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The standard model of particle physics describes electromagnetic, weak and strong interactions,
which are three of the four known fundamental forces of nature1–3. The fourth interaction, gravity,
describes how the fields and matter curve the space-time4,5. The unification of gravity with the
standard model has been one of the most challenging problems of modern physics due to incompat-
ibilities of the underlying theories – general relativity and quantum field theory1,6. While quantum
field theory utilizes symmetries associated with internal vector spaces of quantum fields1–3, general
relativity is based on external space-time symmetries7–12. Here we employ the internal special uni-
tary symmetry of quantum fields in the revised formulation of quantum electrodynamics13 to couple
the electromagnetic and Dirac electron-positron fields to a tensor gauge field. The dynamical equa-
tions of the tensor gauge field are shown to describe gravity. General relativity is obtained in the
limit of small coupling, while the general case of nonzero coupling enables beyond-general-relativity
studies of strong gravitational fields encountered in black holes and at the possible beginning of
time. Our work provides a viable way to a theory of all fundamental interactions within a single
coherent mathematical framework – the theory of everything.

Quantum field theory is a theoretical framework, which
synthesizes classical field theory, quantum mechanics,
and special relativity. The standard model of particle
physics arises on the basis of this framework through
unitary symmetries related to invariances of a physi-
cal system3,14. The gauge invariance of electrodynam-
ics, related to the Abelian phase rotation transforma-
tions, is the most trivial example of such a symmetry.
The Yang–Mills theory extends the gauge theory to non-
Abelian special unitary symmetries3,14,15, which enable
mutually interacting force carriers. It describes the be-
havior of other fundamental interactions of the standard
model being at the core of the unification of electro-
dynamics to weak and strong interactions. A similar
special-unitary-symmetry-based approach to the descrip-
tion of gravity has remained unknown. Therefore, alter-
native approaches, such as string theory16,17 and loop
quantum gravity18–20, are being developed. Many au-
thors have approached the problem by attempting to
reformulate space-time symmetries in a way compatible
with the Yang-Mills theory21–31. The difference between
external space-time symmetries and internal vector space
symmetries of quantum fields, however, represents a chal-
lenge for this gauge gravitation theory approach12.
In this work, we employ an internal special unitary

symmetry of quantum fields in the revised eight-spinor
formulation of quantum electrodynamics13. We utilize
the Lie algebra associated with this symmetry to couple
the electromagnetic and Dirac electron-positron fields to
a new tensor gauge field in a way that is analogous to the
gauge couplings of the fields in the electromagnetic, weak,
and strong interactions of the standard model. Once the
new gauge field is introduced, the powerful machinery
of the Yang-Mills theory leads to dynamical equations,
which are generalizations of Einstein’s field equations of

general relativity. The ensuing Yang-Mills gauge theory
of gravity is subject to quantization using the approach of
the Yang-Mills theory3,14. The quanta of the gauge field,
the gravitons, are spin-2 tensor bosons. These quanta
are to be added in the spectrum of the known elemen-
tary particles extending the existing standard model to
describe gravity. The detailed study of this quantization
is left to future works.

Gravity couples to all fields and matter, regardless of
whether they are massive or massless. Therefore, one
cannot exclude any field or matter from the complete
dynamical description of gravity. However, it is possible
to limit our study to the coupling between gravity and
electrodynamics since we consider the system of the elec-
tromagnetic field, Dirac electron-positron field, and the
gravitational field to be such an elementary system that
can provide all the insight needed for obtaining a unified
description of gravity on equal footing with the other
known fundamental forces of nature. The extension of
the theory to the coupling of gravity to the other massive
and massless fields can be approached once the present
gravity-electrodynamics coupling problem is solved.

