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Abstract

These lecture notes cover materials exposed by Luca Ciambelli at the 59 Winter School
of Theoretical Physics and third COST Action CA18108 Training School "Gravity — Clas-
sical, Quantum and Phenomenology", held in Patac Wojanow, Poland, 12-21 Feb 2023.

After introducing the covariant phase space calculus, Noether’s theorems are discussed,
with particular emphasis on Noether’s second theorem and the role of gauge symmetries.
This is followed by the enunciation of the theory of asymptotic symmetries, and later its
application to gravity. Specifically, we review how the BMS group arises as the asymptotic
symmetry group of gravity at null infinity. Symmetries are so powerful and constraining
that memory effects and soft theorems can be derived from them. The lectures end with
more recent developments in the field: the corner proposal as a unified paradigm for
symmetries in gravity, the extended phase space as a resolution to the problem of charge
integrability, and eventually the implications of the corner proposal on quantum gravity.
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Technical Note:

Subsecs. 1.1, 1.2, 1.4, 2.1, and Section 3 follow closely reference [1]. We

refer to it for a detailed introduction on the topics exposed and a complete list of references.



1 Symmetries

Symmetries are one of the most powerful tools in the description of physical theories. From
symmetry arguments physical laws can be derived and the solution to complicated problems
can be simplified by restricting the allowed solutions to particular classes obeying a given
symmetry. Symmetries can also be used to constraint physical theories: for instance, the
number of allowed Lagrangians in relativistic quantum field theory is heavily limited by the
requirement of Lorentz invariance. In these notes, we will adopt a geometric approach to the
description of symmetries based on the so-called covariant phase space formalism.

The first naive distinction that can be found in textbooks is between local and global
symmetries.

e Local symmetries are described as transformations characterized by spacetime dependent
parameters. They are typically thought of as pure redundancies without any physical
content.

e Global symmetries are described as transformations being specified by constant param-
eters. These are typically regarded as physical transformations acting non-trivially on
physical systems.

The above distinction is somewhat confusing in that there are some contexts, specifically in the
presence of boundaries, when local symmetries are actually physical. The spacetime dependence
of transformation parameters should not be the discerning feature in the distinction between
physical symmetries and non-physical ones. The latter should be rather guided by the presence
(or absence) of non-vanishing associated charges. Therefore, the fundamental tools in this
distinction are Noether’s theorems [2].

There are two main frameworks in the study of Noether’s theorems and symmetries:*

e In the Hamiltonian formalism, see [3, 4], the evolution of the system is described by
trajectories in phase space. The positive aspects of this formalism are that it is a very
robust and unambiguous framework and, more importantly, it is the classical approach
which is closest to quantum physics (it is indeed the one used within the canonical
quantization procedure). However, there are also some important drawbacks, the most
important of which for our purposes is that it breaks the manifest spacetime covariance.
This is the main reason why we will not adopt this formalism.

e In the Lagrangian approach [2], see also [5], the phase space is in one to one correspon-
dence with the set of solutions to the equations of motion. This is why this approach is
manifestly covariant, indeed there is no specification of what time is but rather the phys-
ical system is described in terms of this abstract set of solutions. However, this comes
with some negative aspects, mainly that this approach is somewhat more ambiguous and
thus it is sometimes less intuitive.

As anticipated, we will adopt the Lagrangian formalism in these notes in that it allows us to
apply the covariant phase space formalism which we will now introduce.

1.1 Covariant phase space

The idea of this formalism is to describe spacetime calculus (see for instance [6]) and field space
calculus (see [5] for a recent review) on the same footing.

! As already mentioned, we refer to [1] for a complete list of references.



1.1.1 Spacetime (De Rham) calculus

Given a manifold M, it is possible to introduce the De Rham calculus on the space of forms.
A 1-form is a linear map from T'M, the space of vector fields over M, to C* (M), the space of
infinitely differentiable functions over M. The space of 1-forms is dual to TM and is therefore
denoted by T*M. A generic p-form is a linear, skew-symmetric map, from p copies of TM to
C®(M). p is also referred to as degree of the p-form. Given the skew-symmetric nature of
these objects, the space of p-forms is denoted by QP(M,R) = AP T*M, where /\ denotes the
skew-symmetric product. If dim M = d, it is clear that the maximum degree of a form is d.
Such d-forms are called top forms. Therefore, we can build the space of all forms, called the
De Rham complex, as

Q°*(M,R) := edr)/\” T*M , (1)
p=0

where 0-forms are scalar functions, namely A’ T*M := C®(M). Observe that dim Q4(M,R) =
1, namely there exist only one top form, modulo function multiplication. On this complex,
three derivations can be defined, namely the interior product, the exterior derivative, and the
Lie derivative.

The interior product is defined as a contraction of a p-form with a vector field and it is a
(anti-)derivation of degree —1, namely it decreases by one the degree of forms. If X € TM,
the interior product is a map

tx : QP(M,R) — QP~L(M,R) (2)
defined as

LXW(YVla"'aYfol) ::w(Xalew"avafl) ) (3>

where w € QP(M,R). If a is a 1-form, then txa = (X), while tx f =0 ¥V f e C*(M). If a is
a p-form and § is a ¢-form, then the interior product satisfies the graded Leibnitz rule

tx(a A B) =ix(a) A B+ (=1)PanixB, (4)
from which it is clear that this map is an anti-derivation. Another important property of the
interior product is that txty = —tyex from which it follows that txtx = 0.

The exterior derivative is an anti-derivation of degree 1, namely it raises by one the degree
of forms. It is a map

d: QP(M,R) — QPFL(M,R) (5)
satisfying the graded Leibnitz rule

dlanB)=danpB+(-1)Pands, (6)

where « and [ are a p-form and a g-form respectively. It is assumed that the exterior derivative
is a coboundary, namely a nilpotent operator d? = 0.

The third derivation that can be defined on the De Rham complex is the Lie derivative,
which is a derivation of degree 0, it does not change the degree of forms. Given a vector field
X, the Lie derivative along X is given by the anti-commutator of the interior product and the
exterior derivative

Ly :=dix +txd. (7)

This is typically referred to as Cartan’s magic formula. From this, we can also derive the full
algebra satisfied by the three derivations we have defined, which turns out to be



[Lx,ix] =[Lx,d] =0, [Lx,tv] = [tx,Ly] = x,y] - (8)

All in all, the Lie derivative defines the directional derivative along the vector field X. Given
a tensor g, for instance a metric defined on M, an isometry of g is a vector field X such that

namely the tensor g does not change along integral curves of X.

Until now we have only used intrinsic geometric definitions, without referring to any co-
ordinate system. If z* are coordinates on M, then dz* is a basis of T*M and 0, is a basis
of TM. Therefore, a generic 1-form and a generic vector field are given by w = w,dz* and
X = X*0, respectively (implicit sum on repeated indexes). Therefore, the interior product
yields

txw = X"w, , (10)

i.e. the contraction. Analogously, the exterior derivative of a function yields

df = o, fdx" | (11)

which is nothing else than the differential of the function. If g is a metric tensor defined on M,
the top form, also called volume form, in coordinates is given by

Vdet{g}|dz! A ... A dz? = +/|det{g}]| d% = 1 , (12)

where * is the Hodge star which, for a generic p-form w, is defined as

/ |det
%1 QP(M,R) — QP(M,R) ‘ fwi= Nwm,,,,,ﬂpe“h---vﬂpyl,_,,,ydpdx“l Ao datar
J— p !
(13)
with € being the Levi-Civita symbol.
To conclude this survey of spacetime calculus, we define the integration of forms. A p-form
can be integrated over p-dimensional sub-manifolds (i.e. on sub-manifolds on which it is a top

form). For instance, a one form can be integrated over a curve « : [0, 1] — M on the manifold

M
1)=b
Jw = J w“dx“‘ = JV( ) wuﬂds , (14)
v o Y v(0)=a ds

where dm”|7 is the embedding of the coordinate functions over the curve v and {a,b} is the
boundary of v, i.e. 0y = {a,b}. In general, a p-form is integrated over a p-chain, which is a
map [0,1]x .P. x[0,1] — M. The set of all p-chains is a vector space, which we denote as
Cp, and the boundary map is a linear map between these vector spaces, namely 0 : C, — Cp—1.
This map allows to define the homology of M, i.e. the number of holes of the manifold. The
k-th homology group is defined as the vector space of k-chains with no boundary (sometimes
called k-cycles) which are not the boundary of a k + 1-chain, namely as the quotient

_{eeC | ac=0
Hy (M) i= {e€ G | o }/{ceCk|c=5cl,c’eCk+1}' (15)

The dimension of Hy (M) gives the number of k-dimensional holes of M. The notion of bound-
ary is somewhat the notion of exterior derivative. Indeed, while the boundary decreases by
one the degree of chains, the exterior derivative goes in the opposite direction, increasing by
one the dimension of forms. The exterior derivative allows one to define the cohomology of



a manifold, indeed the k-cohomology group is defined as the vector space of closed p-forms
(dw = 0) which are not exact (w # da), namely it is the quotient

weQWMJ@\dw=o}

k .
' we F(MR),| w=do, o e Q" (MR)}"
H(M) _{ /{ Q( )| / / kl( )}

(16)

The De Rham theorem states that (15) and (16) are isomorphic, Hy(M) = H¥(M), therefore
also the dimension of H¥(M) gives the number of k-dimensional holes of M. The isomorphism
is given by the integral which to a given k-chain, ¢, associates the unique k-form w such that
the integral of w over c is 0

CHM’ Lw=o. (17)

The integral therefore defines a product between k-chains and k-forms, { w := (c,w). Finally,
through the Stokes theorem, a duality between the boundary and the exterior derivative is
established

(dw, ¢) = de _ Lcw _ (w,d0) , (18)

where c € C;1 and w € QF(M,R).
Having reviewed the relevant notions of spacetime calculus, we can now move to field-space
calculus.

