑎𝒱𝑏) −𝒲𝑎(𝛥𝑖𝛥𝑎𝒱𝑏)) (C.12)

To proceed, it helps to identify the vector

𝒩𝑏 ≔ 𝒱𝑎𝛥𝑎𝒲𝑏 −𝒲𝑎𝛥𝑎𝒱𝑏 (C.13)

in this expression and to see that 𝛥𝑖 acts on its factors. Consequently, we can simply write the
expression as

𝜖𝑛∑2𝑝𝑖𝑏𝛥𝑖𝒩𝑏 + 𝜖𝑛+1∑2𝑝𝑖𝑏(𝒪𝑖(𝒲𝑎, 𝛥𝑎𝒱𝑏) − 𝒪𝑖(𝒱𝑎, 𝛥𝑎𝒲𝑏)). (C.14)

where we employed the inverse product rule. We apply summation by parts to shift the difference
𝛥𝑖 from𝒩𝑏 onto 𝑝𝑖𝑏. Finally, we include the other remaining contribution to the Poisson bracket
and get

{𝐶(𝒱), 𝐶(𝒲)} = 𝜖𝑛∑𝒩𝑏(−2𝛥𝑖(𝑝𝑖𝑏) + 𝑝𝑖𝑗𝛥𝑏𝑞𝑖𝑗) + 𝜖𝐴𝐶𝐶(𝒱,𝒲). (C.15)
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where the additional lattice term is given by

𝐴𝐶𝐶(𝒱,𝒲) = 𝜖𝑛∑2𝑝𝑖𝑏(𝒪𝑖(𝒲𝑎, 𝛥𝑎𝒱𝑏) − 𝒪𝑖(𝒱𝑎, 𝛥𝑎𝒲𝑏)) + 𝐵(𝒱,𝒲) − 𝐵(𝒲,𝒱) (C.16)

Finally, we use that by definition𝒩𝑏 = (ℒ𝒱𝒲)𝑏 in order to write

{𝐶(𝒱), 𝐶(𝒲)} = 𝐶(ℒ𝒱𝒲) + 𝜖𝐴𝐶𝐶(𝒱,𝒲).
(C.17)

C.2 {𝐻(𝑓), 𝐻(𝑔)}

Let us start by deriving 𝜕𝐻pot(𝑓)/𝜕𝑞𝑖𝑗 in equation (5.24) since the derivation of the former results
of section 5.2 should be clear. We start by applying the product rule and get

𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= −𝜖𝑛 𝜕
𝜕𝑞𝑖𝑗

∑𝑓√𝑞𝑞𝑎𝑏𝑅𝑎𝑏 = −𝜖𝑛∑𝑓(
𝜕√𝑞
𝜕𝑞𝑖𝑗

𝑅 + √𝑞
𝜕𝑞𝑎𝑏

𝜕𝑞𝑖𝑗
𝑅𝑎𝑏 +√𝑞𝑞𝑎𝑏

𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

), (C.18)

where we assumed that 𝑞𝑖𝑗 carries lattice indices 𝑋1…𝑋𝑛 while all other lattice functions and the
sum carry lattice indices 𝑌1…𝑌𝑛. To proceed, we can use similar formulas for the derivatives as
in the continuum case, specifically

𝜕√𝑞𝑌1…𝑌𝑛

𝜕𝑞𝑖𝑗𝑋1…𝑋𝑛

= 1
2√𝑞𝑌1…𝑌𝑛𝑞𝑖𝑗𝑌1…𝑌𝑛𝛿

𝑌1
𝑋1
…𝛿𝑌𝑛𝑋𝑛

, (C.19)

𝜕𝑞𝑎𝑏𝑌1…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

= −12(𝑞
𝑎𝑖𝑞𝑏𝑗 + 𝑞𝑎𝑗𝑞𝑏𝑖)

𝑌1…𝑌𝑛𝛿𝑌1𝑋1
…𝛿𝑌𝑛𝑋𝑛

. (C.20)

Inserting these expressions into the previous relation gives

𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= −𝜖
𝑛

2 𝑓√𝑞 (𝑅𝑞
𝑖𝑗 − 𝑅𝑖𝑗 − 𝑅𝑗𝑖) − 𝜖𝑛∑𝑓√𝑞𝑞𝑎𝑏

𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

. (C.21)