We start with Maxwell’s theory of electrodynamics32

and the revised eight-spinor formulation of quantum
electrodynamics13. The eight-spinor formulation of
quantum electrodynamics reveals a profound connection
between the internal special unitary symmetry of quan-
tum fields and the symmetric stress-energy tensor. Since
the symmetric stress-energy tensor is the source of the
gravitational field in general relativity, it becomes obvi-
ous that the gauge theory based on the special unitary
symmetry should describe gravitational interaction. This
is the basis for the development of the Yang-Mills gauge
theory of gravity in the present work.

http://arxiv.org/abs/2310.01460v1
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Generating Lagrangian density of gravity

The electromagnetic field is described by an eight-
component spinor, given in terms of the conventional
three-component real-valued electric and magnetic fields
Eℜ and Bℜ by Ψℜ =

√

ε0/2 [0,Eℜ, 0, icBℜ]
T . Here the

superscript T denotes the transpose, ε0 is the vacuum
permittivity, and c is the speed of light in vacuum. The
four-component Dirac spinor field ψ is used in its con-
ventional form. The Dirac gamma matrices γ

µ
F and the

electromagnetic-gauge-covariant derivatives ~Dµ, where
the index µ ∈ {0, x, y, z} ranges over the four Minkowski
space-time dimensions, form eight-component spinors γF

and ~D, see Methods.
The eight-spinor theory is formulated in terms of

four 8 × 8 bosonic gamma matrices γ
µ
B and γ

5
B =

iγ0
Bγ

x
Bγ

y
Bγ

z
B. These matrices are explicitly presented in

Ref.13. They satisfy the Dirac algebra, i.e., the Clif-
ford algebra Cℓ1,3(C). The defining property of the
Dirac algebra of γ

µ
B is the anticommutation relation

{γµ
B,γ

ν
B} = 2ηµνI8, where I8 is the 8× 8 identity matrix

and ηµν is the Minkowski metric tensor with η00 = 1 and
ηxx = ηyy = ηzz = −1. Using γ

µ
B and γ

5
B, the generat-

ing Lagrangian density of gravity for the electromagnetic
and Dirac fields is given by13

L0 =
~c

4gg
ψ̄( ~DĪ8γ

5
Bγ

ν
B
~∂νI8γF − γ̄FĪ8γ

5
Bγ

ν
B
~∂νI8 ~D)ψ

+
i

gg
Ψ̄ℜI

†
8γ

5
Bγ

ν
B
~∂ν Ī

†
8Ψℜ −mec

2ψ̄ψ + Ψ̄ℜΨℜ. (1)

Here ~ is the reduced Planck constant and gg is the grav-
itational coupling constant of the present theory, given
in units of inverse distance. Through the first two terms
of Eq. (1), the Dirac and electromagnetic fields will be
coupled to the gravitational field as an outcome of the
present theory. The third term is the well-known mass
term of the Dirac field, where me is the electron rest
mass. The fourth term is the eight-spinor representation
of the conventional electromagnetic Lagrangian density.
The partial derivatives ~∂ν in Eq. (1) act on I8 and do
not extend to the spinors Ψℜ and ψ. See Methods for
technical definitions of quantities.

Special unitary symmetry

We follow the conventional Yang-Mills theory to seek
for global symmetries with respect to which the generat-
ing Lagrangian density of gravity in Eq. (1) is invariant.
Then, we introduce gauge fields to make these symme-
tries local. The generating Lagrangian density trivially
satisfies the U(1) symmetry of quantum electrodynam-
ics. This symmetry is satisfied locally since the electro-
magnetic gauge field is included and the electromagnetic-
gauge-covariant derivative ~D is used. We next apply the
special unitary symmetry transformation, given by13

I8 → UI8, where U = eiφµt
µ

. (2)

Here φµ is a real-valued four-vector describing the sym-
metry transformation parameters, the symmetry trans-
formation matrix U has determinant 1. The transforma-
tion generators tµ are constant traceless Hermitian ma-
trices given in terms of the complex-conjugated gamma
matrices as tµ = (γ0

Bγ
5
Bγ

µ
B)

∗. This set of matrices gen-
erates the Clifford algebra Cℓ4,0(C) with the anticom-
mutation relation {tµ, tν} = 2δµνI8, where δµν is the
Kronecker delta. The commutation relation is given by
[tµ, tν ] = if µν

