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Abstract

We review recent developments in physical implications of Weyl conformal geometry.
The associated Weyl quadratic gravity is a gauge theory of the Weyl group of dilatations
and Poincaré symmetry. Weyl geometry is defined by equivalence classes of the metric
and Weyl gauge field (ωµ), related by Weyl gauge transformations. Weyl geometry can
be seen as a covariantised version of Riemannian geometry with respect to Weyl gauge
symmetry (of dilatations). This Weyl gauge-covariant formulation of Weyl geometry
is metric, which avoids long-held criticisms on the physical relevance of this geome-
try. Weyl quadratic gravity and its geometry have interesting properties: Weyl gauge
symmetry spontaneously broken to Einstein-Hilbert gravity (Riemannian geometry) re-
spectively, with Λ > 0; this is the only true gauge theory of a space-time symmetry i.e.
with a physical Weyl gauge boson and is Weyl-anomaly free; all fields and masses have
geometric origin, with no added scalar compensators; the theory is the leading order of
a Weyl gauge invariant DBI action of conformal geometry that gives a natural analytical
continuation of the former to d dimensions; Weyl anomaly is recovered in the broken
phase; in the limit of vanishing Weyl gauge current, one obtains conformal gravity and
Riemannian geometry; SM has a natural embedding in Weyl conformal geometry with
no new degrees of freedom, with a successful Starobinsky-Higgs inflation. Briefly, Weyl
conformal geometry alone generates a (quantum) gauge theory of gravity, leading to a
unified description by the gauge principle of Einstein-Hilbert gravity and SM.
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1 Motivation and brief history

The search for a unified, ultraviolet (UV) complete quantum theory of Einstein-Hilbert

gravity and Standard Model (SM) largely followed the string theory path. The problem with

alternative approaches might not be quantising gravity, but finding the right underlying 4D

geometry. We thus depart from the common use of Riemannian geometry1 for gravity and

use the gauge symmetry principle [1] that worked so well in SM: the gauged space-time

symmetry we consider dictates the 4D geometry which then dictates the gravity action.

At high energies and in the early Universe all physical states are effectively massless,

which may indicate that the SM and gravity can both be part of a theory with some form of

scale symmetry2: global, local or gauged, where all mass scales, including the Planck scale,

are generated spontaneously by vacuum expectation values of some scalar fields e.g. [8–13].

Given the great success of gauge symmetries, to describe gravity one usually gauges the

full conformal group [14]. One obtains conformal gravity [15] with an action
√
g C2

µνρσ , where

Cµνρσ is the Weyl tensor. Strictly speaking this is not a true gauge theory of this space-time

symmetry since it has no associated physical gauge boson, because the action may not have

dynamical gauge bosons of special conformal and of gauged dilatation symmetries of the

conformal group [14] (adding supersymmetry on top, leading to superconformal gravity [16],

cannot change this situation; this can raise questions at fundamental level about such theory,

on its link to heterotic string, etc). The underlying 4D geometry is then Weyl integrable

geometry [14] conformal to Riemannian geometry, so there is no real change of geometry.

In this work we actually seek a true gauge theory of a space-time symmetry i.e. with

a dynamical (physical) gauge boson, in which to embed both SM and Einstein gravity.

Then the only option is to restrict the full conformal group and study the gauge theory

of the smaller Weyl group of dilatations times Poincaré symmetry3 [17]. In such case

the associated Weyl gauge boson of dilatations is indeed dynamical and there is a (non-

trivial) conserved Weyl current Jµ of this symmetry. The underlying geometry is then Weyl

conformal geometry (see shortly) introduced by Weyl a century ago [18–20]. The gauge

symmetry principle thus requires a departure from Riemannian geometry-based gravity.

The associated action is the Weyl gauge theory of quadratic gravity or “Weyl quadratic

gravity”4 studied here.

Since gravity “is” geometry, for an action with Weyl gauge symmetry (of dilatations)

the underlying geometry i.e. its connection is expected to have the (space-time) symmetry

of the action. In a particular formulation of Weyl geometry discussed below, the Weyl

1In an abuse of language by this we actually mean pseudo-Riemannian geometry throughout this work.
2Nature points us to a self-organising principle with a (discrete) scale symmetry known as self-similarity

or self-affinity, that exists from microscopic to astronomic scales. This means that an affine transformation
[2] that scales up a small region of the system recovers a structure resembling the whole system. Some
examples: the brain neurons network; snowflake structure (Koch curve) [3]; the (fractal) Brownian motion;
in collective systems [4]; clustering of stars and galaxies structure formation [5]. These have self-repeating
patterns at all scales with new structure revealed - this brings us to complex systems and fractals geometry
[6]. For a fractal (non-differentiable) geometry of the space-time itself connections to fundamental physics
can emerge [7] in the attempt to “unify” large and small scale physics. Here we go beyond such (discrete)
symmetry and study its continuous version in differentiable 4D space-time geometry.

3Let us also add here the remaining possibility of gauging the Poincaré group only, but this brings an
infinite series of higher derivative terms and a host of complications for which we see little motivation.

4Misleadingly, an action given by Weyl tensor-squared is at times called Weyl gravity but this is a gross
simplification; Weyl’s original theory called here Weyl quadratic gravity is so much more than that [18–20].
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connection does have this symmetry. This is why Weyl geometry is the right framework for

our study! The Riemannian geometry is not suitable since its Levi-Civita connection does

not have this symmetry. One could actually insist of using the Riemannian picture or a

general affine geometry to implement the gauged scale symmetry in an action, by using the

“standard” tangent space formulation, uplifted to space-time by the vielbein; however, the

formalism becomes less transparent because one is loosing manifest Weyl gauge covariance

or introduce torsion [21], etc. To understand why this happens and for an intuitive picture,

we notice that in gauge theories language Weyl geometry can be regarded as a covariantised

version of Riemannian geometry (derivative of the metric, connections) with respect to the

gauged dilatation symmetry. Moreover, in this Weyl gauge covariant formulation [22] Weyl

geometry becomes metric i.e. ∇̂µgαβ=0; this is another important (overlooked) advantage,

since then one does not need to go to a (metric) Riemannian picture to do classical or

quantum calculations like Weyl anomaly.

In the limit the Weyl gauge current of the theory is trivial Jµ=0, Weyl quadratic gravity

reduces to the earlier mentioned conformal gravity based on Weyl integrable geometry plus

a Weyl-invariantly coupled dilaton of geometric origin, that generates the Planck scale.

A touch of history is in place here to complete the picture. While conformal geometry

is a brilliant construction of Weyl’s genius, its original physical interpretation as a unified

theory of gravity plus electromagnetism failed - it was later understood that electromag-

netism corresponds to an internal symmetry of the action, not to the space-time symmetry

(dilatation) of Weyl geometry. Hence, the Weyl gauge boson of dilatations ωµ is not the

real photon as Weyl initially thought, but a vector field that together with the metric make

Weyl geometry a vector-tensor gauge theory of gravity, called here Weyl quadratic gravity.

But a century ago Einstein had a different argument against any physical relevance of

Weyl geometry as a theory of gravity [19]. He considered that the non-metricity of this

geometry by which we mean a non-zero ∇̃µgαβ 6= 0, makes it unphysical. The argument

was that due to this non-metricity, under parallel transport of a vector, its length and in

particular the distance between the spectral lines of an atom, become path-history depen-

dent. This contradicts all experimental evidence (second clock effect) [19]. This view was

independent of whether ωµ was or not the real photon. This argument, due to a non-zero

∇̃µgαβ lasted a century and outlived the attempts to reconsider Weyl quadratic gravity as

a physical theory of gravity. For a review of such attempts and early references see [23].

It is time that this century-old view be forgotten because the original argument of

Einstein does not apply to a gauge theory as here. Contrary to this long-held view, in Weyl

geometry the length (norm) of the vector (or clock rate) invariant in the tangent space,

remains invariant under the parallel transport along a curve in space-time and so there

is no path-history dependence provided that Weyl gauge-covariance is respected [24], [25]

(Appendix B), something actually required in a gauge theory! Intuitively, this result can be

seen as follows: manifest Weyl gauge covariance renders Weyl geometry metric with respect

to the (new) Weyl gauge covariant derivative ∇̂, so ∇̂µgαβ=0, see also [21,22].

Moreover, Einstein’s argument implicitly assumes a massless Weyl gauge boson (ωµ),

which is not true: ωµ becomes massive by a Stueckelberg mechanism [26, 27] and thus can

decouple, to recover Riemannian geometry and Einstein-Hilbert gravity. Then any non-

metricity effects that one could still claim are anyway suppressed by the mass of ωµ which

is proportional to the Planck scale (but can actually be much lighter, few TeV!) As a side-
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remark, note that this mass like all masses of the theory (Mp, Λ, etc) has a geometric origin

[25] since it is due to a scalar mode propagated by an R̂2 term in the action - hence no

scalar fields, compensators, etc are added to this purpose. Regarding the symmetric phase

of the Weyl gauge theory of dilatations, a mass term is forbidden in the action. Without a

mass, there is no clock rate and without a clock rate there is no second clock effect!

The main reason why Weyl conformal geometry can be the underlying geometry of a

quantum gravity theory is that the gauged dilatations symmetry of Weyl quadratic gravity is

manifestly maintained at the quantum level, i.e. it is anomaly-free [22]. This is required for

a consistent (quantum) gauge theory of this symmetry. Recall that in Riemannian geometry

we have the famous Weyl anomaly [28–32]. The absence of this anomaly here is partly due to

the Weyl gauge covariance in d dimensions of both the Weyl and Euler terms in the action5 -

this is not true for the Euler term in the Riemannian case and this is where Weyl geometry

differs. Weyl anomaly is recovered in the (Stueckelberg) broken phase of Weyl-geometry

based action after the “dilaton” (actually the would-be Goldstone of gauged dilatations) is

eaten by ωµ and decouples (together with massive ωµ), and then Weyl geometry (connection)

becomes Riemannian. The absence of anomaly in a Weyl conformal geometry-based action

is also due to the additional dynamical degree of freedom (dof) compared to the broken

(Riemannian) phase. Weyl anomaly in the Riemannian geometry-based gravity signals the

absence of this dof (if it is added to a conformal gravity action to enable conformal symmetry

in d dimensions, one can obtain an anomaly-free quantum conformal gravity [13]).

Interestingly, the Weyl quadratic gravity action is a leading order expansion of an ana-

logue of Dirac-Born-Infeld (DBI) action [33–36] associated to Weyl conformal geometry,

that is itself a Weyl gauge invariant theory. It is important to note that the Weyl-DBI

action in d dimensions gives a natural regularisation of Weyl quadratic gravity that is Weyl

gauge invariant and was used in the above study of Weyl anomaly. The Weyl-DBI action

also captures some (non-polynomial) quantum corrections present in quadratic gravity. This

connection of Weyl quadratic gravity to a DBI-like action may also be important for a link

to string theory, since a DBI action under appropriate assumptions is related to the low

energy effective action of a Dp-brane.

What happens when we add matter in the theory? Since the SM with a vanishing

Higgs mass parameter is scale invariant, it has a natural, minimal embedding in Weyl

geometry with no new degrees of freedom needed [27]. From the SM spectrum, only the

Higgs field (σ) acquires tree-level couplings to ωµ, with possibly interesting phenomenology;

for example, for a light ωµ, the annihilation σ + σ → ωµ + ωµ leads to missing energy

and local Weyl scalar curvature change, which is intriguing. Successful Starobinsky-Higgs

inflation is possible [37–39] being just a gauged version of Starobinsky inflation [40]. Good

fits for the galaxies rotation curves seem possible [41] with ωµ as a candidate for dark matter

(implying in a sense a geometric solution to this problem); black hole solutions were studied

in [42]. Finally, the presence of the Weyl vector in this geometry may be needed for the

geodesic completeness [43,44], with implications for Big-Bang and black-hole singularities.