1.1.2 Field space (variational) calculus

We can define analogous operations on the space of fields. The field space I' is defined as the
set of all possible fields configurations, assumed to be a differentiable manifold. If this is the
case, it is possible to introduce a calculus on the space of forms on I'. A 1-form is an element
of T*T" which maps vector fields in TT to functionals in F' = C*(T"). A p-form is an element
of AP T*T" and the space of all forms is given by

dim I

(0, F):= @ N\ 1°T, (19)
p=0

which is called variational complex. 0-forms are now functionals of the fields. The exterior
derivative and the interior product are maps

§:QP(M,F) — QPFY(M, F) , (20)
Iy : QP (M, F) — QP (M, F) (21)

where V € TT. The exterior derivative increases by one the degree of a form and it is com-
monly referred to as field variation, while the interior product decreases by one the degree of
a form and it is usually identified with a field contraction. The properties of these two maps
are similar to the ones we have in spacetime calculus: the exterior derivative is a nilpotent
operator, 82 = 0, the interior product of a functional is 0 and two contractions anti-commute.
It is also assumed, unless otherwise stated, that vector fields in T'M are fields-independent,
namely £,X =0 VX € TM, V € TT, and £ the field space Lie derivative defined hereafter.
The exterior derivative and interior product define the field space Lie derivative through the
analogue of Cartan’s magic formula

£\7 = (51‘7 + Iv5 . (22)



Of course, the Lie derivative does not change the degree of forms. The De Rham complex
and the variational complex can be put together yielding the variational bi-complex defined on
(M,T). The forms on the variational bi-complex will be denoted as (p, g¢)-forms. A (p, ¢)-form
is a p-form in spacetime and a g-form in field space. The exterior derivative on the bi-complex
is given by d + . There are mainly two conventions that can be adopted for this derivative:

e We can assume that d + § is a coboundary, namely that (d + 6)2 = 0, which yields
dé = —dd;

e We can assume that d and 6 commute, namely d§ = dd.

The two conventions above yield the same results when equations are evaluated on shell of the
equations of motion. While the first convention has been adopted in [1|, we will adopt the
second convention in these notes.

In field space it is possible to define coordinate functions as done in spacetime. If ¢(z) are
coordinates on I', then §¢'(x) is a basis on T*I" and M%(a:)’ namely the functional derivatives
with respect to coordinate functions on field space, is a basis of TT. A generic 1-form on field
space can therefore be written as

o= J Qi(x)6¢ () A 1= ;00" (23)
M

namely, the omitted sum in this case involves also an integration over spacetime (we can think
of = as another index on which we have to sum). For instance, a (1, 2)-form is written as

w = wyj dat ®5¢i A 5¢j , (24)
and so on. In general, given a functional f[p] = §,, h(¢(z), z) d%z, the functional derivative is
given by

f[¢] 3fl¢] 14 f J 0h(p(y) ) 14 a J h(p(x), ) 14
oftel ddz = O Y) qdy qdg — | LAAELT) qap (95
op M 0p(x) LYRU VIR (€ Y M 0p(z) 2)

since f;i—gg = 6@z —y).

1.1.3 Lagrangian approach

We want now to apply the above formalism to a Lagrangian theory. The action of a theory is
given by

S —J L —f L(p, z)+/|det{g}|d% , (26)
M M

where L is a (d,0)-form and L(p,z) is a (0,0)-form (namely the functional of fields that
multiplies the volume form). If we vary the Lagrangian with respect to the fields, it is always
possible to rewrite such a variation as a term linear in the variation and a total derivative,
namely

0L = (e.om.)dp + df = d6 (27)

where e.o.m. stands for equations of motion, = denotes an equality that is valid on shell of
the equations of motion and 0 is a (d — 1,1)-form called pre-symplectic potential. If M has a
boundary 0M, this means that

5S = jM [(e.o.m.)&p + de] = L 6 (28)

From the pre-symplectic potential we can define the pre-symplectic local density



w =40, (29)

which is a (d — 1, 2)-form, and from this, by integrating over a Cauchy slice ¥ (a codimension-1
submanifold on M), we define

Q= szLae, (30)

which is a (0, 2)-form called pre-symplectic 2-form. This is a key ingredient of this formalism
since, as we will see, it encodes the Poisson brackets.
It is of course possible to define isometries on field space similarly to what has been done
in spacetime. An isometry of w, for instance, is a vector field V' such that
Low=0. (31)
Since w = 66 and 62 = 0, assuming a trivial cohomology on the space of 1-forms over I' we
have that
Low=0=lpw=0= ljw:=-4J; (32)

where Jp, is a (d — 1,0)-form. Analogously, an isometry of € is defined as

£,0=0. (33)

A vector field satisfying (33) is called symplectomorphism. If we do not consider embedding
fields in our theory, we can move the exterior derivative ¢ inside the integral, therefore 62 =
6 §xw = s dw = {626 = 0. Thus, given a symplectomorphism, we have

0=2L,0=260,Q, (34)

Since we have assumed trivial cohomology on the space of 1-forms over I', the above equation
yields

I‘*/Q = _5H\7 HV = JE JV (35>

where Hy, are called canonical charges and they are defined as the contraction of the pre-

symplectic 2-form. A vector field V € TT satisfying (35) is called Hamiltonian vector field. For
trivial cohomology, Hamiltonian vector fields are symplectomorphisms and vice versa.

We are now ready to derive the Noether’s theorems in this formalism. Indeed, in Noetherian
jargon, Jy, are called Noether currents while Hy, are the Noether charges and are the physical
charges of the theory.

1.2 Noether’s theorems and charge algebra

We have already introduced in the previous subsection the local Noether current Jy,. Its
expression is determined by the nature of the symmetry. In the case of an internal symmetry,
we have that

6‘]‘7 = —I‘A/w s (36)
and by taking into account that w = 06,

6Jy = — (L¢80 — 01 0) . (37)
Assuming that £y,6 = 0, we just obtain

v =10, (38)



modulo J-exact terms. This calculation is completely general for internal symmetries, where
the equations of motion have not been imposed at all. Let us analyze the case of a spacetime
symmetry. In this case, we will consider that, associated to a vector field £ in spacetime, we
have a vector field in field space denoted by f . Then,

6Tz = —(£:0 — 51:6) . (39)

As we are considering now spacetime transformations, 250 = ££9,2 we get

5J€ = —(Lgd@ + dLgQ — (5[5*9) . (40)

If we assume that die6 vanishes at the boundary under consideration,® and we go on-shell, we
obtain
Jéélée—bglz s (41)

modulo Jd-exact terms. Unlike the case of internal symmetries, the equations of motion have
been imposed. This current here derived is called the weakly-vanishing Noether current, since
it turns out to identically vanish on-shell, modulo d-exact terms.

1.2.1 Noether’s first theorem

This theorem concerns global symmetries. It states that there is an associated codimension-1
conserved quantity for each global symmetry of the theory. This can be shown straightforwardly
by evaluating the field space Lie derivative of the action, i.e

- f I.0L (42)
M

= J [1;;(e.om)dp + dI 0] .
M

If V defines a global symmetry of the theory, then £,8 = 0, and we further assume here
£, L = 0. If we recall that J;, = I;,0, we finally get

dJy = —Iy(e.om)dp , (43)
hence
dJy =0. (44)

The result is that the local Noether current is conserved on-shell. As a consequence, the global
functional defined as

HV = fz JV (45)

is the integral of a codimension-1 conserved global charge on-shell. This is the associated
Noether charge.

2This is background independence, which is just 65 = L¢ in the standard formalism.
3This assumption has to be reconsidered when there are fluxes, and led to different appreciations of the
concept of Noether current in the literature.



1.2.2 Noether’s second theorem

This theorem concerns gauge symmetries. It states that there is an associated codimension-2
conserved quantity for each gauge symmetry of the theory. Explicitly, the local Noether current
is such that

Jp = dQy . (46)
so it is a d-exact term on-shell.* Its conservation is directly inferred from d? = 0. This can
also be shown by evaluating the field space Lie derivative of the action, i.e

,SVS = JM(IV(; + (51‘7)11
- J [1;(e.0m)dp + dI0] (47)
M

= j Iy (e.o.m)dp + J 1,0 .
M oM

As before, £1,5 = 0 if V defines a gauge symmetry of the theory. Additionally, if V = é defines
a spacetime symmetry, then 250 = L¢0. Note that

LeS = J LeL
M

= JM e L (48)

= J LgL .
oM

f Ig@éf el (49)
oM oM

Finally,

and we obtain

Jé = dQé . (50)

Analogously, the global functional defined as
H;:= f Js 51
é 3 (51)

is a conserved charge on-shell. This is the associated Noether charge when considering gauge
symmetries. Note that it is now a codimension-2 quantity, if the hypersurface X is such that
its boundary 0% = S is a codimension-2 surface. If so,

‘%QLQﬁ (52)

This is the reason why in the literature the name surface charge is typically used for the Noether
charge for gauge symmetries. This charge is also called corner charge since the surface S is
generically called corner.