On the lattice, 𝑅𝑖𝑗 is not symmetric but the following identity holds by using lemma 4.9

𝑅𝑗𝑖 = 𝑞𝑗𝑎𝑞𝑖𝑏𝑞𝑐𝑑𝑅𝑑𝑎𝑐𝑏 = 𝑞𝑗𝑎𝑞𝑖𝑏𝑞𝑐𝑑(𝑅𝑐𝑏𝑑𝑎 + 𝜖𝜇𝑅(𝑑𝑎)↔(𝑐𝑏)) (C.22)
= 𝑅𝑖𝑗 + 𝜖 𝑞𝑗𝑎𝑞𝑖𝑏𝑞𝑐𝑑𝜇𝑅(𝑑𝑎)↔(𝑐𝑏) (C.23)
≕ 𝑅𝑖𝑗 + 2𝜖𝐶𝑖𝑗. (C.24)

Hence, we obtain for equation (C.18) by setting 𝑅𝑖𝑗 − (1/2) 𝑞𝑖𝑗𝑅 ≕ 𝐺𝑖𝑗,

𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= 𝜖𝑛𝑓√𝑞 (𝐺𝑖𝑗 + 𝜖𝐶𝑖𝑗) − 𝜖𝑛∑𝑓√𝑞𝑞𝑎𝑏
𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

. (C.25)

Since the first contributions are proportional to 𝑓 (no derivatives appearing), they will cancel
in the final expression for the Poisson bracket, and we can consequently ignore them from now
on. The term involving the derivative of the lattice Ricci tensor will not cancel. To see this let us
establish the following lemma.
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Lemma C.1 (Derivatives and Differences Commute). Let 𝑓 ∈ ℱ(𝛬,ℝ) be a lattice function that
depends on the metric tensor 𝑞𝑎𝑏. Then, it holds true that

𝜕(𝛥𝑎𝑓(𝑞𝑎𝑏))
𝑌1…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

= 𝛥𝑎(
𝜕𝑓(𝑞𝑎𝑏)𝑌1…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

). (C.26)

Proof. The proof is straightforward by writing out the definition of the difference operator on the
lattice. Specifically, we have

𝜕(𝛥𝑎𝑓(𝑞𝑎𝑏))
𝑌1…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

= 𝜕
𝜕𝑞𝑋1…𝑋𝑛

𝑖𝑗

1
2𝜖(𝑓(𝑞𝑎𝑏)

𝑌1…𝑌𝑎+1 mod 𝑁…𝑌𝑛 − 𝑓(𝑞𝑎𝑏)𝑌1…𝑌𝑎−1 mod 𝑁…𝑌𝑛)

= 1
2𝜖(

𝜕𝑓(𝑞𝑎𝑏)𝑌1…𝑌𝑎+1 mod 𝑁…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

−
𝜕𝑓(𝑞𝑎𝑏)𝑌1…𝑌𝑎−1 mod 𝑁…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

)

= 𝛥𝑎(
𝜕𝑓(𝑞𝑎𝑏)𝑌1…𝑌𝑛

𝜕𝑞𝑋1…𝑋𝑛
𝑖𝑗

). (C.27)

This identitymotivates us to define a short handnotation for the following proofs. In particular,
let us abbreviate the partial derivative with respect to 𝑞𝑖𝑗 by “𝜕”. With this, let us spell out the
following lemmas.

Lemma C.2 (Derivative of 𝛤𝑎𝑏𝑐 ). The derivative of the Christoffel symbol with respect to the metric
reads

𝜕𝛤𝑎𝑏𝑐 =
𝑞𝑎𝑑

2 (𝐷𝑐 𝜕𝑞𝑏𝑑 + 𝐷𝑏 𝜕𝑞𝑐𝑑 − 𝐷𝑑 𝜕𝑞𝑏𝑐). (C.28)

Proof. We apply the product rule for the derivative of the Christoffel symbol to get

𝜕𝛤𝑎𝑏𝑐 =
1
2(𝜕𝑞

𝑎𝑑(𝛥𝑏𝑞𝑑𝑐 + 𝛥𝑐𝑞𝑏𝑑 − 𝛥𝑑𝑞𝑏𝑐) + 𝑞𝑎𝑑(𝛥𝑏 𝜕𝑞𝑑𝑐 + 𝛥𝑐 𝜕𝑞𝑏𝑑 − 𝛥𝑑 𝜕𝑞𝑏𝑐)) (C.29)

