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We present a Group Field Theory (GFT) quantization of the Husain-Kuchař (HK)
model formulated as a non-interacting GFT. We demonstrate that the path-integral
formulation of this HK-GFT provides a complete spinfoam model and a unique Fock
representation that describes the quantum three-geometries of the HK model. These
results provide a link to the canonical quantization of the HK model and demonstrate
how GFTs can bridge distinct quantization schemes.
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I. INTRODUCTION

Despite significant advances, it is safe to say that a fully satisfactory theory of quantum
gravity is not in sight. One way to understand this state of affairs is to trace its origins
to the several methodological issues inherent in formulating a quantum theory of gravity.
Being radically different from systems we know how to quantize, it requires creative insight
to overcome the unique obstacles it poses, often resulting in methods and approaches that
may bear only the remotest analogy to known techniques. This, combined with the fact
that no observations are presently available to rule out some of the possibilities, leads to
questions about which methods are correct and whether there are connections between
different methods.

In view of this, one is led to consider toy models, and ask what simple systems share
some of the essential structural features of general relativity in four dimensions, so that one
can study the former in isolation from the latter. In this respect models serve a threefold
purpose: (i) they may provide a testing ground for different approaches to quantum gravity,
especially if exactly solvable; (ii) they can be used to illustrate possible connections between
different approaches; and (iii) like the Ising model, they may have significant pedagogical
utility due to their relative simplicity.

Toy models abound in quantum gravity; some notable ones are lower dimensional gravity
and Chern-Simons theory [1–4], BF theories and related topological quantum field theories
[5–7], U(1)3 theory [8, 9], and various symmetry reduced models that underlie quantum
cosmology [10]. All these models are more or less “exactly soluble”. But they also have
limitations. In particular, symmetry reduced models may lack the field-theoretic subtleties
of general relativity and are thus of limited value in dealing with methodological issues in
quantizing nonlinear field theories. The other models are topological, i.e. lack propagating
degrees of freedom, unlike general relativity.

However, there is another model, the so-called Husain-Kuchar (HK) model [11], that does
not suffer from some of these limitations. Like general relativity, it is a generally covariant
theory with local degrees of freedom, but it differs from the former in that it does not
possess the Hamiltonian constraint. It is this model that we study here. In particular, as
we shall argue, the model is well-suited to exploring the connections between three distinct
but related approaches to quantum gravity, namely canonical loop quantum gravity (LQG),
spinfoams and group field theory (GFT); we shall do this by developing a GFT for the model
and point out its connection with the other two approaches.

A few remarks are in order concerning why such a study is useful. Canonical LQG is
to date perhaps the most successful attempt at canonically quantizing general relativity in
a background-independent manner. However, as is well known, despite significant efforts,
the task is still not complete, since attempts to quantize the Hamiltonian constraint of
general relativity in a background-independent way are still beset with a number of problems
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[12, 13]. Experience with other areas in theoretical physics has demonstrated that covariant
or path integral methods can often help sidestep the obstacles encountered in canonical
quantization. In the context of LQG, spinfoams comprise the set of techniques devoted
to this endeavor [14–16]. While spinfoams have mushroomed into an independent line of
inquiry into quantum gravity, the precise relationship between spinfoams and canonical LQG
still remains elusive [17]. Two salient issues are germane here. First of all, the boundary
Hilbert space in spinfoam models of general relativity (for instance, the EPRL model [18]) is
the Hilbert space of SU(2) spin networks. While this coincides with the kinematical Hilbert
space in canonical LQG1, the question of its relationship with the physical Hilbert space
of quantum gravity remains open; to answer this question, one would need access to the
physical Hilbert space in canonical LQG, but this brings one face to face with the task of
quantizing the Hamiltonian constraint in canonical LQG.

One might wish to eschew this Herculean task by observing that there exists an indepen-
dent way of realizing the dynamics of general relativity at a quantum level in spinfoams by
imposing the so-called simplicity constraints, and while the states from the boundary space
may not strictly come from the solution space of the Hamiltonian constraint, they still are
genuine states of 3-geometry, which, as just remarked, we know how to evolve. However, this
still does not rule out the possibility that a fully satisfactory treatment of the Hamiltonian
constraint in the canonical theory might yield a picture of dynamics quite different from what
we have in spinfoam models. That there might be reason to suspect this is suggested by the
fact that the second-class simplicity constraints in, say, the EPRL model are imposed at the
“quantum” level [18], which is a radical departure from how one would proceed via canonical
quantization, where second-class constraints are solved classically [19, 20]. Thus the precise
relationship between covariant spinfoams and canonical LQG is still an interesting and open
subject of study.

In view of the fact that such a study in the context of general relativity seems to inevitably
run into the problem of quantizing the Hamiltonian constraint, one might wish to take a
step back and ask: can one isolate our object of study from the latter problem? This is
where the HK model comes in. As we pointed out above, and review in detail below, the HK
model is a generally covariant theory with local degrees of freedom that does not possess the
Hamiltonian constraint. Furthermore, it is a theory of connections on an SU(2) bundle over
spacetime. Therefore, it can be exactly quantized using canonical LQG methods [21]; this
may be regarded as a consistent quantization of all generally covariant theories of connections
with local degrees of freedom modulo gauge transformations and spatial diffeomorphisms .
In other words, the HK model is an exactly soluble quantum theory from the canonical
perspective; its physical Hilbert space is the kinematical Hilbert space of LQG, and the area
and volume operators of LQG are physical operators.

Thus, from the perspective of our aim, we need only construct a spinfoam for the HK
model and exhibit its relationship with the known canonical quantum theory. We already
know that there will be an exact correspondence between the physical Hilbert space of the
HK model and the boundary Hilbert space of the associated spinfoam model, since both
would comprise of SU(2) spin network states. Thus one part of the problem is already
solved.

However, to complete the connection, a spinfoam model for HK theory is required. Such
a model was suggested in [22], by restricting the spinfoam vertex of a four-dimensional
BF theory so that it effectively becomes 3-(rather than 4-)dimensional, as required by the
1 See [17] for some subtle caveats in this regard.
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fact that, canonically, there is no transverse flow to change the intrinsic geometry of a 3d
hypersurface in the HK model. Nonetheless, as pointed out in [22], an explicit construction
of the resulting projection operator in the continuum limit, which would lead to a definition
of a physical Hilbert state to be compared with the canonical one, is still missing.

This is the reason we turn to group field theories (GFTs) [23–27]. GFTs can be seen
as quantum many-body theories of “spacetime atoms”, and, as such offer a powerful and
radically new perspective on the problem of quantizing gravity. Despite continuum notions
being only understood as emergent in GFTs, there has been significant progress in recent
years in the extraction of continuum (especially cosmological) physics from these models
[28–45]. Moreover, GFTs show, in their path-integral and Fock representations, strong
connections with spinfoams [15, 24, 27, 46] and LQG [47–49]. Thus, besides being interesting
in its own right, a GFT quantization of the HK model would provide a framework that can
be used as a bridge between the corresponding spinfoam and canonical quantizations.

To this end we will present a quantization of the HK model as a non-interacting GFT.
The resulting HK-GFT model satisfies all the physical requirements imposed by the classical
HK model (including the absence of geometry and topology changing transitions).

Furthermore, using tools from algebraic quantum field theory applied to GFTs [50, 51],
we construct a Fock space for such a non-interacting GFT, and show that (i) the Fock space
is unique, and (ii) is equivalent to a symmetric sector of the standard Fock space [47–49] used
widely in GFTs. On the one hand, this enables one to systematically construct kinematical
LQG states within the GFT Fock space, while on the other hand, the Feynman amplitudes
of the HK-GFT correspond to the spinfoam amplitudes defined in [22]. Therefore, via the
intermediary bridge of a non-interacting GFT, we establish a precise link between spinfoam
and canonical quantization of the HK model.

The structure of the paper is as follows. In Section II, we review the HK model, its
canonical quantization via LQG methods, and establish features of a covariant quantization
that the canonical theory leads us to expect. In Sections III and IV, we review group field
theory with a view towards the goals of the subsequent sections. Almost all the discussion in
these sections is a review of known results. Our motivation for this is to make the paper self-
contained and pedagogically useful, and thus some of the discussions are somewhat detailed.
New results are presented in Section V, where we argue that a non-interacting GFT serves
as a satisfactory quantization of the HK model by using a constraint to reduce a general
4d GFT action with interaction to a non-interacting GFT. We study quantization of this
non-interacting theory both from a path-integral and Fock-space perspective, and observe
that the formalism of algebraic group field theory developed in Ref. [51] may be used to
show that the Fock space is unique in a certain sense and is equivalent to (a subspace of)
the kinematical GFT Fock space studied in Ref. [47]. Finally, in Section VI we discuss some
implications of describing the quantum theory of the HK model as a non-interacting GFT.

II. THE HK MODEL

Since we refer frequently to some features of the HK model to motivate its GFT model,
it is useful to summarize the model. We first provide an overview of the classical HK model
(Sec. II A), and then briefly review its canonical quantization (Sec. II B).
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A. Classical HK model

Let M be a 4d spacetime manifold. Define at every point of M triads eiα (i ∈ {1, 2, 3}, α ∈
{0, . . . , 3}) and connection Aiα, both of which are valued in the Lie algebra of SU(2). Fur-
thermore, the triads, considered as three one-forms, are assumed to be linearly independent.
The action is [11]

S =

∫
M

d4x ϵ̃αβγδϵijke
i
αe

j
βF

k
γδ , (II.1)

where F i
αβ = ∂[αA

i
β]+ ϵijkA

j
αA

k
β is the curvature of A. If the su(2)-valued triads and connec-

tion are replaced with so(3, 1)-valued tetrads and connection, the Palatini action for general
relativity in 4d is recovered. The use of SU(2) fields has significant consequences.

First, the metric on M defined by

gαβ = δije
i
αe

j
β , (II.2)

is degenerate in a certain direction. This is seen by noting that the vector density

ũα := ϵ̃αβγδϵijke
i
βe

j
γe
k
δ , (II.3)

is orthogonal to the triads: ũαeiα = 0. Therefore, gαβũα = 0. Hence the metric is degenerate
in the direction determined by ũα. Because the triads are linearly independent, there are no
further degeneracies [11].

The second consequence is related to the first, and arises when we inquire about the
direction determined by ũα. To this end, we must convert ũα into a vector field. This can be
accomplished [11] if M is foliated by a set of spacelike hypersurfaces, i.e. it has the topology
R×Σ, where Σ is a Riemannian 3-manifold. Then, with coordinate t ∈ R one can define the
nonzero scalar density ẽ = ũα∂αt and the vector field uα = ũα/ẽ. That ẽ ̸= 0 follows from
the definition (II.3) provided the triads eiα are all linearly independent. Hence uαgαβ = 0,
with g as defined in (II.2); the metric is thus degenerate off the spacelike hypersurface Σ.

The third consequence is that on the hypersurface Σ itself, one can define a non-degenerate
3-metric. Given an embedding Xα(xa) of Σ in M , xa being intrinsic coordinates on Σ, the
triads eiα on M may be projected into Σ:

eia = eiα∂aX
α , (II.4)

and define a 3-metric on Σ by
qab = eiae

j
bδij . (II.5)

Together, these arguments show that while one can define a 3-metric on an initial data
slice in Σ, the theory does not possess enough ingredients to evolve this 3-metric into a unique
4-metric on M . This suggests that the theory does not have a Hamiltonian constraint. This
can be verified [11] by a direct canonical decomposition of the action (II.1). The only
constraints turn out to be an SU(2) Gauss law and a spatial diffeomorphism constraint:

DaẼ
a
i = 0 , F i

abẼ
b
i = 0 . (II.6)

Here Ẽa
i = ϵ̃abcϵijke

j
be
k
c , which is conjugate to the projection Aia = Aiα∂aX

α of the con-
nection on M into Σ, and F i

ab is the curvature of Aia. These are precisely the Gauss and
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diffeomorphism constraints for general relativity in the Ashtekar variables.

Coupling scalar fields. It is possible to couple scalar fields to the HK model. We describe
three possibilities. The first one [52, 53] is adding to the action (II.1) the term∫

M

d4x πũα∂αϕ , (II.7)

where π and ϕ are a pair of scalar fields. Canonical analysis then shows [52] that π̃ = ẽπ
is the momentum conjugate to ϕ, and the spatial diffeomorphism constraint picks up the
contribution π̃∂aϕ from the scalar fields. Again, there is no Hamiltonian constraint. Thus,
like the gravitational variables, the scalar fields are non-dynamical, as can also be verified
by looking at the equation of motion for ϕ, namely ũα∂αϕ = 0. On the other hand, if one
adds the term [54]

−
∫
M

d4x ϵ̃αβγδδije
i
αF

j
βγ∂δϕ , (II.8)

then there is a Hamiltonian constraint; this reflects the possibility of defining a non-
degenerate 4-metric by gαβ = ±∂αϕ∂βϕ + δije

i
αe

j
β; this metric is non-degenerate since ∂αϕ

now no longer vanishes along ũα. This immediately leads to the third way of adding a scalar
field to the model. One uses ϕ and eiα to define the tetrad [54]

eIα = (∂αϕ, e
i
α) , (II.9)

with inverse given by

eαI =
1

det eIα
(ũα, ũαi ), ũαi = ϵ̃αβγδϵijke

j
βe

k
γ∂δϕ . (II.10)

This then allows the addition of the following term to the action (II.1) plus (II.8):∫
M

d4x (det eIα)e
α
I e

βI∂αϕ∂βϕ . (II.11)

The HK model without scalar fields can be understood as a gauge-fixed version of the
second scalar-field model or the third one, with the gauge choice ϕ = 0. Thus, classically,
both models are equivalent [54]. We focus here on the model without scalar fields.