1.2.3 Charge algebra

Let us explain now why the adjective “pre’-symplectic is used for the 2-form 2. Recall that

Qsz:Lae, (53)

where w and 6 are the pre-symplectic local density and potential respectively. A 2-form ' is
called symplectic if it is characterized by the following properties:

4We are here considering V as a generic field space vector field. However, if V is associated to a spacetime
diffeomorphism &, then the notation £ is used in these notes.



e 0V =0
¢ [V =0V =0

That is, the 2-form €' is closed in field space and non-degenerate. In this notes, the 2-form Q
is called pre-symplectic because the non-degeneracy property does not hold in general. This
means that there are non-vanishing field space vector fields V' (non-vanishing symmetries) such
that I;Q2 = 0. If we quotient these symmetries out the pre-symplectic 2-form € becomes
symplectic and can define a Poisson bracket of the charge algebra. This Poisson bracket is
defined as
{Hy, Hy,} = Ly Hy (54)
where V,W € TT are symplectomorphisms. Indeed, one is able to show that the Poisson
bracket is skew-symmetric by using the properties of symplectomorphisms. Explicitly,
{Hy, Hy )} = I;,0Hy,

= —I; 1;Q

= I, 1;Q (55)

= —I,0Hy,

=—{Hy, Hy} .
Apart from proving its skew-symmetry, we also showed that the Poisson bracket is determined

by the symplectic 2-form §2, i.e
{Hy, Hy} = Iy Ly (56)

At this point, we consider spacetime vector fields £, € T'M associated with spacetime
symmetries. The corresponding Poisson bracket reads

{H@Hf} = £5H£ . (57)
In this case, we also have the Lie bracket vector fields in spacetime, which reads

[€,¢] = LeC (58)

One may now wonder how this Lie bracket of (spacetime) vector fields defining the symmetry
algebra is related to the Poisson bracket of the charges associated to the corresponding (field
space) vector fields defining the charge algebra. This is a fundamental question that we will
answer next. Let us start by writing the identity

liegy = 18 Il (59)
If we apply it to the symplectic 2-form €2, we get

Iig g = LeIp0 — 1890 . (60)

Since é is a symplectomorphism, 259 = 0, and we have

I Q= (SIéICAQ + Iéélég . (61)

[€.¢]
If we recall that €2 = 0, the second term of the above equation gives 155159 = IéﬁéQ =0,

since also (A is a symplectomorphism. Therefore,

and thus, introducing the Poisson bracket,
I[E,E]Q = 5{HE’H§} . (63)

9



Although we will not demonstrate it explicitly in these notes, one can see using similar argu-
ments that the Lie brackets Jacobi identity induces the Poisson brackets Jacobi identity.
Finally, we can derive the correspondence between the charge algebra given by the Poisson
brackets and the symmetry algebra given by the Lie brackets. First, note that the identity
1 éQ = —0H ¢ (64)

relates the Noether charge Hé and the field space vector field é associated to the spacetime
symmetry £ via the symplectic 2-form 2. It we consider two charges, for instance H, ¢ and H ¢th,

both charges correspond to the same vector field é as long as 0k = 0. This correspondence is
said to be cohomological. We can similarly conclude from Eq. (63) that both {Hg, H:} and

{Hé, Hf} + kg correspond to the same vector field [5, é] as long as 5&55 = 0. Finally, we can
write

Tt = —0Hg gy (65)

to deduce from (63) and the above cohomological argument that
UHe Heh = —Hg g+ reg (66)
with dk; » = 0. We can read from this result that the Poisson bracket of charges represents the

Lie bracket of symmetries projectively. This is essentially the same as stating that the charge
algebra represents the symmetry algebra modulo central extensions. A central extension is just
a constant in field space appearing in the bracket structure of a theory. It can be considered
as a new algebra generator, with the word “central" characterizing its commutativity with the
rest of the algebra generators. This is a general and highly important result, in particular
for the theory of asymptotic symmetries that we will introduce. We will do it in section 1.4,
but in section 1.3 we will first apply the formalism presented in previous subsections to the
computation of conserved charges in gauge theories.

1.3 Application to gauge theories

Let us consider a classical gauge theory on a 4-dimensional flat spacetime. We are gener-
ally interested in non-abelian gauge theories, with compact simple gauge Lie group G and
corresponding Lie algebra g. The Lie algebra generators T, satisfy

[Tav Tb] = beTC ) (67)

a

where fS are the structure constants.® It is possible to show that, under certain conditions,
the following orthogonality condition holds:®

TH(T,Ty) 559. (68)

The gauge connection/field A is a Lie algebra-valued 1-form A = Af do# ® T, and the field
strength F' is a Lie algebra-valued 2-form F' = %Fﬁydx“ A dz” ® T, given by

F=dA+AAA. (69)

Recall that Fj, = 6/,0,A% + fg‘CAZA,Cj, with § the generalized Kronecker tensor. We also

introduce the gauge-covariant exterior derivative,

D=d+ A4, (70)

®Note that the structure constants are antisymmetric in the indices a, b.
5The structure constants obtained as fape = f%dae are completely antisymmetric in the indices a, b, c.

10



as the generalization of the exterior derivative d with respect to the gauge connection A.
The Lagrangian reads in this setting

L= %Tr <F2> Vol | (71)

where Vol is the volume form of the manifold M. This volume form Vol,; is, by definition,
a top-form, then Voly; = x1, with * denoting the Hodge duality operator. If we consider its
definition, we have
1

Vol = TR dz® A da? A da? A da? (72)
where €,g+5 is the covariant Levi-Civita tensor in flat spacetime (which is equal to the Levi-
Civita symbol). Its contravariant version €*87% is defined by means of the metric as usual, so
we can now use the identity

dz® A daP A dz? A da® = —e*P70dz0 A dat A da? A do? (73)
to write 1
Vol = @53% dz® A dz' A da? A da? | (74)

afyd
but 5046;/5 = 4!, so

Volys = da® A da! A da? A da® . (75)

The above relation and the skew-symmetry of the strength tensor allow us to write the La-
grangian as

1
L= 3T <F2> Vol

1
= ——F* F* 420 A dzt A da? A d2?

gt
= _%ngégc’,’Fcf" dz® A dat A da? A da?
= %Fﬁyeaﬂpgeaﬁ“l’ﬂf" dz® A dat A dz? A d2? (76)
= _% ﬁyeaﬁpaF&M da® A daf A dat A da”

1/1 1
= <2F5de“ A da:”) A <26a5ng(f“d:L‘a A dx5>

1
= —§Tr(F A*F) .

The gauge connection is the dynamical field when considering gauge theories in flat space-
time. The field space I' is then formed by A. Its equations of motion and the pre-symplectic
potential follow from taking the corresponding field variation of the action,

38 = f 5L , (77)
M
giving
08 = —1f Tré(F A +F)
Y

- JM Tr(5F A +F)

—J Tr ((d6A+ AASA+0A AN A) A *F) (78)
M

Tr ((d* F + [A,+F]) A 6A —d(6A A F))

b
:fMTr(D*F/\(SA—d((sA/\*F)) :
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where we have used dd = dj. We can now read off the field equations for A,
DxF =0, (79)

which are the Yang-Mills equations (together with the Bianchi identity DF' = 0) as expected,
as well as the pre-symplectic potential,

0 =—Tr(6A A *F). (80)

The corresponding gauge symmetry of the theory is encoded in the invariance under the
transformation 0yA := 364 = DA = dX + [A, \], with [A,\] = fS,A°\PT, the Lie algebra
commutator. Note that

SXF L= [5\5F
=I(d6A+ ANGA+OA N A)
= I5D6A
=D?\
=(d+ A)(d\+ [A,A])
= d[A,A] + [A,dA] + [4, [A, A]]
=[dA+ A A AN
= [F7 )‘] )

(81)

hence
£58 = —JM Tr([F,A\] A*F) =0, (82)
because, in components,
Tr([F,A] A *F) o Sap fGF, AN =0 (83)

since Oqpfoy = focd 1S antisymmetric in the indices b, ¢, while F, F* b is symmetric.
The associated Noether current follows from evaluating

P P
giving

LQ=—

5 Tr[I5(0A A %0 F)]

Tr(DA A x0F — 0A A [*F, A])

\gl M }

(85)

=— | Tr(d\ A *0F + [A, A\ A x0F — 0A A [*F, A])
b

= —J Trd(dA A *xF + [AA] A %F) |
b

where we used dA = 0. The Noether current is then,
Ji = =Tr(dA A xF + [A,A] A xF) . (86)

It is possible to rewrite this Noether current as an on-shell total derivative, due to Noether’s
second theorem. Explicitly,

Ji = = Tr(dA A *F + [A,A] A xF)
= —Tr(d(A* F) — A(d » F + [A, +F]))
= —Tr(d(A*F)— AD+ F)

—Tr (d(A* F)) .

>
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Finally, the Noether charge is given by
H, = f 7 (8)
b
hence
H; = — L Tr (d(A + F))

(89)
—j Tr(Ax F) ,
S

where ¥ is an arbitrary Cauchy surface with boundary S.

This is our final result, showing how Noether’s second theorem applies to gauge theories
and how to explicitly compute the conserved charge associated to the local symmetry of the
theory. The charge has support on a codimension-2 surface S, called the corner. We now turn
our attention to the aforementioned theory of asymptotic symmetries.

1.4 Asymptotic symmetries

What we have learned so far is that the basic ingredients needed to define a classical physical
theory are the spacetime manifold M with boundary B and a field space I'. These are the
basic ingredients of the theory of asymptotic symmetries.