We insert the derivative of the inverse metric given in equation (C.20) in this expression. On the
other hand, we can employ the definition of the covariant difference operator and get

𝐷𝑐 𝜕𝑞𝑏𝑑 = 𝛥𝑐 𝜕𝑞𝑏𝑑 − 𝛤𝑒𝑏𝑐 𝜕𝑞𝑒𝑑 − 𝛤𝑒𝑑𝑐 𝜕𝑞𝑏𝑒. (C.30)

Here, we took into account that 𝜕𝑞𝑏𝑑 is a tensor but 𝐷𝑐 𝜕𝑞𝑏𝑑 ≠ 0. We write out the same formula
for the other covariant differences appearing in equation (C.28) and add the terms accordingly.
Upon comparing the result with equation (C.29), we see that the expressions are identical if we
use that

𝑞𝑎𝑑

2 (−2𝛤𝑒𝑏𝑐 𝜕𝑞𝑒𝑑) = −𝑞𝑎𝑖𝑞𝑗𝑑(𝛥𝑏𝑞𝑑𝑐 + 𝛥𝑐𝑞𝑏𝑑 − 𝛥𝑑𝑞𝑏𝑐) 𝜕𝑞𝑖𝑗. (C.31)
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Lemma C.3 (Derivative of 𝑅𝑎𝑏). The partial derivative of 𝑅𝑎𝑏 with respect to the metric tensor is
given by

𝜕𝑅𝑎𝑏 = 𝐷𝑑 𝜕𝛤𝑑𝑎𝑏 − 𝐷𝑎 𝜕𝛤𝑑𝑑𝑏 . (C.32)

Proof. To begin with, let us note that 𝜕𝛤𝑎𝑏𝑐 is a tensor which can be seen from lemma C.2
since all individual contributions to 𝜕𝛤𝑎𝑏𝑐 are tensors. Hence we can use the definition of the
covariant difference operator to compute𝐷𝑐 𝜕𝛤𝑎𝑏𝑐 and derive an expression for the combination in
equation (C.32). On the other hand, we can employ the definition of 𝑅𝑎𝑏 as given in equations (5.4)
and (5.5) and apply the product rule for the partial derivative with respect to 𝑞𝑖𝑗 in order to
compute 𝜕𝑅𝑎𝑏 directly. Without further manipulations, one can see that the two expressions are
identical.

Given lemmas C.2 and C.3, it is straightforward to establish that

𝜕𝑅𝑎𝑏 =
1
2(𝐷𝑐(𝑞

𝑐𝑑𝐷𝑎 𝜕𝑞𝑑𝑏) + 𝐷𝑐(𝑞𝑐𝑑𝐷𝑏 𝜕𝑞𝑑𝑎) − 𝐷𝑎(𝑞𝑐𝑑𝐷𝑏 𝜕𝑞𝑐𝑑) − 𝐷𝑐(𝑞𝑐𝑑𝐷𝑑 𝜕𝑞𝑎𝑏)). (C.33)

For this, we simply had to insert the expression for 𝜕𝛤𝑎𝑏𝑐 given in equation (C.28) into equa-
tion (C.32). With this result, let us consider the whole expression in which 𝜕𝑅𝑎𝑏 appears and shift
the covariant differences appearing in the previous expression to the other lattice fields occuring
in the sum. In particular, we derive that

−𝜖𝑛∑𝑓√𝑞𝑞𝑎𝑏
𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

= 𝜖𝑛
2 (𝐷𝑎(𝐷𝑏(𝑓√𝑞𝑞

𝑖𝑗) 𝑞𝑎𝑏) + 𝐷𝑎(𝐷𝑏(𝑓√𝑞𝑞𝑎𝑏) 𝑞𝑖𝑗))

− 𝜖𝑛
2 (𝐷𝑎(𝐷𝑏(𝑓√𝑞𝑞

𝑎𝑗) 𝑞𝑏𝑖) + 𝐷𝑎(𝐷𝑏(𝑓√𝑞𝑞𝑎𝑖) 𝑞𝑏𝑗)). (C.34)

For later convenience, we want the covariant differences to act on 𝑓 alone. We apply the product
rule for finite differences and exemplarily consider one of the contributions above. We write

