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Abstract

The properties of the stable distance over stable spacetimes are used
as a reference to propose a simplified, abstract notion of spacetime. The
discussion shows that spacetime, with its topology, causal order and (up-
per semi-continuous) Lorentzian distance, can be introduced in a general
and minimalistic way. Specifically, it is shown that spacetime can be
represented as nothing more than a family of functions defined over an
arbitrary set, the functions being a posteriori interpreted as rushing time
functions. The proof makes use of the product trick which reduces causal-
ity and metricity to causality in a space with one additional dimension,
so leading to a kind of unification for the notions of time function and
proper time. Ultimately, our results show that time fully characterizes
spacetime.
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1 Introduction

In this work we shall explore a functional approach to spacetime which might fa-
cilitate the unification of general relativity with quantum mechanics, and hence
of gravity with the other fundamental interactions.

Our study is motivated by the need to understand time and its role in physics.
As is well known, time is treated in fundamentally different ways in quantum
mechanics and general relativity. In quantum theory, it appears as an exter-
nal, absolute parameter; even when Lorentz invariance is implemented, time
remains a rigid construct, as each inertial observer is associated with a dis-
tinct time coordinate, with the family of inertial observers related by Lorentz
transformations. This contrasts sharply with general relativity, where the term
“time” encompasses two distinct notions: proper time, which is fundamentally
a metric concept, and time functions, which are causal constructs.

The persistent difficulty in reconciling these treatments of time within uni-
fication frameworks has led many scholars to adopt a skeptical attitude toward
time itself. Some regard it as an emergent, illusory concept arising from more
fundamental structures. These timeless approaches to physics—often inspired
by time, independent treatments in classical mechanics (e.g., the Jacobi metric),
recur throughout the physics literature. While intriguing, they have thus far
yielded limited progress.

Conversely, we have explored over the years an opposing view [27, 31, 33]:
that time, far from being emergent, is actually the main building block, that
is, the foundational fabric of the arena of physical theories — the spacetime
itself. A key step lies in recognizing that the metric and causal aspects of time
can be unified through the “product trick” [34, 33, 35], a technical device with
profound physical significance. This approach serves as the central idea and
tool enabling the results presented in this work.

In previous work we had already established that the functional approach to
spacetime is feasible in the context of closed cone structures, and in particular,
stable Lorentz-Finsler spaces [34, Thm. 4.6]. In this setting the spacetime is
described by a manifold, while the light cones and the Lorentz(-Finsler) metric
have upper semi-continuous regularity. We showed that on stable spacetimes
the (Seifert) causal order, the manifold topology and the (stable) Lorentzian
distance can be recovered from the set of F -steep temporal functions, that is,
time functions that increase sufficiently rapidly over causal curves. This study,
which will be recalled in Section 2, will mostly serve for motivation and as a
reference.

It is natural to ask if a similar functional characterization of spacetime can
be obtained in an abstract setting in which the spacetime is no more regarded
as a manifold. We shall indeed give a positive answer to this question provided
by “spacetime” we understand a specific mathematical object. Indeed, part of
the problem will be that of identifying the type of spacetime we wish to recover.

We shall observe that spacetime is a primitive and quite abstract notion,
and that it can be induced by any family of point-distinguishing functions over
a set (see Sec. 3).
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Since the functions in the family are subsequently recognized to be rushing
(the metric analog of F -steepness), it becomes natural to ask if the spacetime
can be recovered from the family of rushing functions over it. We are able to
prove this type of converse under a (suitable) topological assumptions (Thm.
5.8). Thus, ultimately, in most cases of interest the spacetime can be identified
with a distinguishing family of functions over a set.

Parphrasing the words of Ray Cummings and John Wheeler, time not only
keeps everything from happening at once, it is what makes events discernible.

This work aligns with the recent developments in low regularity Loren-
tzian geometry [13, 22, 32, 19, 47, 25, 39, 18, 9, 8] and spacetime geometry
[21, 42, 20, 41, 38, 46, 12, 2, 6, 10]. However, its origins trace back to an ear-
lier research direction which started with work by the author [34, 11] on the
Lorentzian distance formula. That earlier investigation was itself motivated by
studies related to Connes’ program for the unification of fundamental forces,
particularly efforts toward a Lorentzian generalization [3, 16, 4, 15].