A classical dynamical theory is specified by

(i) The dynamics on M, i.e. the Lagrangian describing the system.

(ii) Boundary conditions I'|p defining the asymptotic behaviour of the bulk fields near
the boundary, namely defining the so-called falloffs of the bulk fields.

(iii) Gauge fixing conditions if the theory is a gauge theory.

At this point, in order to compute the Noether charges we need to identify the real physical
symmetries of the system. To this aim, let us introduce the definitions of residual symmetries
and trivial symmetries.

¢ Residual symmetries: they are defined as symplectomorphisms preserving the dynam-
ics in the bulk and the boundary conditions. We stress that they are usually known as
gauge transformations.

e Trivial symmetries: they are residual symmetries with vanishing Noether charges and
therefore they are true redundancies of the system. Strictly speaking, these are the
quantities that should be called gauge symmetries.

e Asymptotic symmetries: they are residual symmetries with non-vanishing Noether
charges. They are, therefore, physical transformations acting non-trivially on the field
space, mapping the system into an inequivalent configuration.

Due to their redundancy nature, the trivial transformations represent the zero modes of the pre-
symplectic 2-form. Additionally, the group they form is an ideal inside the residual symmetry
group. Finally, the only symmetries to focus on are the non-trivial residual symmetries that we
have defined as asymptotic symmetries. Precisely, the asymptotic symmetry group is defined
as the quotient

Asymptotic symmetries = Residual sy mmetrles/Trivial symmetries - (90)

Having restricted to the asymptotic symmetries, the pre-symplectic 2-form is now invertible
and this allows us to deal with a well-defined Poisson bracket of physical charges. This defines
the charge algebra of the theory and the physical observables consequently.
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Note that to be as general as possible, in presence of a gauge theory the Noether charges
should be computed without any a priori restrictions given by gauge fixing. In fact, only after
the charges’ computation, the transformation needed to perform the gauge fixing should be
shown to be a trivial symmetry (leading to a vanishing charge). Typically, however, it is not
possible to carry on this procedure due to technical reasons. Nevertheless, on the contrary,
the gauge fixing procedure, as well as the enforcing of the boundary conditions, may lead to
pathologies for the well-definiteness of physical charges. For this reason, the Noether charges
associated to asymptotic symmetries are canonical if they satisfy these three conditions:

e Integrable: I;;Q = —6{, Qy.
o Conserved: Hyls, — Hyls, = §5° dQy = 0.
e Finite: charges should not diverge approaching the codimension-2 surface S.

If these conditions are satisfied, points (ii) and (iii) are pathologies-free and the theory is well
defined.

The last thing to mention before going on is that the asymptotic symmetry group can be
(and typically is) larger than the bulk symmetry group. A remarkable example is given by
Minkowski in 4 dimensions, whose bulk symmetry group is given by the Poincaré group, while
the asymptotic symmetry group at null infinity is given by the infinite dimansional Bondi-Van
der Burg—Metzner—Sachs (BMSy) group that we will discuss in the next section.

2  Gravity

2.1 What is wrong?

For the sake of simplicity, the previous discussion was done assuming a closed system. Then, as
expected, we obtained conserved charges. We elaborate here on the problems one encounters
when dealing with gravity. In this case, every one of the three previously-mentioned properties
(integrability, conservation and finiteness) fails to be a priori true.

Integrability It is not always guaranteed that [ Eﬂ =—0H é If this does not hold, then the
charge algebra does not close and thus one cannot derive the Poisson bracket of the theory.
Generally, we have

IéQ = J; 15(59 = J; d(LgQ + Qéé) — (5dQé , (91)

where we added the term @ 5 in case ¢ is field dependant, but we will assume it is zero from
now on. The term d(bé@) is not generically of the form §(...), and therefore the total expression
cannot be equal to —0H é We can then define the symplectic flux as

%:f%a (92)
S

where S = 0%. This term is responsible for dissipation in the system.
There are various proposals to deal with non-integrability, and we will mention two of them:

1. Following [7] (see also [8]) we can split between integrable and non-integrable parts intro-
ducing a modified Poisson bracket. There is no canonical way to perform such splitting,
and here we will use the Noetherian split proposed in [8]. This means that we split

IEQ = _6Hé + FE’ (93)
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such that Hg“ = SS an with dQé = IéG — t¢ L being the unmodified Noether charge, and
F ¢ = Ss t¢0 the Noetherian flux. It can then be proved that we have the modified bracket

{Hé,H&} :SéHé_IéFé+fSi5iCL' (94)

2. We can consider an enlarged field space, and define another symplectic form Q% such
that

IngXt = —0H,, (95)

for every diffeomorphism £. This procedure goes under the name of extended phase
space [9-12|, and we will have to say more about it later. The system is still dissipative
but is now integrable, thanks to the introduction of edge modes.

Conservation Charges are not always conserved. In general

So So
Hé|52 — Hg|sl = Ll dQé = Ll IéG — 1L (96)
is not equal to zero. There are two main reasons why this might happen. One is that there
might be gravitational fluxes through the boundary under consideration. In other words, the
subregion we consider is not isolated from its complement (there is a "leakage"). Another
reason is that, for a gravitational theory defined on an odd-dimensional bulk with cosmological
constant, a conformal anomaly exists, and this anomaly contributes to the non-conservation of
charges (see [13]|). This breaking of conformal symmetry is holographically understood as an
anomalous Ward-Takahashy identity, as discussed below.

Finiteness The charges are guaranteed to be finite only if the boundary is at finite distance
in the bulk. In gravity, however, we often deal with asymptotic boundaries. Consider the case
of gravity with a negative cosmological constant in three dimensions, with action (in suitable

units) given by
1
§= o fd% VIdet{g}[(R — 2A) | (97)
Y

where A is a cosmological constant. Einstein equations imply R = 6A, and the on-shell action
is thus proportional to the spacetime volume, and therefore suffers from divergences.” It is then
clear that the surface charges, derived from this action, may also be infinite. We therefore have
to perform a suitable renormalization, called phase space renormalization. We add a boundary
term to the Lagrangian

Lp =L+ dlyy (98)

and tune it so to cure the divergences. Also, we add corner symplectic potentials rg;y, such
that

QR =0- dVdiv — Mdiv. (99)
This implies that we have
HE=H; - f Jav (100)
e e ) e
where dei" = I¢Vgiv — telaiv. It is not a priori obvious that £g;, and vg;, can always be selected

to cure divergences, but this turns out to be true on a case by case basis. The symplectic flux
also gets renormalised, and the final result is

FgR = Ff + fs(é%gdiv — 25 Vdiv)- (101)

"We do not consider the Gibbons-Hawing-York term in this lecture notes, but it also plays an important
role in the value of the on-shell action.
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This procedure is the rigorous generalization of the addition of counterterms in AdS holographic
renormalization.

Before providing a detailed gravitational example, we continue discussing 3-dimensional
gravity further. We saw earlier that Poisson brackets are a projective representation of Lie
brackets. Brown and Henneaux showed in [14] that the asymptotic symmetry algebra of AdSs
is given by two copies of the Virasoro algebra with equal central charges ¢ = %, where [
is the AdSs radius, and G the Newton constant. Nowadays, we understand this result in
the light of holography (AdS/CFT correspondence), [15]. This correspondence establishes a
duality between a gravitational theory defined on an (asymptotically) AdS spacetime in the
bulk and a conformal field theory (CFT) living on the asymptotic boundary. This duality is
best understood in a regime where the gravity theory is classical and the dual field theory is
strongly coupling. It is a well-known fact that the stress-energy tensor in CFT is traceless:
(T*,» = 0. This property holds both at the classical level and at the quantum level on flat
spacetime, but when the CF'T is coupled to a curved background, a Weyl anomaly appears.
In the case of a 2d CFT, we have (T%,) = 54 I, where R is the Ricci scalar, and c is the
central charge. Using the holographic dictionary and holographic renormalization, one can
compute the expectation value of the holographic stress-energy tensor purely from the classical
gravity side and obtain the result (T%,) = ﬁR(O), where R? is Ricci scalar obtained from the
boundary metric g%, that can be read from the asymptotic expansion (in Fefferman-Graham
gauge) of the bulk metric [16]. Comparing the last two formulas, we obtain a holographic
prediction: 3d gravity is dual to a 2d CFT with central charge given by ¢ = % We refer the
interested reader to [1], where one can find a complete set of references on the topic and this

example is proposed as a solved exercise.

2.2 BMS

Time has come to study a gravitational example in detail. We will consider an asymptotically
flat spacetime in four dimensions and throughout this section we will work with 87G =1 = ¢
conventions with metric signature being (—,+, +, +). Referring to the previous section, we
will follow the steps (i)-(iii) to define our classical theory hence we will specify the dynamics,
the boundary conditions and the gauge fixing. Useful references for this section are [17-19,7,
20,21, 8].

2.2.1 Dynamics

The bulk dynamics of the theory under exam is defined via the following Einstein-Hilbert action

St = ”Rmdet{gn Ay | (102)

with zero cosmological constant. The goal of this section is to extrapolate the asymptotic
charges at the future null infinity of the spacetime. We will show that the symmetries in
the bulk are those defined by the Poincaré group which are finite-dimensional, while those
defined on the boundary are infinite-dimensional and form the so-called BMS group. The set
of coordinates we will use is (u,r, c4), where

e v is the null time that follows outgoing null geodesic congruences without vorticity,
e 1 is the radial coordinate,

e o4 are spatial coordinates on the codimension-2 surface (they can be thought of as the

angular coordinates (0, ¢) on the sphere).