𝐷𝑎(𝐷𝑏(𝑓√𝑞𝑞𝑖𝑗) 𝑞𝑎𝑏) = 𝐷𝑎(((𝐷𝑏𝑓)√𝑞𝑞𝑖𝑗 + 𝑓𝐷𝑏(√𝑞𝑞𝑖𝑗) + 𝜖𝒪𝑏(𝑓,√𝑞𝑞𝑖𝑗))𝑞𝑎𝑏)

= √𝑞𝑞𝑖𝑗𝑞𝑎𝑏𝐷𝑎𝐷𝑏𝑓 + 𝜖 𝐹 𝑖𝑗(𝑓, 𝑞𝑖𝑗, 𝑞𝑎𝑏), (C.35)

where we defined for the last step

𝐹 𝑖𝑗(𝑓, 𝑞𝑖𝑗, 𝑞𝑎𝑏) = 𝜖𝑛−1((𝐷𝑏𝑓)𝐷𝑎(√𝑞𝑞𝑖𝑗𝑞𝑎𝑏) + 𝐷𝑎(𝑓𝑞𝑎𝑏𝐷𝑏(√𝑞𝑞𝑖𝑗)))

+ 𝜖𝑛𝒪𝑎(𝐷𝑏𝑓,√𝑞𝑞𝑖𝑗𝑞𝑎𝑏) + 𝜖𝑛𝐷𝑎(𝒪𝑏(𝑓,√𝑞𝑞𝑖𝑗)𝑞𝑎𝑏). (C.36)

All contributions together yield

−𝜖𝑛∑𝑓√𝑞𝑞𝑎𝑏
𝜕𝑅𝑎𝑏
𝜕𝑞𝑖𝑗

= 𝜖𝑛√𝑞 (𝑞𝑖𝑗𝑞𝑎𝑏 − 𝑞𝑎𝑖𝑞𝑏𝑗)𝐷𝑎(𝐷𝑏𝑓) + 𝜖𝐸𝑖𝑗(𝑓), (C.37)

where 𝐸𝑖𝑗(𝑓) is defined from 𝐹 𝑖𝑗 as in equation (5.28). The final step for computing the Poisson
bracket of two smeared Hamilton constraints consists in multiplying this expression with

𝜕𝐻kin(𝑓)
𝜕𝑝𝑖𝑗

= 𝜖𝑛𝑓 2
√𝑞

(𝑝𝑖𝑗 −
𝑝

𝑛 − 1𝑞𝑖𝑗). (C.38)
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It is straightforward to show that this yields in total

𝜖𝑛∑2(𝑓𝐷𝑎𝐷𝑏𝑔 − 𝑔𝐷𝑎𝐷𝑏𝑓)𝑝𝑎𝑏 + 𝜖𝑛+1∑ 2
√𝑞

(𝑝𝑖𝑗 −
𝑝

𝑛 − 1𝑞𝑖𝑗)(𝑔𝐸
𝑖𝑗(𝑓) − 𝑓𝐸𝑖𝑗(𝑔)). (C.39)

Finally, we shift the outer covariant differences in the first contribution and apply the lattice
product rule for the covariant difference. A straighforward computation yields the final result in
equation (5.36).

C.3 {𝐶(𝒱), 𝐻(𝑓)}

The first contribution to the Poisson bracket reads

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

= 𝜖𝑛((𝛥𝑑𝒱 𝑖)𝑝𝑗𝑑 + (𝛥𝑑𝒱𝑗)𝑝𝑖𝑑 − 𝛥𝑑(𝒱𝑑𝑝𝑖𝑗)) ⋅ 𝜖𝑛𝑓
𝜕ℋkin
𝜕𝑝𝑖𝑗

, (C.40)

where we used that only the kinetic part of the Hamilton constraint depends on 𝑝𝑖𝑗. To evaluate
this expression, we apply the lattice product rule to the last term and employ the explicit expression

𝜕ℋkin
𝜕𝑝𝑖𝑗

= 2
√𝑞

(𝑝𝑖𝑗 −
𝑝

𝑛 − 1𝑞𝑖𝑗). (C.41)

This yields

1
𝜖2𝑛

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

=
4𝑓(𝛥𝑎𝒱𝑏)