The methods we shall use belong to Nachbin’s theory of topological pre-
ordered spaces [14, 43], subsequently extended in some work by the author
[30, 29], to deal with the non-compact case. For some recent papers on this
order-topological framework, see e.g. [50, 51, 44, 5]

In this respect, we recall that a topological preordered space is a triple (X,T ,≤
) where X is a set, T is a topology on X, and ≤ is a preorder, i.e. a reflexive
and transitive relation on X. It is called order if it is antisymmetric. We speak
of closed preordered space if the graph G(≤) ⊂ X × X of ≤ is closed in the
product topology T × T . With i(x) := {y : x ≤ y} we denote the increasing
hull (or future), while with d(y) := {x : x ≤ y} we denote the decreasing hull (or
past). Similarly, we define for S ⊂ X, i(S) := ∪x∈Si(x) and d(S) := ∪x∈Sd(x).
A subset S is convex if S = i(S) ∩ d(S). It is called increasing if i(S) = S
and decreasing if d(S) = S. The complement of a decreasing (increasing) set
is increasing (resp. decreasing). In a closed preordered space, if K is compact
then i(K) and d(K) are closed [43, Prop. 4].

A closed preordered space is normally preordered if for every two disjoint
closed sets A and B, respectively decreasing and increasing, we can find an
open decreasing set U and an open increasing set V such that A ⊂ U , B ⊂ V ,
U ∩ V = ∅. A function f is said to be isotone if x ≤ y ⇒ f(x) ≤ f(y).

Nachbin’s generalization of Urysohn’s lemma states that in a normally pre-
ordered space, for A and B as above, there is a continuous isotone function
f : X → [0, 1] such that f−1(0) ⊃ A, f−1(1) ⊃ B.

A closed preordered space (X,T ,≤) is completely regularly preordered if
the topology and preorder can be recovered from the set of continuous isotone
functions. In other words, T is the initial topology of the family of continuous
isotone functions, and we have x ≤ y if and only if f(x) ≤ f(y) for every
continuous isotone function f .

The topological preordered space is said to be convex if the open increasing
and the open decreasing sets form a subbasis for the topology. The completely
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regularly preordered spaces are convex.1 The normally preordered spaces which
are convex are completely regularly preordered.

It is important to note that convexity is a global property and should not
be confused with the less stringent condition of weak convexity—which requires
the topology to have a basis of open convex sets—or with the even more relaxed
condition of local convexity—where every point has a neighborhood system con-
sisting of convex sets. Although convexity entails weak convexity, and weak
convexity entails local convexity, the reverse implications are not always valid.
This is due to the fact that not every convex neighborhood is open, and not
every open convex set can be expressed as the intersection of an open increasing
set and an open decreasing set.

A quasi-uniformity is a filter U on the diagonal of X × X that satisfies
the condition: for every U ∈ U , there exists V ∈ U such that V ◦ V ⊂ U .
Unlike a uniformity, the symmetry condition “if U ∈ U then U−1 ∈ U ” where
U−1 = {(x, y) : (y, x) ∈ U}, is not imposed. As a result, G =

⋂
U is a preorder

on M , while the symmetrized uniformity U ∗ = {U ∩ U−1 : U ∈ U } induces
a topology T (U ∗). In essence, every quasi-uniformity induces a topological
preordered space (X,T (U ∗),

⋂
U ), where the topology is Hausdorff if and

only if the preorder is an order. The quasi-uniformity is a notion that unifies
topology and preorder showing that they are really two aspects of the same
entity.

The completely regularly preordered spaces coincide with the quasi-unifor-
mizable spaces [43, Thm. 9, p. 67].