In this set of coordinates, the bulk metric is written as

ds? = —2¢284u (d?" + qu) + TZC]AB (d(TA — UAdu> <d0’B - UBdU) ) (103>
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where gap is the codimension-2 metric and generally 3, F,U*, gap are functions of the full
coordinates (u,,04) defined in the bulk.

2.2.2 Boundary conditions

We assume the following falloffs:

1
Gur = -1+ O<’I“2> y (104

gua = O(1), (105
Guu = 0(1) y (106
gap = O(1) . (107

Given these falloffs, the causal structure of the spacetime is reported in the figure below, fig. 1.

j+

Figure 1: Conformal diagram of the bulk.

Firstly, the two black lines drawn at 45° represent the future null infinity and past null

infinity, labelled with 3% and 3~ respectively. The points i®, i~ and i+ are spacelike infinity,
timelike past infinity and timelike future infinity respectively. The u-direction is parallel to
the J*-line while the r-direction is radial. Each point in this diagram is of codimension-2
which means that we can think of its structure as that of a sphere. Therefore, the point
following the radial direction can be pictured as a sphere having increasing radius as the point
approaches null infinity. Since a photon is a particle with zero mass, it moves on null geodesics
by definition, so it moves following straight 45°-lines, represented by red lines in the figure. In
terms of a photon path, J~ represents the initial surface from which photons propagate into
the bulk while J7 is the final surface reached asymptotically by photons.
The bulk dynamics can be, for instance, that of a star forming a black hole. Referring to fig. 2,
at i~ there is the star, our massive object, which collapses into a black hole whose horizon is
represented by the blue line. during its collapse, the radiation emitted can be detected in the
vicinity of JT. A practical example of this dynamics is given by two infalling spiraling black
holes whose radiation emitted in form of gravitational waves is detected at (near) future null
infinity (see fig. 2).
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Figure 2: Conformal diagram of a collapsing star.

2.2.3 Gauge fixing

We consider the so-called Bondi gauge which consists in enforcing the following constraints

(va = +/det{q})

9r=0, ga=0, 3r\/§ =0, (108>
along with the following asymptotic expansions of the bulk fields

Flu,r,0®) = F(u,0?) — — + ..., (109)
T
Q A
Blu,r,0%) = 6(“720) +o (110)
r
qap(u,r,0?) = qap(u, o) + CATB +..., (111)
UA(u,0%) 2
A A ) _A
U(U,T‘,O’)ZT—ﬁp + ..., (112)

where the dots stand for subleading terms. The important thing to note is that the r depen-
dency on the right hand side (RHS) of the previous expressions is explicit. This means that
the Bondi gauge completely decouples the radial dependence. Additionally, M will turn out to
be (as we will later show) the mass of the system that one would observe while p is its total
angular momentum. Moreover, cap is called the shear tensor and carries the gravitational
waves information of the system. This object is in fact a 2 x 2 traceless, symmetric matrix in
terms of which we define the news tensor Napg

Nap = ducap - (113)

Now that we have defined the theory we move on to the analysis of symmetries which will
lead us to the computation of charges.

2.2.4 EOM

Let us start by writing down the equations of motion (EOM) obtained by solving Einstein’s
equations order by order as r goes to infinity.
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They can be divided into two types of EOMs. Firstly, we have four constraints which read

ugap =0, (114)
_1

B+ g5capc™? =0, (115)
R—4F =0, (116)
_ 1 _

U4 + 5DBCAB -0, (117)

where R is the codimension-2 Ricci scalar of the boundary metric Gag and D is the covariant
derivative with respect to the metric gap.

The other type are evolution equations since they describe the temporal evolution of the
system. For the sake of simplicity we focus our attention only on the Bondi mass-loss formula

1 1
OuM = —gNABNAB + ZDADBNAB . (118)

This is called “mass-loss formula” since, as we will shortly show, M is indeed the charge
associated to 0,, namely to time translations, and is therefore the energy of the system. The
equation above also helps us in understanding why Nap is called “news tensor”: it is basically
providing us information about the source by telling us how the latter affects the mass dynamics.
This EOM can be integrated on a sphere S leading to

20 f VaM = ;f ViNapNB (119)
S S

where the covariant derivative term is dropped out since it is a total derivative contribution
on the sphere. Note that if the RHS is null then the mass of the system is conserved while,
on the contrary, its time evolution is negative. This means that, given a finite mass at initial
time, as time evolves radiation is emitted resulting in a mass-decreasing mechanism. This is
exactly the reason why the Bondi equation is known as the mass-loss formula.

These are the EOMs that we will analyze later on. Note that of course there are subleading
EOMs, however we are only interested in the leading asymptotic ones, since we will exclusively
deal with the field space asymptotically to the boundary.

2.2.5 Symmetries

By construction, a symmetry must preserve the chosen gauge. Therefore, we impose that the
Bondi gauge in (108) is unaffected under diffeomorphisms, namely when acting with the Lie
derivative. Hence, we impose the following

ﬁggrr =0 5 E&QTA =0 5 and Efar(\/a) =0 ’ (120)

which can be solved leading to

£ = 7(u,0) (121)
¢t =Y u,0) — I*PopT(u,0) | (122)
& =—rw(u,o) + g [DA (IAB@BT(U,U) + UAaAT(U,U)>:| , (123)
where » g
r
4B — L 3 e ¢8| (124)
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The next step is to impose the falloffs as well. Again, looking at (104)-(107) we immediately
have that

'Cf.gur = O<1}2> ) (125)
Leguu = 0(1) (126)
Legua = O(1) (127)
Legap = 0(?“2) : (128)

which result in constraining the functions Y4(u, o), w(u, o) and 7(u, o) to be

YA(u,0) = Y4(0), (129)
w(u,0) =w(o), (130)
T(u,0) =T (o) + uw(o) , (131)

and, as a result, the vector field £ at first leading order in r becomes
£ =T(0)0y + Y0)0n +w(o)(udy — 1) + ... . (132)

This vector field will give rise to conserved quantities. Moreover, since T'(c), Y4 (o) and w(o)
parameterize &, they are actually the parameters of the symmetries coming from the residual
diffeomorphisms. Having obtained £ we can move on to write down the residual symmetry
algebra.

2.2.6 Algebra

Using (132) the algebra of symmetries of the theory is

[€1, Co] = Ti20y + Y304 + wi2(udy — 10,)
Yljg = [Yl,YQ]A >

wig 1= Yi(wa) — Ya(wy) ,

T2 = Y1(T2) — wi(T2) — Ya(T1) + wa(T1) .

Since we have not computed the charges yet, these symmetries are residual symmetries. There-
fore they can be trivial ones or physical ones. We will determine it in a moment by computing
the associated charges.

Let us now make some important observations. We know that the conformal group on the

2-sphere is SO(1,3) which generalises to SO(1,d + 1) when considering the d-sphere. As a
result, if Y4 were a conformal Killing vector on the 2-sphere, the group of symmetries that
we would have obtained from it is SO(1,3), which is indeed the Lorenz group. Additionally,
¢ has the T'(0)0, contribution which is exactly the one defining the so-called supertransla-
tions. Therefore, focusing for a moment only on the T(c) and Y4(o) terms in &, we see an
enhancement of the Poincaré group. It is an enhancement because these parameters are a
priori arbitrary functions on the 2-sphere hence they are infinitely many. If we were restricted
to globally well-defined conformal Killing vectors on the 2-sphere, and constant translations,
we would get the usual finite Poincaré group SO(1,3) x R*. Nevertheless, what we obtained is
an enhancement of it, namely the semi-direct product of diffeomorphisms of the 2-dimensional
space and supertranslations.
To have a visual representation and intuition of the supertranslation 7'(0)d, (see fig. 3), just
imagine a past light cone of an observer O. A cut of this cone is the surface S and a super-
translation is an angle-dependent translation of this surface along the u-direction, allowing its
points to move with different velocities.
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Figure 3: Sketch of the past light cone of an observer O representing the action of a super-
translation.

The algebra we obtained is known as the generalised BMS algebra [22]
generalised BMS algebra = diff(S) @ R” . (137)

In our treatment, we also had another generator, called w(o), which enhances the algebra to
the BMSW algebra studied in [8]. We are ready to finally compute the charges of the theory.
We will show that the BMSW algebra is indeed charged, and thus its generators are asymptotic
symmetries.

2.2.7 Charges

Let us recall that at leading order in r, the metric we are considering contains M, §,U4, cap
as parameters and the equation to solve to obtain the charges is

dQ¢ = IO —icLen - (138)

As a consequence, this means that we need to know how our fields transform under the sym-
metries. This latter task is solved by computing the Lie derivative of the metric at leading
orders, so that we can extrapolate L¢ M, etc.

Having setting the stage, we complete these preliminary information by recalling that L =
1R/ det{g}| d*z and using 6L = G,,,09" + df we have

2 w09

1
Opn = 5 (;;Wde;,, _ gw(srz,,) € (139)

with €, being the codimension-1 volume form.
We skip all the technicalities and give the final expressions of the charge associated to T', w
and Y, respectively. For each of the charges associated to a parameter, all the others are set
to zero. In order:

[ ] HT

Setting Y = 0 = w we have that the charge associated to supertranslations reads
1. _
Hy.=| Q:= | vaT(o) (M - ZD,U*) , (140)
ol s 2

from which it immediately follows that if T is o-independent, the last term on the RHS
would drop since it is a total derivative contribution and the charge would be the total
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mass of the system. We have thus shown why we were so confident in calling M in eq.
(109) the total mass of the system. It is important to stress here that this result is finite,
there is no need for renormalization. On the contrary, the other two charges turn out to
be divergent and renormalization is needed. For the sake of simplicity we only report the
finite part, which is the endpoint of the renormalization procedure, and refer to [8] for
more details.