B. Canonical Quantization

Let us now briefly summarize the canonical quantization of the HK model using LQG
methods [11, 21]. The basic result is that the physical Hilbert space consists of (group-
averaged) SU(2) spin networks with inner product defined by the Ashtekar-Lewandowski
measure. This leads to the result that unless two spin network graphs can be made to
coincide through a spatial diffeomorphism, the inner product between the states they define
must be zero. Put differently, since spin networks encode 3-geometries, two spin networks
have a vanishing inner product unless they describe identical 3-geometries. This yields a
condition that any path integral quantization of the HK model must satisfy. To see what
is this condition for the spin network quantization of the HK model, let us recall that a
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physical state of the HK model may be represented by the ket

|Γ; j1, j2, · · · jm; I1, I2, · · · In⟩ , (II.12)

where Γ is a graph embedded in a 3-manifold Σ, ji are the spin labels on its edges, and Ii
are the intertwiners on its nodes. Now if one is given a 4-manifold with boundary that is a
disjoint union Σi ∪ Σf of two 3-manifolds, then the transition amplitude of the HK model
must satisfy

⟨Γ; j1, j2, · · · jm; I1, I2, · · · In|Γ′; j′1, j2,
′ · · · j′m; I ′1, I ′2, · · · I ′n⟩ = δ{jk},{j′k}δ{Ik},{I′k} , (II.13)

where Γ′ is the image of Γ under a spatial diffeomorphism. This is the quantum realization of
the fact that the Hamiltonian constraint of the HK model is identically zero; it indicates that
there is no interaction that can create new edges and vertices, nor change the data associated
with them in the process of quantum propagation of a spin network. In a pictorial spinfoam
depiction, this amounts to “dragging” a spin network state without changing it from an
initial spatial surface to a final one.

One of the principal aims of this paper is to show that this is the case in a group field
theory quantization, and hence by implication, in a spinfoam quantization of this model.

III. REVIEW OF GFT

Broadly construed, GFTs can be understood as an attempt to take seriously the idea that
spacetime has a nontrivial “quantum” microstructure, of which our classical understanding
of gravity is only a coarse-grained and incomplete description. The attempt strives to be
precise enough to yield tangible, concrete models of quantum gravity, and at the same
time, broad enough to encompass and possibly compare a variety of approaches to the idea
of “quantum geometry”, including, but not limited to, LQG, spinfoams, causal dynamical
triangulations [55], and so on. This requires the definition of a mathematical framework that
is broad and flexible enough to capture the main physical insights of the above approaches.
This is provided by the tensorial group field theory (TGFT) formalism. TGFTs are defined
in terms of a complex- or real-valued tensor field TAB... on r copies of a group G, with
dynamics characterized by combinatorially non-local interactions:

S[T, T ∗] = tr (T ∗, KT ) +
∑
γ

λγUγ[T
∗, T ] + c.c . (III.1)

In the above equation, the first term is a “kinetic” term, where we have defined the inner
product (·, ·) as

(T, T ′) :=

∫
Gr

dgI T (gI)T
′(gI) , (III.2)

with (g1, . . . , gr) := (gI) ∈ Gr, and dgI =
∏r

i=1 dgi, where dgi is an appropriate measure
on G. The second term in equation (III.1) is an “interaction” term. It is characterized
by combinatorially non-local contractions of the tensor field data (tensor indices AB . . . ,
and group variables gI) dictated by patterns represented by the graphs γ, each vertex of
which represents a power of T (or T ∗). GFTs are then TGFTs that admit a quantum
gravitational interpretation, i.e., whose group manifold can be associated with quantum



III REVIEW OF GFT 8

geometric data, and whose interactions are (often, but not necessarily) characterized by
combinatorial patterns associated with the gluing of (d − 1)-dimensional cells to form a
d-dimensional one.

A. Representations of the group field

To make the above idea concrete, we provide a concrete illustration by focusing on a
complex-valued scalar field on copies of SU(2), which is intended to represent a (quantum)
tetrahedron. (We will see below in Section III B how to specify interactions that describe the
gluing of 5 such tetrahedra to form the simplest building block of a 4-dimensional spacetime
— a 4-simplex.)

There are three useful representations of the group field, the group representation, the
spin representation and the Lie algebra representation. For the purposes of this paper, we
shall require only the first two, and hence it is useful to review them.

Group representation. The group field is defined, in general, by the complex-valued
function

ϕ : SU(2)4 → C , (III.3)

with the condition that it be invariant under the right action of SU(2):

ϕ(g1, g2, g3, g4) = ϕ(g1h, g2h, g3h, g4h) , ∀h, gi ∈ SU(2) . (III.4)

The reason ϕ is a function of four group elements is that it is designed to represent the
“wavefunction” associated to a single tetrahedron, with each of its faces associated with a
group element g. Any field χ(g1, · · · , g4) can be converted into a right-invariant one by
means of a projection operator,

ϕ(g1, . . . , g4) := Pχ(g1, . . . , g4) =
∫

dhχ(g1h, g2h, g3, g4h) , (III.5)

where the integration above is done using normalized Haar measure on SU(2)4.

Spin representation. By the Peter-Weyl theorem, one can expand the fields ϕ : SU(2)4 →
C in terms of the matrix elements Dj

mn(g) of spin-j representations of SU(2):

ϕ(g1, g2, g3, g4) =
∑

ji,mi,ni

ϕj1...j4m1...m4;n1...n4
Dj1
m1n1

(g1) · · ·Dj4
m4n4

(g4)

=
∑
J,M,N

ϕJMND
J
MN(gI) , (III.6)

where we have introduced the notation J = (j1, j2, j3, j4),DJ
MN(gI) = Dj1

m1n1
(g1) · · ·Dj4

m4n4
(g4),

etc. By virtue of (III.11) and (III.5), the above equation can be written as

ϕ(gI) =
∑
JMNj

φJjM I
Jj
N D

J
MN(gI)

√
dJ , φJjM ≡ φj1j2j3jm4;j

m1m2m3m4
≡
∑
N

ϕJMNI
Jj
N , (III.7)

where dJ := 2J+1 := (2j1+1) · · · (2j4+1), and we have introduced the so-called intertwiners
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IJjN , which span the invariant part of Vj1 ⊗ · · · ⊗ Vj4 ; Vji is the vector space of the spin-ji
representation. Explicitly, they are given by

IJjN =
√
dj
∑
n

(−1)j−n
Å
j1 j2 j
n1 n2 n

ãÅ
j j3 j4
−n n3 n4

ã
(III.8)

where the objects with round brackets are the Wigner 3j-symbols used in the theory of
quantum angular momentum. They are zero unless the magnetic quantum numbers in them
sum to zero (e.g. n1 + n2 + n = 0 above) and the j quantum numbers satisfy the triangle
inequality (e.g. |j1 − j2| ≤ j ≤ j1 + j2). Furthermore, they have a number of properties and
calculations involving them can be done using an elaborate diagrammatology. For details,
see Refs. [56–58]. We only note a few important identities among Dj

mn(g) and IJjM that we
will require.

First, note some orthogonality relations satisfied by the Wigner matrices [59],∫
dh

2∏
i=1

Dji
mini

(h) = δj1j2
(−1)j1−m1(−1)j2−n1√
(2j1 + 1)(2j2 + 1)

δm1,−m2δn1,−n2 , (III.9)

∫
dh

3∏
i=1

Dji
mini

(h) =

Å
j1 j2 j3
m1 m2 m3

ãÅ
j1 j2 j3
n1 n2 n3

ã
, (III.10)

∫
dh

4∏
i=1

Dji
mini

(h) =
∑
j

Ij1j2j3j4jm1m2m3m4
Ij1j2j3j4jn1n2n3n4

, (III.11)

Also important is the Peter-Weyl representation of the Dirac delta function on SU(2) (defined
to be nonzero whenever its argument is equal to the unity element in SU(2)):

δ(g−1h) =
∑
jmn

djD̄
j
mn(g)D

j
mn(h) =

∑
jmn

dj(−1)m−nDj
−m−n(g)D

j
mn(h) (III.12)

where the second equality comes from the fact that

D
j

mn(g) = (−1)m−nDj
−m−n(g) . (III.13)

We learn a number of things from (III.7). First, if the field ϕ is assumed to be real,
then since DJ

MN(gI) = (−1)
∑4

i=1mi−niDJ
−M−N , IJjN = (−1)

∑4
i=1 jiIJj−N and

∑4
i=1 ni = 1 for an

intertwiner,
φ̄JjM = (−1)

∑4
i=1 ji−miφJj−M , (III.14)

Second, we can see that a GFT field ϕ(g1, . . . , g4) is composed of linear combinations of
DJ
MN(gI)I

Jj
N

√
dJ , with coefficients φJjM , much like a mode expansion in usual field the-

ory; the modes now are φJjM , labeled by spin, angular momentum and intertwiner data.
We can also define an Hv as the invariant subspace of the tensor product of the spin-j
Hilbert spaces H(j) associated with the spin decomposition of a function f ∈ L2(SU(2)),
i.e., Hv = Inv(⊗4

i=1H(ji)). The field modes φJjN can also be naturally associated with a
tetrahedron: the tetrahedron itself carries an intertwiner label j and its four faces are la-
beled by (j1,m1), . . . , (j4,m4) respectively; the closure of the faces now translates to the
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presence of an intertwiner in the definition of φJjM , which ensures m1 + · · · + m4 = 0. We
call such a tetrahedron an open tetrahedron; the GFT field is a linear combination of such
open tetrahedra.

It is also worth pointing out that every tetrahedron has a dual graph: replace the tetrahe-
dron by a vertex at its center and four edges connecting the vertex and the four faces of the
tetrahedron respectively. Accordingly, fields and field modes can equivalently be associated
with these dual graphs. In particular, in the case of the field modes, we will call the dual
graph a dual open spin network.

To summarize, a GFT field can be graphically represented by a tetrahedron, or equiva-
lently by its dual open spin network—a node with 4 outgoing half-links. The tetrahedron,
or its dual open spin network, is decorated with group or spin data, depending on the
representation chosen.

B. Group field theory amplitudes and simplicial path-integrals

We have seen that a GFT field can naturally be associated with a tetrahedron and its
dual spin network, and the association works at the level of group and representation theory.
The next step is to construct a GFT action. The choice of the action is motivated by our
desire to describe by means of it a quantization of a classical theory of geometries.

As an illustration and in anticipation of future use, let us focus on the case of 4d BF
theory, which is a topological field theory formulated on a 4-manifold (see Appendix A for
a review). Its GFT is described by the Ooguri action [59]:

SO =
1

2

∫
dg1 · · · dg4 ϕ2(g1, . . . , g4)

+
λ

5!

∫
dg1 · · · dg10 ϕ(g1, g2, g3, g4)ϕ(g4, g5, g6, g7)ϕ(g7, g3, g8, g9)

× ϕ(g9, g6, g2, g10)ϕ(g10, g8, g5, g1) . (III.15)

Here the field ϕ is taken to be real-valued. The geometric rationale for this action is as
follows. As explained above, ϕ(g1, g2, g3, g4) represents a tetrahedron with its four faces
labeled by the gi; the kinetic term describes two tetrahedra with all faces glued together
in pairs. The interaction term describes five tetrahedra, each of which shares a face with
every other one; the resulting structure is a 4-simplex (like 4 triangles joined together via
pairwise edge-to-edge gluings to form a 3-simplex) – the order of the arguments of fields
in the interaction term dictates which face is glued to which, so as to result in a 4-simplex
(again with comparison to the edges of the triangles glued in a specific way to produce a
3-simplex).

This shows that the vertex of this theory is a 4-simplex, and a propagator is either
the gluing together of two tetrahedra coming from two distinct 4-simplices or the same 4-
simplex (self-intersections); see Fig 1. Thus the the Feynman diagrams of this theory are
collections of 4-simplices (vertices) glued together along their boundary tetrahedra through
the propagator

P (gI , hI) =

∫
ds

4∏
i=1

δ(gish
−1
i ), (III.16)

which has been written in a gauge-invariant manner. The propagator describes gluing of two
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Figure 1: Vertex and propagtor for the Ooguri model.

tetrahedra labeled by (gI) and (hI) respectively. The objects resulting from gluing tetrahedra
on the boundary of 4-simplices are arbitrary cellular complexes, i.e. objects composed of
0, 1, 2, . . ., n cells or simplices, together with a prescription for gluing some i-cells in the
collection across (i− 1)-cells on their boundaries. This means that the partition function

Z =

∫
Dϕ exp (−SO[ϕ]) , (III.17)

expanded in powers of λ would scale with the number of vertices in a Feynman diagram to
give

Z =
∑
C

λN4(C)

Nsym(C)
ZC , (III.18)

where the sum is over all possible cellular complexes C dual to the Feynman graphs of
the theory, ZC is the quantum amplitude associated with the complex C (where complexes
with the same number N4(C) of 4-simplices are weighted by the same power of λ from the
perturbative expansion of the action,), and Nsym(C) is the order of the symmetry group
of C. A cellular complex in which no two glued tetrahedra come from the same 4-simplex
represents a triangulation of a 4-manifold. Thus the sum in (III.17) contains in particular
a sum over all combinatorial 4-manifolds. Z would represent a generating functional for
BF simplicial path-integrals if the amplitudes ZC can be identified with a BF path-integral
discretized over the complex C. This is what we show below, both in the group and in the
spin representation.