√𝑞
(𝑝𝑏𝑐𝑝𝑐𝑎 −

𝑝𝑝 𝑎
𝑏

𝑛 − 1) − 2𝑓(𝛥𝑑𝒱𝑑)ℋkin − 𝑓𝒱𝑑(𝛥𝑑𝑝𝑖𝑗)
𝜕ℋkin
𝜕𝑝𝑖𝑗

− 𝜖𝒪𝑑(𝒱𝑑, 𝑝𝑖𝑗)𝑓
𝜕ℋkin
𝜕𝑝𝑖𝑗

(C.42)

Then, consider the second contribution to the Poisson bracket but restricted to the kinetic part
of the Hamiltonian. Using the definition of the two factors that enter this term, we get by a
straightforward multiplication of these factors

−𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝑓𝜕ℋkin
𝜕𝑞𝑖𝑗

= 𝜖𝑛𝑓 ((𝛥𝑎𝒱𝑎)ℋkin −
4(𝛥𝑎𝒱𝑏)

√𝑞
(𝑝𝑏𝑐𝑝𝑐𝑎 −

𝑝𝑝 𝑎
𝑏

𝑛 − 1) − 𝒱𝑎(𝛥𝑎𝑞𝑖𝑗)
𝜕ℋkin
𝜕𝑞𝑖𝑗

). (C.43)

The sum of this expression and the previous equation gives in total

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

− 𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜖𝑛𝑓𝜕ℋkin
𝜕𝑞𝑖𝑗

= 𝜖2𝑛𝑓(−(𝛥𝑑𝒱𝑑)ℋkin − 𝒱𝑑((𝛥𝑑𝑞𝑖𝑗)
𝜕ℋkin
𝜕𝑞𝑖𝑗

+ (𝛥𝑑𝑝𝑖𝑗)
𝜕ℋkin
𝜕𝑝𝑖𝑗

))

− 𝜖2𝑛+1𝒪𝑑(𝒱𝑑, 𝑝𝑖𝑗)𝑓
𝜕ℋkin
𝜕𝑝𝑖𝑗

. (C.44)

To further simplify this expression, let us use the following lemma.
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Lemma C.4 (Lattice Difference ofℋkin). Letℋkin be the kinetic part of the lattice Hamiltonian
density given by

ℋkin =
1
√𝑞

(𝑞𝑎𝑐𝑞𝑏𝑑 −
1

𝑛 − 1𝑞𝑎𝑏𝑞𝑐𝑑)𝑝
𝑎𝑏𝑝𝑐𝑑. (C.45)

Then, the lattice difference ofℋkin reads

𝛥𝑒ℋkin = (𝛥𝑒𝑝𝑖𝑗)
𝜕ℋkin

𝜕𝑝𝑖𝑗
+ (𝛥𝑒𝑞𝑖𝑗)

𝜕ℋkin
𝜕𝑞𝑖𝑗

− 𝜖𝐾𝑒, (C.46)

where the lattice term 𝐾𝑒 is given by

𝐾𝑒 =(−
𝜇𝑞𝑒
2√𝑞

3 + 𝜇√𝑞
−1
𝑒
)√𝑞ℋkin +

𝑝𝑏𝑐𝑝𝑑𝑓

√𝑞
(𝒪𝑒(𝑞𝑏𝑑, 𝑞𝑐𝑓) −

𝒪𝑒(𝑞𝑏𝑐, 𝑞𝑑𝑓)
𝑛 − 1 ) + 𝒪𝑒(

1
√𝑞

,√𝑞ℋkin)

+ 1
√𝑞

𝒪𝑒(𝐺𝑎𝑏𝑐𝑑, 𝑝𝑎𝑏𝑝𝑐𝑑) +
𝐺𝑎𝑏𝑐𝑑
√𝑞

𝒪𝑒(𝑝𝑎𝑏, 𝑝𝑐𝑑). (C.47)

Proof. In order to compute 𝛥𝑒ℋkin, we apply the product rule for the finite difference toℋkin as
defined in equation (C.45). Applying the finite difference to the first factor ofℋkin gives

𝛥𝑒(
1
√𝑞

) = −
𝛥𝑒𝑞

2√𝑞
3 + 𝜖𝜇√𝑞

−1
𝑒

= −(𝛥𝑒𝑞𝑏𝑐)
𝑞𝑏𝑐

2√𝑞
+ 𝜖 (−

𝜇𝑞𝑒
2√𝑞

3 + 𝜇√𝑞
−1
𝑒
) (C.48)

as we have shown in lemma A.4. When we apply the finite difference to the second factor in
equation (C.45) it is useful to contract it with the momenta 𝑝𝑎𝑏𝑝𝑐𝑑 right away which yields