In this work we shall make repeated use of the product trick, introduced by
the author in [34], and further pupularized in [33, 35], to unify causality and
metricity of a space as causality in a spacetime with one additional dimension.
In a certain sense the proofs we provide are simpler than those of [34] because
we do not have the additional complication of having to smooth the representing
functions. On the other hand, some proofs are more complicated because we
do not work with manifolds with their good topological properties. Also the
causal order we deal with is not necessarily compactly generated, i.e. generated
from local information, as it happens for causality in cone structures, a fact that
prevents a complete analogy with the results in [34].

Although we make often reference to [34] where some key ideas were first
introduced, the paper is essentially self-contained. The results of this work have
been announced in [37].

2 The stable Lorentzian distance (manifold case)

This section can be skipped on first reading. It is meant to provide context,
motivation and reference for an analogy used later in this work.

1Indeed, if O ∋ x is open we can find continuous isotone functions fi, i = 1, . . . , k
and gj , j = 1, . . . , l, such that x ∈ ∩jg

−1
j ((−∞, 0)) ∩i f−1

i ((0,+∞)) ⊂ O. Now set

U = ∩jg
−1
j ((−∞, 0)) and V = ∩if

−1
i ((0,+∞)), then U is open decreasing, V is open in-

creasing and x ∈ U ∩ V ⊂ O.
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To address the metric aspects of spacetime, particularly proper time, it is
natural, in any abstract approach to spacetime, to introduce a Lorentzian dis-
tance function d. A key question arises: what properties should d satisfy in
an abstract setting? To explore this, we first examine the behavior of d in
low-regularity settings with weak causality assumptions, while still assuming
the spacetime is a manifold. A useful reference is the theory of closed/proper
Lorentz-Finsler spaces developed in [34]. In this framework, the causal cones are
defined by an upper semi-continuous distribution x 7→ Cx ⊂ TxM \ 0 of closed,
sharp, non-empty convex cones. These form a convex, sharp, closed subbundle
of the slit tangent bundle, defining a so-called closed cone structure. The metric
aspects are governed by a Finsler fundamental function F : Cx → [0,∞), which
satisfies specific properties introduced via the product trick. This trick involves
studying the spacetime M× = M ×R, defining a translationally invariant cone
structure using F , and imposing upper semi-continuity on this cone distribution.

At each point P = (p, z) of M×, the cone C↓
P is defined as a subset of TpM \

0×R given by the hypograph of the function (with an alternative symmetrized
version omitted here) [34, Eq. (3.16)]:

F ↓ =

{
F (p), if v ∈ Cp,

−∞, if v /∈ Cp.
(1)

The triple (M,C,F ) is called a closed Lorentz-Finsler space if (M×, C↓) forms
a closed cone structure. A proper Lorentz-Finsler space adds an extra condition
to prevent the cones and F from collapsing in certain directions. Within this
more specialized structure, the chronological relation can be introduced, though
it is generally absent in broader settings.

For a closed Lorentz-Finsler space (or its closed cone structure), stable
causality can still be defined as the stability of causality under cone enlarge-
ments. The Seifert relation JS can also be defined, with its antisymmetry being
equivalent to stable causality and the existence of time functions. In this case,
JS is the smallest closed, reflexive and transitive relation containing J , i.e.
K = JS [34, Thm. 3.16]. Global hyperbolicity can similarly be defined, though
the compactness of causal diamonds must be replaced by the preservation of
compactness under the causally convex hull S 7→ c(S) := i(S) ∩ d(S). This
allows the recovery of a hierarchy of causality properties, suggesting that the
chronological relation may be less central than previously thought.

On the metric side, globally hyperbolic spacetimes exhibit a finite Lorentzian
distance [34, Prop. 2.26] that is upper semi-continuous [34, Thm. 2.60(g)(d)].
Full continuity of d requires more specialized structures, such as proper Lorentz-
Finsler spaces and stronger regularity conditions (e.g., local Lipschitzness) [34,
Thm. 2.53], see however [24] for an approach which mitigates these difficulties
in the C0 setting. In summary, under weak causality/low regularity conditions,
upper semi-continuity and finiteness may be lost, and lower semi-continuity
demands additional assumptions.