Briefly, given its symmetry, Weyl conformal geometry alone generates a (quantum) gauge

theory of gravity, that also underlies a unified description by the gauge principle of Einstein-

Hilbert gravity and Standard Model.

5This enables a Weyl gauge invariant regularisation of their contribution.
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2 Weyl geometry: the gauge theory behind gravity & SM

2.1 Weyl geometry: a metric gauge theory with manifest Weyl covariance

In this section we review conformal geometry and its associated quadratic gravity action

which is a gauge theory of dilatations with manifest Weyl gauge covariance, following [22].

Weyl conformal geometry generalises the notion of scale symmetry, to a gauged version

of it. More exactly, Weyl geometry is defined by classes of equivalence (gαβ , ωµ) of the

metric gαβ and the Weyl gauge boson of dilatations ωµ. These classes are related by the

Weyl gauge transformation shown below in general d = 4 − 2ǫ dimensions, in the absence

(a) and the presence (b) of scalars φ and fermions ψ:

(a) g′µν = Σq gµν , ω′
µ = ωµ −

1

α
∂µ lnΣ,

√
g′ = Σq d/2

√
g, g′ µν = Σ−q gµν ,

(b) φ′ = Σqφφ, ψ′ = Σqψ ψ, qφ = −q
4
(d− 2); qψ = −q

4
(d− 1).

(1)

with Σ = Σ(x). Conventions for q vary: q = 1 [26, 45] or q = 2 [48], etc. If q = 2, then for

d = 4 one has qφ = −1, qψ = −3/2 i.e. the inverse mass dimensions of φ and ψ. But such

normalization of an Abelian charge is a choice, hence we keep q arbitrary. We also work in

d dimensions, since this is required later for the Weyl anomaly.

Eq.(1) defines theWeyl gauge symmetry or gauged dilatations symmetry. Weyl geometry

can thus be seen as a gauge theory of dilatations6. Note the difference from the so-called

(local) ‘Weyl symmetry’ where there is no gauge field in (1) (ωµ=0 or is ‘pure gauge’).

By definition Weyl geometry is non-metric which means ∇̃µgνρ 6= 0, with:

(∇̃λ + α q ωλ)gµν = 0, where ∇̃λgµν = ∂λgµν − Γ̃ρλµgρν − Γ̃ρλνgρµ. (2)

Since

∇̃λ

∣∣∣
∂λ→∂λ+α q ωλ

gµν = 0, (3)

the Weyl geometry connection Γ̃ρµν , assumed symmetric in the lower indices, is then

Γ̃ρµν = Γρµν

∣∣∣
∂µ→∂λ+α q ωλ

= Γρµν + α′
[
δρµ ων + δρν ωµ − gµν ω

ρ
]
, α′ ≡ α q/2. (4)

with Γρµν the Levi-Civita (LC) connection of Riemannian case. Solution (4) was found by a

“covariantisation” of the derivative of the metric: ∂λgµν → (∂λ+α qωλ)gµν , (q= the charge

of gµν) with respect to gauged dilatations symmetry7, applied to Γλµν . Here

Γρµν = (1/2) gρλ(∂µgνλ + ∂νgµλ − ∂λgµν). (5)

6This statement is more rigorously explained elsewhere using the standard, tangent space formulation of
the gauged dilatations symmetry, uplifted to space-time by using the vielbein [21].

7Note there is no complex “i” factor in the derivative.

5



In other words, Weyl geometry defined by gµν and Γ̃λµν(g, ωµ) can be seen as a covariantised

version of Riemannian geometry (defined by gµν , with Γλµν(g)), with respect to the gauged

dilatations symmetry. Note that unlike the LC connection, Γ̃ is invariant under (1).

In what we call below the “non-metric formulation” of Weyl geometry, common in the

literature, the Riemann curvature tensor (hereafter Weyl-Riemann tensor) has a structure

similar to that in Riemannian geometry but in terms of Γ̃ρµν :

R̃λµνσ = ∂ν Γ̃
λ
µσ − ∂σΓ̃

λ
µν + Γ̃λνρ Γ̃

ρ
µσ − Γ̃λσρ Γ̃

ρ
µν . (6)

= Rλµνσ + α′
{
δλσ∇νωµ − δλν∇σωµ − gµσ∇νω

λ + gµν∇σω
λ + δλµ Fνσ

}

+ α′2
{
ω2(δλσ gµν − δλν gµσ) + ωλ (ωνgσµ − ωσgµν) + ωµ (ωσδ

λ
ν − ων δ

λ
σ)
}

(7)

where Rλµνσ is the Riemannian counterpart and Fνσ = ∇̃νωσ−∇̃σων = ∂νωσ−∂σων . In (7)

we used relation (4). Notice in the rhs the term δλµFνσ which seems out of place (see later).

Then the Ricci tensor R̃µν ≡ R̃ρµρν (Weyl-Ricci) and Weyl scalar R̃ of Weyl geometry are

R̃µν = Rµν + α′
[d
2
Fµν − (d− 2)∇(µων) − gµν∇λω

λ
]
+ α′ 2(d− 2)(ωµων − gµνωλω

λ), (8)

R̃ = gµνR̃µν = R− 2(d− 1)α′ ∇µω
µ − (d− 1)(d − 2)α′ 2 ωµω

µ, (9)

Here Rµν , R denote the Ricci tensor and scalar in the Riemannian case; ∇ is the Riemannian

geometry derivative∇µων = (∂µων−Γρµνωρ) and we denoted∇(µων) ≡ (1/2) (∇µων+∇νωµ).

Given the invariance of Γ̃ under (1), the Weyl-Riemann and Weyl-Ricci tensors are also

invariant while the Weyl scalar R̂ is covariant (due to gµν in its formula):

R̃′µ
νρσ = R̃µνρσ, R̃′

µν = R̃µν , R̃′ = Σ−qR̃, F̃ ′
µν = F̃µν . (10)

Note that in Riemannian case these terms are neither invariant nor covariant under (1).

With the above formulae one can write the most general action in Weyl geometry that

is Weyl gauge invariant. This action contains the following independent terms written by

Weyl more than a century ago [19] in an equivalent basis of operators

S =

∫
d4x

√
g
{
a0R̃

2 + b0F̃
2
µν + c0C̃

2
µνρσ + d0 G̃

}
, (11)

with some dimensionless couplings a0, b0, c0, d0. G̃ is the Chern-Euler-Gauss-Bonnet term

(hereafter Euler term) of Weyl geometry which is a total derivative in d = 4. C̃µνρσ is the

Weyl tensor associated to Weyl-Riemann tensor R̃µνρσ and its expression can be found in

eq.(23) in [22], while the expression of G̃ is found in eq.(A-14) in [22]. Each term in the

action is separately Weyl gauge invariant, as one can easily check.

This is the most general action that can be used for a gravity theory based on Weyl ge-

ometry. The are no higher dimensional terms here, since there is no mass scale in the action

to suppress them. One can consider adding non-polynomial terms such as (C̃2
µνρσ)

2/R̃2, but

these have a non-perturbative structure. One can then proceed to analyse this theory.
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However, as already remarked, Weyl geometry has a gauged dilatations symmetry (1),

hence we would like a formulation of this geometry with manifest Weyl gauge-covariance,

as in any gauge theory. But a derivative like ∇̃µR̃ is not Weyl gauge-covariant under (1).

So we must upgrade to a different, Weyl gauge-covariant “basis” of differential operators.

To do so, notice that (∇̃λ+α q ωλ)gµν = 0 where q is the charge of the metric: this suggests

that for any given tensor T of charge qT , in particular gµν , with T ′ = ΣqTT one should

define a new differential operator ∇̂µ to replace ∇̃µ:

∇̂µT = ∇̃µ

∣∣∣
∂µ→∂µ+α qT ωµ

T ≡ (∇̃µ + α qT ωµ)T ⇒ ∇̂′
µT

′ = ΣqT ∇̂µT. (12)

Hence, ∇̂µ transforms covariantly under (1), as seen by using that Γ̃ is invariant. Eq.(12)

simply introduces a Weyl gauge covariant ∇̂µ by a “covariantisation” of the partial derivative

in ∇̃µ: ∂µ → ∂µ+α×charge×ωµ. The theory is also metric with respect to the new operator

∇̂µ, since

∇̂µgαβ = 0. (13)

One can then proceed and define new Weyl-Riemann and Weyl-Ricci tensors by using

the new operator ∇̂µ in the commutator that defines the Weyl-Riemann tensor [21], as in

[∇̂µ, ∇̂ν ]v
ρ = R̂ρσµνv

σ (14)

where vρ is a vector of vanishing Weyl charge on the tangent space [21]. Physically, using

invariant vectors on the tangent space to define R̂ρσµν is the most natural choice. The same

result for the new curvature tensors (with a hat) is also obtained by simply re-defining R̃µνρσ
and R̃νσ as below [22,46]

R̂µνρσ = R̃µνρσ − α′ gµν F̂ρσ , R̂νσ = R̃νσ − α′ F̂νσ, R̂ = R̃. (15)

The term subtracted above is the “odd” term δλµFνσ in (7). Here F̂µν = ∇̂µων − ∇̂νωµ =

∂µων − ∂νωµ = Fµν . Note also that R̂µν − R̂νµ = α′ (d − 2)Fµν , used later. With (6), (8)

one immediately writes the tensor/scalar curvatures in hat basis in terms of their Rieman-

nian version. From (15) the Weyl tensor due to R̂µνρσ and the Euler term become [22]

(Section 3.1) in d dimensions:

Ĉµνρσ = Cµνρσ, Ĝ = R̂µνρσR̂
ρσµν − 4R̂µνR̂

νµ + R̂2. (16)

Hence the Weyl tensor Ĉλµνρ is identical to that in Riemannian case, while Ĝ is the Euler

term G̃ written in this covariant “basis”. Note the position of the summation indices.

In the ‘hat’ formulation we now have Weyl gauge covariance in d dimensions under (1)

X ′ = Σ−2 qX, X = R̂2
µνρσ, R̂

2
µν , R̂

2, Ĉ2
µνρσ , Ĝ, F̂

2
µν . (17)

∇̂′
µR̂

′ = Σ−q ∇̂µR̂, ∇̂′
µ∇̂′µR̂′ = Σ−2 q ∇̂µ∇̂µR̂, ∇̂′

ρR̂
′
µν = ∇̂ρR̂µν , etc. (18)

Hence both the curvature tensors/scalar and their derivatives ∇̂µ transform covariantly,

7



unlike in the non-metric formulation using ∇̃µ. We now have a metric, Weyl gauge covariant

formulation (wrt ∇̂µ) of Weyl geometry that replaced the non-metric formulation of ∇̃µ.

Notice that the covariant transformations (17), (18) are in d dimensions, which is im-

portant at the quantum level. In particular, the Euler term Ĝ is Weyl gauge covariant in

arbitrary d dimensions, just like Ĉ2
µνρσ. This is relevant when we discuss Weyl anomaly in

conformal geometry, which requires a regularisation in d dimensions and where Weyl gauge

covariance is used; this property of Ĝ is specific to Weyl conformal geometry. The situation

is different from Riemannian geometry where the Euler term in d dimensions transforms in

a complicated way, with implications for Weyl anomaly.

For later reference, we show two relations in the “hat” formulation. We have [22]

Ĉ2
µνρσ = R̂µνρσR̂

ρσµν − 4

d− 2
R̂µνR̂

νµ +
2

(d− 1)(d− 2)
R̂2. (19)

With second equation in (16) we eliminate the Riemann term from (19), to find

R̂µνR̂
νµ =

d− 2

4 (d − 3)

(
Ĉ2
µνρσ − Ĝ

)
+

d

4 (d− 1)
R̂2. (20)

These two relations extend to Weyl geometry identical relations in Riemannian geometry.