(𝛥𝑒𝐺𝑎𝑏𝑐𝑑)𝑝𝑎𝑏𝑝𝑐𝑑 = 2(𝛥𝑒𝑞𝑏𝑐)(𝑝𝑏𝑑𝑝𝑑𝑐 −
𝑝

𝑛 − 1𝑝
𝑏𝑐) + 𝜖 𝑝𝑎𝑏𝑝𝑐𝑑(𝒪𝑒(𝑞𝑎𝑐, 𝑞𝑏𝑑) −

𝒪𝑒(𝑞𝑎𝑏, 𝑞𝑐𝑑)
𝑛 − 1 ).

(C.49)

Similary, we get for the finite difference of the momentum part contracted with the supermetric

𝛥𝑒(𝑝𝑎𝑏𝑝𝑐𝑑)𝐺𝑎𝑏𝑐𝑑 = 2 (𝛥𝑒𝑝𝑎𝑏)(𝑝𝑎𝑏 −
𝑝

𝑛 − 1𝑞𝑎𝑏) + 𝜖𝐺𝑎𝑏𝑐𝑑𝒪𝑒(𝑝𝑎𝑏, 𝑝𝑐𝑑). (C.50)

Finally, we need to take the lattice terms from applying the product rule to ℋkin earlier into
account. As one can easily show, they read

𝒪𝑒(
1
√𝑞

,√𝑞ℋkin) + 𝜖 1
√𝑞

𝒪𝑒(𝐺𝑎𝑏𝑐𝑑, 𝑝𝑎𝑏𝑝𝑐𝑑). (C.51)

We add all terms and get

𝛥𝑒ℋkin = (𝛥𝑒𝑞𝑏𝑐)
𝜕ℋkin
𝜕𝑞𝑏𝑐

+ (𝛥𝑒𝑝𝑏𝑐)
𝜕ℋkin
𝜕𝑝𝑏𝑐

+ 𝜖𝐾𝑒, (C.52)
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where we employed that

𝜕ℋkin
𝜕𝑞𝑏𝑐

= −
𝑞𝑏𝑐

2 ℋkin +
2
√𝑞

(𝑝𝑏𝑐𝑝𝑑𝑐 −
𝑝

𝑛 − 1𝑝
𝑏𝑐), (C.53)

𝜕ℋkin
𝜕𝑝𝑏𝑐

= 2
√𝑞

(𝑝𝑏𝑐 −
𝑝

𝑛 − 1𝑞𝑏𝑐), (C.54)

and where the lattice contribution 𝐾𝑒 is as defined in equation (C.47).

As a consequence, we can simplify the above contributions to the Poisson bracket and get

𝜕𝐶(𝒱)
𝜕𝑞𝑖𝑗

𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

− 𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜖𝑛𝑓𝜕ℋkin
𝜕𝑞𝑖𝑗

= − 𝜖2𝑛𝑓((𝛥𝑑𝒱𝑑)ℋkin + 𝒱𝑑𝛥𝑑ℋkin)

+ 𝜖2𝑛+1 (𝒪𝑑(𝒱𝑑, 𝑝𝑖𝑗)𝑓
𝜕ℋkin
𝜕𝑝𝑖𝑗

− 𝑓𝒱𝑑𝐾𝑑) (C.55)

This expression suggests to apply the inverse product rule and a summation by parts when the
enclosing sum is taken into account. This yields

𝜖−𝑛∑(𝜕𝐶(𝒱)𝜕𝑞𝑖𝑗
𝜕𝐻(𝑓)
𝜕𝑝𝑖𝑗

− 𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜖𝑛𝑓𝜕ℋkin
𝜕𝑞𝑖𝑗

) (C.56)

= 𝜖𝑛∑𝒱𝑑(𝛥𝑑𝑓)ℋkin + 𝜖𝑛+1 ∑(𝑓𝒪𝑑(𝒱𝑑,ℋkin) + 𝒪𝑑(𝒱𝑑, 𝑝𝑖𝑗)𝑓
𝜕ℋkin
𝜕𝑝𝑖𝑗

− 𝑓𝒱𝑑𝐾𝑑)