ρ tρ, where f µν
ρ = 2ε0ρµν are real-valued

constants in which εαβγδ is the Levi-Civita symbol. The
traces satisfy Tr(tµtν) = 8δµν . The matrices tµ are also
generators of a Lie algebra, where the commutator has
the role of the Lie bracket and f µν

ρ are the totally anti-
symmetric structure constants. This fact allows us to use
the powerful machinery of the Yang-Mills gauge theory3.
All that follows is, thus, a direct consequence of the gauge
invariance with respect to the symmetry transformation
in Eq. (2) following the conventional approach of quan-
tum field theory.

While the standard model of particles physics is based
on the unitary group U(1) and the special unitary groups
SU(2) and SU(3), the symmetry group corresponding to
the transformation in Eq. (2) is a four-dimensional sub-
group of SU(8), which we denote SU(8)4D. The transfor-
mation in Eq. (2) commutes with γ

5
B and pairs of gamma

matrices as [U,γ5
B] = 0 and [U,γρ

Bγ
σ
B] = 0. These re-

lations are needed for the invariance of the Lagrangian
density in the gauge theory that follows. Furthermore,
U commutes with the tensor-field Lorentz transforma-
tion ΛJ = e

1
8
Ωρσ [γ

ρ

B
,γσ

B] as [U,ΛJ] = 0, where Ωρσ is a
matrix parametrizing the Lorentz transformation13. A
more detailed study of the symmetry properties of U is
left as a topic of further work.

Gauge-covariant derivative

The symmetry transformation in Eq. (2) is global for con-
stant values of φν . To promote this global symmetry to
a local symmetry, we allow φν(t, x, y, z) to be space-time
dependent. Since the symmetry transformation matrices
U are noncommuting for different values of φν , the sym-
metry transformation represents a noncommuting sym-
metry, and our field theory is termed a non-Abelian gauge
theory. A prototype example of a non-Abelian gauge
theory is the original theory of Yang and Mills consid-
ering the proton-neutron doublet transformed under iso-
topic spin3,14,15,33. Following the standard approach of
the Yang-Mills theory3,14, it follows that the generating
Lagrangian density of gravity in Eq. (1) can be made lo-
cally invariant in the symmetry transformation in Eq. (2)

when we introduce the gauge-covariant derivatives ~DνI8
and ~D

−

†
ν Ī

†
8 as

~Dν = I8~∂ν − igghν ,

~D
−

†
ν = I8~∂ν − iggh̄ν ,

where hν = hµνt
µ. (3)
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Here the Hermitian gauge field hν is given in terms of tµ

and unitless real-valued components hµν . The gauge field
hν and its components hµν are invariant in the Lorentz
transformation as ΛJhνΛ

−1
J = hν . The Lorentz invari-

ance is the defining property for the components of the
metric tensor3. That the gauge field introduced is indeed
linked to the metric tensor becomes obvious from the field
equations derived below. The gauge-covariant derivatives
transform by matrices U and Ū† as ~DνI8 → U~DνI8 and
~D
−

†
ν Ī

†
8 → Ū† ~D

−

†
ν Ī

†
8. These relations require that the trans-

formation of hν is given by hν → (Uhν − i
gg
∂νU)U†.

Using the gauge-covariant derivative operators ~Dν and
~D
−

†
ν in place of the partial derivatives ~∂ν makes the gen-

erating Lagrangian density of gravity in Eq. (1) invariant
with respect to the local form of the symmetry transfor-
mation in Eq. (2).