[ J Hﬁ,
After setting T'= 0 = Y the finite part is

Hfinite _ L Viw(o) [45 +u (M - ;DAUA>] : (141)

After setting T' = 0 = w, again the finite part reads
Hiie L VZYA(0) (Ba+2D4B) (142)

which, as for the charge associated to supertranslations, immediately tells us that if
Y4 is o-independent the last term on the RHS drops and the charge associated to the
diffeomorphisms on the 2-dimensional space becomes the total angular momentum. As
before, this is the reason why in eq. (112) we called p the total angular momentum of
the system.

Let us pause for a moment to appreciate that we have just obtained the observables of gravity
and we have demonstrated that they arise as Noether (corner) charges associated to diffeomor-
phisms.

2.2.8 Charge algebra

This will be nothing else than the representation of the BMSW algebra. The analysis of the
previous section can be repeated here. In the presence of symplectic fluxes as we already
discussed the final result is (94), that is,

{He B} = 2oH — IFe + L icicL . (143)

We are going to show that the previous expression contains the EOMs, so the evolution of
the system expressed via the Bondi mass loss formula emerges from symmetries. To this aim,
we consider two supertranslation generators, since their Poisson brackets is zero by definition
because the algebra of (super)translations is abelian. We thus choose as generators the following
two vectors

§=Td, and (=0,. (144)

Note that (¢ is the generator of the symmetries associated to the energy of the system. Along
with the Poisson brackets, also the last term on the RHS of (143) is zero when considering two
supertranslations because the two contractions are along the same direction. Consequently,
the final expression is

SeHe = Ieke  — L5 Hrp, =15, Frp, (145)
which, using the expression in (140) and in (139), reads
. 1 1- -
f VaT(o) (M + gNABNAB — 4DADBNAB> =0, (146)
S

which is exactly the Bondi mass-loss formula.
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2.3 The power of symmetries: memory effects

In this section we will introduce the concept of memory effects in gravity. We again refer to [1]
for original references on the topic, while this section is mainly based on [23], see also [20)].
Memory effects stands for permanent relative displacement due to a burst of gravitational
waves. More precisely, if the system under consideration consists of a set of massive objects,
they will be subject to a permanent displacement after a gravitational wave passes through.
In this sense, the masses have memory of the passage of gravitational waves. This effect can
be computed from the displacement equation in general relativity. Consider a particle moving
on a worldline. Let v® denote the vector tangent to the particle worldline and ¢° the deviation
vector, describing how a direction has changed infinitesimally. The displacement equation reads

(1°Va)? " = —R,q" v 0¢e . (147)

Our goal in this section will be to derive the vector & we want to compute the displacement

of the particles. To achieve that, let us consider a number of particles near asymptotic infinity
such that at initial time v® = 0%. Therefore, to leading order in r, (147) gives (z% = (r, "))
0%EH

W == _Ruauu 504 . (148)

Now, it can be shown that at leading order when » — o0 the Riemann tensor, made up

by a traceless contribution given by the Weyl tensor plus the Ricci scalar and the Ricci tensor

counterparts, simply becomes the Weyl tensor. That is: Ryad" 2%, Cruan at leading order

(the bar on the Weyl tensor stands for the leading order contribution). Additionally, if 5?6)

denotes the initial displacement and if €% — {E’é) goes to zero fast enough as r — o0, one can

safely replace €% with 5(06) on the RHS of (148) so that

a2£M ~ o
W = _Cuau'ug(()) ) (149>

which, after integrating in time twice, becomes
0 o0] _
e = | | du (150)
—0 —
This can be recasted as follows:

EHUTEE = AV, € (151)

where we have introduced the memory tensor A, as

0 Q0 _
AINES —f du'f du Cn.," - (152)
—00 —a0

The memory tensor keeps track of the passage of the gravitational waves originated by an
unspecified black hole dynamics and the left hand side (LHS) of (151) gives the evolution
between the stationary state in the far past and the stationary state in the far future.

From now on we will work in the Bondi gauge previously introduced. In this gauge a
straightforward computation leads us to the following crucial result:

1
CuAuB = _QauNAB ) (153)

where {A, B} are coordinates on the 2-sphere matching the notation of the previous section
and Np is the news tensor. The news tensor introduced in (113) is such that

1 [T 1 _
App = J du Nap 1 —cap|lzt® (154)

2 )_p 2 u=me
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from which it is now evident why the memory tensor has information about gravitational waves,
it is written in terms of the shear tensor.

Now that we have the memory tensor, we can further investigate its relation with the
symmetries. Suppose for instance that in the far past cap = 0 corresponding to a stationary
era. This would for example be the case in a configuration in which two black holes are far
away. A natural question is then what is the fate of cap in the far future. The latter can at
best be the BMS-transform of its initial value, that is:

CAB|u:—oo =0 — CAB|U=+OO = BMS(CABIU:,OO) . (155)

It can be shown that the variation of the shear tensor under a supertranslation gives (D< 4D B)
is the symmetric traceless part of DoDp):

STCAB =T0oucAaB — 2D<ADB>T . (156)
Applying this result to cap|u=—o with our initial hypothesis of a stationary era we obtain

ca|"™ " = LscaBlu=—0 = TOuCABlu=—0 — 2DaDpyT = —2D4DpT . (157)

CAB'uzfoO:O
The memory tensor (154) thus becomes
App = —DiaDpT (158)

from which we can express T as a function of Asp. This manipulation is essential when
considering the Bondi mass loss formula. Indeed, plugging it into T(A4p) we are able to have
an expression of the memory tensor in terms of measurable quantities. To have more insight,
we move to the wave forms and briefly illustrate the effect of this prediction with a sketch. In
fig. 4 the wave form of the gravitational wave as a function of time is displayed.

| MVAA/\/\/\—IU
V Vv

(a) Poincaré symmetry group. (b) BMS,4 symmetry group.

Figure 4: Sketch of the metric perturbation as a function of time.

More precisely, on the left of fig. 4 the effect is represented with the Poincaré group as
a symmetry group while on the right, the group of symmetry is the BMS; symmetry group.
There is a clear mismatch between the two figures due to the presence of an offset in the second
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case. Let us explain better what information is hidden in this fig. 4. Firstly, at some time, the
profile becomes constant. Suppose two black holes collide and emit gravitational waves, their
passage in our detector is highlighted by the oscillating behaviour of the function in the figure.
After this passage, however, there is a remnant of the presence of the gravitational waves: the
memory displacement. Consequently, this displacement that we have studied in this section
culminates in the prediction of a constant shift in fig. 4. Furthermore, we expect that the latter
could be detected and measured by upcoming experiments.

We conclude this section with a concept introduced in 2017 by Strominger [24], the infrared
triangle that well summarises what we have learned so far. In the triangle depicted in fig. 5,
all the vertices are equivalent. Once one vertex is known, the others can be attained by
mathematical manipulations. We however remark that we have followed here an approach
based entirely on symmetries. We have shown how symmetries are so powerful that memory
effects can be derived from them. This is the logic of the corner proposal, enunciated in the
next section, in which symmetries are exploited to infer new constraints in quantum gravity.
Before doing so, we fill the last tip of the triangle and show how symmetries can be used to
deduce the infrared soft theorems.

asymptotic
symmetries

memory soft
effects theorems

Figure 5: The infrared triangle.

2.4 The power of symmetries: soft theorems

In this section we show how symmetries can be used to derive Weinberg’s soft theorems [25].
The relationship between these two topics was observed in [26], which we use here as main
reference, and we again refer to 1] for more references. Soft theorems establish a connection
between the amplitude of a scattering process involving one soft particle and the one involving
only hard particles, where the soft particle contribution factorises.