Does low regularity and weak causality render all continuity properties for
a Lorentzian distance invalid? Not entirely. A natural Lorentzian distance, de-
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noted D, emerges in this regime. Unlike d, function D is upper semi-continuous
and does not require additional assumptions like global hyperbolicity or local
Lipschitzness. Moreover, D satisfies the reverse triangle inequality for a broader
relation than the causal relation J , namely JS . Historically, d has received more
attention, but if D had been discovered earlier, the focus might have shifted.
The value D(p, q) is defined by slightly enlarging the cones and considering
causal curves for the enlarged cones connecting p and q. By also enlarging the
indicatrices within the cones, proper time is computed for each enlargement,
and the infimum of these values defines D(p, q), termed the stable Lorentzian
distance. This function is upper semi-continuous, satisfies the reverse triangle
inequality for JS , and under stable causality, D(p, p) = 0. Additionally, d ≤ D,
and under global hyperbolicity, d = D.

An important concept associated with D is that of a stable spacetime, which
lies between global hyperbolicity and stable causality [34, Thm. 2.63]. A stable
spacetime is defined by the finiteness of D. A theorem [34, Thm. 2.61] ensures
that stable spacetimes remain stable under cone and indicatrix enlargements,
preserving both causality and the finiteness of D.

The significance of stable spacetimes is highlighted by two key results. First,
under sufficient differentiability (C3), stable spacetimes (M, g) can be character-
ized as Lorentzian submanifolds (possibly with boundary) of Minkowski space-
time Ln for some dimension n [34, Thm. 4.13]. Second, the geometry of the
spacetime can be represented through suitable sets of functions. For a closed
cone structure under stable causality, the Seifert relation JS can be recovered
using continuous isotone functions, as established by Auslander-Levin’s theorem
and related results [1, 23, 28]. The topology can also be recovered as the initial
topology of these functions, a property known as complete order regularity [29].

A deeper goal is to recover the triple topology, order, and Lorentzian met-
ric from a family of functions. Parfionov and Zapatrin [45] conjectured the
Lorentzian distance formula:

d(p, q) = inf{[f(q)− f(p)]+ : f ∈ S },

where S is the family of F -steep temporal functions and a+ := max{0, a}.
We recall that a function f is temporal if it is C1 and df is positive on the
future causal cone Cp for every p, and F -steep if df(v) ≥ F (v) for every v ∈ C.
This formula was proven for globally hyperbolic spacetimes [34, Thm. 4.67] [33],
but it is more naturally suited to weaker causality conditions. The infimum in
the formula implies upper semi-continuity, aligning with the properties of D.
Indeed, D can be recovered in general, and under global hyperbolicity, D = d
[34, Thm. 2.60(g)]. We proved the following theorem [34, Thm. 4.6]:

Theorem 2.1. Let (M,F ) be a closed Lorentz-Finsler space, and let S be the
family of smooth F -steep temporal functions. The Lorentz-Finsler space (M,F )
is stable if and only if S is non-empty. In this case, S represents:

(i) the manifold topology, as it is the initial topology of the functions in S ;

(ii) the order JS, i.e., (p, q) ∈ JS ⇔ f(p) ≤ f(q) for all f ∈ S ;
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(iii) the stable distance, via the distance formula:

D(p, q) = inf
{
[f(q)− f(p)]+ : f ∈ S

}
. (2)

This result will be generalized to the non-manifold case in Sec. 5 (see Thm.
5.8).

3 A definition of spacetime

We propose a definition of spacetime that abstracts the properties of the stable
distance in closed Lorentz-Finsler spaces [34] (see Theorem 2.6 of [34], properties
(a), (c), (d); under stable causality (h) is added besides the antisymmetry of the
relation; for stability see [34, Def. 2.29]). The correspondence with the notation
of that paper is X ↔ M , d ↔ D, ≤↔ JS .