Gauge-invariant Lagrangian density

To write the complete gauge-invariant Lagrangian den-
sity, we must also include a gauge-invariant term that
depends only on the gauge field hµν . Utilizing the Yang-
Mills gauge theory3, this can be obtained from the com-
mutator of the gauge-covariant derivatives3,14. The rela-
tion [~Dµ, ~Dν ] = −iggHµν is used to define an antisym-
metric field strength tensor Hµν as

Hµν = ∂µhν − ∂νhµ − igg[hµ,hν ] = Hρµνt
ρ,

Hρµν = ∂µhρν − ∂νhρµ + ggf
σλ

ρ hσµhλν . (4)

The commutator term of this field strength tensor is one
of the prime novelties of the Yang-Mills theory since
it leads to direct interaction between the gauge field
quanta3. The gauge symmetry transformation law for
the field strength tensor Hµν follows from the relations
above, and it is given by Hµν → UHµνU

†. Following
the Yang-Mills theory procedure3, we obtain the gauge-
invariant Lagrangian density term for the gauge field
hµν , given by Lg = − 1

64κTr(HµνH
µν) = − 1

8κHρµνH
ρµν .

Here κ = 8πG/c4 is Einstein’s constant, where G is the
gravitational constant. The prefactor of Lg has been de-
termined by comparison of the resulting theory to gen-
eral relativity as discussed below. The complete gauge-
invariant generalization of the generating Lagrangian
density of gravity in Eq. (1) is then given by

L =
~c

4gg
ψ̄( ~DĪ8γ

5
Bγ

ν
B
~DνI8γF − γ̄FĪ8γ

5
Bγ

ν
B
~DνI8 ~D)ψ

+
i

gg
Ψ̄ℜI

†
8γ

5
Bγ

ν
B
~D
−

†
ν Ī

†
8Ψℜ −mec

2ψ̄ψ + Ψ̄ℜΨℜ

−
1

64κ
Tr(HµνH

µν). (5)

As shown in Methods, the Lagrangian density in Eq. (5)
reduces to the known Lagrangian density of quantum
electrodynamics in the Minkowski metric limit hµν →
ηµν . In the general case, the gauge field hµν is obtained
as a solution of the field equations derived below.

Dynamical equations

Through the well-known Euler-Lagrange equations, one
can derive the dynamical equations for all fields appear-
ing in the Lagrangian density in Eq. (5). The resulting
generalized Maxwell’s and Dirac’s equations for the elec-
tromagnetic and Dirac electron-positron fields are pre-
sented in Methods. The Euler-Lagrange equations for
hµν are given by ∂L/∂hµν − ∂ρ[∂L/∂(∂ρhµν)] = 0. After
some algebra, we then obtain the dynamical equation

∂ρH
µρν + ggf

µλ
ρ hλσH

ρσν = 2κT̄ µν. (6)

The source term on the right of Eq. (6) is given by the
so-called trace-reversed stress-energy tensor T̄ µν = T µν−
1
2η

µνT , where T µν is the total symmetric stress-energy
tensor of the electromagnetic field and the Dirac field13.
Tensor contractions here and below are briefly denoted
by leaving out the indices as T = T ρ

ρ. In terms of the
electromagnetic and Dirac field spinors, we obtain

T̄ µν =
i~c

4
ψ̄( ~Dγ

5
Bγ

ν
Bt

µ
γF − γ̄Fγ

5
Bγ

ν
Bt

µ ~D)ψ

+ Ψ̄ℜt
µ
γ
ν
Bγ

5
BΨℜ. (7)

As shown in Ref.13, the two terms of T̄ µν agree, respec-
tively, with the well-known trace-reversed stress-energy
tensors of the Dirac and electromagnetic fields3.

Defining Rµν = ∂ρH
µρν+ggf

µλ
ρ hλσH

ρσν and lowering
the tensor indices, Eq. (6) can be written compactly as
Rµν = κT̄µν . Furthermore, we can write this equation in
a form, where the source term is Tµν instead of its trace-
reversed form. Contracting the tensor indices, we obtain
R = κT̄ = −κT . Multiplying this relation by − 1

2ηµν and
adding to Rµν = κT̄µν side by side, we obtain

Rµν −
1

2
ηµνR = κTµν . (8)