Spin representation of the amplitudes. From (III.7), and the assumption of permu-
tation invariance of ϕ(g1, g2, g3, g4) in any three of its arguments [59], it can be shown that
the action (III.15) becomes

SO =
1

2

∑
JMj

|φJjM |2 − λ

5!

∑
{ji,li,mi,ni}

(−1)
∑10

i=1(ji+mi)(−1)
∑5

i=1(li+ni)

 l1 l2 l3 l4 l5
j1 j2 j3 j4 j5
l10 l9 l8 l7 l6


× φj2l2l4j3;l3m2n2−n4m3

φj4l4l6j5;l5m4n4−n6m5
φj2l6l8j1;l7−m2n6−n8m1

φj3l8l10j5;l9−m3n8−n10−m5
φj4l10l2j1;l1−m4n10−n2−m1
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=
1

2

∑
JMj

|φJjM |2 + Sint, (III.19)

where the object in the big curly braces is the 15j symbol of the third kind, which is a
specific sum over products of 3jm symbols, also encountered in angular momentum theory
[56, 57]. This enables one to write the amplitude ZC associated with a particular complex
C explicitly. To this end, we should first of all determine all the nonvanishing components
of the propagator, i.e. the two-point function of the theory. They are encoded in [59]

⟨φj1j2j3j4jm1m2m3m4
φj1j2j3j4jm′

1m
′
2m

′
3m

′
4
⟩ = 1

9

4∏
i=1

δmi,m′
i
, (III.20)

⟨φj1j2j3j4jm1m2m3m4
φj3j1j2j4j

′

m′
3m

′
1m

′
2m

′
4
⟩ = 1

9

4∏
i=1

δmi,m′
i

»
(2j + 1)(2j′ + 1)

ß
j1 j2 j′

j3 j4 j

™
, (III.21)

and similar relations obtained by cyclic permutations of (j1, j2, j3, j4); here ⟨(· · · )⟩ represents
the expectation value of (· · · ) with respect to the Gaussian measure

∏
JMj

dφJjM exp

(
−1

2

∑
JMj

|φJjM |2
)
. (III.22)

and the object in the curly braces is the 6j symbol from the theory of angular momentum
[56–58]. This means that whenever a propagator connects two vertices or connects a vertex
to itself, one either picks a delta function or a delta function times a 6j-symbol. Thus, since
we know that the propagator represents propagation of tetrahedra, each tetrahedron in a
Feynman graph generally carries a 6j-symbol. On the other hand, Sint is a 4-simplex with
which one can associate a 15j-symbol [14]. Therefore, schematically, one should have [59]

ZC =
∑
j

∏
f :2-simplices

(2jf + 1)
∏

3-simplices

{6j}
∏

4-simplices

{15j} . (III.23)

This is similar in form to the amplitude from a spinfoam quantization of BF theory on
C, if C is a combinatorial manifold (Appendix A). In other words, the partition function
(III.17) of a GFT contains a sum over combinatorial manifolds of the spinfoam amplitudes
associated with those manifolds. In this way, a GFT helps bypass the delicate question of
triangulation independence in spinfoams, which can be answered in the affirmative only for
topological theories like BF theory [14] (where the sum over combinatorial manifolds reduces
to a sum over distinct topologies). One can thus see a GFT as a completion of its underlying
triangulation-dependent spinfoam model.

Amplitudes in the group representation. Once we have obtained ZC in the spin
representation, it is a matter of using appropriate identities from the harmonic theory of
SU(2) [58] to pass over to the group representation. To this end, note first that every face
f in C is shared by a finite number of tetrahedra, say t1, . . . , tn. Since each tetrahedron
has its faces labeled by group elements, a face f has associated with it different group
elements hf(t1), . . . , hf(tn) coming from the tetrahedra to which it belongs. Keeping this in
mind and using (III.9)-(III.11) and the definition of the 6j- and 15j-symbols in terms of the
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3jm-symbols, ZC can be written as [59]

ZC =
∑
j

∫ ∏
t:3-simplices

dht
∏

f :2-simplices

(2jf + 1) tr(Djf(t1)(hf(t1)) · · ·Djf(tn)(hf(tn))) , (III.24)

But this reduces using (III.12) to

ZC =

∫ ∏
t:3-simplices

dht
∏

f :2-simplices

δ(hf(t1) · · ·hf(tn)
) . (III.25)

Recalling that in BF theory, tetrahedra sharing a face in C correspond to the edges sur-
rounding a face in the dual 2-complex of C (see Appendix A), this reproduces again the
spinfoam amplitude for a BF theory on C, this time in the group representation; the hf(ti)
are the holonomies along the edge dual to the tetrahedron ti.

C. Aside on real and complex GFT fields

In reviewing the Ooguri model, we have used a real-valued GFT field. But this is not
necessary. One can also use a complex-valued field ϕ : SU(2)4 → C to define an action
(provided its is real); the kinetic term would be of the form ϕϕ̄. On the other hand, there
can be more than one interaction term of the form appearing in the Ooguri action (III.15),
depending on how one wants to convolve the field and its conjugate in the vertex of the
theory. For instance, one possibility is∫

dg1 · · · dg10(ϕ1234ϕ4567ϕ7389ϕ96210ϕ10851 + ϕ̄1234ϕ̄4567ϕ̄7389ϕ̄96210ϕ̄10851) ,

where we have used the shorthand ϕ(g1, g2, g3, g4) ≡ ϕ1234, etc. Similarly, another possibility
could be permutations of terms of the form ϕ̄ϕ4 + ϕϕ̄4, and so on.

There are now two kinds of tetrahedra in the theory, those labeled by ϕ and those labeled
by ϕ̄. The kinetic term ϕϕ̄ now describes overlapping of distinct types of tetrahedra. In
particular, the propagator of the theory is nonzero only for propagation between ϕ̄ and ϕ
tetrahedra, i.e. ⟨ϕϕ⟩ = ⟨ϕ̄ϕ̄⟩ = 0. Furthermore, since the interaction terms still represent
4-simplices, the partition function of the theory can still be organized as a sum over combi-
natorial structures, including 4-manifolds. The only difference is that 4-simplices are glued
along ϕ and ϕ̄, rather than along ϕ and ϕ or ϕ̄ and ϕ̄, tetrahedra.

These considerations show that a complex-valued GFT field gives a geometrically sensible
theory, as does the real-valued field. However, the former is evidently more general. It also
provides an arena wherein a Fock space for a GFT can be postulated. This in turn facilitates
comparison with canonical LQG. We now turn to these matters.
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IV. GFT FOCK SPACE

A. Fock space for a complex GFT field

Fock quantization of GFT has been developed in a series of papers in Refs. [47, 49, 50]
(and following different approaches in [60] and [61]); for a review, see [62]. To begin with,
we take a complex-valued GFT field2 ϕ : SU(2)4 → C and promote it and its conjugate to
operators ϕ̂ and ϕ̂† by imposing the following commutation rules.

[ϕ̂(gI), ϕ̂(hI)] = [ϕ̂†(gI), ϕ̂
†(hI)] = 0, [ϕ̂(gI), ϕ̂

†(hI)] =

∫
ds

4∏
i=1

δ(gish
−1
i ). (IV.1)

Here we have used a gauge-invariant delta function to ensure consistency with the right-
invariance of the fields. This is the algebra of creation and annihilation operators. The
motivation for this comes from thinking of a GFT as a many-body theory of quanta of
space [47]. That is, ϕ̂†(gI) and ϕ̂(gI) are creation and annihilation operators, respectively,
creating and destroying a tetrahedron labeled by (gI). There is thus a vacuum |0⟩ which is
annihilated by ϕ̂ and on which repeated application of ϕ̂† gives rise to a Fock space.

The geometric interpretation becomes more transparent in the spin representation. Defin-
ing CJj

M (gI) ≡
∑

N

√
dJI

Jj
N D

J
MN(gI), we write (cf. (III.6))

ϕ̂(gI) =
∑
JjM

âJjM CJj
M (gI), ϕ̂†(gI) =

∑
JjM

â†JjM C̄Jj
M (gI) (IV.2)

where the operators âJjM and â†JjM satisfy

[âJjM , â
Kk
N ] = [â†JjM , â†KkN ] = 0, [âJjM , â

†Kk
N ] = δJ,KδM,Nδj,k . (IV.3)

Recall that the tetrahedra associated to field configurations have four-valent dual open spin
networks, and in particular, the dual spin networks labeled by field modes carry spins,
magnetic quantum numbers and an intertwiner label. With this interpretation, a creation
operator a†JjM acts on the vacuum state |0⟩ to create a 4-valent vertex whose four (in principle
indistinguishable) links are labeled by (j1,m1), (j2,m2), (j3,m3), (j4,m4) and the vertex itself
is labeled by an intertwiner quantum number j; we represent these states by |J,M, j⟩. The
annihilation operator AJjM destroys such vertices. Thus, the one-particle states are these
4-valent open spin networks belonging to Hv [47]. A GFT Fock space FGFT can then be
constructed in the usual manner by repeated action of the creation operator over the Fock
vacuum. In the occupation number basis, the states generated in this way are labeled by the
numbers of distinct 4-valent open spin networks corresponding to distinct labels (J,M, j)
and provide a convenient basis for FGFT. For instance, the state |nJMj, nKNk⟩ contains nJMj

and nKNk 4-valent open spin networks labeled by (J,M, j) and (K,N, k) respectively, and
no other vertices. The action of, for instance, a†JjM and aJjM on these states will be

a†JjM |nJMj, nKNk⟩ =
√
nJMj + 1 |nJMj + 1, nKNk⟩ , (IV.4)

aJjM |nJMj, nKNk⟩ =
√
nJMj |nJMj − 1, nKNk⟩ . (IV.5)

2 We specialize to four copies of SU(2) for simplicity. The results generalize to any number of copies [47].
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The inner product between one-particle states is the natural one induced from the standard
L2 inner product with respect to Haar measure between one-particle wave functions CJj

M (gI).
That is, from (III.9)-(III.11), we have∫

dgI C
Jj
M (gI)C̄

Kk
N (gI) = δJ,KδM,Nδj,k. (IV.6)

Thus, we define
⟨J,M, j|K,N, k⟩ = ⟨0|aJjMa

†Kk
N |0⟩ ≡ δJ,KδM,Nδj,k (IV.7)

Explicitly, we can write down the Fock space as

FGFT =
∞⊕
V=0

HV , HV ≡ sym(Hv⊗ · · ·⊗︸ ︷︷ ︸
V times

Hv) , (IV.8)

where Hv = L2(SU(2)4/SU(2)) is the space of right-invariant functions on SU(2)4. For later
purposes, it is also convenient to define a pre-Fock space, which is simply the unsymmetrized
direct product over Hv, i.e.

F̃GFT =
∞⊕
V=0

Ñ
Hv⊗ · · ·⊗︸ ︷︷ ︸

V times

Hv

é
. (IV.9)

It is worth emphasizing that the Fock space presented above is not a construction from first
principles. Rather, it has been simply postulated. The analogy is with the Fock spaces
encountered in non-relativistic quantum field theory of many-body systems [47]. How far is
such an analogy justified within a quantum gravity context is open for debate. For now, we
will simply work with this Fock space, without asking where it came from or how can it be
derived solely within a GFT framework. We will return to this question later in Section V
when we study the GFT of the HK model.

B. The kinematical LQG Hilbert space and the GFT Fock space

As we have seen above, open 4-valent spin network vertices can be thought of as the
dual graphs of a tetrahedron, and by acting on the vacuum with the creation operators
and contracting the magnetic quantum numbers on different operators, one can construct
arbitrary spin networks. This suggests that it is possible to construct in the GFT Fock space
arbitrary spin networks in the diffeo-invariant Hilbert space of canonical LQG HLQG. This
is spelled out in more detail in [47, 49, 63].