In the new, Weyl gauge covariant formulation, the most general action in Weyl conformal

geometry is quadratic in curvatures (as in a gauge theory) and is given by

Sw =

∫
d4x

√
g
{
a0R̂

2 + b0F̂
2
µν + c0Ĉ

2
µνρσ + d0 Ĝ

}
. (21)

Each term in Sw is separately invariant under (1) for d = 4. Action Sw is identical

to that in the non-metric formulation eq.(11), up to a redefinition of b0. This is seen as

follows: R̂ = R̃, F̂µν = F̃µν and Ĝ and G̃ are total derivatives. The only difference is that

C̃2
µνρσ = C2

µνρσ + 3κF 2
µν where κ is a numerical coefficient [22]. Hence, a redefinition of b0

shows that the two actions and formulations are equivalent. One can then work either in

the non-metric formulation (of ∇̃) or in the metric Weyl gauge-covariant one (of ∇̂) [21].

Action (21) is the most general one can write in Weyl geometry because any higher

dimensional terms are forbidden since there is no mass scale in the theory to suppress them,

or are of non-perturbative nature, as already mentioned, see discussion after eq.(11).

In action (21), the Weyl gauge covariance of each term enables us to keep Weyl gauge

symmetry in d = 4− 2ǫ dimensions too, by a natural “geometric” analytical continuation

Sw =

∫
ddx

√
g
{
a0R̂

2 + b0F̂
2
µν + c0Ĉ

2
µνρσ + d0 Ĝ

}
(R̂2)(d−4)/4. (22)

This regularisation implicitly assumes R̂ 6= 0, which is verified a-posteriori [22], see later.

Quantum calculations can now be done in this manifestly Weyl gauge covariant and metric

formulation. A regularisation by a (fixed) scale µ, as in standard DR scheme, would break

8



the Weyl gauge symmetry of the theory and, in the above context of such a convenient and

natural regulator like ∼ R̂ǫ that preserves the symmetry, it would also look out of place.

To summarize: the “hat” formulation for Weyl geometry is very important: it enables

manifest Weyl gauge covariance of the action, of geometric operators and their derivatives -

this was obtained by a covariantisation of ∂ in ∇̃ when acting on such operators (leading to

∇̂). In particular, the Weyl connection eq.(4) is also a “covariantised” version of Levi-Civita

connection of Riemannian geometry, with respect to the gauged scale symmetry. Another

important aspect is that with respect to the new ∇̂ we have now a metric formulation. This

enables us to do all calculations in Weyl geometry [22]. Thus, we do not have to express

the Weyl action in the (metric) Riemannian geometry notation, required when working in

the non-metric formulation of Weyl geometry.

Briefly, there exists a manifestly Weyl gauge-covariant metric formulation of Weyl ge-

ometry that has an associated quadratic gravity which is a gauge theory of the Weyl group

in d dimensions.

2.2 Tangent space formulation of Weyl gauge symmetry has torsion

In addition to the above two formulations of Weyl geometry, there exists a third equivalent

formulation. Let us detail. For a better understanding, in [21] (section 2.3) we used the

standard tangent space-time approach to construct a gauge theory of the Weyl group (of

dilatations and Poincaré symmetry), uplifted to curved space-time by the vielbein, see

e.g. [16]. The results show that the corresponding gauge connection Γ
′ρ
µν obtained in such

approach relates to Γ̃ρµν of (4) by a projective transformation:

Γ̃ρµν = Γ
′ρ
µν + α′ δρµ ων . (23)

As a result, one can check that this formulation is metric but the initial vectorial non-

metricity (of ∇̃) is replaced by vectorial torsion given by Γ
′ρ
µν − Γ

′ρ
νµ 6= 0, since unlike Γ̃ρµν ,

Γ
′ρ
µν is not symmetric. The corresponding Riemann tensor defined as in (6) but with Γ̃ρµν

replaced by Γ
′ρ
µν ,

R
′λ
µνσ = ∂νΓ

′λ
µσ − ∂σΓ

′λ
µν + Γ̃

′λ
νρ Γ

′ρ
µσ − Γ̃

′λ
σρ Γ

′ρ
µν . (24)

is identical to that in the Weyl-covariant (“hat”) formulation, eqs.(14), (15), so R
′λ
µνσ =

R̂λµνσ and then the action it leads to is identical to (21). This gives a third, equivalent

formulation (metric, but with vectorial torsion) of Weyl geometry, but manifest Weyl gauge

covariance of the new derivatives (defined by Γ
′ρ
µν) is now lost. This equivalence also shows

that in Weyl geometry one cannot distinguish between vectorial non-metricity and vectorial

torsion8 and all three formulations are equally good. Since we are interested in the metric

Weyl-covariant formulation, we do not detail further this third formulation and refer the

reader to [21,47].

8The equivalence vectorial torsion vs vectorial non-metricity formulation fails in general, beyond Weyl
geometry, since non-metricity and torsion tensors have different degrees of freedom and physical meaning;
only their vector component under so(4) decomposition can be seen as either torsion or non-metricity [21]
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2.3 Weyl gauge symmetry breaking: from Weyl to Einstein-Hilbert

The Weyl quadratic action in (21) is an Abelian gauge theory of dilatations in the absence

of matter. In this section we review how Einstein-Hilbert gravity is recovered from this

action after a spontaneous breaking of its Weyl gauge symmetry, by following [26], [27].

Consider action (21) with some perturbative values for its couplings, as below. Then

Sw =

∫
d4x

√
g
[ 1

4!

1

ξ2
R̂2 − 1

4
F̂ 2
µν −

1

η2
Ĉ 2
µνρσ + d0 Ĝ

]
, (25)

with couplings ξ, η, α ≤ 1. We ignore for now the last term Ĝ which is topological (total

derivative in d = 4) but becomes relevant when we discuss Weyl anomaly.

In Sw replace R̂2 → −2φ2R̂−φ4 with φ a scalar field. This step gives a new Sw classically

equivalent to (25): indeed, by using the solution φ2 = −R̂, (R̂ < 0) of the equation of motion

of φ in the new Sw, one recovers initial action (25). Then using (9), (15), (16) for d = 4

and some re-arrangement, the action becomes in the Riemannian notation [26,27]

Sw=

∫
d4x

√
g
{−1

2ξ2

[1
6
φ2R+(∂µφ)

2−αq
2

∇µ(ω
µφ2)

]
− φ4

4! ξ2
+
α2q2

8 ξ2
φ2

[
ωµ−

1

αq
∂µ lnφ

2
]2

− 1

4
F 2
µν − 1

η2
C2
µνρσ

}
, (26)

Every bracket with coefficient ∝ 1/ξ2 and each of the remaining terms (multiplied by
√
g)

are invariant under (1). Next, let us apply a specific form of transformation (1) that is scale-

dependent Σ = φ2/〈φ2〉; this is simply fixing φ to its vev, assumed to exist and generated

e.g. at quantum level. Naively, one simply sets φ → 〈φ〉 in the action. In terms of the

transformed fields

Sw =

∫
d4x

√
g′
[
− 1

2
M2
p R

′ +
1

2
m2
ωω

′
µω

′µ − ΛM2
p − 1

4
F

′2
µν −

1

η2
C2
µνρσ

]
, (27)

with the notation

Λ ≡ 1

4
〈φ〉2, M2

p ≡ 〈φ2〉
6 ξ2

, m2
ω ≡ 3

2
α2 q2M2

p , (28)

and where we identified Mp with the Planck scale and Λ with the cosmological constant.

Note the mass of ωµ depends on the Weyl charge normalization of the metric!

Eq.(27) is the Einstein gauge (“frame”) and the unitary, physical gauge of the Weyl gauge

invariant action (26). By a Stueckelberg mechanism [49], ωµ has become a massive Proca

field, by “eating” in (27) the derivative ∂µ lnφ of the Stueckelberg field lnφ [26]. Indeed, lnφ

transforms with a shift under (1) hence it plays the role of the would-be-Goldstone of this

symmetry (or “dilaton”). Note that the number of degrees of freedom (dof) is conserved

(as it should), since transformation (1) cannot change the dof number: indeed, in addition

to the graviton, the real massless φ (dof=1) and massless ωµ (dof=2) were replaced by a

massive Weyl-Proca field ωµ (dof=3) of mass mω in eq.(27).

10



The Einstein-Proca action in (27) is a broken phase of Weyl’s original gauge theory of

gravity (25). With ωµ massive, it decouples from (27) and below mω the Einstein-Hilbert

action is found as a ‘low-energy’ effective theory of Weyl’s theory [26]. Hence, Einstein

gravity appears to be the “Einstein gauge”-fixed version of the Weyl action. However,

the breaking is much more profound and is not the result of a simple ‘gauge choice’: it is

accompanied by a Stueckelberg mechanism and by a transition from Weyl to Riemannian

geometry: indeed, when massive ωµ decouples then Weyl connection Γ̃ is replaced by Levi-

Civita connection:

ωµ → 0, Γ̃λµν → Γλµν , (29)

and hence Weyl geometry becomes Riemannian. Therefore, the breaking of Weyl gauge

symmetry and subsequent decoupling of massive ωµ has a geometric interpretation: it is a

transition from Weyl conformal geometry to Riemannian geometry!

In the light of the above, mass scales generation that accompanies this spontaneous

breaking is ultimately a geometric effect: the cosmological constant (Λ), Planck scale Mp

andmω are all generated by same φ, which has a geometric origin in the R̂2 term. Thus mass

scales Λ, mω andMp have a geometric origin - no matter fields or Weyl scalar compensators,

etc, were considered so far!

The mass mω of ωµ depends on the Weyl gauge symmetry coupling α, which is not

constrained. In principle α ∼ O(1), in which case mω is close to the Planck scale, mω ∼Mp.

Then the Weyl boson decouples near this scale. But one can have α≪ 1, in which case

mω≪Mp, for example mω ∼ few TeV! Currently the only lower experimental bound on mω

is ∼ 1 TeV found in [50] from a process of Bhabha scattering mediated by ωµ. The problem

with this bound is that it assumes an interaction of fermions with ωµ which does not exist

in our case of Weyl conformal geometry: while fermions are charged under the Weyl gauge

group, see (1), they have no tree-level coupling to ωµ! (see later and [27, 48]). Hence, this

bound can be even lower than 1 TeV, which is interesting for phenomenology and should

be explored further. Therefore, an ultraweak Weyl gauge coupling α≪ 1 is possible.

Further, since the Planck scale Mp is related to Λ, the latter cannot vanish - in fact

Λ > 0. WithMp fixed, the cosmological constant Λ is then small because gravity is ultraweak

(ξ ≪ 1) as seen from

Λ

M2
p

=
3

2
ξ2. (30)

This suggests a possible connection UV versus IR physics, represented by Mp and Λ scales,

respectively. For 〈φ〉 → 0 then Λ,Mp → 0 and Weyl gauge symmetry is restored and Λ is

protected by this symmetry. This limit is rather formal, since we linearised the quadratic

action in (25) with φ2 = −R̂ which implicitly assumes that φ is non-zero (note that for a

Friedmann-Lemâıtre-Robertson-Walker universe we have R̂ = −12H2
0 < 0 and Λ = 3H2

0 ).

To conclude, Weyl quadratic gravity eqs.(21), (22), (25) is more fundamental than the

Einstein-Proca action (27) which is only its “low-energy” effective theory limit, a broken

phase in the unitary gauge of the gauged dilatation symmetry (this is similar to the unitary

gauge of U(1)Y of SM). When the massive Weyl gauge boson decouples, the geometry

becomes Riemannian and Einstein gravity is recovered. The scale at which ωµ decouples

11



is not fixed however by the theory - it depends on the Weyl gauge coupling α which, as a

gravitational coupling, can be ultraweak. This picture is entirely geometrical [25] since we

did not yet include matter fields, and all mass scales have a geometric origin. These results

suggest that the underlying geometry of our Universe is actually Weyl conformal geometry

rather than Riemannian.