Equations (6) and (8) indicate that the stress-energy ten-
sor acts as the source term in the dynamics of the gauge
field hµν . Furthermore Eq. (8) reminds Einstein’s field
equations of general relativity in the absence of the cos-
mological constant. The difference is that no dynamical
metric tensor has been defined for the present theory yet,
whence the Minkowski metric tensor appears in Eq. (8).
This observation is related to the fact that, in gen-
eral relativity, one can locally regard space-time as the
Minkowski space-time. The local Minkowski space-time
corresponds to a tangent space of the four-dimensional
space-time manifold. Only in the global consideration, it
becomes clear that the space-time is curved by the pres-
ence of matter. Due to the similarity with Einstein’s field
equations, we propose that the gauge field hµν describes
the gravitational field.
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Discussion

To elaborate the physics of the field equations (6) and
(8), we consider the limit of vanishing coupling constant
gg → 0. Then, Eq. (6) becomes ∂ρ∂ρhµν − ∂ρ∂νhµρ =
2κT̄µν . It is convenient to use the harmonic gauge34, in
which we set ∂ρhµρ = 0. Then, taking the trace reverse
and denoting h̄µν = hµν−

1
2ηµνh, we obtain a tensor-field

wave equation, given by

∂ρ∂ρh̄µν = 2κTµν. (9)

In the case of the stress-energy tensor being zero,
this equation describes gravitational waves propagating
through vacuum at the speed of light35. Equation (9) is
equivalent in form to the well-known equation of gravi-
tational waves4,34.

Next, we consider the classical Newtonian limit. The
trace-reversed gauge field in Eq. (9) is approximated
by the deviation from the Minkowski metric as h̄µν =
η̄µν + ∆h̄µν , where ∆h̄µν represents the deviation. The
stress-energy tensor is assumed to have only a single
nonzero time-independent component T00 = ρc2, where ρ
is the mass density. Consequently, ∆h̄µν has only a single
nonzero component ∆h̄00, for which using Eq. (9) gives
∆h̄00 = −4φ/c2, where φ is the classical gravitational
potential. Thus, Eq. (9) is rewritten as ∇2φ = 4πGρ,
which is the well-known Newtonian equation of gravity
in the mass density form.

Another interesting consideration is the study of
Eq. (8) in a curvilinear coordinate system with a met-
ric tensor gµν . The partial derivatives in Eqs. (4) and
(6) are replaced by coordinate-covariant derivatives cor-
responding to the affine connection and the Minkowski
metric tensor in Eqs. (8) is replaced by gµν . Then, search-
ing for vacuum solutions for which the right-hand side of
Eqs. (8) is zero, we find that, in the limit gg → 0, Eq. (8)
has a nontrivial exact solution hµν = gµν . Therefore,
any solutions of Einstein’s field equations, such as the
well-known Schwarzschild36 and Kerr37 metrics, are also
solutions of the field equations of the present theory in
the limit gg → 0. Thus, in this limit, the present the-
ory reproduces the experimentally verified predictions of
Einstein’s field equations, such as the precession of the
perihelion of Mercury4, the bending of light by the Sun38,
and the gravitational redshift of light39. In this limit, we
also recover the principle of equivalence of general relativ-
ity. The eventual possibility to generalize the principle of
equivalence to the present theory, in which gg is nonzero,
is a topic of further work.

Even though, in the limit gg → 0, the predictions of
the present theory agree with those of general relativ-
ity, the theories are in general fundamentally different.
It is expected that, in the limit of strong gravitational
field, the commutator term of the field strength tensor in
Eq. (4) becomes substantial when the coupling constant
gg is nonzero, even if it is small. Such strong gravitational

fields are encountered in black holes and at the possible
beginning of time. Therefore, our theory may provide
a tool for the investigation of intense gravitational fields
beyond the applicability of general relativity.