We start computing the asymptotic phase space Poisson bracket. In order to do so, one
can show that the renormalised symplectic two-form takes the form

1
Of = J 10NAB A 5(\/5&3) T (159)
J

This is the famous Ashtekar-Streubel result [27]. Using this two-form, one can compute the
Poisson bracket between N4p and c4p, and obtain

{NAB(u, 2,%),cop(u,w, w)} = 2v-AcYBD>0(u — u')6% (2 — w), (160)

where z and Z are coordinates on the sphere S%. As a side note, we mention that Ashtekar
promoted this Poisson bracket to a commutator, using standard rules of canonical quantiza-
tion ({,} — X[,]), therefore quantizing gravity without requiring the Newton constant to be
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small. This is possible only asymptotically, where this quantization is still made on a classical
geometric background.
Let us now define the Fourier transformed field c4p(w, 2, Z), for w > 0, as

+00 4
cap(w,z,z) = J cage™tdu . (161)
—a0
We can then define
a(w,z,2) = 2mic,, (w, 2, Z) (162)
a_(w,z,z) = 2miczz(w, 2, Z) (163)

such that a% become positive/negative-helicity graviton creation operators. The field cap
is part of the metric, and therefore we can use this field, previously shown to be related to
gravitational waves, to create/annihilate gravitons. Furthermore, we can compute

{as(w,2,2),a% (W, w,0)} = —2iw(27)?6(w — w)§*(z — w) , (164)

which proves that a4 satisfy the canonical creation/annihilation operators algebra.
For the rest of this section, we will have to slightly modify the definition of charges and
fluxes. We define®

H; =2 L TM ; (165)

together with an appropriate expression for the flux. It can be proved that in this case we have

ﬁIT—IEL:-j
T T

1 _
N TF+5 L TDADpAAB | (166)

where we introduced the local Bondi hard flux, defined as

1
F= ZNABJ\P“B . (167)
For simplicity, we use the notation H:,Jf = Hp(u = 4+o). We have shown previously that
Ay = ci{ 5 —Cap- We would like to interpret the first term as the hard charge and the second
term as the soft charge. To see this, note that we have

+o0 o +o0

+ —_ . . . —

Cap — Cap = J Oucap = lim e“"o,cap = lim —iweap(w, 2, 2) , (168)
— o w—0 - w—0 —0

where we integrated by parts and used lim, ,o(e““cag)T = 0. We also impose one extra
condition

D.D.(cF — ) = DzDz(c57 — %), (169)
satisfied by the so called Christodoulou-Klainerman spacetimes [28,29]. Using this equation,
we rewrite the second term in (166) as

Qsoft = 1f TDADpAAB — L im wf TD:Dzay(w,z,2). (170)
2 S 2T w—0 S
For this reason we call this term a soft charge (word soft originating from the limit w — 0) and
denote it Qgor- This term corresponds to a conformally soft graviton insertion. Analogously,
the first term in (166) is called the hard charge, denoted Qparqd.
For simplicity, we consider asymptotic |in) and |out) states defined as a cloud of massless
particles. Charge conservation implies

7R N

8For simplicity we assume that the space is the projective plane, with metric ds? = 2dzdz, such that Vg =1
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At the quantum level, charge conservation is expressed as the fact that the charge operator
commutes with the S matrix, that is, {out| [@, S]|in) = 0. This expression is a Ward Identity
for a given symmetry. We thus have

Qhard + Qsoft|j+ = Qhard + Qsoft‘j* = <OUt| [Qsofﬁ S] |m> + <OUt‘ [Qharda S] ’1n> = 0. (171)

The last equation is a Ward identity for BMS, where here we only used supertranslations. Now,
since Qnarq is the energy operator for incoming particles, we have

Qnara liny = > EpT (2, %) |in), (172)
k

together with a similar expression for out. In our case on the other hand we have
Qsoft [in) ~ ay |iny =0. (173)

Using this, we obtain

— lim j d?wT (w, w) Dy Dy {out| at (wg, w,w)S |in) = EEkT 2k, 2k ) Cout| S'liny, (174)

2T wg—0

where wy is the soft graviton frequency. This equation is true for any supertranslation T'. We
can thus apply it to the special supertranslation

w—Z
T(z,z) = 175
(s7) = 22 (175)
Using the following identity:
Dwa(w_Z) — 282 (w — 2) (176)
w—z
we can finally write down
lim_w, (out| as (wy, w, @)S [iny = — 3 By =2 (out| § |in. (177)
wg—0 g g A w — 2k

This is the desired identity, expressing Weinberg’s soft graviton theorem in coordinates repre-
sentation. It is often stated in momentum representation, where it has the form

_ZE

Here, ¢ is the soft graviton four-momentum parametrised by (in cartesian coordinates)

Hovet
Zpkpk ;,LI/(Q) ‘ (178)
w—z o 2pg-q

¢ =1 +ww,w+w,—i(w—w),1 —ww), (179)
while pg is the k-th particle momentum
P =FE(l+z2z,z+2z—i(z—2),1—22). (180)
Moreover, we introduced the positive helicity graviton polarization tensor given by

er, =erel, et = 0,q" . (181)

Plugging all this together, one can verify (178).

Note that the procedure utilized here is fully general, soft theorems can be formulated
for particles of any spin. Also, one could work out the subleading contributions in wg, thus
obtaining additional expressions that must hold in a scattering process, known as subleading
soft theorems, here derived as Ward identities for the BMS symmetry.
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3 The Corner Proposal

General considerations of symmetries in the previous sections gave us a top down approach to
associate to any classical theory a set of charges and their associated algebras. Noether second’s
theorem assures that charges associated to local symmetries have support on codimension-2
surfaces, also called corners. Therefore, it seems that the observables of the theory have to
be understood and measured on these corners, on which they are defined, rather than in the
entirety of spacetime. However, the main issue is that the algebra seems to depend on the
problem at hand and, in particular, on the boudary conditions and gauge fixing (C.f section
2.2). The question that thus arises is: "Is there a universal algebra for gravity?". If the answer
is positive, then any classical theory of gravity would have symmetries that fall in a subset
of the universal ones. In section 3.1 we answer this question by considering embeddings of
codimension-2 surfaces and in section 3.2 we tackle the issue of non integrability of the charges
by introducing the concept of extended phase space. For more details on the corner proposal
and corners in general we refer the reader to [30-33,9-11,34,1].

3.1 Universal algebra

Let M be a d-dimensional manifold and S a codimension-2 manifold (the corner). The way S
is embedded into M is defined by the injective map

¢S —> M. (182)

Let 0® : S — R% 2 (a = 1,...,d — 2) be local coordinates on S. Let y™ : M — R? be
local coordinates on M. A choice of embedding (182), is then given by y™ (c). Without loss
of generality (and without choosing a specific embedding) one can choose the y™ coordinates
such that

yM = (ua’ xi)’ (183>

where a = 1,...,d — 2 and ¢ = 1,2. Since we know from the covariant phase space formalism
that the spacetime Lie bracket represents the symmetry algebra modulo central extensions
(Equation (66)), one can ask what is the maximal closed algebra by calculating the Lie bracket
of two vector fields. However, since the interest lies in the codimension-2 surface, one must only
calculate the bracket "close" to it. In order to do so, one can consider a particularly simple
form of the embedding (182). Once the coordinates (183) have been chosen, this so-called
"trivial" embedding is given by

Uy (0) = (u(0),25(0)) = (0,8,0°). (184)

Expanding "close to" this codimension-2 embedding thus corresponds to expanding around
u® = 0. Let us consider two vector fields &, ¢ € TM. In the coordinate system (183) they are
expressed as

€ = &%(u,2)0q + €' (u, )0,

¢ = ¢ + (. 2)00 )
Expending close to the surface u® = 0, one gets
§%(u, ) = &y (z) + Ubﬁ&)b(f) + Ubucf&)bc(x) +O(u?),
€ (u,) = Elgy (@) + w1y, (@) + W4 Elayp (@) + O(), s
(*(u, ) = (o (@) + ubcgl)b(x) + ubucc(%)bc(:r) + O(u?),
¢! (u,z) = Céo) (x) + UbC(i1)b(x) + “buc<€2)bc(w) +O(u?).
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Calculating their Lie bracket at second order reveals that the maximal closed sub-algebra is
generated by vectors of the type

€ = Eloyi + (o) + u€0y5) Pus

| b (187)

¢ = Gloyds + (o + 0"y ) u-
Any additional term in the expansion (186) results in a non-closing algebra and is thus discarded
in this analysis. The Lie bracket of the vector fields expressed in (187) gives

[§: ¢l = [5(0)742(0)]251'
+ [550)C?0),k = Cloy&oy & T Clypo) — 5?1)1,@?0)]% (188)

+ ub[_[f(l), C(1)] b+ féﬁoﬁ(al)b,k - géﬂo)g&)b,k] Ous

where é =7 0j and the comma denotes partial differentiation. Remembering that the indices
i,7,k, ... denote coordinates on the surface and a,b,c,... normal coordinates, it is now easy
to interpret this result. The first line simply corresponds to diffeomorphisms on the surface.
The first part of the second line corresponds to surface diffeomorphisms acting on the normal
translations and the second part to the general linear group acting on normal translations.
Finally, the first part of the last line corresponds simply to the general linear algebra, and the
second part to the surface diffeomorphisms acting on this general linear algebra. Thus the
complete group corresponding to this maximally closed algebra is

Ucs = (Diff(S) ” GL(Q,R)S) ” (RQ)S. (189)

UCS stands for the Universal Corner Symmetries. A few remarks on this result are in order:

e The semi-direct product emphasizes that, while the corner diffeomorphisms act on the
linear transformations and the translations, the converse is not true. Similarly for the
linear group acting on the translations.

e The S in the exponent of the linear group and the translations means that there is a copy
of the general linear group and the translation group at each point of the corner. This is
the origin of supertranslations in section 2.2.7.

e This entire analysis was done without the need of introducing a metric on the manifold.
Mathematically this results is topological and not geometrical, which translates to kine-
matical and not dynamical in the physical realm. Therefore this algebra does not depend
on the particular theory of gravity at hand and is thus called universal.

It is believed in the corner community that this algebra is the most general one that can have
charges |9, 34|, providing a bottom up approach to quantum gravity as a condition that any
theory should hold a representation of (189) at some level. For example, the connection of this
symmetry group to Loop Quantum Gravity is discussed in [35].