2.4 Who is afraid of non-metricity?

If Einstein-Hilbert gravity is the low energy broken phase of Weyl gauge theory of quadratic

gravity, what about the long-held criticism of Einstein that the non-metricity of the under-

lying Weyl geometry makes this theory unphysical [19]? Let us then review the effect of

non-metricity in Weyl geometry to show that this long-held criticism is avoided.

By definition, non-metricity of Weyl geometry means that

∇̃µgαβ 6= 0. (31)

where ∇̃ is the derivative operator of Weyl geometry (determined by Γ̃), see eq.(2).

The traditional, long-held view is that due to this relation, in Weyl geometry, under

parallel transport, vectors change not only direction (as in the Riemannian case) but also

their norm; therefore, their norm and clock rates, too, depend on the path history of these

vectors (second-clock effect). In particular, the distance between the atomic spectral lines of

some parallel transported atoms would be path-dependent, in contrast with the experiment.

Thus theories based on Weyl geometry would be unphysical. This is the original argument

of Einstein [19] and applies regardless of the fact that ωµ is not the real photon (as Weyl

had initially thought). This long-held view is missing two aspects:

a) firstly, the norm of a vector uµ invariant in the tangent space does not change under

parallel transport in Weyl geometry if this transport is correctly realised i.e. it preserves

the Weyl gauge covariance of the theory, as it should in a gauge theory.

b) secondly, the second clock effect demands the presence of a mass scale in the action,

but there is no mass scale in the symmetric phase of the theory, while in the broken phase

the effect is suppressed by mω [26]. Let us detail a) and b).

Regarding a) above, as discussed elsewhere [25] (Appendix B) and [24], the norm of a

vector that is invariant in the tangent space (in order to be physical) i.e. has a vanishing

Weyl charge, does remain invariant under parallel transport along a curve γ(τ). To see this,

consider a vector uµ with Weyl charge zu/2, hence it transforms as

u′µ = Σzu/2 uµ. (32)

Under parallel transport that preserves Weyl covariance, as demanded in a gauge theory in

order to be physical, we have

Duµ

dτ
= 0, Duµ ≡ dxλ∇̃λu

µ
∣∣∣
∂λ→∂λ+(zu/2)αωλ

= dxλ∇̂λu
µ, (33)

where ∇̃λu
µ = ∂λu

µ + Γ̃µλρu
ρ and where ∇̂λu

ν is indeed Weyl covariant under Weyl gauge

transformation (1) as one can easily see by using that Γ̃ is Weyl gauge invariant. From (33)

12



the differential variation of the vector duµ ≡ dxλ ∂λu
µ is then

duµ = −dxλ
[
(1/2)zu αωλ u

µ + Γ̃µλρ u
ρ]. (34)

With (∇̃λ+α q ωλ)gµν = 0 one finds from (34) the change of the norm d|uµ|2 = d(uµuνgµν),

with solution

|u|2 = |u0|2 e−α(q+zu)
∫
γ
ωλdx

λ

. (35)

Now the tangent space vector ua = eaµ u
µ has Weyl charge equal to q/2 + zu/2, being

given by the sum of charges of eaµ which is q/2 (half of that of gµν) and of uµ (zu/2). Then if

ua of the tangent plane is invariant, i.e. has Weyl charge zero, (q+zu)/2 = 0, then from (35)

the norm of |uµ| = |u0| is thus invariant under parallel transport. This result can also be

seen from an equivalent formulation which is metric but has torsion [21]. The mathematics

is identical but in this case vectorial non-metricity is interpreted as vectorial torsion!

Therefore, the norm of a vector is invariant and does not depend on the path history,

contrary to the long-held view, if one respects the Weyl gauge-covariance. To conclude,

although Weyl geometry is non-metric ∇̃µgαβ 6= 0, the norm of vectors (and clock rates) do

not change under parallel transport!9.

Regarding b) above, to have a second clock effect one needs a clock rate and this requires

in turn the presence of a mass term in the Lagrangian of the theory. In the absence of a

mass scale there is no clock rate and thus, there is no second-clock effect! One can define

a clock rate by the Hawking radiation, but that requires the presence of a black hole of

some mass, so we need again a mass scale in the action. In the Weyl gauge invariant phase

eq.(21), (25), the Lagrangian has no mass scale, then a clock rate cannot be defined; thus

one cannot have a second clock effect in the symmetric phase10.

In the broken phase of Weyl gauge symmetry of the action, we saw that the gauge field

ωµ becomes massive and thus it decouples below mω leaving behind a broken phase of the

theory in which one recovers Einstein gravity and the (metric) Riemannian geometry. Now

there is also a clock rate in the theory. Any possible non-metricity effects that one would

still claim, such as second clock effect, will then be suppressed by the mass of ωµ [26]. With

a), b) above, we conclude that the mentioned criticism does not apply to Weyl conformal

geometry and its quadratic gravity action.

2.5 The limit of vanishing Weyl current is conformal gravity

Weyl quadratic gravity has a conserved current. From (26) by applying Riemannian ∇µ to

the equation of motion of ωµ one finds in d = 4 [26,27]

Jµ = −α q

2ξ2
φ (∂µ + α qφ ωµ)φ, ∇µJ

µ=0, (qφ = −q/2). (36)

Consider the limit this current vanishes which happens for ωµ = 2/(α q) ∂µ lnφ. This

9Given this result, the term “non-metric” Weyl geometry is a misnomer and it strictly means ∇̃µgαβ 6= 0.
10In [24] an additional scalar field compensator field was introduced in this phase, but we see no need for

this step - the clock rate is defined by a mass generated in the broken phase (without adding any scalar field
compensator, see Section 2.3).
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means that the Weyl gauge boson is not dynamical because its field strength Fµν = ∂µων −
∂νωµ vanishes Fµν = 0 (Fµν is also known as the length curvature tensor). In this case Weyl

geometry is “integrable” which is conformal to Riemannian geometry; the Weyl connection

is a conformally transformed (1) Levi-Civita connection (4). Then ωµ can be integrated out

and action (26) becomes

Sw =

∫
d4x

√
g
{
− 1

2ξ2

[ 1
6
φ2R+ (∂µφ)

2
]
− 1

4!ξ2
φ4 − 1

η2
C2
µνρσ

}
. (37)

We thus recovered the conformal gravity action [15, 51], with the benefit of an additional

local Weyl invariant action of a dilaton which has a geometric origin in the R̂2 term, hence

it is not added “by hand”. The dilaton generates the Planck scale and the Einstein term

when it acquires a vev and conformal symmetry is broken. The dilaton, as a dynamic degree

of freedom, also contributes to anomaly cancellation by mixing with the graviton, to realise

quantum conformal gravity [13] (this is reviewed in Section 2.9).

Briefly, conformal gravity is just a particular limit of vanishing Weyl current of the Weyl

quadratic gravity of eq.(26) [52]. This is interesting, but the result is expected since gauging

the conformal group demands an integrable Weyl geometry [14] (obtained for Jµ = 0); in

such case no gauge kinetic terms are allowed for either the special conformal symmetry (not

considered here) or for gauge dilatations (corresponding to Fµν = 0). This explains why

conformal gravity is recovered in the limit taken here11. For a study of this class of theories

see [9–11,15]. Action (25), (26) is then more general.

2.6 SM in Weyl conformal geometry

The discussion so far did not include matter fields. For a realistic theory, consider then

embedding the SM in Weyl conformal geometry (for details see [27]). This embedding is

natural, because the SM action is scale invariant for a vanishing Higgs mass which in the

SM is actually a parameter12. Therefore, the SM action is made invariant under Weyl

gauge transformation with an only minor update in the Higgs sector, as we explain. The

SM embedding is also minimal because no additional degrees of freedom are needed beyond

those of the SM and Weyl geometry. Let us detail.

Firstly, the SM gauge bosons action is

Sg = −
∑

groups

∫
d4x

√
g

4
gµρgνσFµνFρσ, (38)

Fµν involves the difference ∇̃µAν − ∇̃νAµ, where we used Fµν and Aµ as generic notations

for a SM gauge boson and since ∇̃µAν = ∂µAν− Γ̃ρµνAρ, then for a symmetric Γ̃ρµν = Γ̃ρνµ the

ωµ-dependence cancels out in the field strength. The SM gauge bosons action is independent

of ωµ and has the same expression as in the Riemannian case. Thus there is no classical

11This is due to the fact that, ultimately, conformal gravity is not really a gauge theory of the conformal
group since the spectrum has no physical associated gauge bosons; or it is a gauge theory just as much as
the electroweak theory would be without kinetic terms for the electroweak gauge bosons Z, W±.

12The Higgs mass is generated after spontaneous breaking of Weyl gauge symmetry.
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coupling of SM gauge bosons to ωµ. The invariance of Sg under (1) is obvious, because the

field strength is invariant in d = 4, while
√
g gµρ gνσ is also invariant.

Consider next the Dirac part of the SM action; we show below that this action is in-

dependent of ωµ, too, even though the fermions have non-vanishing Weyl charges, eq.(1).

The action can most easily be obtained from the Riemannian one by a suitable “covarianti-

sation” of the derivative ∂µψ → (∂µ + qψαωµ)ψ acting on the fermions fields, with respect

to Weyl gauge symmetry. The spin connection can also be found by a “covariantisation” of

the Riemannian spin connection sabµ with respect to this symmetry

s̃abµ = sabµ

∣∣∣
∂µebν→

[
∂µ+α (q/2)ωµ

]
ebν

= sabµ + α (q/2) (eaµe
νb − ebµe

νa)ων , (39)

where we used that ebν has Weyl charge q/2. One can check that s̃abµ is invariant under (1).

The Dirac action in Weyl geometry is then

Sf =

∫
d4x

1

2

√
g ψ i γa eµa

[
(∂µ + qψ αωµ)− ig ~T ~Aµ − i Y g′Bµ +

1

2
s̃ abµ σab

]
ψ + h.c. (40)

=

∫
d4x

1

2

√
g ψ i γa eµa

[
∂µ − ig ~T ~Aµ − i Y g′Bµ +

1

2
s abµ σab

]
ψ + h.c. (41)

with qψ = (−3/4) q for d = 4. Eq.(41) is actually the Riemannian version of Dirac action:

what happened is that in (40) the dependence on ωµ of the covariant derivative has cancelled

the ωµ-presence in s̃abµ [48]13. The action is easily verified to be Weyl gauge invariant. In

Sf the usual quantum numbers of the SM fermions apply (not shown), ~T = ~σ/2, with (g,

Aµ) and (g′, Bµ) the gauge couplings and fields of SU(2)L and U(1)Y , respectively. The

fermionic action is thus similar to that in Riemannian geometry and there is no classical

coupling of fermions to ωµ.

There is an interesting exception to this result. The symmetry of the theory and the

Coleman-Mandula theorem do not forbid a gauge kinetic mixing of the gauged dilatation

field ωµ (of field strength F̂µν) to the Bµ gauge field of hypercharge (of field strength Fy µν)

Sm= −1

2

∫
d4x

√
g sinχ F̂µν F

µν
y . (42)

This kinetic mixing is removed by the transformation below, to new (’primed’) fields

ωµ = ω′
µ secχ, Bµ = B′

µ − ω′
µ tanχ. (43)

In the new basis (B′
µ, ω

′
µ) the gauge kinetic mixing is removed, at the expense of a small

change in the fermionic action (41) with substitution (43) that induces a coupling of fermions

to ω′
µ. This coupling does not introduce a gauge anomaly because the coupling is propor-

tional to the hypercharge Y which is anomaly-free for the SM spectrum. Therefore the Weyl

gauge boson ωµ is both massive and anomaly-free14. The above coupling vanishes in the

13For a review see Section 2.3 and Appendix A in [27].
14This is similar to massive and anomaly-free gauge bosons in interesting D-branes models [53,54].
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absence of the mixing. Ultimately, this result says that Weyl’s initial attempt to interpret

ωµ as the real photon was not entirely wrong, since ωµ can mix with the hypercharge gauge

field! This effect is however very small [27].