It is obvious that Eq. (6) is subject to quanti-
zation using the methods of quantizing Yang-Mills
theories3,14,40,41. The resulting quanta of the field should
be elementary particles. Since the present gauge field is
a tensor field, its quanta must be spin-2 tensor bosons4.
Thus, the particle associated with the gauge field hµν
must be the graviton, the force carrier for gravity. As
characteristic for Yang-Mills theories, the gravitons are
mutually interacting through the commutator term of the
field strength tensor. After replacing the classical fields
with pertinent quantum operators, Eqs. (6) and (8) can
be viewed as a quantum field theoretical generalization
of Einstein’s field equations of general relativity. This
quantization is a topic of further work.

Conclusion

The internal SU(8)4D symmetry of the eight-spinor for-
mulation of quantum electrodynamics13 leads to the
Yang-Mills gauge theory of gravity. The theory is based
on the generating Lagrangian density of gravity, which
is related to the conservation of the stress-energy ten-
sor, and which can be made locally invariant in the spe-
cial unitary transformation by introducing a tensor gauge
field. The weak and strong interactions and the associ-
ated particles and fields of the standard model are still
to be added to the present theory. Due to the analogous
forms of the underlying theories, this is assumed a tech-
nical exercise. Then, the entire dynamics of the known
particles and fields, including gravity, can be described
by a single master Lagrangian of the Universe through
the Euler-Lagrange equations in a unified way. There-
fore, our work opens a new era of quantum science of
gravity. After rigorous quantization of the present the-
ory using known methods to quantize Yang-Mills theo-
ries, physicists may finally have the long-sought tool for
the investigation of intense gravitational fields in black
holes and the possible beginning of time. The present
theory includes a single undetermined parameter, which
is the coupling constant gg. The determination of the
value of this parameter is of large interest.

Methods

Technical definitions of quantities

The eight-spinor representation of the conventional electro-
magnetic Lagrangian density term in Eqs. (1) and (5) can
be alternatively written as Ψ̄ℜΨℜ = −

1
4µ0

FµνF
µν , where

Fµν = ∂µAℜν − ∂νAℜµ is the electromagnetic tensor and
µ0 is the permeability of vacuum13. The electric and mag-
netic fields are related to the electromagnetic four-potential
Aℜµ = (φeℜ/c,−Aℜ) by the conventional relations Eℜ =
−∇φeℜ −

∂
∂t
Aℜ and Bℜ = ∇ × Aℜ, where φeℜ and Aℜ
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are the scalar and vector potentials, respectively32. In the
eight-spinor notation, these relation are written as a single
equation Ψℜ = −γ

ν
B∂νΘℜ

13. The Dirac and electromagnetic

adjoint spinors are denoted by ψ̄ = ψ†
γ

0
F and Ψ̄ℜ = Ψ†

ℜγ
0
B,

where ψ† and Ψ†
ℜ are Hermitian adjoints. For a generic ma-

trix M, the corresponding adjoint operation is defined as
M̄ = γ

0
BM

†
γ

0
B. The vector arrows in equations indicate the

direction in which the differential operators operate. If arrows
do not exist, the operators operate to the right as conven-
tional. The electromagnetic-gauge-covariant derivative spinor
operator ~D = [0, ~Dx, ~Dy, ~Dz ,− ~D0, 0, 0, 0]

T and its adjoint
~D = [0, ~Dx, ~Dy, ~Dz, ~D0, 0, 0, 0] are defined in terms of the

conventional electromagnetic-gauge-covariant derivative op-

erators ~Dµ = ~∂µ+ iqeAℜµ/~ and ~Dµ = ~∂µ − iqeAℜµ/~, where
qe = ±e is the electric charge in which e is the elementary
charge. The quantity γF = [0, γx

F,γ
y
F,γ

z
F, γ

0
F,0, 0,0]

T is a
spinor made of the Dirac gamma matrices. The corresponding
adjoint spinor is given by γ̄F = [0, γx

F,γ
y
F,γ

z
F,−γ

0
F,0,0,0]

13.