3.2 Extended phase space
3.2.1 Keeping track of the embedding

Let us briefly recap the results up to this point. We know that the UCS Lie bracket realises
the algebra of the charges modulo central extensions. The next step towards the quantization
of the theory would be to promote the charges to hermitian operators on some Hilbert space
and replace the algebra brackets by Dirac brackets. However there is another issue here. In
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general, as we have seen in previous sections, there might be fluxes present. Mathematically,
this translates to the non-closure of the algebra brackets, and thus we do not know how to
quantize the theory. This issue arises from a careless treatment of the embedding in the action.
More precisely, we assumed something of the following form in a number of computations:

£ J A= J LA, (190)
S S

for a general functional A. However, the commutation of the variation and the integral is only
true in the case where the variation does not move the surface we are integrating on. A way of
being more careful about it is to keep track of the embedding (182) when integrating a quantity
on the surface:

g o= [ o (2ed) + | (207 (191)

where we see the appearance of a second term that was not present in equation (190). The
question now becomes: "How can we keep track of the variation of the embedding at the phase
space level?" This is done by the introduction of a new field x which is a vector in spacetime
and a one-form on field space:
x€TM®T*T, (192)
defined through the relation
Iix = —€, (193)
This field keeps track of the variation of the embedding in the following sense: For any func-
tional F on field space, we have
6¢™(F) = ¢*(LxF)- (194)
Note that this relation can be thought off as the equivalence between the passive and the active

interpretation of diffeomorphisms. The x field, which is sometimes called an edge mode because
it lives on the corner, is then added to the phase space of the theory.

3.2.2 Extended symplectic form

We will now calculate again the symplectic form but on the extended phase space that includes
the new field. In the following derivation we will use the following relations that are proved in
appendix A:

1
ox = —§[X,X]7 (195)
1 1
Ly = Syl + 5 d(eyir L), (196)
IéL(;XL = L[S,X]L' (197)

Consider the action defined in a subregion R that allows us to keep track of the embedding:

Sp = fR $*(L) | (198)

where L is a functional of the dynamical fields ¢ and their derivatives. Taking its variation
yields

5k — JR [66*(L) + 6*(5L)]
=f ¢*(LyL + 6L)
R (199)
- J ¢* (duy L + dB)
R

- | oo
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where one should stress that the extended symplectic potential is now a function of the dynam-
ical fields ¢, their variation d¢, as well as the new field , that is, 0°*[, §¢p, x]. The extended
symplectic potential is now given by

o = [ o= | oL o). (200)
b by
The extended symplectic two-form can be calculated:
QX — Qe
_ JE[(Sgb*(LXL +0) + 670( L+ 0))]

= J " (Lyi L + L0 + 15 L — 1, 0L + 66)
by

II>

f &* (Lytn L + diyd + 00 + 15, L) (201)
3

1
_ J 600 + 5 d(tax L) + diyf)
b))

= fz o <50 + d(LXG + ;LXLXL>> )

where we have used equations (195) and (196) to go from the fourth to the fifth line. One can
thus rewrite the extended symplectic form in the following way:

1
Q= =0 + L " (1,0 + §LXLXL). (202)

The additional term is thus a corner contribution, which will render all charges integrable.
Loosely speaking, the additional field y renders the flux part of the augmented phase space.
Indeed, let us now calculate the contraction (35) within this extended phase space formalism:

105 — I, L 6*(0(0 + ixL) + Ly (0 + 1y L)
- L O* (1200 + T.L30 + TeLyir L+ Tty L — Tt 0L)
= JE ¢*(Lel = 010 + 1Ly 0 + TeLyiy L+ 1 g L — Tz, L)
_ L " (0150 — Ly Ieh + Loty L+ 1 g L — Lty L) 0
_ fz ¢*(_5I§9 _ ﬁxjée — Lety L+ LyteL + vje ) L + 1L + Lxlg(SL)
_ L 0% (—01,0 — LI + LyteL + 160L)

= J; ¢*(—(5Iée — ‘CXIEH + ,CX%L + L55L)

- L ¢*(6(1g0 — 1eL) + Ly(Ig — el)),

where in the second line we have used (197) and in the third line we used that the spacetime
Lie derivative coincide with the field-space Lie derivative for L and 8. Recalling the expression
for the Noether current associated to a diffeomorphism:

Jé = IEH — LgL, (204)
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we can rewrite the contraction as
oext _ * R R
1'582 = L(b ((5Jf —l—ﬁng)

~5(]_o* o) (205)
_5H§~

where we have used (194) one last time and the charge H; is the same as in the non-extended
phase space. We thus see that introducing this new field takes care of the term that spoils
integrability. This crucial result established in [10] implies that the charge algebra is represented
by the standard Poisson bracket, see [11]. This is a remarkable feature, because the system is
still dissipative, albeit integrable. Rendering all diffeomosphisms integrable is a turning point
in the corner proposal because it prepares the classical gravitational setup to finally address
quantum gravity, as we will discuss below.

3.3 The corner proposal for quantum gravity

We here enunciate the main idea of the corner proposal, and offer some conclusive remarks, to
summarize the journey taken.

We are finally ready to state the proposal. It is hard to formulate a consistent theory of
quantum gravity, and therefore it would be very useful to have a bottom-up approach to answer
some questions in this field. The main idea of the corner proposal is the following:

Gravity is described by a set of charges and their algebra at corners.

Here, corners refer to any codimension-2 surface. This proposal instructs us to loose ties with
classical concepts and notions, that would not survive in the quantum realm. For example, a
full bulk metric is at best a semi-classical notion. What we have shown to be more robust is
the concept of corners, on which charges are defined. Even more fundamental is the concept
of symmetries and algebras. In this regard, it was instrumental to enlarge the phase space,
such that all diffeomorphisms are canonically realized without fluxes. There, the Universal
Corner Symmetry algebra can be derived, and the corner proposal posits that it survives in the
quantum regime and becomes the algebra of observables. We must therefore focus on charges
and their Poisson brackets, which are then promoted to operators in the quantum theory,

with the usual prescription {Q@Q{} — %[an Qﬁ]- We can then study the representation

theory of the charge algebra, and investigate whether there are unitary representations that
could be suitable to describe the quantum geometry. The classical spacetime emerges from one
particular representation of this algebra, but there are other representations, that are relevant
for the quantum theory. Obviously, this is not an easy task, but it is a promising and concrete
program toward a better understanding of quantum gravity.

From the algebraic perspective, the mission of the corner proposal is clear. Starting from
the Lie bracket of two symmetry generators, we have a way, using the covariant phase space, to
descend to the Poisson brackets of the system. This is already a delicate and mathematically
challenging step. The endpoint is a projective representation of the symmetry algebra, at the
level of charges. From there, one can pursue a canonical quantization procedure to derive the
Dirac bracket. Which algebra should we focus on? If each quantization procedure leads to a
different algebra, than this proposal stops being predictive. Thankfully, we have shown that the
Universal Corner Symmetry algebra is very robust and maximal, which therefore means that it
is independent of a particular setup and classical Lagrangian: the latter can only further reduce
the charged symmetries. Therefore, we have a narrow window to probe quantum gravity: study
the Universal Corner Symmetry algebra in particular setups. Clearly, loosing the concept of
metric and manifold opens the door to the idea of quantum geometries, and hopefully this
could represent a new avenue of investigation for the quantum gravity community.
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Let us quickly summarize the results exposed. We have shown that the covariant phase
space is the suitable arena to study Noether’s theorems. The nature of a local symmetry is
encoded in its corner charge. If the latter is non-zero, then this is a physical symmetry. Gravity
makes the study of the nature of the symmetry hard, because it brings complications, such
as integrability issues, divergences, and dissipation. At the end, after curing those, we have
shown how symmetries are the crucial ingredients from which one can derive physical effects,
such as memory effects and soft theorems. In this regard, the infrared triangle should rather
be depicted as a symmetries pyramid, where the concept of symmetries lies on the top of the
pyramid, and all the rest can be derived from it (see fig. 6). Using this as a guiding principle,
we arrived to the corner proposal, which is the idea that symmetries are the ultimate clues
toward a bottom-up understanding of quantum gravity. We exposed these ideas in these lecture
notes, and in particular we discussed how to prepare the classical milieu using only tools that
are expected to survive in quantum gravity, such as algebras, charges, and symmetries. In this
respect, the derivation of the Universal Corner Symmetry algebra and the extension of the
phase space to make all diffeomorphisms integrable are important steps, to close the classical
gravity chapter and open the quantum gravity one.

SYMMETRIES

MEMORIES

Figure 6: Rather than an infrared triangle, our approach culminates in "the symmetries pyra-
mid". Indeed, the Corner Proposal puts emphasis on the symmetries of the theory, from which
everything can be derived.
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A Proof of Important Relations

The first relation we will look at is the variation of the field y. Consider a general integrated
functional:

an [ o 0

where R denotes a subregion of spacetime which makes it simpler to keep track of the embed-
ding. We have

5A = fR[a¢* (F) + 6*(57)]

(207)
= J ¢*(0F + LyF).
R
Taking the variation a second time yields
0=0°A= J [00* (6F + Ly F) + ¢*(5(LyF))]
R
_ J G*[LAOF + Ly Ly F + Loy F — Ly0F]

" (208)

_ JR S (Lol + L) F]

_ JR S [(L1pyr + Lon) .

Note that the minus sign in front of the last term of the second line comes from the fact that
X is a field space one-form. We thus have

1
ox = =5 x]. (209)
The second relation is the following
1 1
Ly L = §L[X7X]L + 3 d(eyeyL) , (210)

which comes from the identity [Le, ,ie,] = i[¢, ¢!

Loty L =Ly, 1)L — 1, Ly L
L —,diy L (211)
L — Ly (1, L) + d(eyty L) .

= oxd
= U]
The third idendity that we will use is

1

Tevsy L = —ilw L =L, (212)

£'xx]

where (193) and (209) were used.
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