We define the lattice term in this expression by 𝜖 𝐽(𝑓, 𝒱). As suggested in section 5.3, the final
contribution to the Poisson bracket involves the product

− 1
𝜖2𝑛

𝜕𝐶(𝒱)
𝜕𝑝𝑖𝑗

𝜕𝐻pot(𝑓)
𝜕𝑞𝑖𝑗

= − ((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗)(𝑓√𝑞𝐺𝑖𝑗 +√𝑞 (𝑞𝑖𝑗𝑞𝑎𝑏 − 𝑞𝑎𝑖𝑞𝑏𝑗) 𝐷𝑎𝐷𝑏𝑓)

− 𝜖 ((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗) (𝑓√𝑞𝐶𝑖𝑗 + 𝐸𝑖𝑗(𝑓)). (C.57)

In order to simplify notation, we denote the sum over the lattice error term in this expression by

𝑀(𝑓, 𝒱) ≔ −𝜖𝑛∑((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗) (𝑓√𝑞𝐶𝑖𝑗 + 𝐸𝑖𝑗(𝑓)). (C.58)

Then, let’s focus on the terms ∝ 𝐺𝑖𝑗. Using that 𝐺𝑖𝑗 = 𝑅𝑖𝑗 − (1/2) 𝑞𝑖𝑗𝑅, it is straightforward to
show that

−((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗) 𝐺𝑖𝑗 = −𝑅𝑗𝑎𝐷𝑗𝒱𝑎 − 𝑅 𝑗
𝑎 𝐷𝑗𝒱𝑎 + 𝑅𝐷𝑎𝒱𝑎. (C.59)

In the continuum, the two first contributions are identical due to the symmetry of the Ricci tensor.
On the lattice however, this symmetry only holds up to lattice terms which we derive as follows:

𝑅 𝑗
𝑎 = 𝑞𝑗𝑏𝑅𝑎𝑏 = 𝑞𝑗𝑏𝑞𝑐𝑑𝑅𝑐𝑎𝑑𝑏
= 𝑞𝑗𝑏𝑞𝑐𝑑(𝑅𝑑𝑏𝑐𝑎 + 𝜖𝜇𝑅(𝑐𝑎)↔(𝑑𝑏))



38 Quantum Geometrodynamics Revived I. Classical Constraint Algebra

= 𝑅𝑗𝑎 + 𝜖 𝑞𝑗𝑏𝑞𝑐𝑑𝜇𝑅(𝑐𝑎)↔(𝑑𝑏). (C.60)

For the final result, we would like to shift the covariant differences in equation (C.59) from 𝒱 to 𝑓
when the additional factor√𝑞𝑓 is taken into account. Within the enclosing sum, we perform a
summation by parts and after a straightforward application of the lattice product rule, we obtain

−𝜖𝑛∑𝑓√𝑞 ((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗) 𝐺𝑖𝑗 = 𝜖𝑛∑(2√𝑞𝒱𝑎𝑅𝑏𝑎𝛥𝑏𝑓 − √𝑞𝒱𝑎𝑅𝛥𝑎𝑓) + 𝜖𝑁(𝑓, 𝒱)
(C.61)

where the additional lattice contributions 𝑁(𝑓, 𝒱) are given by

𝑁(𝑓, 𝒱) = 𝜖𝑛∑(𝑓√𝑞𝑞𝑗𝑏𝑞𝑐𝑑𝜇𝑅(𝑐𝑎)↔(𝑑𝑏) + 2𝑓𝒱𝑎𝜇𝐷√𝑞𝑏𝑅
𝑏
𝑎 − 𝑓𝒱𝑎𝑅𝜇𝐷√𝑞𝑎). (C.62)

The last step of our computation concerns the contributions in equation (C.57) proportional to
𝐷𝑎𝐷𝑏𝑓, in particular these are

((𝐷𝑗𝒱𝑎) 𝑞𝑎𝑖 + (𝐷𝑖𝒱𝑎) 𝑞𝑎𝑗)√𝑞 (𝑞𝑎𝑖𝑞𝑏𝑗 − 𝑞𝑖𝑗𝑞𝑎𝑏) 𝐷𝑎𝐷𝑏𝑓 = 2√𝑞 (𝑞𝑏𝑗𝐷𝑗𝒱𝑎 − 𝑞𝑎𝑏𝐷𝑐𝒱𝑐) 𝐷𝑎𝐷𝑏𝑓.
(C.63)