For us the spacetime will be the following object

Definition 3.1. A spacetime M is a quadruple (X,T ,≤, d), where (X,T ,≤)
is a closed preordered space, and d : X ×X → [0,∞] is an T ×T -upper semi-
continuous function such that, x ≰ y implies d(x, y) = 0, and for every triple
x ≤ y ≤ z, we have (reverse triangle inequality)

d(x, y) + d(y, z) ≤ d(x, z).

We say that it is weakly stably causal2 if ≤ is an order and d(x, x) = 0 for every
x ∈ X. If, additionally, d is finite, we say that it is weakly stable. We also call
(X,T ,≤) the causal structure of the spacetime. It is weakly stably causal if ≤
is an order.

Note that for every x ∈ X, d(x, x) = 0 or d(x, x) = +∞. Observe that the
definition of weak stable causality for the causal structure is obtained from that
of the spacetime dropping the condition on d, as it does not enter the causal
structure. A causal structure (X,T ,≤) is weakly stably causal iff the spacetime
(X,T ,≤, d) obtained through the trivial choice d = 0, is weakly stably causal.

A function d that satisfies the above properties is called a (stable) Lorentzian
distance. The letter d is also used for the decreasing hull of a preorder, but
hopefully the adopted notation shall not cause confusion.

Given a spacetime (X,T ,≤, d), the closed ordered space (X,T ,≤) will be
called the causal structure of the spacetime. As a notation, for simplicity, we
might denote the graph of ≤ with ≤ itself or J (though this concept is the low
regularity counterpart of K).

2One can be tempted to call this property just causality as there are no other causal
relations, still I prefer to keep, at least in this work, the terminology that best clarifies the
transition to the manifold case. The adjective “weak” will be removed when we shall add the
property of local convexity.
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Definition 3.2. A spacetime is a triple (X,T , τ), where τ : X×X → {−∞}∪
[0,∞] is an T × T -upper semi-continuous function such that for every x ∈ X,
τ(x, x) ≥ 0, and for every x, y, z ∈ X

τ(x, y) + τ(y, z) ≤ τ(x, z),

with the convention −∞ + ∞ = −∞. We say that it is weakly stably causal
if min{τ(x, y), τ(y, x)} ≥ 0 ⇒ x = y and for every x ∈ X, τ(x, x) = 0. If,
additionally, τ < +∞ , we say that it is weakly stable.

The two notions of spacetime are equivalent. To pass from the former to the
latter set

τ(x, y) =

{
d(x, y), if x ≤ y,

−∞, if x ≰ y.
(3)

To pass from the latter to the former set ≤= {τ ≥ 0}, d(x, y) = max{0, τ(x, y)}.
The function τ might be called time separation to distinguish it from d. It

is really the metric analog of F ↓, see Eq. (1), where d is the metric analog of F .
For this reason, τ could also be denoted d↓.

Proof of the equivalence. Suppose that (X,T ,≤, d) is a spacetime. Let us prove
that τ is upper semi-continuous at (x, y) /∈≤. Indeed, (x, y) belongs to the open
set X × X\ ≤ where τ is constant hence continuous. Suppose (x, y) ∈≤, if
d(x, y) = +∞, as τ(x, y) = +∞ upper semi-continuity of τ is clear, so let us
assume d(x, y) < +∞, then by the upper semi-continuity of d for every ϵ > 0
we can find an open set O ∋ (x, y) such that d(x′, y′) ≤ d(x, y) + ϵ, for every
(x′, y′) ∈ O which implies τ(x′, y′) ≤ d(x′, y′) ≤ d(x, y) + ϵ = τ(x, y) + ϵ.

Since x ≤ x, τ(x, x) = d(x, x) ≥ 0.
The validity of the reverse triangle inequality for τ when some pair does not

belong to ≤ is clear save for the case when the pair is (x, z). In this case (x, y)
or (y, z) do not belong to ≤ otherwise (x, z) would belong to it, and so the left
hand side is −∞ and the inequality holds. If all pairs belong to ≤ the inequality
follows from the reverse triangle inequality for d.