Kinematical states. Take an arbitrary kinematical spin network state, described in the
following way. Consider a graph Γ with V vertices, labeled with lowercase Latin letters such
as i = 1, . . . , V . For simplicity, let each vertex be d-valent, the links surrounding it denoted
by Greek letters like α = 1, · · · , d. Every edge in the graph connects two vertices together.
To make the connectivity explicit, we denote by (iα, jβ) the edge that goes from the αth link
at the ith vertex to the βth link at the jth vertex. Each such edge carries a spin label jαβij ,
and to ensure guage invariance, each vertex i carries an intertwiner Ii between the Hilbert
spaces corresponding to the spins on the links surrounding i. In this way, we get the spin
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network state
|Γ; {jαβij }, {Ii}⟩ (IV.10)

associated with the graph Γ. Such spin network states form an orthonormal basis for the
SU(2) gauge invariant Hilbert space HΓ associated with Γ. These states can easily be
constructed in the GFT pre-Fock space (IV.9). From Section IIIA, we know that this space
contains open spin networks which have N d-valent vertices, with the following spin and
intertwiner data: the αth link on the ith vertex carries a label (jαi ,mα

i ), while the vertex
itself carries an intertwiner Ii between the Hilbert spaces from which the jαi come. We thus
get an open spin network state, namely

|{(jαi ,mα
i )}, {Ii}⟩ . (IV.11)

These states can be used to construct the SU(2) invariant spin network state above (IV.10),
for the construction consists merely in connecting the appropriate links on distinct open spin
network vertices. For instance, the labels (jαi ,m

α
i ) and (jβkm

β
k) on the ith and kth vertices

should both coincide with the label jαβik on the LQG spin network. This can be achieved by
letting (jαi ,m

α
i ) = (jβk ,m

β
k) and summing over the magnetic quantum numbers. Therefore,

more generally, we have

|Γ; {jαβij }, {Ii}⟩ =
∑
{mα

i }

|{(jαi ,mα
i )}, {Ii}⟩

∏
(iα,jβ)∈E(Γ)

δjαi ,j
β
k
δmα

i ,m
β
k
∈ HΓ , (IV.12)

where E(Γ) is the set of edges in Γ. Now, using SU(2) recoupling theory [56, 57], the
intertwiner at every vertex in |Γ, {(jαi ,mα

i )}, {Ii}⟩ can be repeatedly split up into products
of sums of intertwiners that connect a subspace of the spins intersecting that vertex, until one
obtains a spin network that has only 4-valent vertices. In other words, |Γ, {(jαi ,mα

i )}, {Ii}⟩
can be expanded in terms of open spin networks, and hence lies in the pre-Fock space F̃GFT
that we saw above.

The question of whether |Γ; {jαβij }, {Ii}⟩ lies in the true GFT Fock space FGFT (IV.8)
rather than just the pre-Fock space F̃GFT (IV.9) is a bit more involved. Here we must bear
in mind that the graphs Γ under consideration so far are labeled, i.e. their vertices are
ordered by construction. On the other hand, in the GFT Fock space (IV.8), like any other
Fock space, one symmetrizes over the “single-particle” vertex Hilbert spaces Hv in defining
HV . This Fock space, therefore, should only contain spin networks whose underlying graphs
have indistinguishable vertices; call such graphs unlabeled. From the perspective of GFT,
this is not unreasonable: it is only the combinatorial pattern of vertex-edge connections that
is of relevance for the geometrical information encoded in a graph [49]. For example, the
three-vertex labeled graph 3 − 1 − 2 should be the same as the three-vertex labeled graph
1− 2− 3 or 1− 3− 2, etc. (here the dashes denote edges and the number denote vertices).
With this in mind, one should aim to show that spin networks of labeled graphs can be
projected onto spin networks of unlabeled graphs. To do this, note that a labeled graph
can be turned into an unlabeled graph by taking equivalence classes under permutations of
vertex labels. For a given labeled graph Γ with V vertices, let [Γ] denote its equivalence
class under permutations π of {1, . . . , V }. Then a spin network on Γ can be projected onto
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a spin network on the equivalence class [Γ] by group averaging [49],

|[Γ]; {jαβij }, {Ii}⟩ =
∑
π∈PΓ

|Γπ; {jπ
∗(αβ)

π(i)π(j)}, {Iπ(i)}⟩ , (IV.13)

where PΓ is the group of permutations of {1, . . . , V }. Evidently, such states are invariant
under vertex relabeling and thus lie in FGFT.

Diffeo-invariant states. In LQG one considers graphs embedded in a 3-manifold Σ and
therefore, the space of interest is the Hilbert space Hdiff

Γ of diffeomorphism invariant spin
networks associated with a graph Γ. That is, the diffeo-invariant LQG Hilbert space HLQG
is

HLQG =
⊕
Γ∈S

Hdiff
Γ ,

where S is the set of all graphs embedded in Σ. We thus want to see whether equivalence
classes of spin networks under diffeomorphisms can be constructed in the GFT Fock space.
To answer this question, it will be pedagogically useful to probe the structure of Hdiff

Γ in a
bit more detail.

Hdiff
Γ can be constructed from states in HΓ by group averaging [64]. This is most easily

achieved by dividing the action of the diffeomorphism group DiffΣ on a graph into two parts.
The first part is GSΓ = DiffΓ/TDiffΓ, where DiffΓ ⊂ DiffΣ is the group of diffeomorphisms
which map Γ onto itself, whereas TDiffΓ ⊂ DiffΓ maps Γ onto itself while preserving the
edge-vertex connectivity. That is, if the edges labeled i and j in Γ are connected by an edge,
they remain connected by an edge under the action of any ξ ∈ TDiffΓ. In other words, TDiffΓ

is essentially the automorphism group of Γ. The second part of DiffΣ is DiffΣ/GSΓ, namely
diffeomorphisms that merely move Γ in Σ. Then one can define the map µ : HΓ → Hdiff

Γ by
3

µ(|Γ; {jαβij }, {Ii}⟩) ≡ |Γ; {jαβij }, {Ii}⟩µ

=
1

|GSΓ|
∑

ρ∈DiffΣ/GSΓ

∑
φ∈GSΓ

|ρ∗φ∗Γ; {jαβij }, {Ii}⟩ (IV.14)

From the perspective of comparison with GFT, a real simplification is afforded by the remark-
able result in [63], namely that the space HLQG of diffeomorphism invariant spin networks
actually admits a Fock space structure which is different in construction from but essentially
the same in spirit as the GFT Fock space FGFT (IV.8). This considerably facilitates the
comparison between FGFT and HLQG. We will thus briefly sketch the main ideas involved
in exhibiting a Fock structure in HLQG; for details, see [63].

The central idea is to partition the set S of graphs in Σ into distinct numbers of unlinked
components, where a single unlinked component of a graph Γ means one or several parts of
Γ that are not linked to the rest of the graph, but are linked to each other. Let Sn denote
the set of all graphs with n unlinked components. Since the Ashtekar-Lewandowski measure
ensures that the inner product between two graphs Γ ∈ Sn and Γ′ ∈ Sm is zero unless m = n,

3 As is well-known, due to the non-compactness of DiffΣ, one has to work in the dual of HΓ, but for
simplicity, we ignore this technical point [64].
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one has

HLQG =
⊕
Γ∈S

Hdiff
Γ =

∞⊕
n=0

⊕
Γ∈Sn

Hdiff
Γ =

∞⊕
n=0

Hdiff
n ,

where we have defined an n-component Hilbert space Hdiff
n :=

⊕
Γ∈Sn

Hdiff
Γ . It can be shown

[63] that this n-component Hilbert space is isomorphic to sym(Hdiff
1 ⊗· · ·⊗Hdiff

1 ). Thus HLQG

is a Fock space in which spin networks coming from one-component diffeomorphic graphs
are one-particle states. Explicitly, let γi, i = 1, . . . , n, denote n one-component graphs; then
n-particle states in HLQG are spanned by

∑
σ∈Pn

n⊗
i=1

|γσ(i); {jαβij }, {Ii}⟩µ , (IV.15)

where Pn is the symmetric group over n elements, denoting the permutations between dis-
tinct components γi. Now, for a one-component graph γ, the sum over GSγ in (IV.14)
essentially amounts to a sum over all permutations of the vertices of γ. This produces noth-
ing but the associated unlabeled graph [γ], resulting in a state in FGFT. Furthermore, from
the standpoint of GFT, the sum over DiffΣ/GSΓ in (IV.14) is redundant, since there is no
embedding of graphs in an a priori manifold in GFT. In other words, moving a graph in Σ
gives exactly the same graph from a GFT perspective. Therefore, a spin network in HLQG

can be constructed in FGFT as well [63].
Thus, the set of all kinematical LQG states is part of the set of states in GFT Fock

space FGFT. Notice, however, that despite this pleasant result, the spaces HLQG and FGFT

are fundamentally different. To begin with, one-particle states in HLQG are spin networks
associated with one-component graphs, whereas one-particle states in FGFT are open spin
networks associated with vertices. This in turn affects how orthogonality between states is
imposed in the two spaces. In HLQG, two states are orthogonal either if they have a different
number of components or any two components in them are not diffeomorphic to each other
[63]. On the other hand, states in FGFT are orthogonal if they have a different number of
vertices. In particular, we may consider two states coming, respectively, from a graph Γ
with two unlinked components each of which has, say, two vertices, and a graph Γ′ with only
one component which has, say, four vertices. In HLQG, their inner product will vanish, but
in FGFT, they may have a nonzero overlap. This is not a paradox. Graphs with the same
number of vertices but different number of unlinked components contain an equal number of
quanta of spacetime. They may differ only with respect to their combinatorial patterns, but
in the absence of a continuous manifold with fixed topology in which one embeds graphs as
in LQG, there is no reason to suppose that the Hilbert space of quantum geometry would
partition into sectors with distinct combinatorial patterns [49]. The only point in common
in the two approaches at this level of abstraction is the fact that graphs with a distinct
number of vertices encode different geometries (areas, volumes, etc.). Consequently, their
overlap should be zero, and this is indeed what happens both in HLQG and FGFT.

C. Towards a GFT Fock space for the HK model

In view of the differences between HLQG and FGFT, the GFT Fock space stipulated above
should be regarded as establishing a connection with a notion of canonical quantization
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somewhat different, and perhaps more general, than that of canonical LQG. That we are
justified in doing so, at least within the context of the HK model, emerges from the following
considerations. Fundamentally, the canonical quantization of the HK model consists in
defining precisely the formula [6]

⟨ψ, ψ′⟩ =
∫
DA ψ̄(A)ψ′(A) ∼ δψ,ψ′ . (IV.16)

Here ψ, ψ′ are some states in a suitable physical Hilbert space representing distinct geome-
tries, and DA denotes a measure over the space of all connections SU(2) A on a manifold.
As we have seen above, in FGFT, states with a distinct number of vertices encode a dis-
tinct geometry, and accordingly, states with a different number of vertices have zero overlap,
whereas graphs with the same number of vertices do not. This is in conformity with (IV.16).

Incidentally, the preceding remarks suggest that the GFT Fock space considered above
should be the physical Hilbert space for a GFT of the HK model. But we mentioned neither
the HK model nor any other theory of gravity in constructing (or rather, postulating) those
Fock spaces. So how do we know that we have a quantum description of the HK model?
And if we have, how is it different from the Fock space for a GFT for a different classical
model?

To bring these questions into relief, let us inquire into what it means to “quantize” a
GFT. One possible meaning is furnished by the partition function of GFT and another
by building a Fock space from GFT fields as above. In usual field theories, these two
paths to quantization are in principle independent, and possibly in general inequivalent. To
elaborate, contrast the situation here with, for instance, scalar field theory on Minkowski
spacetime. There, the Fock space vacuum is fixed by its being a zero energy eigenstate of
the (normal-ordered) Hamiltonian. On the other hand, in the path integral quantization,
one can define a vacuum indirectly by using correlation functions, which in turn depend on
the Green function of the theory [65]. But in constructing a GFT Fock space, we made no
reference to a Hamiltonian; the construction is oblivious to the content of the interaction
term in the GFT action. But evidently, different actions should yield different correlation
functions, which presumably correspond to different vacua. Which of these correspond to
the vacuum above? In Section VB, we provide an answer to this question by using the
methods of algebraic quantum field theory to show that the Fock space that was considered
above is the Fock space of a non-interacting GFT (no interaction term in the GFT action),
and that this, suitably interpreted, is the GFT of the HK model.

Thus, at least for the HK model, we can show the explicit connection between the path
integral and Fock space quantization of the corresponding GFT. In turn, this shows that
states in FGFT do in fact enable one to rigorously define the canonical inner product (IV.16)
for the HK model.

V. GFT QUANTIZATION OF THE HK MODEL

As we have seen in the review in Sections III and IV, GFTs provide a formalism to
possibly serve as a bridge between canonical quantization and spinfoams. In this section, we
will see this concretely in the case of the HK model. We will show this by first constructing
a GFT model that provides a completion of the HK spinfoam model of [22]. This will be
done in Section VA. Then, in Section VB, we will show that a unique Fock representation
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is associated with this GFT model. This Fock space will turn out to be a subspace of the
Fock space considered in the previous section. Thus, since amplitudes assigned in this Fock
construction to arbitrary abstract spin-network states have already been shown to match
the ones expected from an LQG-inspired canonical quantization of the HK model, we will
have provided an explicit connection between the spinfoam and LQG quantizations of this
model.

A. Path-integral representation

Given the physical interpretation of the HK model as a theory of non-dynamical 3-
geometries and the fact that the GFT field represents configurations of “atoms” of such
3-geometries, it is natural to expect that a GFT quantization of the HK model will lead to a
non-interacting GFT, i.e., defined by an action with only a kinetic term and no interacting
terms. In Section III B, we have observed that GFTs can, in principle, be systematically
constructed by determining the form of simplicial gravity path-integrals or spinfoam am-
plitudes. Therefore, to confirm our expectation that a GFT quantization of the HK model
would result in a non-interacting theory, it is natural first to investigate the form that a
spinfoam quantization of the HK model would take.