In order to be able to compare those terms with the other contributions, we have to shift the
covariant difference that operates on 𝒱 to the lattice function 𝑓. For this, we perform first a
summation by parts and then apply the product rule. This gives

𝜖𝑛∑2√𝑞 (𝑞𝑏𝑗𝐷𝑗𝒱𝑎 − 𝑞𝑎𝑏𝐷𝑐𝒱𝑐) 𝐷𝑎𝐷𝑏𝑓 = 𝜖𝑛∑2√𝑞𝒱𝑐𝑞𝑎𝑏(𝐷𝑐𝐷𝑎𝐷𝑏 − 𝐷𝑎𝐷𝑐𝐷𝑏)𝑓 + 𝜖 𝑇(𝑓, 𝒱),
(C.64)

where the additional lattice term 𝑇(𝑓, 𝒱) reads

𝑇(𝑓, 𝒱) = 𝜖𝑛∑2𝒱𝑐(𝜇𝐷√𝑞𝑐𝐷
𝑎𝐷𝑎𝑓 − 𝜇𝐷√𝑞𝑎𝑞

𝑏𝑎𝐷𝑐𝐷𝑏𝑓 + √𝑞𝜇𝐷𝑞 𝑎𝑏
𝑐 𝐷𝑎𝐷𝑏𝑓 − √𝑞𝜇𝐷𝑞 𝑎𝑏

𝑎 𝐷𝑐𝐷𝑏𝑓

+√𝑞 (𝒪𝑐(𝑞𝑎𝑏, 𝐷𝑎𝐷𝑏𝑓) − 𝒪𝑎(𝑞𝑎𝑏, 𝐷𝑐𝐷𝑏𝑓)) + 𝒪𝑐(√𝑞, 𝐷𝑎𝐷𝑎𝑓) − 𝒪𝑎(√𝑞, 𝑞𝑎𝑏𝐷𝑐𝐷𝑏𝑓)).
(C.65)

In a last step, we apply the generalized Ricci identity (lemma 4.6) in order to commute covariant
differences in equation (C.64) and apply lemma 4.7 to permute indices of the Riemann tensor.
This yields

𝜖𝑛∑2√𝑞 (𝑞𝑏𝑗𝐷𝑗𝒱𝑎 − 𝑞𝑎𝑏𝐷𝑐𝒱𝑐) 𝐷𝑎𝐷𝑏𝑓 = −𝜖𝑛∑2√𝑞𝒱𝑎𝑅𝑏𝑎𝛥𝑏𝑓 + 𝜖𝑀(𝑓, 𝒱), (C.66)

where𝑀(𝑓, 𝒱) is defined by

𝑆(𝑓, 𝒱) = 𝜖𝑛∑2√𝑞𝒱𝑐𝑞𝑎𝑏(𝑞𝑑𝑓𝜇𝑅𝑓↔𝑏𝑎𝑐𝛥𝑑𝑓 − 𝜇𝑅𝐼(𝐷𝑏𝑓)𝑎𝑐) + 𝑇(𝑓, 𝒱). (C.67)

We are ready to add all contributions, in particular, equations (C.56), (C.58), (C.61) and (C.66).
Two terms cancel and we end up with

{𝐶(𝒱), 𝐻(𝑓)} = 𝜖𝑛∑(𝒱𝑑(𝛥𝑑𝑓) (ℋkin −√𝑞𝑅)) + 𝜖𝐴𝐶𝐻(𝑓, 𝒱) (C.68)
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where we defined

𝐴𝐶𝐻(𝑓, 𝒱) ≔ 𝐽(𝑓, 𝒱) + 𝑀(𝑓, 𝒱) + 𝑁(𝑓, 𝒱) + 𝑆(𝑓, 𝒱). (C.69)

Knowing thatℋpot = −√𝑞𝑅, the final result is

{𝐶(𝒱), 𝐻(𝑓)} = 𝜖𝑛∑𝒱𝑑(𝛥𝑑𝑓)ℋ + 𝜖𝐴𝐶𝐻(𝑓, 𝒱)

= 𝐻(ℒ𝒱𝑓) + 𝜖𝐴𝐶𝐻(𝑓, 𝒱) (C.70)

where we employed that ℒ𝒱𝑓 = 𝒱𝑑𝛥𝑑𝑓.
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