Minkowski metric limit of the Lagrangian density

In the Minkowski metric limit, hµν → ηµν , we can write
~DνI8 = −iggηµνt

µ and ~D
−

†
ν Ī

†
8 = −iggηµν t̄

µ. Furthermore,

using these relations, we obtain Ī8γ
5
Bγ

ν
B
~DνI8γF = −2iggγF,

Ī8γ
5
Bγ

ν
B
~DνI8 ~D = −2igg ~D, and I

†
8γ

5
Bγ

ν
B
~D
−

†
ν Ī

†
8Ψℜ = 0. Substi-

tuting these relations into Eq. (5), we obtain

LQED =
i~c

2
ψ̄(γ̄F

~D − ~DγF)ψ −mec
2ψ̄ψ + Ψ̄ℜΨℜ. (10)

As shown in detail in Ref.13, this is the eight-spinor repre-
sentation of the well-known Lagrangian density of quantum
electrodynamics. Note that the generating Lagrangian den-
sity of gravity, L0 in Eq. (1), cannot be used to derive LQED

in Eq. (10) without first introducing the gauge field hµν and
then taking the Minkowski metric limit. This highlights the
fundamental role of the gravitational gauge field for the entire
structure of the space-time.

Generalized Maxwell’s equations

The Euler-Lagrange equations for the electromagnetic poten-
tial spinor field Θ̄ℜ are given by ∂L/∂Θ̄ℜ−∂ρ[∂L/∂(∂ρΘ̄ℜ)] =

0. Using Ψℜ = −γ
ν
B∂νΘℜ and Φℜ = qe(2ε0)

−1/2ψ̄(γF)ψ, we
then obtain after some algebra

γ
ρ
B(I8 + hµνγ

5
Bt

µ
γ

ν
B)∂ρΨℜ = −

1

2
hµνγ

5
Bγ

ν
Bt

µΦℜ. (11)

This equation is the generalization of all Maxwell’s equa-
tions in the present Yang-Mills gauge theory of grav-
ity. In the Minkowski metric limit hµν → ηµν , we have
ηµνγ

ρ
Bγ

5
Bt

µ
γ

ν
B∂ρΨℜ = 0 and ηµνγ

5
Bγ

ν
Bt

µΦℜ = 2Φℜ. Thus,
Eq. (11) becomes γ

ρ
B∂ρΨℜ = −Φℜ. As shown in Ref.13, this

spinorial photon equation is equivalent to the conventional
Maxwell’s equations.

Generalized Dirac equation

The Euler-Lagrange equations for the Dirac field ψ̄ are given
by ∂L/∂ψ̄ − ∂ρ[∂L/∂(∂ρψ̄)] = 0. After some algebra, we
obtain

i~c

2
hµν γ̄Fγ

5
Bγ

ν
Bt

µ ~Dψ −mec
2ψ = 0. (12)

This equation is the generalization of the conventional Dirac
equation of quantum electrodynamics. In the Minkowski met-
ric limit hµν → ηµν , we have ηµνγ

5
Bγ

ν
Bt

µ ~D = 2 ~D. Thus, we

obtain i~cγ̄F
~Dψ−mec

2ψ = 0. This equation is equivalent to
the conventional Dirac equation13.

Conventional electrodynamic gauge theory

To highlight the complete analogy between the present Yang-
Mills gauge theory of gravity and the traditional quantum
field theories, we next briefly present the derivation of the
conventional electrodynamic gauge theory. In analogy to L0

in Eq. (1), we start from the generating Lagrangian density
of quantum electrodynamics, which is the Lagrangian density
of the Dirac field in the absence of the electromagnetic field,
given by

LQED,0 =
i~c

2
ψ̄(γµ

F
~∂µ − ~∂µγ

µ
F)ψ −mec

2ψ̄ψ. (13)

This generating Lagrangian density satisfies the global uni-
tary symmetry U(1). The unitary transformation associated
with this symmetry is, in analogy to Eq. (2), given by

ψ → Ueψ, where Ue = eiθ. (14)