For the converse, suppose that (X,T , τ) is a spacetime. As τ is upper
semi-continuous the set ≤:= {τ ≥ 0} is closed. The reverse triangle inequality
for τ implies that ≤ is transitive. The condition τ(x, x) ≥ 0 implies x ≤ x, i.e.
reflexivity of ≤ (by the reverse triangle inequality τ(x, x) = 0 or τ(x, x) = +∞).

Suppose x ≤ y ≤ z, then the reverse triangle inequality for τ reads d(x, y)+
d(y, z) ≤ d(x, z). Finally, d = max{0, τ} is upper semi-continuous as the maxi-
mum of two upper semi-continuous functions (upper semi-continuity is equiva-
lent to closure of the hypograph and the maximum implies the new hypograph
is the union of the two starting closed hypographs hence closed).

Let us come to the equivalence of the properties defining weak stable causal-
ity. Suppose (X,T ,≤, d) is weakly stably causal. If min{τ(x, y), τ(y, x)} ≥ 0
then both terms are non-negative, hence by the definition of τ , x ≤ y and y ≤ x
which implies x = y by the antisymmetry of ≤. We have shown the validity
of the implication min{τ(x, y), τ(y, x)} ≥ 0 ⇒ x = y. Next observe that for
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every x, x ≤ x which implies τ(x, x) = d(x, x) = 0. We have proved weak stable
causality for (X,T , τ).

For the converse, suppose (X,T , τ) is weakly stably causal. Let x, y ∈ X be
points such that x ≤ y and y ≤ x, this means τ(x, y) ≥ 0 and τ(y, x) ≥ 0 hence
min{τ(x, y), τ(y, x)} ≥ 0 from which we get x = y, namely the antisymmetry
of ≤. Next observe that for every x, τ(x, x) = 0 ≥ 0 which implies x ≤ x, thus
d(x, x) = τ(x, x) = 0. We conclude that (X,T ,≤, d) is weakly stably causal.

The equivalence of the conditions d < +∞ and τ < +∞ is clear.

A weakly stable spacetime admits the following simple characterization.

Proposition 3.3. A weakly stable spacetime is a triple (X,T , τ), where τ :
X ×X → {−∞}∪ [0,∞) is a T ×T -upper semi-continuous function such that

∀x, y ∈ X 0 ≤ τ(x, y) + τ(y, x) ⇔ x = y,

∀x, y, z ∈ X τ(x, y) + τ(y, z) ≤ τ(x, z),

again with the convention −∞+∞ = −∞.

Proof. Assume the spacetime satisfies weak stability as in Def. 3.2. The con-
dition τ < ∞ and second property are clear so we need only to prove the first
property. If x = y we know that τ(x, x) = 0 thus 0 ≤ τ(x, y) + τ(y, x). For
the converse, let x, y ∈ X be such that 0 ≤ τ(x, y) + τ(y, x) then, due to
the sum convention, both have to be different from −∞ hence non-negative
min{τ(x, y), τ(y, x)} ≥ 0, which implies x = y.

Assume the spacetime satisfies the given properties, we want to prove that
it satisfies the properties of Def. 3.2.

The first property implies, choosing a pair (x, x), τ(x, x) ≥ 0. The reverse tri-
angle inequality gives 2τ(x, x) ≤ τ(x, x) and since 0 ≤ τ(x, x) < +∞, we neces-
sarily have τ(x, x) = 0. Next, let x, y ∈ X be such that min{τ(x, y), τ(y, x)} ≥ 0
then τ(x, y) + τ(y, x) ≥ 0 which by the first property implies x = y.

Definition 3.4. We say that a weakly stably causal spacetime (X,T ,≤, d)
(resp. causal structure (X,T ,≤)) is stably causal if (X,T ,≤) is locally convex.

We say that a weakly stable spacetime (X,T ,≤, d) is a stable spacetime if
(X,T ,≤) is locally convex.

Thus, a spacetime is stable if the preorder is actually an order, local convexity
holds, and d is finite and vanishes on the diagonal. Similarly, a causal structure
is stably causal if the preorder is actually an order and local convexity holds.

In a previous work we proved that local convexity ensures complete order
regularity for locally compact, σ-compact spaces [29, Cor. 2.14]. This result will
be important in what follows.