The Yukawa interactions are as in the SM, “upgraded” to curved-space time:

SY =

∫
d4x

√
g
∑

ψ=l,q

[
ψLYψHψR + ψLY

′
ψH̃ψ

′
R

]
+ h.c., (44)

where H is the Higgs SU(2)L doublet and H̃ = iσ2H
†, the sum is over leptons and quarks;

Y, Y ′ are the SM Yukawa matrices. This action is Weyl gauge invariant: indeed, the sum

of the Weyl charges (which are real) vanishes for each term, see (1). Hence this part of the

action is again like in the Riemannian space-time.

The SM Higgs sector is the only SM sector that undergoes small changes to make it

Weyl gauge invariant. First, the derivative in the Higgs kinetic term is upgraded to a Weyl-

covariant one and second, there exists a non-minimal coupling of the Higgs to the Weyl

scalar curvature. Hence, the Higgs action is

SH=

∫
d4x

√
g
{

− ξh
6
|H|2R̂+ |D̃µH |2 − λ |H|4

}
. (45)

The SU(2)L × U(1)Y ×D(1) derivative acting on H is D̃µH =
[
∂µ − iAµ − (q/2)αωµ

]
H,

where Aµ = (g/2)~σ. ~Aµ+(g′/2)Bµ; ~Aµ is the SU(2)L gauge boson, Bµ is the U(1)Y boson.

The kinetic term of the higgs then generates a new coupling in the action of the Higgs to

the Weyl gauge boson, coming from

|D̃µH|2 =
∣∣[∂µ − α (q/2) ωµ

]
H
∣∣2 +H†AµAµH. (46)

The Higgs sector can be analysed in the unitary gauge of U(1)Y symmetry where H =

(1/
√
2) ĥ ζ, with ζT ≡ (0, 1). As done earlier in the absence of SM, replace in the action

R̂2 → −2φ2R̂− φ4, to linearise the quadratic term R̂2 in the Lagrangian. The non-minimal

coupling then changes −(1/6) ξh|H|2R̂→ −(1/12)
[
(1/ξ2)φ2 + ξh h

2
]
R̂. Note the first term

(1/ξ2)φ2R̂ has actually a non-perturbative coupling, since ξ ≪ 1. This will not affect our

calculation. Eq.(28) for the Planck scale is now modified into

M2
p ≡ 1

6 ξ2

(
〈φ2〉+ ξ2ξh〈 ĥ2〉

)
(47)

The “radial direction” in the field space of φ and ĥ that generates now the Planck scale is

eaten by ωµ which becomes massive, while the “angular combination” of φ and ĥ is now the

(real) neutral scalar higgs, denoted σ below; this is obtained after a redefinition

ĥ =Mp

√
6 sinh(σ/Mp

√
6) (48)
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necessary to ensure a canonical kinetic term (1/2)(∂µσ)
2 for σ. The scalar potential becomes

V =
1

4!

[
6λĥ4 + ξ2(6M2

p − ξhĥ
2)2

]
.

=
3

2
M4
p

{
6λ sinh4

σ

Mp

√
6
+ ξ2

(
1− ξh sinh

2 σ

Mp

√
6

)2}
(49)

The higgs field acquires new couplings ∆Lh from the covariant derivative and, when present,

also from the gauge kinetic mixing, which are

∆Sh = (1/8)

∫
d4x

√
g σ2ω′

µω
′µ
[
α2 q2 sec2 χ+ g′2 tan2 χ

]
(50)

Here χ = 0 corresponds to the absence of a gauge kinetic mixing, when the second term in

∆Sh vanishes. Constraints on α are very weak so one can have α ∼ O(1) then mω is close

to the Planck scale while tuning it to ultraweak values α ≪ 1 then mω may become of the

order of TeV scale. This may be even lower, as discussed in Section 2.3.

To conclude, the total action of SM and gravity in Weyl conformal geometry, is then

S = Sw + Sg + Sm + Sf + SY + SH . (51)

Sw is given in eq.(25), with the remaining terms shown in eq.(38), (41), (42), (44), (45).

This action can be used in applications, for some implications see [27,52].

2.7 Starobinsky-Higgs inflation

An immediate application of the action of SM in conformal geometry is inflation [37, 38]

(see also [27, 39]). For large field values, the higgs field σ plays the role of inflaton. First,

note that large field values, near or above the Planck scale, are actually natural in Weyl

geometry. This is because, as we have seen, the Planck scale is simply a scale where Weyl

gauge symmetry is spontaneously broken, i.e. it is just a phase transition scale.

For successful inflation from potential (49), it is necessary that the higgs self-coupling be

very small λ≪ 1, so that the second term in (49) can dominate - this term arises from the φ4

term generated by the “scalaron” (or the would-be-Goldstone/dilaton) field that linearised

the R̂2 term in action Sw. As a result, not surprisingly, the predictions from inflation will

be similar to those in Starobinsky inflation [40]. We thus have a gauge invariant version

of the Starobinsky model of inflation. Using potential (49), a clear prediction from our

Starobinsky-Higgs inflation in Weyl geometry is found [38]

r = 3 (1 − ns)
2 − 16

3
ξ2h +O(ξ3h) (52)

where r is the tensor-to-scalar ratio and ns is the scalar spectral index; ξh is the Higgs

non-minimal coupling, eq.(45). Ignoring the ξh-dependent terms, relation (52) is similar to

that in Starobinsky inflation which is saturated for ξh = 0 (when Higgs decouples from the

scalar curvature R̂ of Weyl geometry). Then for a given ns, the effect of ξh is to reduce the
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value of r from that in Starobinsky inflation. The numerical results give that for N = 60

efolds and ns = 0.9670±0.0037 at 68% CL (TT, TE, EE+low E + lensing + BK14 + BAO)

[55] the following values for r [37–39]

0.00227 ≤ r ≤ 0.00303, (ns at 95% CL). (53)

The upper limit corresponds to Starobinsky inflation for N = 60 e-folds. Remarkably, the

numerical results quoted above from [38] and obtained from the scalar potential V (σ) of

(49) agree numerically and analytically to those in [37] obtained by a different method that

used a two-field analysis of inflation. This is a good check of prediction (53).

The discussion so far ignored the effect on inflation of the Weyl term (1/η2)C2
µνρσ present

in the action of Weyl quadratic gravity. This effect is small as long as η is not too far from

unity. As expected, the relative variation of r due to the Weyl term depends on the relative

value of the couplings ξ versus η, and we have δr/r ≈ 4 ξ2/η2 (assuming ξ/η ≪ 1) [38].

This change is minimised for η ∼ 1, when the mass ηMp of the spin-two state associated to

C2
µνρσ is near the Planck scale Mp (for details see [38]).

The small values of r shown above may be reached by the next generation of CMB ex-

periments CMB-S4 [56,57], LiteBIRD [58,59], PICO [60], PIXIE [61], which have sensitivity

to r up to 0.0005. Such sensitivity can test this inflation model and even distinguish it from

the Starobinsky model for ξh ∼ 10−2 when the effect of ξh on the curve r(ns) becomes

apparent, see the plots r(ns) in [38]. Somewhat similar values of r are also found in other

models with Weyl gauge symmetry [39] based on a Palatini approach to the quadratic grav-

ity action in eq.(25); these models do not respect relation (52) and the slope of the curve

r(ns) is different, with mildly larger r ∼ 10−2 due to their different vectorial non-metricity.

To conclude, assuming the inflation scenario describes physical reality, then Weyl quadratic

gravity leads to a clear, narrow prediction for r that will soon be tested experimentally.

2.8 Origin of mass, hierarchies of scales

The Weyl gauge theory in (51) has the following parameters, in addition to those in SM:

ξ < 1: the dimensionless coupling of R̂2,

α < 1: the dimensionless Weyl gauge coupling,

η < 1: the dimensionless coupling of the Weyl tensor-squared term in the action.

〈φ〉: vev of φ (would-be-Goldstone of Weyl gauge symmetry or “dilaton” lnφ).

These parameters enabled us to fix (classically) the following couplings/scales:

1) the cosmological constant (by fixing 〈φ〉, eq.(28)).
2) the Planck scale (by fixing ξ, eq.(28), (47).

3) the mass of ωµ (depends on α),

4) η can be fixed to ensure a large mass (∝ ηMp) of the spin-2 state from C2
µνρσ term.

There is one more parameter, the non-minimal coupling of the Higgs ξh < 1 that helps

fixing the hierarchy between the Higgs vev 〈σ〉 and that of the “dilaton” 〈φ〉 [27].
To fix the values of the above scales there is no fine-tuning understood as a special

cancellation in a sum of large numbers. As mentioned, all these mass scales, Mp, Λ, mω

have ultimately a geometric origin, because their values are proportional to the vev of φ
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which was “extracted” from the quadratic term in the action R̂2 which is part of geometry.

This is an advantage compared to other models.

Given the coupling ωµω
µσ2 (50), then in the symmetric phase of the action e.g. in the

early Universe, when ωµ is massless, the neutral Higgs σ can be generated via vector boson

fusion. If so, ultimately the the Higgs boson field itself has a geometric origin (just like ωµ)

in the underlying Weyl geometry. Since the SM masses are generated by the Higgs field,

one may say that ultimately all masses are related to the underlying geometry. Further, if

the mass of ωµ is very light, one cannot exclude a scenario in which σ+ σ → ωµ + ωµ takes

place. Since ωµ contributes to the Weyl scalar curvature of the underlying geometry, this

process modifies locally the space-time curvature. Such process is interesting and can have

other implications, depending on the value of α.

At the quantum level, the mass of the Higgs, mσ, could acquire large quantum cor-

rections, like in the SM, to which one should also add those due to the coupling ωµω
µσ2.

This situation can be changed by the Weyl gauge symmetry, if its breaking scale identified

with the mass of the Weyl boson mω ∝ αMp is very low, possible for ultraweak α ≪ 1.

As discussed earlier, the current bound is mω ∼ 1 TeV but may be even lower. Then if

the breaking scale of Weyl gauge symmetry is near the TeV scale and with the quantum

corrections to the Higgs mass being quadratic in the scale of “new physics”, then

δm2
σ ∼ m2

ω. (54)

For a light mω this correction is naturally small. Above mω, Weyl gauge symmetry is

restored together with its protection to mσ, since no mass counterterm to σ is allowed by

this symmetry of the action. In this way, Weyl gauge symmetry could provide a solution to

the mass hierarchy problem. This issue deserves careful study.

2.9 Weyl anomaly: Riemann vs Weyl geometry

Let us now discuss the Weyl anomaly [28–32] in Riemann vs Weyl geometry, following [22].

Quantum corrections are in general divergent. Therefore, to begin with, one is required

to perform an analytical continuation of the action to d = 4−2ǫ dimensions so that it makes

mathematical sense. Quite often such analytical continuation breaks the symmetry which

then does not survive at the quantum level and anomalies may be present. But anomalies

are more than a regularisation-related issue and may e.g. signal the missing of a (dynamical)

degree of freedom. With scale symmetry as a gauge symmetry, an immediate question arises:

Weyl symmetry (i.e. local scale invariance but no ωµ) is in general anomalous [28–31], then

how is Weyl anomaly reconciled with the Weyl gauged scale symmetry? In the case of a

gauge theory as here, it is crucial to ensure that this symmetry survives at the quantum

level and is anomaly-free, so that this gauge theory is quantum consistent, as a candidate

for a quantum gravity theory.