The HK spinfoam vertex amplitude. This was done in [22], by imposing constraints
on an SU(2) BF theory spinfoam vertex amplitude; the argument is based on observing that
in the HK model, the 2-form B = e ∧ e is orthogonal to the “special” direction ũα (II.3)
(Section II). We use the same fact to establish the same result (Fig. 2), but we state the
argument a little differently.

ψ

ψ

ψϕ

ϕ j4j3

j10

j5j9
j6j8

j2

j7

j1

j8

j5

j9
j1

ϕ
ϕ

Figure 2: In the classical HK model, there exists a preferred direction that is perpendicular
to hypersurfaces of a foliation of spacetime which are spanned by the triads. As shown in
[22], this fact can be translated to a restriction on the vertex amplitude of a BF theory

spinfoam.

In a discretized BF theory on the triangulation of a manifold (Appendix A), the B fields
in every tetrahedron of the triangulation are smeared over the faces of the tetrahedron [18].
The field ũ can be discretized over the vertices of the dual 2-complex of the triangulation.
Hence, every 4-simplex of the triangulation has a fixed value of ũ associated to it. This
fixed direction associated to every 4-simplex divides the tetrahedra in the 4-simplex into
two types that we call “orthogonal” and “non-orthogonal”. These are defined as follows.

Consider the dual graph of a 4-simplex, shown in the left part of Fig. 2. Every triangle
in the graph defines a unique direction (its surface normal) in the underlying 4d manifold.
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Furthermore, every triangle is shared among a set of three tetrahedra. For example, the
triangle labeled by (j2, j4, j6) is shared by the three tetrahedra labeled by ψ. Suppose now
that this triangle is orthogonal to ũ. Then we call the tetrahedra labeled by ψ the orthogonal
tetrahedra, whereas the remaining tetrahedra (labeled by ϕ) are called non-orthogonal.

Now, upon quantization, the smeared B fields are associated with angular momentum
operators J i (three for three internal components of the su(2)-valued B field), and so, passing
to the spin representation, every face of a tetrahedron carries a spin label. For 4-dimensional
BF theory, the vertex amplitude is represented by the dual graph of a 4-simplex, the edges
carrying the spin labels and the vertices carrying intertwiners [14], as shown in the left of
Fig. 2. A plausible way to interpret the constraint Bi

αβũ
α = 0 is to set the spins on the

faces shared by the orthogonal tetrahedra to zero [22]. For instance, in Fig. 2, one would
set j2 = j4 = j6 = 0; this reduces the 5-vertex graph dual to a 4-simplex to the 2-vertex
graph shown in the right. Thus, in the full spinfoam amplitude, which contains a product
over all 4-simplices in the triangulation (Appendix A), one would set the amplitude at every
4-simplex to zero unless at least one triangle in its dual graph has all its edges labeled by
zero spin. Since the amplitude also contains a product over all faces dual to the triangles
in the underlying triangulation, all triangles are “integrated out” in this way, and hence all
directions of ũ are accounted for, and the resulting spinfoam amplitude will be independent
of ũ, as it should be [22]. In short, the full amplitude will reduce to a sum over 2-vertex
spin networks shown in Fig. 2. Schematically,

ZHK(C) =
∑
j

∏
f∗∈C∗

(2jf∗ + 1)
∏
v∈V

{4j} , (V.1)

where C is the triangulation of the underlying manifold and C∗ its dual 2-complex with the
set of vertices V , and {4j} symbolically stands for the spin-network evaluation of the graph
in the right part of Fig. 2.

A GFT action for the HK model. The spinfoam amplitude for the HK model derived
above paves the way for writing down a GFT action for the HK model. We now describe
how this can be done.

As we have seen, the HK model, despite being formulated on a 4d manifold, is effectively
a theory of 3-geometries. This is evident also at the quantum level by looking at the
restricted vertex amplitude presented above: the graph in the right part of Fig. 2 is dual to
the triangulation of a 3-sphere, as it is planar isotopic to a standard melonic graph (see Fig.
3). The standard melon, in turn, is the dual graph of two tetrahedra glued together to form
a triangulation of a 3-sphere.

From the above argument, we deduce that the physics of the quantum HK model encoded
in the above amplitude, is in fact agnostic about which link on one vertex is connected with
which link on the second vertex. This is unlike the case in the full unrestricted BF-theory
amplitude, where the full graph dual to a 4-simplex contains information about the precise
way in which the faces of all the tetrahedra in the 4-simplex are glued in order to produce
a 4-simplex [66]. This makes sense because the combinatorial structures in a 4d spinfoam
theory have to describe triangulations of 4d manifolds. In contrast, the HK model describes
3-geometries because, as we have argued above, its vertex graph is dual to two tetrahedra
glued together to triangulate a 3-sphere. Now, the order in which the faces of the two
tetrahedra are glued does not matter; one will get a triangulation of a 3-sphere all the same.
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≃ ≃

Figure 3: Planar isotopy of the 2-vertex graph in Fig. 2. The red arrow(s) in a diagram
indicates the type II Reidemaster move(s) that can be performed to obtain the subsequent

diagram.

How is this all translated to a GFT context? Recall that a GFT “interaction term”
describing a melon should be of the form

∫
dg1 · · · dg4 ϕ1234ϕ1234. However, as it stands, such

a term actually describes something more: it corresponds to a stranded graph composed of
two 4-valent vertices in which the order in which the links on the two vertices are connected
is fixed (see Fig. 1a). Such a stranded graph can be thought of as describing a melon, but so
can the stranded graph corresponding to a quadratic term with any permutation of (1234)
in one of the ϕ’s, e.g. ϕ1234ϕ1324. In order to effectively avoid this redundancy, one can
demand that the group field ϕ be invariant under all permutations of its arguments.

To make the above discussion more concrete, we can mimic the kind of vertex restriction of
a spinfoam amplitude presented above in a GFT setting. Recall that the spinfoam amplitude
for the HK model was derived by restricting the vertex amplitude of a four-dimensional BF
theory. From a GFT perspective, a four-dimensional BF theory corresponds to the Ooguri
model that we presented in Section III B. Thus, it is natural to construct a GFT quantization
of the HK model by following an effective vertex reduction at the level of GFT similar to the
one performed in the spinfoam theory, i.e. by considering a full 4d GFT action corresponding
to four-dimensional BF theory, namely the Ooguri model (III.15), and imposing on the action
an appropriate constraint that produces something like Fig. 2.

This can be done by using two group fields ϕ and ψ, with one of them appearing in the
constraint term. As anticipated in the discussion of the spinfoam theory, one could think of
the above two fields as generating tetrahedra that are orthogonal (ψ) or not (ϕ) with respect
to the preferred HK direction4. Bearing this in mind, we start with the action

SC =
1

2

∫
dg1 · · · dg4 ϕ2(g1, g2, g3, g4)

− λ

2

∫
dg1 · · · dg10 ψ(g1, g2, g3, g4)ψ(g4, g5, g6, g7)ψ(g9, g6, g2, g10)

× ϕ(g7, g3, g8, g9)ϕ(g10, g8, g5, g1) , (V.2)

where the field ψ is subject to the constraint∫
dg2dg4dg6 ψ(g1, g2, g3, g4)ψ(g4, g5, g6, g7)ψ(g9, g6, g2, g10)

4 This could be made explicit by extending the GFT field domain to include a normal vector, as done, e.g.
in [55, 67].
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− δ(g−1
9 g10)δ(g

−1
1 g3)δ(g

−1
5 g7) = 0 . (V.3)

This constraint yields a restriction of the GFT interaction equivalent to the spinfoam vertex
restriction of [22] described above in Fig. 2, further confirming the physical interpretation
provided above for the field5 ψ. Indeed, let us substitute (III.6) into (V.3). We get∫

dg2dg4dg6
∑

JMNN ′j

∑
KPQQ′k

∑
LRSS′l

√
dJdKdLψ

J
MN ′ψKPQ′ψLRS′I

Jj
N ′I

Jj
N I

Kk
Q′ IKkQ ILlS′ ILlS

×Dj1
m1n1

(g1)D
j2
m2n2

(g2)D
j3
m3n3

(g3)D
j4
m4n4

(g4)

×Dk1
p1q1

(g4)D
k2
p2q2

(g5)D
k3
p3q3

(g6)D
k4
p4q4

(g7)

×Dl1
r1s1

(g9)D
l2
r2s2

(g6)D
l3
r3s3

(g2)D
l4
r4s4

(g10)

=
∑

jklmnpqrs

djdkdl(−1)j+k+l−(m+p+r)Dj
−m−n(g9)D

j
mn(g10)D

k
−p−q(g1)D

k
pq(g3)

×Dl
−r−s(g5)D

l
rs(g5) .

Using the identities (III.9)-(III.12), it is straightforward to see that in order for the preceding
equation to be true, j1 = j3, k2 = k4, l1 = l4, k1 = j4, l2 = k3, l3 = j2 and j2 = j4 = k = 3 =
0. This is exactly what is shown in Fig. 2.

Eqn. (V.3) is only one possible constraint term. In general, there will be 9 more, cor-
responding to the 9 triangles in the left of Fig. 2 other than the one labeled by (j2, j4, j6)
considered above. If one substitutes (V.3) into SC above, one obtains

S =
1

2

∫
dg1 · · · dg4 ϕ2(g1, . . . , g4)−

λ

2

∫
dg1 · · · dg4 ϕ(g1, g2, g3, g4)ϕ(g3, g4, g1, g2) . (V.4)

Incorporating the other constraints corresponding to the 9 other triangles, we would get
combinations different from (g3, g4, g1, g2) in the second term above. But all of these terms
are supposed to describe the same physics, as we argued above. Thus, it is natural to
demand that ϕ be invariant under all permutations of its arguments. Then all interaction
terms are equivalent to the standard ϕ1234ϕ1234. In effect, we may set λ = 0 and write the
GFT action for the HK model as

SHK-GFT =
1

2

∫
dgI ϕ

2(gI) . (V.5)

This is the action that we shall study from now on.

Correlation functions. Eqn. (V.5) describes non-interacting GFT. Correlation func-
tions for a theory can be immediately calculated by defining (we are again abbreviating
(g1, . . . , g4) = (gI))

Z[J ] =

∫
Dϕ exp

Å
−1

2

∫
dgI ϕ

2(gI) +

∫
dgI J(gI)ϕ(gI)

ã
; (V.6)

5 Our aim here is really to just consider ψ as a field with trivial (i.e. constrained) dynamics, i.e., just as a
field allowing us to implement the existence of a preferred direction in HK consistently at the quantum
level. One could, in principle, attempt to include a kinetic term for ψ as well, making it a “dynamical”
field alongside ϕ. However, this would go beyond the scope of this paper and might lead to a model that
corresponds not to the quantization of exact HK but rather to a slightly modified version of it.
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we have

⟨ϕ̂(gI)ϕ̂(hI)⟩ =
1

Z[0]

δ

δJ(gI)

δ

δJ(hI)
Z[J ]

∣∣∣∣
J=0

(V.7)

= K−1(gI , hI) , (V.8)

where K−1(gI , hI) is the Green function for the kernel of
∫
dgI ϕ

2(gI), i.e. the propagator of
the theory. Taking into account the right-invariance of the fields, it is given by (cf. (III.16))

K−1(gI , hI) =

∫
ds

4∏
i=1

δ(gish
−1
i ) . (V.9)

More generally, using the Wick theorem, we can also write n-point correlation functions in
terms of the Green function:

⟨ϕ(gI1) · · ·ϕ(gIn)⟩ =
∑

all pairings

n∏
i ̸=j

K−1(gIi , gIj) . (V.10)

As we shall see in the following, the above equation can also be obtained within an operator
formalism. Furthermore, the operators in question will be represented as operators acting
on a Fock space. This Fock space will turn out to be the same as a subspace of the Fock
space postulated in Section VB. As we have seen, amplitudes between physical boundary
states are non-zero (and in fact, trivial) only for identical boundary states in that Fock
space. This, therefore, is the information implicitly contained in the preceding equation,
and as such, the equation realizes the fundamental requirement of a quantization of the HK
model.

B. Hilbert space representation of HK GFT

Given that the physical content of the above GFT model is entirely encoded in (V.10), one
could attempt to define an operator theory that satisfies (V.10) by constructing expectation
values of field operators ϕ̂(gI) in a vacuum |0⟩.

Can such an operator theory be given a Hilbert space representation? To put this question
in perspective, let us recall how a Hilbert space is constructed in standard quantum field
theory [68, 69]. To be concrete, consider a free, real Klein-Gordon scalar field on a spacetime
manifold. One begins with the phase space of the theory, which can be regarded as the set
of initial data for the Klein-Gordon equation. The phase space comes equipped with a
symplectic structure Ω that may be used to define a one-particle Hilbert space H and a
Fock space. One first picks a space of functions S suitable enough to characterize the phase
space (e.g. Schwartz space). Since the quantum mechanics of a single particle requires
the use of a complex Hilbert space, we first complexify S. This can be done by putting a
complex structure J on S; then SC = S + iS. The completion of SC in a suitable inner
product (·, ·) gives the sought-after Hilbert space H. The inner product in question is to be
picked based on the requirement that we want it to be such that classical observables can
be realized as operators on a Fock space, and that the algebra of these operators respects
the classical symplectic structure. These requirements can be used to specify (·, ·) in terms
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of J and Ω as follows.
Suppose that we are given an inner product (·, ·) and hence H. We define a symmetric

Fock space based on H, i.e.