Here θ is the single real-valued symmetry transformation pa-
rameter. To promote the global symmetry of constant θ to a
local symmetry of space-time dependent θ, the partial deriva-
tives in LQED,0 in Eq. (13) are replaced by electromagnetic-
gauge-covariant derivative, given in analogy to Eq. (3) by

~Dµ = ~∂µ + i
qe
~
Aℜµ. (15)

The electromagnetic four-potential Aℜµ is the gauge field.
The electromagnetic-gauge-covariant derivative transforms as
~Dµψ → Ue

~Dµψ. This relation requires that the transfor-
mation of Aℜµ is given by Aℜµ → (UeAℜµ + i~

qe
∂µUe)U

∗
e =

Aℜµ −
~

qe
∂µθ. Using the electromagnetic-gauge-covariant

derivative operator ~Dµ and its adjoint ~Dµ in place of the

partial derivatives ~∂µ and ~∂µ in Eq. (13) makes LQED,0 in-
variant with respect to the local form of the symmetry trans-
formation in Eq. (14). To write the complete electromagnetic-
gauge-invariant Lagrangian density, we must also include an
electromagnetic-gauge-invariant term that depends only on
the gauge field Aℜµ. This can be obtained from the commu-
tator of the electromagnetic-gauge-covariant derivatives. The
relation [ ~Dµ, ~Dν ] =

iqe
~
Fµν can be used to define an antisym-

metric field strength tensor Fµν , in analogy to Eq. (4), as

Fµν = ∂µAℜν − ∂νAℜµ. (16)

The gauge symmetry transformation law for the field strength
tensor Fµν follows from the relations above, and it is given
by Fµν → UeFµνU

∗
e = Fµν . Following the gauge theory

procedure, we obtain an electromagnetic-gauge-invariant La-
grangian density term for the gauge field Aℜµ, given by
Lem = −

1
4µ0

FµνF
µν . The prefactor of Lem has been deter-

mined by comparison of the resulting dynamical equations
of the gauge field to Maxwell’s equations. The complete
electromagnetic-gauge-invariant generalization of LQED,0 in
Eq. (13) is then given, in analogy to Eq. (5), by

LQED =
i~c

2
ψ̄(γµ

F
~Dµ − ~Dµγ

µ
F)ψ −mec

2ψ̄ψ −
1

4µ0

FµνF
µν .

(17)
This is equivalent to Eq. (10). Equations (13)–(17) repre-
sent the gauge theory procedure of quantum electrodynamics
that is completely analogous to the gauge theory procedure
corresponding to Eqs. (1)–(5) of the present work.
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[36] K. Schwarzschild, “Über das Gravitationsfeld eines
Massepunktes nach der Einsteinschen Theorie,” Preuss.

Akad. Wiss. 1, 189 (1916).
[37] R. P. Kerr, “Gravitational field of a spinning mass as

an example of algebraically special metrics,” Phys. Rev.

Lett. 11, 237 (1963).
[38] F. W. Dyson, A. S. Eddington, and C. Davidson, “IX.

A determination of the deflection of light by the sun’s
gravitational field, from observations made at the total
eclipse of may 29, 1919,” Philos. Trans. R. Soc. A 220,
291 (1920).

[39] R. V. Pound and G. A. Rebka, “Gravitational red-shift
in nuclear resonance,” Phys. Rev. Lett. 3, 439 (1959).

[40] G. ’t Hooft, “Renormalization of massless Yang-Mills
fields,” Nucl. Phys. B 33, 173 (1971).

[41] G. ’t Hooft, “Renormalizable Lagrangians for massive
Yang-Mills fields,” Nucl. Phys. B 35, 167 (1971).

Acknowledgements This work has been funded by the
Academy of Finland under Contract No. 349971. Wolfram
Mathematica has been extensively used to verify the equa-
tions of the present work.

Author contributions M.P. presented the idea of the Yang-
Mills gauge theory of gravity, performed the theoretical cal-
culations, and wrote the first draft of the manuscript. J.T.
commented on the manuscript and participated in the inter-
pretation of the results.

Competing interests The authors declare no competing in-
terests.