Here we review comparatively the issue of Weyl anomaly in the Riemann versus Weyl

geometry - based theories of gravity. We then show why Weyl geometry as a gauge theory

of dilatations naturally avoids the Weyl anomaly of both Weyl and Euler terms, to become

a quantum consistent gauge symmetry and how this anomaly is “recovered” in the broken

phase.
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• Riemannian geometry:

Weyl anomaly [28–32] arises partly because the regularisation of the quantum corrections

due to some massless fields does not respect the classical Weyl symmetry of their action.

Dimensional regularisation (DR), through the presence of the subtraction scale µ, breaks

explicitly this symmetry. One can avoid this situation with a Weyl invariant regularisation

introduced in [13]15. In this way Weyl anomaly can be avoided as done in conformal gravity

and the symmetry is maintained at quantum level to give a quantum conformal gravity

theory [13]. However, Weyl anomaly is more than just a regularisation problem: the Euler-

Gauss-Bonnet term in the action, which is a total derivative in d = 4, brings an anomaly

which is µ-independent and hence cannot be avoided by the same approach.

Let us first review the usual Weyl anomaly in Riemannian geometry [28–32] that emerges

at quantum level in a theory with classical Weyl symmetry. By Weyl symmetry we mean

the (local) invariance of the action under a transformation of the metric gµν as in (1) and,

if present, of its scalar(s) φ and fermion(s) ψ, but no ωµ is present; in d dimensions the

transformation is

g′µν = Σqgµν , φ′ = Σqφφ, ψ′ = Σqψψ, qφ = −q
4
(d− 2), qψ = −q

4
(d− 1). (55)

Next, consider a Weyl-invariant action of some (unspecified) massless matter fields that

interact only gravitationally with an external gravitational field and an external spin-1 gauge

field. It is assumed that there are no self-interactions of these matter fields. Then at one-

loop a gravitational effective action is induced by the (divergent) quantum corrections from

these matter fields. In the DR scheme this action has the form

Wd =
1

d− 4

∫
ddx

√
g A(d), d = 4− 2ǫ. (56)

where A(d) if a function of the metric and its derivatives; it contains higher derivative

operators such as those below, in a combination such that Wd is Weyl invariant [71]:

RX R, Rµν X Rµν , RµνρσX Rµνρσ, Fµν X Fµν , CαβγδX Cαβγδ, X ≡ �
(d−4)/2. (57)

Here � = ∇µ∇µ in a Riemannian notation and R, Rµν , Rµνρσ are scalar and tensor

curvatures of Riemannian geometry. Wd has a pole 1/(d − 4) seen when one expands

�
(d−4)/2 = 1 + (d− 4)/2 ln�. To cancel this pole the counterterm

Wc = − µd−4

d− 4

∫
ddx

√
g
(
bC2

µνρσ + b′G+ c F 2
µν

)
. (58)

is added to the action, in an independent “basis” of Weyl invariant operators in d = 4. Here

b, b′, c are some constants that depend only on the matter field content considered that runs

15Keeping global or local scale symmetry at the quantum level was studied up to 3 loops [12,13,62–70].
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in the loop, and

G ≡ R2
µνρσ − 4R2

µν +R2. (59)

In the limit d → 4, G becomes a total derivative, the so-called “Euler term”. Fµν is now

the field strength of the external spin-1 gauge field mentioned.

The trace of the energy-momentum tensor is

T µµ =
−2√
g
gµν

δ(Wd +Wc)

δgµν

∣∣∣
d→4

=
−2√
g
gµν

δWc

δgµν

∣∣∣
d→4

. (60)

This trace is evaluated using that [28]

2√
g
gµν

δ

δgµν

∫
ddx

√
g C2

µνρσ = (d− 4)
(
C2
µνρσ +

2

3
�R

)
, (61)

2√
g
gµν

δ

δgµν

∫
ddx

√
g G = (d− 4)G, (62)

2√
g
gµν

δ

δgµν

∫
ddx

√
g F 2

µν = (d− 4)F 2
µν . (63)

With these relations16 used in (60), the pole in Wc is cancelled by the factor (d−4) in these

equations; one then takes the limit d→ 4, then

T µµ = b [C2
µνρσ + (2/3)�R ] + b′G+ cH. (64)

Since this trace is non-vanishing, Weyl symmetry is thus anomalous.

Soon after this calculation, an attempt to construct an anomaly-free quantum conformal

gravity action was made in [13]. Let us review this here. The authors considered the

massless QED corrections to the conformal gravity action defined by C2
µνρσ term, extended

by a conformally-coupled scalar field φ (dilaton) of action

Wφ = −
∫
ddx

√
g

1

12

(
φ2R+

4 (d − 1)

d− 2
gµν∂µφ∂νφ

)
. (65)

Since φ transforms as in (55), then lnφ→ lnφ+ qφ ln Σ so lnφ transforms with a shift and

thus plays the role of a dilaton/Goldstone field. The calculation of the anomaly associated

with C2
µνρσ proceeds as earlier, except that the subtraction scale µ in the counterterm Wc

is now replaced by φ to maintain Weyl symmetry in d dimensions [13]

16We outline here a derivation of eq.(61) [71]; we have
√
g′ K(g′µν) =

√
g K(gµν) Σ

q (d−4)/2, where
we denoted K = C2

µνρσ. Next, for a functional A(g′µν) under transformation (55) δA/δ ln Σq =
(δA/δg′µν)(δg

′
µν/δ ln Σ

q) = (δA/δg′µν)gµνΣ
q = g′µνδA/δg′µν . For an infinitesimal transformation (55)

(Σ → 1, g′µν → gµν) and with a notation I(K) ≡
∫
ddx

√
g′K(g′) we find (2/

√
g′) g′µν(δ/δg

′
µν)I(K) =

(2/
√
g′) δI(K)/δ ln Σq|Σ→1 = (d− 4)K, as shown in (61). This misses the �R term due to an ambiguity in

local conformal case [28,72], but it is easily accounted for [71] (section 17.2.2).
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Wc = − b

d− 4

∫
ddx

√
g φ2(d−4)/(d−2) C2

µνρσ . (66)

Now the pole in Wd of (56) due to C2
µνρσ is cancelled as before by the pole in Wc while

µ is generated spontaneously when φ acquires a vev, µ ∼ 〈φ〉. Hence a Weyl-invariant

regularisation was enforced at the “cost” of an additional, dynamical field φ in the theory.

Since Wc now respects the Weyl symmetry, the variation of Wc +Wd under (55) is now

vanishing; hence there is no contribution from C2
µνρσ to the trace of energy momentum

tensor and there is no anomaly from this term. The absence of an anomaly in this case gave

rise to different interpretations [28]. Here the absence of an anomaly is due simply to the

fact that the theory has an additional dynamical degree of freedom (the dilaton lnφ) which

mixes with the graviton and contributes to anomaly cancellation, see e.g. figure 3 in [13]. Its

decoupling restores the anomaly contribution to T µµ . In other words, Weyl anomaly simply

signals the missing or decoupling of a dynamical degree of freedom that would otherwise

enable the symmetry at quantum level.

With (66) one obtains a renormalised action Wr =Wd +Wc plus a Weyl-invariant Wφ

Wr =
b

2

∫
d4x

√
g Cµνρσ ln

(
�

φ2

)
Cµνρσ. (67)

Here ln� (lnφ2) arise from Wd (Wc) respectively, after the cancellation of the poles and

after expanding �
−ǫ = 1− ǫ ln� and (φ2)−ǫ = 1− ǫ lnφ2, which when combined generated

ln(�/φ2) seen in Wr. Wr is then Weyl invariant under an infinitesimal transformation (55)

in d = 4. This is so since we have
√
g′ C ′2

µνρσ =
√
g C2

µνρσ but �′ = Σ−q(�+ f(lnΣ)) where

f(lnΣ) depends on derivatives and is neglected for an infinitesimal variation in (55) when

gµν → g′µν , Σ → 1. Then ln(�/φ2) is Weyl invariant and so is the whole action Wr, hence

there is no anomaly, consequence of the presence of the additional dynamical field (φ) [13].

When φ acquires a vev and decouples then Weyl anomaly is recovered. Let us detail. By

Taylor expanding Wr about φ = 〈φ〉 + δφ where δφ are small fluctuations and when these

decouple (δφ ≪ 〈φ〉), one obtains

Wr =
b

2

∫
d4x

√
g Cµνρσ ln

(
�

µ2

)
Cµνρσ, (68)

where we denoted µ ≡ 〈φ〉. This result is identical to that one would have obtained by the

usual DR scheme, using µ as regulator in Wc of (66), as it has already been seen for the

first term in eq.(58). Then from (68) one has

T µµ = − 2√
g′
g′µν

δWr

δg′µν
= − 2√

g′
δWr

δ ln Σq

∣∣∣
Σ→1

= bC2
µνρσ. (69)

This is exactly the anomaly due to C2
µνρσ in (64), re-derived using non-local ln� term [71].

Briefly, the Weyl-tensor-squared action is anomaly-free in the presence of a dilaton action

and a Weyl-invariant regularisation enforced by the dilaton. The anomaly is “restored” in

the decoupling limit of this field. However, this approach does not work if we add the Euler
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term to the action: unlike C2
µνρσ, the Euler term is not Weyl-covariant in d dimensions and

hence it cannot be made Weyl invariant in d dimensions17 with the help of a Weyl-invariant

regularisation as in eq.(66); this is because it is actually µ-independent, type A anomaly

[32]. This ends our Weyl-anomaly review in the Riemannian case. See [22] for more details.

• Weyl geometry:

What is the situation for the action derived in Weyl geometry, with Weyl gauge symmetry?

What changes in Weyl geometry in an analysis similar to that above is that the Euler

term is Weyl gauge covariant, eq.(17). Hence Ĝ can be made Weyl gauge invariant by a

suitable analytical continuation, as we saw above for C2
µνρσ in (66). Note the Weyl term is

Weyl-covariant in both Riemannian and Weyl geometry since Ĉ2
µνρσ = C2

µνρσ, eq.(16)).

Consider then the case of the general quadratic action in Weyl conformal geometry in

which case the symmetry is that of (1) that extends Weyl symmetry of (55). The action is

in eq.(22) which we re-write below for convenience

Sw =

∫
ddx

√
g
{
a0R̂

2 + b0F̂
2
µν + c0Ĉ

2
µνρσ + d0 Ĝ

}
(R̂2)(d−4)/4. (70)

This is already analytically continued to d dimensions and is Weyl gauge invariant.

We can consider the quantum corrections to Sw from the gravitational interactions of the

SM states, using the action of SM in Weyl geometry [27]. For example, the Higgs (massless)

field had such interactions

Wh=

∫
d4x

√
g
{1

2
∇̂µh∇̂µh− 1

12
ξh h

2R̂
}
, ∇̂µh =

[
∂µ + α qhωµ

]
h, qh =

−q
4
(d− 2).(71)

where Wh is Weyl gauge invariant. One can also consider the gravitational contributions of

the SM gauge fields or fermionic fields, since their action is also Weyl gauge invariant, as

we saw earlier. The analysis is similar, the only difference is in the beta functions i.e. the

coefficients of the quadratic terms in Sw that depend on the matter fields present in the

loops of quantum corrections.