F(H) =
∞⊕
n=0

sym

Ñ
H⊗ · · ·⊗︸ ︷︷ ︸

n times

H

é
. (V.11)

Quantum observables can be realized as operator-valued distributions, which are continuous
linear functionals from H to operators on F(H). Of particular interest are the creation and
annihilation operator-valued distributions Â† and Â, which are defined by the condition that
they satisfy the following algebra,

[Â(f1), Â(f2)] = [Â†(f1), Â
†(f2)] = 0, [Â(f1), Â

†(f2)] = (f1, f2) ∀f1, f2 ∈ H.

Since, for every f ∈ H, the operator corresponding to the Klein-Gordon field is given by
ϕ̂(f) = Â(f) + Â†(f), we obtain

iΩ(f1, f2) = [ϕ̂(f1), ϕ̂(f2)] = 2i Im(f1, f2), ∀f1, f2 ∈ H. (V.12)

where the first equality is the assumed quantum realization of the classical symplectic struc-
ture. This restriction on the imaginary part of (·, ·) implies that

(f1, f2) =
1

2
Re(f1, f2) +

i

2
Ω(f1, f2), ∀f1, f2 ∈ H.

Now, by the conjugate symmetry of (·, ·), Re(·, ·) defines a positive definite metric on H.
Thus, we may specify Re(·, ·) and hence fix (·, ·) completely by requiring that Ω(f1, Jf2) is
a positive definite metric on H and setting it equal to Re(f1, f2). In other words, we can
require (SC, J,Ω) to be a Kähler space and let

(f1, f2) :=
1

2
Ω(f1, Jf2) +

i

2
Ω(f1, f2). (V.13)

Completion of SC in this inner product yields H, which can be used to define the Fock space
as above. To summarize, the construction of a Fock space in standard quantum field theory
proceeds along the following lines.

1. Take a symplectic space (S,Ω) and a complex structure J on it.

2. J must be compatible with the symplectic structure Ω in the sense that Ω(f1, Jf2)
defines a positive definite metric on SC. Apart from this, the choice of J is completely
arbitrary.

3. The one-particle Hilbert space H on which the Fock space is based is the completion
of (SC, (·, ·)), with (·, ·) as defined above (V.13).

To illustrate this abstract construction, recall the example of a free Klein-Gordon field on
Minkowski space. There, every solution of the Klein-Gordon equation can be written as a
sum of positive and negative frequency solutions, i.e. f = f+ + f− ∀f ∈ S. The complex
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structure J can be taken [69] to be Jf = if+ − if−. This can be shown to be compatible
with the symplectic structure, which is given by

Ω(f1, f2) =

∫
Σt

d3x (f2∂tf1 − f1∂tf2) ,

where Σt is a spacelike hypersurface at time t. One then decomposes the field ϕ into creation
and annihilation operators which satisfy the algebra (V.11), which is realized on the Fock
space F(H) over H.

Notice that the algorithm outlined above gives rise to a Fock space. As we will see below,
in a GFT context, it is not altogether obvious if a Fock space representation exists for every
GFT. Therefore, it is desirable to consider the possibility of non-Fock representations for a
given theory. This question is most naturally studied in the framework of algebraic quantum
field theory. Let us, therefore, review it briefly; for details, see Ref. [68, 70].

1. Algebraic quantum field theory approach

Suppose that one has constructed a Fock space F(H) as outlined above for some choice
of the triplet (S,Ω, J). On this Fock space, the classical field is realized as a self-adjoint
operator-valued distribution ϕ̂ : H → F(H), which satisfies the canonical algebra,

[ϕ̂(f1), ϕ̂(f2)] = iΩ(f1, f2), ∀f1, f2 ∈ H (V.14)

Since ϕ̂(f) is an unbounded operator, it is defined, in general, only on a dense domain of
F(H). This means that operations such as commutation and multiplication may not be
well-defined [71, Chapter VIII]. For this reason, it is better to work with a bounded set of
operators. To this end, one can define

W (f) := eiϕ̂(f) . (V.15)

These operators are bounded on H and, by virtue of the self-adjointness of ϕ̂(f) and the
commutation algebra above, satisfy

W (f1)W (f2) = e−iΩ(f1,f2)/2W (f1 + f2) , (V.16)
W †(f) = W (−f) (V.17)

for all f, f1, f2 ∈ H. These equations are known as the Weyl relations. Finite linear combi-
nations of the operators W (f) form a specific example of a ∗-algebra , which is any algebra
equipped with an involution operation ∗, i.e. a map on an algebra U satisfying

A∗∗ = A, (A+B)∗ = A∗ +B∗, (AB)∗ = B∗A∗, (λA)∗ = λ̄A∗ (V.18)

for all A,B ∈ U and complex numbers λ. In the case of W (f) above, the star operation is
the adjoint operation †. Completion of the ∗-algebra of the W (f)’s in the norm on F(H)
gives rise to a Banach algebra known as the Weyl algebra A. It is a specific example of a
C∗-algebra.

The physical content of the quantum theory is encapsulated in the correlation functions
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⟨ϕ̂(f1) · · · ϕ̂(fn)⟩. Equivalently, one may consider the expectation values of Weyl algebra
elements, ⟨A⟩, A ∈ A, where A =

∑n
i=1 aiW (fi) for some ai ∈ C and fi ∈ H. Now, one can

abstract away the following salient features of ⟨A⟩ that hold in any theory:

⟨A∗A⟩ ≥ 0, ⟨I⟩ = 1, (V.19)

where I is the identity element in A. Furthermore, ⟨·⟩ is also a linear functional on A.
So far, we have merely reformulated the entire theory in terms of a Fock space represen-

tation of a Weyl algebra. The upshot of this reformulation is that the construction of the
Weyl algebra does not depend on the choice of the complex structure J that one started
with [68]. Different choices of J may lead to different Fock spaces, but the Weyl algebras
they lead to are isomorphic as C∗-algebras. This allows us to reverse the order of things in
the construction of a quantum theory as follows.

Suppose that we start with a classical theory determined by (S,Ω). Construct a one-
particle Hilbert space H using a complex structure on S as outlined above in points 1-3
below (V.13). On H define the set A(H) of complex-valued functions of finite support
such that for all f ∈ H, there exist elements W (f) ∈ A(H) that satisfy the Weyl relations
(V.16)-(V.17) (the † is replaced by some abstract involution ∗ operation). Then W (f) form
a basis for the Weyl ∗-algebra on H. The Weyl ∗-algebra can be turned into a C∗-algebra
by putting a suitable norm on it; we assume this has been done.

Define a linear map ω : A → C such that for all A ∈ A(H),

ω(A∗A) ≥ 0, and ω(I) = 1. (V.20)

It will be noticed that ω, which is called an algebraic state, satisfies the properties of quantum
expectation values adumbrated above (V.19). It is more than a coincidence, for there exists
the so-called Gelfand-Naimark-Segal (GNS) theorem, which asserts that given a unital C∗-
algebra A(H) and an algebraic state ω on it,

1. there exists a representation π of A(H) as a set of linear bounded operators on some
Hilbert space Hω;

2. there exists a cyclic vector |Ψ⟩ in Hω, meaning that any state in Hω can be obtained
by acting on the cyclic vector with a suitable linear combination of π(W (fi)) for some
fi ∈ H and W (fi) ∈ A(H);

3. for any A ∈ A(H),
ω(A) = ⟨Ψ|π(A)|Ψ⟩ . (V.21)

Thus, the algebraic state is the analogue of observable expectation values and as such, serves
to characterize the quantum theory. While the role of a Hilbert space is now of secondary
importance, if the need arises, the GNS theorem ensures the existence of a Hilbert space
of quantum states for every choice of ω. Different choices of ω will give rise to different,
unitarily inequivalent choices for the Hilbert space. These may or may not be Fock spaces.
Thus, the algebraic approach allows one to study all Hilbert space representations, Fock or
non-Fock, of the quantum theory on an equal footing.

A precise characterization of whether a representation is Fock or not can also be given.
Let ξ : H → C be a continuous linear functional, H being our one-particle Hilbert space.
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Let F(H) be the symmetric Fock space over H. Define an algebraic state by

ωξ(W (f)) = e−(f,f)/4eiRe(ξ(f)) (V.22)

It can be shown [50, 51, 72] that this algebraic state gives rise to a Hilbert space representa-
tion which is equivalent to F(H) if and only if ξ is bounded on H. A heuristic explanation
[51] for this is that in a Fock space, the expectation value of the number operator N̂ would
be finite, but in the representation given by ωξ, one has ⟨N̂⟩ = (ξ, ξ), which is divergent.

Finally, it is also useful to mention how to construct field operators ϕ̂(f) in the algebraic
formalism. For every f ∈ H, if ω(W (tf)) is smooth in t ∈ R (which is the case for (V.22)),
one can define a field operator ϕ̂(f) by

ϕ̂(f) = −i∂t ω(W (tf))|t=0 , (V.23)

where π is the GNS representation corresponding to ω; this operator is self-adjoint [51] on
its domain. With this definition, correlation functions can be obtained by

⟨Ψ|ϕ̂(f1) · · · ϕ̂(fn)|Ψ⟩ = (−i)n∂t1 · · · ∂tn ω(W (t1f1) · · ·W (tnfn))|ti=0∀i , (V.24)

Ψ being the cyclic vector.
To summarize, the algebraic approach to constructing a quantum theory consists of the

following steps.

1. Take a symplectic space (S,Ω). Construct a one-particle Hilbert space H as outlined
above.

2. On H define an abstract C∗-algebra A satisfying the Weyl relations.

3. Define an algebraic state on A. A useful choice is (V.22), which under suitable condi-
tions will give rise to a Fock space via the GNS theorem.

4. Use the algebraic state to find observable expectation values. These can also be written
as operator correlation functions in a Hilbert space through the GNS theorem.

With this quick overview in mind, we want to ask: to what extent can this formalism be
extended to a GFT setting? It will be noticed that it is only the choice of S and Ω that is
tied to the theory in question. Therefore, the relevant question concerns the choice of (S,Ω).
It is not obvious what should be the choice of either of these objects in a GFT context. For
GFTs coming from actions like (III.15) or (V.5), the usual choice of the space of extrema
of the action does not seem to be sensible. This is because the variation of these actions
leads to algebraic relations. For example, for SHK-GFT (V.5), the solution space is simply
ϕ = 0, which would seem to imply that there is no quantum theory corresponding to this
action at all. On the other hand, we know from a path-integral perspective (V.6)-(V.10)
and its associated spinfoam interpretation that a quantum theory does undoubtedly exist.
Therefore, the construction of an operator theory via steps 1-4 above must proceed from
a choice of S different from the solution space of the classical theory. What should this
choice be? As pointed out, a meaningful path integral can be defined for the theory. Thus,
a reasonable choice of S is the set of fields that can enter the path integral. This is simply
the space of all real-valued, right-invariant fields on SU(2)4. Accordingly, in the sequel, we
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shall take this space to be the space of physically relevant field configurations, rather than
the solution space of theory.

This settles the question of the choice of S. For the choice of the symplectic structure
Ω on S, again the standard choice in field theory is not available in a GFT. The standard
choice involves an integral over an initial-data surface [73, 74]. This is evidently not possible
in a GFT, for in a GFT S as defined above does not arise as a solution space of a set of
hyperbolic partial differential equations and thus cannot be identified with initial data on a
spacelike hypersurface. Thus, the choice of Ω needs to be motivated differently. Just as in
the case of choosing S, the appropriate symplectic structure is derived from the full quantum
theory, as encoded in the GFT path integral [51]. This approach is natural in the context
of GFT, since the theory is fundamentally defined at the quantum level, and its classical
limit—understood as the tree-level approximation of the quantum amplitudes—does not
correspond to a classical gravitational theory [24].

In this sense, the Fock space construction in GFT inverts the order of steps 1–3. More
precisely, as explained in [51], and will be reviewed in detail below, we proceed along the
following steps.

1. Starting from a background-field expansion of the GFT action, we extract from the
path integral the natural structure of the GFT one-particle Hilbert space H.

2. Given the configuration space S, we define a complex structure J on S and construct
a J-compatible symplectic structure Ω, which induces the inner product (V.13) and
thereby defines H.

3. With Ω identified, we proceed to the Fock quantization of the theory by following the
steps 1–4 above.

The first two steps will be discussed in detail in Sec. VB2, and the last step will be presented
in Sec. V B3.

2. A symplectic structure for GFT

Let µ be a local minimum6 of a GFT action S[ϕ], i.e. δS[ϕ]
δϕ(x)

|ϕ=µ = 0, with ϕ : SU(2)4 → R.
Then the action, expanded up to second order around µ, becomes

S[µ+ ϵφ] = S[µ] +
ϵ2

2

∫
dgIdhI φ(hI)

ï
δ2S[ϕ]

δϕ(gI)ϕ(hI)

ò
ϕ=µ

φ(gI) , (V.25)

and thus the generating functional Z[J ] =
∫
Dϕ exp (−S[ϕ] +

∫
Jϕ) is rendered into

Z[J ] = e−S[µ]+
∫
dgI J(gI)µ(gI)

∫
Dφ exp

ï
−1

2

∫
dgI φ(gI)Kµ(φ)(gI) +

∫
dgI J(gI)φ(gI)

ò
,

(V.26)
6 This is a non-trivial assumption, for GFTs. Indeed, if one were to add to the action a potential term of the

form −m2ϕ2, this would not be the case. Although unstable mean-field solutions are of particular interest
for cosmological applications [30, 32, 36, 75], it is important to emphasize that within a perspective-neutral
approach (that we follow here), they are only obtained after a mean-field approximation (and systematic
derivative truncation) of the underlying perspective-neutral quantum equations of motion [32]. So, the
classical action may still admit a local minimum even if the resulting mean-field dynamics is unstable.



V GFT QUANTIZATION OF THE HK MODEL 30

where we have absorbed ϵ into a redefinition of φ and defined an operator Kµ on the space
of all group fields using the second functional derivative of the action:

Kµ(φ)(gI) =

∫
dhI

ï
δ

δϕ(gI)

δ

δϕ(hI)
S[ϕ]

ò
ϕ=µ

φ(hI) . (V.27)

We can in fact extend it to any function on SU(2)4, even complex-valued functions. Since
µ is a local minimum of the action, Kµ > 0 and therefore, the functional integral above is a
standard Gaussian integral, which can be evaluated, giving

Z[J ] = e
∫
dgI J(gI)µ(gI)e

1
2

∫
dgIJ(gI)K

−1
µ (J)(gI) , (V.28)

where the operator K−1
µ is the Green function (inverse) of Kµ. Now if this generating

functional is used to evaluate correlation functions, one would obtain, for instance,

⟨ϕ(gI)ϕ(hI)⟩ = µ(gI)µ(hI) +
1

2
K−1
µ (gI , hI) , (V.29)

K−1
µ (gI , hI) being the kernel of K−1

µ . In other words, (V.28) defines a “non-interacting
theory” of a field ϕ with a classical value µ and Green function K−1

µ . The preceding equation
suggests that if in a yet-to-be-found operator theory, ϕ can be decomposed into a set of
creation and annihilation operators Â†(gI) and Â(gI), then we must have

[Â(gI), Â
†(hI)] = K−1

µ (gI , hI). (V.30)

Recalling the steps leading up to (V.13), the preceding equation suggests that the inner
product on our one-particle Hilbert space, whatever it may be, must come from K−1

µ . In
fact, note that the operator K−1

µ defines a natural inner product on the space C of complex-
valued right-invariant functions on SU(2)4, namely

(f1, f2)K−1
µ

≡ (f1, K
−1
µ f2) =

∫
dhI f̄1(hI)K

−1
µ (f2)(hI), ∀ f1, f2 ∈ C , (V.31)

where the integration on the right is performed using the standard Haar measure. This
is anti-linear and linear in the first and second arguments by construction, and positivity
follows from the positivity of K−1

µ [51]. Thus, (V.31) defines an inner product on C. Taking C
to be the space of smearing functions for Â and Â† regarded as operator-valued distributions,
the smeared version of (V.30) would be

[Â(f1), Â
†(f2)] = (f1, f2)K−1

µ
∀f1, f2 ∈ C . (V.32)

In other words, one can regard the completion of C in (·, ·)K−1
µ

as the one-particle Hilbert
space H of our theory, and thus complete step 1 above. Since we know what S is—namely,
the space of real-valued, right-invariant functions on SU(2)4—and have a reasonable guess
for H, we can now address step 2 of the construction: identifying the complex and symplectic
structures, J and Ω respectively, that give rise to H.

Recall that the inner product on the one-particle Hilbert space has to be compatible with
the symplectic structure in the sense of (V.12). This invites us to define [51] a symplectic
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product on C:
Ω(f1, f2) := 2Im(f1, f2)K−1

µ
(V.33)

This evidently satisfies all the properties of a symplectic product (i.e. it is real bilinear,
antisymmetric and nondegenerate). One now contends [51] that this is the symplectic struc-
ture of the classical GFT defined by the GFT action S[ϕ]. On S, which, recall, is the
space of real-valued right-invariant functions on SU(2)4, the symplectic product is trivial,
Ω(f1, f2) = 0 for all f1, f2 ∈ S. However, on C, Ω acts nontrivially. We can put a complex
structure J on S that turns it into C and is compatible with Ω. Indeed, take Jf = if for
every f ∈ S. Thus for every f ∈ C, Jf = J(Re(f) + iIm(f)) = iRe(f) − Im(f) = if .
Therefore, for every f1, f2 ∈ C, we have

Ω(f1, Jf2) = 2Im(f1, Jf2)K−1
µ

= 2Im(f1, if2)K−1
µ

= −i[(f1, if2)K−1
µ

− (f1, if2)K−1
µ
]

= [(f1, f2)K−1
µ

+ (f1, f2)K−1
µ
] = 2Re(f1, f2)K−1

µ
,

which is positive definite on C, and it follows that (cf. (V.13)).

(f1, f2)K−1
µ

=
1

2
Ω(f1, Jf2) +

i

2
Ω(f1, f2) . (V.34)

This completes step 2 of the construction. It also justifies our initial choice of H, as it emerges
from a specific choice of J and Ω on S—the space of physically relevant field configurations.
We now turn to step 3.

3. Operator theory

Now that we are in the possession of a symplectic structure and a one-particle Hilbert
space, we can accomplish the first two steps of the algebraic approach (cf. steps 1-4 below
(V.24)). We start by picking the algebraic state [51]

ωµ(W (f)) = e
− 1

4
(f,f)

K−1
µ eiRe(µ(f)) , (V.35)

where
µ(f) =

∫
dgI f(gI)µ(gI) . (V.36)

With this choice, and the use of (V.24), the correlation functions coincide with the path
integral result (V.29). As an illustration, consider the two-point function. We have

⟨Ψ|ϕ̂(f1)ϕ̂(f2)|Ψ⟩ = −∂t1∂t2 ωµ(W (t1f1)W (t2f2))|t1,t2=0

= −∂t1∂t2 ωµ(W (t1f1 + t2f2))e
−iΩ(t1f1,t2f2)/2|t1,t2=0

= −∂t1∂t2 exp
ï
−t

2
1

4
(f1, f1)K−1

µ
− t22

4
(f2, f2)K−1

µ
− t1t2

2
(f1, f2)K−1

µ

ò
× exp [it1Re(µ(f1)) + it2Re(µ(f2))] exp[−it1t2Ω(f1, f2)/2]|t1=0,t2=0

=
1

2
(f1, f2)K−1

µ
+ Re(µ(f1))Re(µ(f2)). (V.37)
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For real f1, f2, this is simply the smeared version of (V.29). More generally, one can show
[51] that

∂t1 · · · ∂tn ω(W (t1f1) · · ·W (tnfn))|t=0 =∫
dgI1 · · · dgIn f(gI1) · · · f(gIn)

δ

δJ(gI1)
· · · δ

δJ(gIn)
Z[J ]|J=0 (V.38)

where Z[J ] is the generating functional (V.28) for the theory around µ. This shows that we
have succeeded in constructing a successful operator theory for a general GFT action S[ϕ].

Two points should be noted about this construction. First, it depends explicitly on the
local minimum µ around which one expands the action. Thus, the algebraic approach to
GFT enables one to construct an operator theory in the vicinity of every local minimum of
the action. The different theories arising in this way can be thought of as the “phases” of a
GFT [51].

Secondly, as we saw above, whether an operator theory has a Fock space representation
or not depends on the functional µ(f) entering the definition of the algebraic state (V.35).
Only when µ is bounded on H can the correlation functions be understood as Fock-space
expectation values, the cyclic vector |Ψ⟩ being the Fock vacuum.

4. Fock space for HK-GFT

We now have all the tools in hand to fulfill our original quest of finding a suitable Hilbert
space representation for the GFT of the HK model. The action is

SHK-GFT[ϕ] =
1

2

∫
dgI ϕ

2(gI) , (V.39)

subject to the condition that the field ϕ is invariant under permutations of all its arguments.
This implies that the space C introduced above will be subject to this restriction too. That
is, C will now be the space of right-invariant complex-valued functions on SU(2)4 that are
also invariant under permutations of their arguments.

Varying the above action once reveals that ϕ = 0 is the unique minimum of the action.
Thus, there will be one, and only one, operator theory arising out of the algebraic machinery.
Moreover, since the functional µ is now zero as well, the GNS representation will be equiva-
lent to a Fock space over the one-particle Hilbert space H. To see the structure of H, vary
the action twice to find the operator K (V.27). One finds that it is the identity. Therefore,
the operator K−1

µ also acts as the identity on C so the inner product (V.31) reduces to the
L2 inner product on SU(2)4 with respect to Haar measure,

(f1, f2)K−1
µ

≡ (f1, f2) =

∫
dgI f̄1(gI)f2(gI), ∀f1, f2 ∈ C . (V.40)

Therefore, the one-particle Hilbert space H is simply the space of right-invariant, permutation-
invariant and complex-valued square-integrable functions on SU(2)4. With this, the corre-
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lation functions (V.24) turn out to be

⟨0|ϕ̂(f1) · · · ϕ̂(fn)|0⟩ =
1

2

∑
all pairings

n∏
i ̸=j

(fi, fj) , (V.41)

which, up to a factor of 2 (which can be absorbed into a redefinition of the symplectic
product), agrees with the path integral result (V.10) for the HK model. Here we have
written |0⟩ for the cyclic vector of the GNS representation, in anticipation of the fact that
the latter is equivalent to the Fock space F(H).

By virtue of the Weyl relations (V.16), the field operators ϕ̂(f) satisfy

[ϕ̂(f1), ϕ̂(f2)] = iΩ(f1, f2) = 2iIm(f1, f2), ∀f1, f2 ∈ H. (V.42)

Due to the self-adjointness of ϕ̂(f), it is only real -linear, i.e. ϕ̂(λf) = λϕ̂(f) for λ ∈ R
but not λ imaginary7. Thus, ϕ̂(f) and ϕ̂(if) are independent objects. This allows us to
construct creation and annihilation operators on F(H),

Â(f) =
1

2
(ϕ̂(f) + iϕ̂(if)) (V.43)

Â†(f) =
1

2
(ϕ̂(f)− iϕ̂(if)) . (V.44)

Real linearity of ϕ̂(f) implies that Â(f) is anti-linear and Â†(f) is linear. Furthermore, the
commutation algebra for ϕ̂(f) implies that

[Â(f1), Â(f2)] = [Â†(f1), Â
†(f2)] = 0, [Â(f1), Â

†(f2)] = (f1, f2) , (V.45)

as expected. Thus Â(f) annihilates the cyclic vector |0⟩, as can be directly verified:

⟨0|Â†(f)Â(f)|0⟩ = 1

4

Ä
⟨0|ϕ̂(f)2|0⟩+ ⟨0|ϕ̂(if)2|0⟩+ i ⟨0|[ϕ̂(f), ϕ̂(if)]|0⟩

ä
=

1

2

(
−∂2t ω(W (tf))|t=0 − ∂2t ω(W (itf))|t=0 − 2(f, f)

)
=

1

2
((f, f) + (f, f)− 2(f, f)) = 0 ⇒ Â(f) |0⟩ = 0 .

Thus, we have succeeded in constructing a Fock space representation of the GFT of the
HK model. Interestingly, the algebra (V.45) of the creation and annihilation operators above
is identical to the algebra (IV.1) imposed upon a complex-valued field and its conjugate in
Section IV. This shows that the GFT Fock space FGFT postulated in Section IV is nothing
but the Fock space F(H) that has been systematically constructed above. It might seem
paradoxical at first that a Fock space for a theory defined by an action on real-valued
fields, i.e. SHK-GFT, should be the same as the Fock space which is described by a complex-
valued field and its conjugate, as in Section IV. But first of all, the interpretations of the
objects composing the canonical commutation algebra in the complex case (IV.1) and in the
present case (V.45) are different. In the former, ϕ, ϕ† are field operators, introduced to push

7 Assume ϕ̂(if) = iϕ̂(f). Then by the definition of the adjoint, ϕ̂(if)† = −iϕ̂(f)†. But self-adjointness
implies that ϕ̂(f)† = ϕ̂(f) and ϕ̂(if)† = ϕ̂(if), and so iϕ̂(f) = −iϕ̂(f), which is a contradiction.
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an analogy with condensed matter physics, while here these are creation and annihilation
operators. Furthermore, and more importantly, we must bear in mind that FGFT was simply
postulated. In particular, the canonical commutation algebra (IV.1) between a complex field
and its conjugate did not arise out of a quantization of a symplectic structure. But (V.45)
does arise in this way, and is seen to be the same as (IV.1) post facto. Therefore, one may
regard the symplectic structure (V.33), K−1

µ = id considered above as the classical structure
underlying the abstract algebra (IV.1).