At the quantum level, the divergent vacuum action Wd is similar to that in (56), (57)

Wd =
1

d− 4

∫
ddx

√
g A(d), (72)

but now A(d) is a combination of the Weyl-covariant operators as seen in (17),(18)

R̂ (�̂)(d−4)/2R̂, R̂µν (�̂)(d−4)/2R̂µν , R̂µνρσ (�̂)(d−4)/2R̂µνρσ, etc., �̂ ≡ ∇̂µ∇̂µ, (73)

and where ∇̂µgαβ = 0. Therefore eq.(73) is a Weyl-covariantised version of eq.(57). The

associated simple poles 1/(d− 4) in Wd can be cancelled by a counterterm Wc that is Weyl

17This is where Weyl geometry differs.
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gauge invariant in d dimensions and has a general structure similar to (66)18

Wc = − 1

d− 4

∫
ddx

√
g
{
a1R̂

2 + b1F̂
2
µν + c1Ĉ

2
µνρσ + d1Ĝ

}
(R̂2)(d−4)/4 (74)

The vacuum part of the renormalised gravitational action is then Wr = Sw +Wd +Wc and

has the form below, using Wd with (73) and Wc of (74)

Wr =

∫
d4x

√
g
{
R̂
[
a0 +

a1
2

ln
�̂

|R̂|

]
R̂+ F̂µν

[
b0 +

b1
2
ln

�̂

|R̂|

]
F̂µν

+ Ĉµνρσ

[
c0 +

c1
2
ln

�̂

|R̂|

]
Ĉµνρσ +

[
R̂µνρσ Z R̂

ρσµν − 4R̂µν Z R̂νµ + R̂ Z R̂
]}
, (75)

where the last square bracket is due to the Euler term Ĝ with

Z ≡ d0 +
d1
2

ln
�̂

|R̂|
. (76)

Wr includes UV non-local terms ln �̂, where �̂ = ∇̂µ∇̂µ where ∇̂ is the Weyl gauge covariant

derivative. Each of the terms in (75) are Weyl gauge invariant, because �̂ and R̂ are Weyl

covariant with the same charge (−q), hence their ratio is invariant and then the whole

expression is invariant, too. In conclusion we have an action which has manifest Weyl gauge

symmetry at one-loop level, which indicates that this theory is Weyl-anomaly-free19 . This

result is important and specific to Weyl geometry. In this case the trace of energy-momentum

tensor is cancelled by the divergence of the Weyl current (36), Jµ ∼ ∇̂µφ
2 [22]

T µµ − 1

α′
∇̂µJ

µ = 0 (77)

Here Jµ generalises the global scale symmetry current [73–77].

Let us discuss the role of the dilaton; this is the (log of the) scalar field φ used to

linearise R̂ in section 2.3. Actually, since we also have the neutral higgs field present, that

has non-minimal coupling to R̂ in the action, the Stueckelberg field that is also playing the

role of the actual dilaton is now a radial combination of higgs and φ. Then the dilaton (in

the absence of the ĥ) is actually replaced by φ2 → φ2 + ξ2 ξhĥ
2 (ξ ≪ 1), see (47), while

the angular field combination is the real neutral scalar higgs σ, eq.(48) [22]. For simplicity,

below we still refer to φ as the dilaton (given the small contribution of h).

One can use φ instead of R̂ as a regulator in (70), (74), as done in eq.(66), to keep the

Weyl gauge invariance in d dimensions. As a result of this, under the one-loop logarithms

in (75) one can then replace |R̂| → φ2. Actually, this also follows directly by using the

(classical) equation of motion φ2 = −R̂ (R̂ < 0), under the logarithm terms since the

difference of doing so is a higher order quantum correction (from loop log-like corrections

to this equation).

18Equivalently, we could use the dilaton field as a regulator, like in eq.(66), see later.
19As it is usual with gauge symmetries, the absence of an anomaly here should remain true to all orders.
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What happens after breaking of Weyl gauge symmetry, when ωµ becomes massive after

‘eating’ lnφ as in Section 2.3? Then ωµ decouples (together with φ), and so Γ̃ → Γ,

Weyl connection (geometry) becomes Riemannian and R̂, R̂µν etc are replaced by their

Riemannian counterparts and �̂ → �, with Riemannian � =∇µ∇µ. When φ acquires a

vev, ignoring the small (decoupled) fluctuations of φ about 〈φ〉, then eq.(75) becomes

Wr =

∫
d4x

√
g
{ a1

2
R ln

�

〈φ2〉 R+
b1
2
Fµν ln

�

〈φ2〉 F
µν +

c1
2
Cµνρσ ln

�

〈φ2〉C
µνρσ

+
d1
2

[
Rµνρσ ln�Rρσµν − 4Rµν ln�Rνµ +R ln�R

]}
+ · · · (78)

where the dots stand for the tree-level part of the action (terms multiplied by a0, b0, c0, d0).

In the last line ln〈φ2〉 has cancelled out since it multiplied a total derivative. The above

expression of Wr is exactly the Weyl anomaly in Riemannian geometry, see [78] (eq.395).

Obviously, the numerical coefficients are the same in Weyl and Riemannian cases for the

same matter content in the loops.

Given the spontaneous breaking of the Weyl gauge symmetry, it is not too surprising to

note the similarity of result (75) to that in [78] for gravity in Riemannian space-time with

the following natural substitutions in the later, to enforce a “covariantisation” with respect

to the Weyl gauge symmetry: R → R̂, Rµν → R̂µν , � → �̂, etc. It seems that a suitable

procedure of “covariantisation” of a Riemannian action and Riemannian operators can lead

to a viable implementation of the gauged dilatations symmetry, as it happens in usual gauge

theories of an internal symmetry. This ends our comparative analysis of Weyl anomaly in

theories based on Riemann vs Weyl conformal geometry.

2.10 Renormalizability

Let us comment on the renormalizability of actions (25), (51). This is a gauge theory,

so it is quadratic in curvatures terms present. Eq.(25) is the most general one can write

perturbatively; it coincides with that obtained by constructing a gauge theory of the Weyl

group in the modern approach to gauge theories using the tangent space formulation uplifted

to space-time using the vielbein [21].

In a perturbative approach, in the symmetric phase of this action there is no higher

dimensional counterterm that one could write because there is no mass allowed in the theory

to suppress it, otherwise the Weyl gauge symmetry would be broken explicitly. Further,

terms suppressed instead by powers of φ cannot be present either, because φ was “extracted”

from geometric R̂2 and was eaten to all orders by ωµ in the Stueckelberg mechanism. By

power counting arguments and in a perturbative approach, the Weyl general action (without

matter), eq.(25), is a renormalizable gauge theory. This seems to remain true in the presence

of matter, eq.(51).

Regarding the broken phase of the action, the theory is in the so-called unitary (physi-

cal) gauge of the gauged dilatations symmetry, in which the physical masses of the theory

are manifest. Just like the unitary gauge of SM U(1)Y of hypercharge, this is a non-

renormalizable gauge. Hence this is not a suitable gauge to discuss renormalizability - one

must rely on the symmetric phase calculations of quantum corrections.

25



In the Weyl gauge invariant phase of the theory, counterterms like
√
g (Ĉ2

µνρσ)
2/R̂2

are possible, since the symmetry allows them - although they do not seem of perturbative

origin. Then how can they be generated? To compute quantum corrections in the symmetric

phase a regularisation that respects this symmetry is needed. We just saw above that such

regularisation indeed exists and can be used for loop calculations to preserve the Weyl gauge

symmetry at quantum level.

A lot can be learnt about this from quantum scale invariant theories in flat spacetime.

In global scale invariant theories in flat space-time it is known that a (global) scale invariant

regularisation is possible, with the aid of the dilaton that replaces the DR subtraction scale

µ [12, 13, 62–70] with close similarities to our analysis above for anomalies. The quantum

corrected action remains scale invariant and µ is generated when φ acquires a vev and the

quantum scale symmetry is broken spontaneously. Then apparently non-perturbative, non-

polynomial higher dimensional counterterms, suppressed by powers of φ are generated, e.g.

(H†H)3/φ2, (H†H)4/φ4, etc [66–68]. These operators respect the scale symmetry of the

action and the Callan-Symanzik equations are verified to three-loop order [68].

A similar result may apply in curved space-time. Since the Stueckelberg field φ was

eaten to all orders by ωµ, terms suppressed by powers of φ like R̂3/φ2, R̂4/φ4, (Ĉ2
µνρσ)

2/φ4,

etc, cannot be written, it seems. But with φ2 replaced onshell by |R̂| (via classical equa-

tion φ2 = |R̂|), this situation changes; moreover, in the light of our discussion with R̂ǫ

acting as an equivalent regulator (see also (22)), one expects that operators suppressed by

powers of R̂, like (Ĉ2
µνρσ)

2/R̂2 etc, be generated as counterterms at some loop order; they

respect the symmetry of the action! Hence, although such non-polynomial operators are

non-perturbative, they may still be captured by a perturbative approach in a Weyl gauge

invariant regularisation, which is interesting.

2.11 Weyl quadratic gravity from the gauge invariant DBI action

It is natural to ask whether there exists a Weyl gauge invariant action more general than

Weyl quadratic gravity, eqs.(21), (22), (25). This is of interest when searching for an

ultimate “unifying” gauge theory beyond Einstein-Hilbert gravity and SM. Surprisingly,

such an action exists and is the analogue of the Dirac-Born-Infeld action [33–35] for Weyl

conformal geometry, as shown in [79]. To find it, note from (10) that R̂gµν , R̂µν , F̂µν are

invariants of (1) - hence we can construct a Weyl - DBI action (hereafter WDBI) in d

dimensions

SWDBI =

∫
ddσ

{
− det [s0 R̂ gµν + s1 R̂µν + s2 F̂µν ]

} 1
2

(79)

where s0, s1, s2 are dimensionless constants. This action is Weyl gauge invariant. Other

gauge invariant functions can in principle be constructed, too. Unlike the usual DBI actions,

all terms involve derivatives, including that depending on the metric. Further

SWDBI =

∫
ddσ

√
g (s0 R̂)

d
2

{
det

[
δλν +Xλ

ν

]} 1
2
, Xλ

ν =
1

s0 R̂
gλρ

[
s1 R̂ρν + s2 F̂ρν

]
. (80)

Under the assumption |s1,2/s0| ≪ 1 we can expand the action and use that
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√
det

(
1 +X

)
= 1 +

1

2
trX +

1

4

[1
2
(trX)2 − trX2

]
+

+
[ 1

48
(trX)3 − 1

8
trX trX2 +

1

6
trX3

]
+O(X4). (81)

We have

trX =
s1
s0
, trX2 =

1

s20 R̂
2

[
s21 R̂µνR̂

νµ + s2

(
s2 + s1 α q

d− 2

2

)
F̂µν F̂

νµ
]

trX3 =
1

R̂3

(s1
s0

)3
R̂µσR̂σρ R̂νµ g

νρ + · · · (82)

With (20) we replace the R̂µν R̂
νµ contribution in terms of Ĉ2

µνρσ and the Euler term Ĝ.

Bringing everything together

SWDBI =

∫
ddσ

√
g (R̂2)

d
4
−1

[ 1

4! ξ2
R̂2 − 1

η2
ĈµνρσĈ

µνρσ − ζF̂µν F̂
µν +

1

η2
Ĝ+O(X3)

]
(83)

where

1

4! ξ2
=

[
s20 +

1

2
s0 s1 + s21

d− 2

16 (d − 1)

]
s
d
2
−2

0 ;

1

η2
=

1

16

d− 2

(d− 3)
s21 s

d
2
−2

0 , ζ = −1

4
s2

(
s2 +

1

2
s1α q (d− 2)

)
. (84)

Therefore, the WDBI action in the leading order recovered the Weyl quadratic gravity

action in d dimensions eq.(22) regularised such as to preserve the Weyl gauge symmetry.

While action (22) was introduced on symmetry grounds as a geometric analytical continua-

tion to d = 4−2ǫ to maintain Weyl gauge invariance, here the WDBI action in d dimensions

automatically gives such Weyl gauge invariant regularisation. This is an interesting result

also because it supports the regularisation used for Weyl anomaly (74) based on the ana-

lytical continuation in eq.(22), (70).