One caveat should be kept in mind, however. Strictly speaking, SHK-GFT was written down
with the assumption that the fields entering it are permutation-invariant in their arguments.
This symmetry, as we have seen, is also reflected in the Fock space for the GFT of the HK
model. In particular, all the function spaces used above have this property. Thus, as far the
Fock space for the GFT of the HK model is concerned, the above arguments show that it is
equivalent to the permutation-invariant part of the Fock space FGFT considered in Section
IV. Nevertheless, it is worth observing that if one drops the assumption of permutation
invariance in the function spaces C and H above, one will end up with a Fock space for
a non-interacting action

∫
ϕ2 without the assumption of permutation-invariance on ϕ; this

Fock space will be equivalent to the GFT Fock space postulated in Section IV.
In summary, we have constructed a Fock space for a non-interacting GFT (and hence for

the GFT of the HK model); we have found that this Fock space, within the prescription
presented above, is unique (since there is one, and only one, minimum for a non-interacting
GFT); we have also seen that this Fock space is equivalent to the one postulated in Section
IV. Therefore, the (permutation-invariant part of) the latter is the the Fock space for the
GFT of the HK model, and the correlation functions (V.41) provide a rigorous definition
within the context of GFT of the formal canonical product (IV.16). These conclusions,
together with the fact that the HK GFT model of equation (V.5) provides a completion of
the HK spinfoam model in [22], complete the link between the canonical and the spinfoam
quantization of the HK model using the GFT formalism (see Fig 4).

VI. CONCLUSIONS AND DISCUSSION

We presented a Group Field Theory (GFT) quantization of the HK model. This was
achieved by using the existence of a preferred direction within the HK model to appropri-
ately constrain the Ooguri model [59]. The resulting constrained action (V.5), after the im-
position of the constraint, yields an effectively non-interacting GFT. Such a non-interacting
GFT describes the physics of non-dynamical quantum 3−geometries, thereby providing a
quantization of the HK model.

From the path-integral perspective, we demonstrated that the HK GFT is a completion of
the HK spinfoam model constructed in [22]. Furthermore, we showed through an algebraic
construction that there is a unique Fock space for the model. Interestingly, this Fock space
coincides with the one proposed in [47] and considered in Section IV, which can thus be
identified as a kinematical GFT Fock space.

Within this Fock space, we demonstrated that amplitudes between physical boundary
states, as described from a canonical quantization perspective, are non-zero (and trivial)
only for identical boundary states. This result coincides with that obtained within a canoni-
cal quantization of the HK model, thereby confirming that the GFT quantization of the HK
model provides physically equivalent answers to those expected from a canonical LQG quan-
tization. Since the GFT HK model also provides a completion of the HK spinfoam model
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non-interacting GFT

Path integral representation Fock representation
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GFT quantization

Figure 4: Various connections explored in this paper.

of [22], it offers a clear connection between the canonical and spinfoam quantizations, thus
serving as an example of how GFTs can bridge formally distinct but potentially equivalent
quantization schemes.

Canonical constraints in GFTs. As reviewed in Section III, GFTs offer a radically dif-
ferent quantization of gravitational theories. For this reason, it is often difficult to identify
which objects at the level of the microscopic GFT correspond (in an appropriate limit) to
quantities in the continuum macroscopic theory. A crucial example of this is the diffeomor-
phism symmetry or, equivalently, from a canonical perspective, the constraints associated
with it. Since GFTs lack a continuum spacetime structure, the question of how diffeomor-
phisms are represented in GFTs remains open (see however [76] for an attempt to address
the issue in 3d Riemannian gravity and BF theories). This work provides a first step towards
answering this question by identifying a non-interacting GFT with the quantum version of
the HK model, a background-independent theory lacking, from a canonical perspective, a
Hamiltonian constraint.

This suggests that the Hamiltonian constraint is encoded in GFT interactions (as alluded
to in [47]), and possibly also in a non-trivial quadratic term describing the “propagation”
of geometric and matter data between neighboring 4-simplices. It paves the way for a
systematic analysis of the problem by perturbatively moving away from the HK model in
theory space. This could be achieved by allowing the quantity Bi

αβũ
α to be non-zero, but of

order ϵ ≪ 1. This could be implemented at the level of the GFT action (V.5) by allowing
a weak imposition of the constraint the spirit of [77, 78]. At the canonical level, this is
expected to change the constraint structure, and one could compare such change to that
of the effective GFT action, which is expected to move perturbatively away from a purely
non-interacting theory.
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Topology change and physical inner product in LQG. One question that we can
ask of the model is whether it allows topology changing amplitudes. We argued in Section
IVC, HK-GFT does not allow geometry change 8. Thus, a fortiori, it cannot alone topology
change — as one would expect from the properties of the classical theory.

This is not surprising if one remembers the fact that we are working with a non-interacting
GFT. For a field theory with interactions, one can expand the partition function in powers
of the coupling constant in the interaction term. As is well-known from standard quantum
field theory, the power of the coupling constant at each order counts the number of loops
present in the Feynman diagrams at that order. As argued in [24], in a GFT, these loops
can be interpreted as the addition of a handle to a manifold, and thus, addition of loops
describes topology change. Since here we have a non-interacting GFT, there are no loops,
hence no handles or topology change.

Related to the question of topology change is a proposal presented in [24] for constructing
the physical scalar product in loop quantum gravity. It is argued there that given two spin
network functions (which live in the kinematical Hilbert space of loop quantum gravity),
their physical inner product should be defined as a sum over all tree-level GFT Feynman
graphs interpolating the two spin networks. Tree-level diagrams do not involve loops, which
as hinted above are related to topology change. Now, in our model, one does not have
geometry change, let alone topology change. Thus this proposal for the physical inner
product in LQG should apply to the HK model. This is trivially true, for in the absence
of interactions, there are no tree-level graphs, and thus a “sum over all tree-level graphs”
should reduce simply to a delta function which is nonzero only when the two spin network
graphs bounding the tree-level graphs are identical. This is precisely what the physical inner
product in a canonical LQG quantization of the HK model achieves, as we saw in Section II.
Let us emphasize that our results do not clarify whether it is the quantum GFT amplitude
or the classical one that gives the appropriate physical inner product, but they allow a study
the problem systematically, by perturbatively moving away from the HK model in theory
space.

Adding matter fields. Finally, one may consider extensions of the model presented here
by including matter degrees of freedom. Besides being relevant for representing physically re-
alistic systems, the introduction of matter data can facilitate a relational [79–82] description
of the GFT system. This is an especially pressing issue in GFTs, since the lack of spacetime
structures at the microscopic level requires any dynamics and localization to be defined in
relational terms [32, 83]. Indeed, most of the emergent continuum physics extracted from
GFTs is described within a physical frame composed of 4 minimally coupled, massless and
free (MCMF) scalar fields [40–42, 44, 84, 85], or a single MCMF scalar field clock (see [34]
for a curvature clock instead), in homogeneous and isotropic settings [30, 32, 36, 75].

The way that matter fields can be coupled to a GFT action follows the general procedure
outlined in Section III, and it is therefore based on the construction of a GFT action that
produces amplitudes that can be matched to a simplicial matter-gravity path-integral (see
[86] for an explicit scalar field example). In order to do this, we make the assumption that
the symmetries of a classical matter action are also present when matter is coupled to a
GFT [30]. For instance, a massless scalar field minimally coupled to the Einstein-Hilbert
action has shift and sign-reversal symmetries. Requiring a coupled GFT-scalar-field action

8 Not only should the spin networks in an inner product have diffeomorphic graphs, but the spin data on
them must be identical too; spin data encode the geometry of space represented by a spin network.
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to also show these symmetries is thus a minimal requirement for a scalar field to be coupled
to a GFT action [30, 31].

As we saw in Section II, there are at least three distinct ways of coupling massless scalar
fields to the HK model. The first one involves two fields only one of which is shift-symmetric.
So for this model, one could add two scalar fields to the GFT action (V.5) in the same way.
In other words, one would now have an action of the form∫

dgudgvdχudχvdπuπv ϕ(gu, χu, πu)K(gu, gv, χu − χv, πu, πv)ϕ(gv, χv, πv) . (VI.1)

Here gu = (gu1 , gu2 , gu3 , gu4) and similarly for gv; u and v denote distinct vertices/tetrahedra
which the GFT fields ϕ(gu) and ϕ(gv) respectively label; the subscripts on the scalar fields
χ and π stand for the vertices/tetrahedra they are smeared over. The kinetic kernel K
depends on the difference of the χ fields, since they are shift-symmetric in the classical HK
model (II.7). As for the other two prescriptions for adding a scalar field to the HK model,
a non-interacting GFT does not suffice to describe those models in the first place, since
they change the non-dynamical canonical structure of the HK model on which we based our
arguments to describe the model by means of a non-interacting GFT.
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Appendix A: BF theory, spinfoams and all that

In this Appendix, we will review BF theory, its discretization on triangulated manifolds
and sketch the derivation of the subsequent spinfoam amplitudes.

We start with a principal SU(2) bundle P over a manifold M and define on it a connection
one-form A and a two-form B. Then on M , the action for a BF theory is

SBF =

∫
M

d4x tr(B ∧ F ) , (A.1)

where F = A∧ dA+A∧A is the curvature of the connection A. This entails that the path
integral for this theory must be

ZBF(M) =

∫
DADB exp

Å
i

∫
M

d4x tr(B ∧ F )
ã
=

∫
DAδ(F ) , (A.2)

where we have used the identity δ(x) =
∫
dp eipx to integrate out B.

https://www.templeton.org/grant/the-quantum-information-structure-of-spacetime-qiss-second-phase
https://www.templeton.org/grant/the-quantum-information-structure-of-spacetime-qiss-second-phase
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Our task is to make sense of this path integral by picking a triangulation CM of M , and
discretizing the BF theory on it. This is akin to making sense of a quantum mechanical
path integral by discretizing its path. To this end, we resort to the so-called dual 2-skeleton
C∗
M of CM . It is defined by replacing every 4-simplex in CM with a vertex, every 3-simplex

(tetrahedron) with an edge, and every 2-simplex (triangle) with a 2-simplex (which may
have any number of edges). Then by discretization of the BF theory we mean that we define
the connection A and the two-form B on elements in this dual 2-skeleton. As in the case
of a GFT, this can be done in three equivalent pictures: the group representation, the spin
representation and the Lie algebra representation. In the group representation, for instance,
the B field is smeared over the faces in C∗

M , while the connection A is replaced by holonomies
around edges in C∗

M ; the curvature concentrated at a face is defined as the holonomy of the
edges surrounding it. The action on CM thus becomes

SBF(CM) =
∑

f∗∈C∗
M

tr(Bf∗Hf∗) , (A.3)

where Bf∗ is the B field smeared over the face f ∗ and Hf∗ is the holonomy along the edges
surrounding f ∗. The discretized path integral is then

ZBF(CM) =

∫ ∏
e∗∈C∗

M

dge∗
∏

f∗∈C∗
M

eitr(Bf∗Hf∗ ) , (A.4)

where ge∗ is the holonomy along the edge e∗. If one switches to the Lie algebra representation,
then the Bf∗ are interpreted as normal vectors to the faces f to which the dual faces f ∗ are
dual [16, 18]. Integrating out B, one obtains

ZBF(CM) =

∫ ∏
e∗∈C∗

M

dge∗
∏

f∗∈C∗
M

δ(Hf∗ , 1) . (A.5)

Denoting by e∗1(f ∗), . . . , e∗n(f
∗) the edges surrounding f ∗,

Hf∗ = ge∗1(f∗) · · · ge∗n(f∗) , (A.6)

where an orientation on the edges complying with the direction in which one traverses around
the face is understood. Therefore,

ZBF(CM) =

∫ ∏
e∗∈C∗

M

dge∗
∏

f∗∈C∗
M

δ(ge∗1(f∗) · · · ge∗n(f∗), 1) . (A.7)

But this is equivalent to (III.25), if one remembers the fact that a product over dual edges
surrounding a dual face in C∗

M corresponds to a face shared by tetrahedra to which the edges
are dual. Furthermore, using the harmonic theory of SU(2), we can write the preceding
amplitude in the spin representation as well. This would of course coincide with the spin
representation of the GFT amplitude in Section III B. Therefore, a GFT partition function
does indeed furnish a generating functional for spinfoam amplitudes.

Finally, it is worth pointing out that there is only a short step one needs to take in going
from BF theory to gravity, which explains the utility of the former. There are a number
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of distinct ways of doing this. For example, if one imposes the constraint B = e ∧ e in a
BF theory with gauge group SO(3, 1), then one obtains the Palatini formulation of general
relativity. A slightly different constraint leads to the Plebanski-Holst formulation of general
relativity [16, 18]. The derivation of a spinfoam amplitude for such constrained theories
typically involves imposing the relevant constraints on the vertex amplitude of the associated
BF theory. The resulting amplitude depends on the manner in which the constraints are
imposed. Two famous examples include the Barret-Crane model and the EPRL model [18].
There have also been attempts to obtain more general spinfoam amplitudes of which the
Barret-Crane and EPRL models are special cases (see [17] and the references therein).
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