Let us consider the limit d = 4. Action (83) becomes

SWDBI,4 =

∫
d4σ

{
− det [s0 R̂ gµν + s1 R̂µν + s2 F̂µν ]

} 1
2

(85)

=

∫
d4σ

√
g
[ 1

4! ξ2
R̂2 − 1

η2
ĈµνρσĈ

µνρσ − ζF̂µν F̂
µν +

1

η2
Ĝ+O(X3)

]
, (86)

with

1

4! ξ2
= s20 +

1

2
s0 s1 +

1

24
s21,

1

η2
=

1

8
s21, ζ = −1

4
s2(s2 + s1α q). (87)

Therefore, the WDBI action eq.(85) exactly recovers in (86) the initial Weyl quadratic

gravity action (25) in d = 4, under the following assumptions: convergence constraints of
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the expansion |s1,2| ≪ |s0|, well-defined gauge kinetic term of ωµ, ζ > 0, and perturbativity

in action (25). These constraints are respected if we take ξ ≪ η < 1 and s2 is chosen to

satisfy −s1αq < s2 < 0 or 0 < s2 < −s1αq for ζ > 0. The condition ξ ≪ η < 1 allows

the mass of spin-two state from the Weyl term in Weyl quadratic action be close to the

Planck scale (hence this term is subleading), so that below Mp the Einstein-Proca action

dominates, see eq.(27). Since Einstein-Hilbert gravity is recovered in the broken phase of

Weyl quadratic gravity, it is also obtained in the broken phase of more general WDBI gauge

theory, eq.(85). This is in a sense a purely geometric result: again no matter fields or scalar

compensators were added “by hand”. In general, the exact WDBI action can have more

general couplings in (85) than Weyl quadratic gravity.

What about O(X3) and higher corrections from the expansion? these terms are sup-

pressed by Weyl scalar curvature, e.g. R̂µσR̂σρR̂
ρ
µ/R̂ or (Ĉ2

µνρσ)
2/R̂2, where Ĉµνρσ has

all indices contracted by the metric. These terms when multiplied by
√
g are Weyl gauge

invariant and are important when the expansion is slowly convergent, R̂ is small, etc. The

WDBI action sums up all such non-perturbative terms. They remind us about similar non-

polynomial operators discussed in Section 2.10 that can be generated at the quantum level,

by a Weyl gauge invariant regularisation (with R̂ as regulator). These terms have similar

structure. Briefly, the Weyl gauge invariant WDBI action captures some non-polynomial

quantum corrections to Weyl quadratic gravity!

There is another interesting limit of WDBI action eq.(85), when ωµ is “pure gauge” so

its field strength vanishes; formally this means s2 = 0 and the action becomes

SWDBI,4 =

∫
d4σ

{
− det [s0 R̂ gµν + s1 R̂µν ]

} 1
2

=

∫
d4σ

√
g
[ 1

24ξ2
R̂2 − 1

η2
ĈµνρσĈ

µνρσ +O(X3)
]
. (88)

This action simplifies when going to the Riemannian picture of the broken phase (Einstein

gauge/frame) which is the physical one. We first linearise R̂2 term as done earlier in this

review, R̂2 → −2φ2R̂ − φ4 which when used in the action leads to an equation of motion

of solution φ2 = −R̂. Using (9), (15), (16), one expresses R̂ in terms of its Riemannian

notation while the Weyl tensor term does not change in the Riemannian picture; one then

integrates out algebraically the field ωµ. The resulting action in Riemannian notation is

exactly action (37) plus O(X3) corrections! When φ acquires a vev, Einstein-Hilbert action

is generated by φ2R, with Planck scale as in (28). Note that here the dilaton action coupled

to gravity is not added by hand but is of geometric origin from the R̂2 term. The action

has local Weyl symmetry (no ωµ) and arises from the DBI action in the integrable geometry

limit, just like (37) is a particular limit of (25).

One can also study the case of a U(1) gauge symmetry present in the WDBI action.

This simply means adding its field strength Fµν contribution, with a given coefficient to

the matrix under the determinant of WDBI action. The Weyl gauge symmetry remains

present. Given that a DBI action is, under some assumption, close to a low energy effective

description of a D-brane action in string theory, one may ask how close such WDBI action

is to a D3-brane action in the background of closed string modes: Gµν , the antisymmetric
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two-form Bµν and the dilaton Φ [80]

SD3 = T3

∫
d4ξe−Φ

√
− det(γab + 2πα′Fab +Bab) (89)

where γab is the pull-back metric defined by Gµν (similar for Bab). The problem is that

Weyl gauge symmetry is not a symmetry in strings - the brane tension breaks it. However,

this tension is generated by the dilaton vev, much like the Planck scale is generated in

the broken phase of (25) (in the leading order of WDBI action). An analogue of Bµν on

conformal geometry side could be F̂µν of ωµ. Note however, that while in the D3-brane action

there exists a three-form H = dB that plays the role of torsion tensor, on the conformal

geometry side torsion is only vectorial [21]. One should then consider an extension of Weyl

conformal geometry in the presence of a totally antisymmetric torsion tensor [47]. It may

be worth exploring the relation of the WDBI action to the D3-brane action.

2.12 Other implications

There are many other physical implications of Weyl geometry that we did not address.

One of these may relate to the interesting ‘conformal cyclic cosmology’ (CCC) model

[81], based on conformal geometry. However in this model there is no Weyl gauge boson

associated. It seems to us that a natural framework for such model would be general Weyl

conformal geometry, with ωµ present. That would allow a full geometric interpretation of the

associated gravity theory, as we discussed, with an underlying gauge symmetry. Transitions

from one aeon to another, by conformal transformation, would then be extended to include

matching conditions for ωµ, to benefit from the power of the gauge symmetry of Weyl

conformal geometry.

Another interesting issue is that of a candidate for dark matter - the Weyl gauge field

ωµ can be such dark matter candidate [82, 83]. In the light of the origin of ωµ in Weyl

geometry, this would give a geometric solution to the dark matter problem. Interestingly,

in [41] it was found that a simple solution of Weyl quadratic gravity (in the presence of a

radial component of ωµ) can successfully account for the large variety of the rotation curves

of the SPARC sample considered there, for 175 galaxies.

Finally, a possible implication of Weyl geometry-based theories relates to Big-Bang and

black-hole singularities: in Einstein-Hilbert gravity, the existence of such singularities can

indicate the geodesic incompleteness of the theory. Such singularities are often thought

to be solved by a theory of quantum gravity. If so, in a Weyl geometry-based quantum

gravity theory, one could expect that such singularities be absent. This is consistent with

the expectation that Weyl conformal geometry is geodesic complete, for a discussion see

[43,44].

3 Conclusions

Weyl conformal geometry is the underlying geometry of the Weyl quadratic gravity action

which (in the absence of matter) is a gauge theory of the Weyl group of dilatations and

Poincaré symmetry. In its Weyl gauge covariant formulation, Weyl geometry may be re-

garded as a “covariantised” version of Riemannian geometry (of its connection, etc) with
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respect to the gauged dilatations symmetry. In this covariant formulation the geometry is

actually metric, ∇̂µgαβ = 0, which is important since one can then do quantum calculations

directly in this geometry, without going to a (metric) Riemannian formulation. This gauge

theory is essentially a (quadratic) vector-tensor gauge theory of gravity, with a conserved

Weyl gauge current.

In the limit the Weyl gauge current vanishes, Weyl geometry becomes Riemannian and

the action becomes that of conformal gravity, given by the Weyl-tensor-squared. While this

action can itself be obtained from gauging the full conformal group, it is not a true gauge

theory since no dynamical (physical) gauge bosons of dilatations and of special conformal

symmetry are present. This explains why this action is recovered for a vanishing Weyl

current. ThenWeyl quadratic gravity is the only true gauge theory of a space-time symmetry

beyond Poincaré symmetry.

The gauge symmetry of Weyl quadratic gravity is broken à la Stueckelberg, the Weyl

gauge field ωµ becomes massive (by eating lnφ, where lnφ is the would-be-Goldstone prop-

agated by R̂2); then ωµ decouples, Weyl geometry (connection) becomes Riemannian (Levi-

Civita connection), respectively, and we recover Einstein-Hilbert action with Λ > 0. The

mass scales of the theory Mp, Λ, mω are generated by the vev of φ hence they all have a

geometric origin. This is an elegant explanation for the origin of mass, with no “moduli”

fields added “by hand” to this purpose, etc. The field φ also plays the role of inflaton

(scalaron) in an inflation scenario, showing the multiple roles of this field.

The above results easily avoid the century-old argument against the physical relevance

of Weyl conformal geometry, that invoked the change of norm of vectors under their parallel

transport, due to its non-metricity (i.e. non-zero ∇̃µgαβ 6= 0). In particular this implied

that the atomic lines spacing would be path history dependent (second clock effect). In

fact, this argument does not apply to the Weyl gauge theory, when: 1) one implements a

manifest Weyl gauge covariance of the parallel transport of vectors, for this to be physically

relevant, and 2): one notices that the Weyl gauge boson is actually massive. As a result,

the symmetric phase has no second-clock effect (there is no mass scale to generate a clock

rate in the first instance) and the norm of vectors is invariant; while in the spontaneously

broken phase any such effect that one might insist to exist is suppressed by the mass of the

Weyl gauge field. These arguments avoid the long-held criticism against physical relevance

of Weyl conformal geometry.

What happens when one adds matter to Weyl geometry? The above picture remains

valid, with some corrections. The SM with vanishing higgs mass parameter is scale invariant,

hence it can have a truly minimal, natural embedding in Weyl geometry, with no new

degrees of freedom beyond those of Weyl geometry and SM. As a result, only the Higgs

sector acquires a tree-level coupling to the Weyl gauge boson σ2ωµω
µ, through the Weyl

gauge covariant derivative of the kinetic term, with possible phenomenological relevance.

The SM gauge bosons and fermions do not have tree-level couplings to ωµ (unless a small

gauge kinetic mixing ωµ-hypercharge is present).

The SM in Weyl-geometry accommodates a natural inflation scenario. Inflation is of

Starobinsky-Higgs type, since the model is essentially a gauged version of Starobinsky in-

flation, driven essentially by the “scalaron” (dilaton φ). The predicted value for the tensor-

to-scalar ratio 0.000227 ≤ r ≤ 0.00303 (95% CL) is bounded from above by that of the

Starobinsky model which is saturated for a vanishing Higgs coupling to Weyl geometry.
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Assuming the inflationary scenario, this is a clear prediction of SM in Weyl geometry.

With dilatations as a gauge symmetry, it is important that this symmetry be anomaly-

free, so that Weyl quadratic gravity associated to Weyl geometry is a consistent (quantum)

gauge theory (of this symmetry). Remarkably, in Weyl geometry there is no Weyl anomaly.

The reason is that the Weyl term C2
µνρσ and the Euler term Ĝ in the action are both

Weyl gauge covariant. This was true anyway for C2
µνρσ in the Riemannian picture, but

that Ĝ is Weyl gauge covariant is the new, special feature due to Weyl geometry. Due

to this, a natural Weyl gauge invariant (geometrical) regularisation exists and Weyl gauge

invariance is manifestly maintained in the one-loop action. The result is that the anomalies

associated usually to the Weyl and Euler terms are absent, due to the presence of an

additional dynamical degree of freedom (dilaton/would-be-Goldstone of dilatations). The

anomaly is recovered in the broken phase after the dilaton decouples (with massive ωµ).

Finally, an interesting observation is that an analogue of the DBI action associated to

Weyl conformal geometry (WDBI) can be defined and is Weyl gauge invariant. The WDBI

action recovers Weyl quadratic gravity in the leading order of a perturbative expansion (in

relative couplings). In the light of the above results, the Weyl gauge invariant DBI action

gives in the broken phase the Einstein-Hilbert action and a massive Weyl vector field that

can decouple, to leave Einstein-Hilbert gravity with positive Λ. The DBI embedding of

Weyl quadratic gravity may be a step towards a link to strings/D3-brane effective action.

These results suggest that Weyl quadratic gravity, as a gauge theory of dilatations

derived from conformal geometry, leads to a unified description of Einstein-Hilbert gravity

and SM, based on the gauge symmetry principle. This gives a good candidate for a quantum

(gauge) theory of gravity from Weyl conformal geometry.
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