It can be observed that in the smooth setting, under stable causality, the
relation K (which coincides with JS) satisfies local convexity [48, Lemma 16]
[26, Lemma 5.5][29, Thm. 4.15].

We do not know how to express local convexity directly in terms of τ .
We recall that (X,T ,≤) is a compact ordered space if ≤ is a closed ordered

space and X is compact [43].
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Proposition 3.5. A compact ordered space endowed with a function d : X ×
X → [0,+∞) which satisfies the reverse triangle inequality provides a stable
spacetime (X,T ,≤, d).

That is, the result does not depend on d as long as the spacetime axioms
are satisfied.

Proof. The reverse triangle inequality for the triple x ≤ x ≤ x gives 2d(x, x) ≤
d(x, x), thus d(x, x) = 0. Every compact ordered space is known to be com-
pletely regularly ordered hence convex [43] and so locally convex.

3.1 The product trick: metricity from causality

Let us arrive at the product trick which was introduced in [34, 33] at the level
of the tangent bundle. It shows that the metrical aspects of spacetime can be
reduced to causality in a space with one additional dimension. It shall provide
a third definition of spacetime which is that most conveniently used in proofs.

Given a set X let us denote X× := X×R. We are interested in a topological
ordered space (X×,T ×, ≤↓) structured so as to respect the product structure of
X×. The relation ≤↓ will also be denoted J↓ (though in the manifold transition

it really corresponds to J↓
S of [34, Eq. (4.3)]).

So let T × be a topology on X× which is the product of a topology T on
X by the topology TR of R, and let ≤↓ be a preorder on X× that satisfies

(∗) If (p, r) ≤↓ (p′, r′) and [s′ − s]+ ≤ [r′ − r]+ then (p, s) ≤↓ (p′, s′).

This condition can be better understood as follows. First, observe that a pre-
order that is translationally invariant, namely for all c ∈ R,

(x, a) ≤↓ (y, b) ⇒ (x, a+ c) ≤↓ (y, b+ c),

can be projected to a preorder on X defined by “x ≤ y iff there are a, b ∈ R
such that (x, a) ≤ (y, b)” (the translational invariance is used to show that this
relation is transitive). Secondly, given a translationally invariant preorder ≤↓

on X×, the preorder ≤↓ contains the product of the projected preorder with
the reverse canonical order3 on R if b ≤ a and x ≤ y ⇒ (x, a) ≤↓ (y, b). The
condition (*) is equivalent to these two conditions.

Proposition 3.6. The condition (*) is equivalent to translational invariance
(which ensures projectability) and inclusion of the product preorder.

Proof. Assume (*) and let (x, a) ≤↓ (y, b) then [(b + c) − (a + c)]+ ≤ [b − a]+

thus (x, a + c) ≤↓ (y, b + c), which proves translational invariance. Since it is
translationally invariant it admits a projected preorder ≤. Suppose x ≤ y, which

3Here we are endowing the real line with the standard topology but with the reverse
canonical order. The down arrow recalls this fact. We could have used the standard order
but we wanted to keep notations analogous to those of [34] which have some advantages when
treating time functions as graphs, as some minus signs are not needed.
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means that there are a, c ∈ R such that (x, a) ≤ (y, c). Necessarily, [c−a]+ ≥ 0,
thus for b ≤ a, [b− a]+ = 0 ≤ [c− a]+ and so (x, a) ≤ (y, b), which proves that
the product preorder is included in ≤↓.

Assume translational invariance and inclusion of the product preorder. Note
first that if (p, r) ≤↓ (p′, r′), then p ≤ p′ and for any r′′ ≤ r′ we have (p′, r′) ≤↓

(p′, r′′) because of the inclusion of the product preorder, thus by composition,
(p, r) ≤↓ (p′, r′′).

Let (p, r) ≤↓ (p′, r′), then p ≤ p′ and by the inclusion of the product preorder
(p, r) ≤↓ (p′, r). By translational invariance (p, 0) ≤↓ (p′, r′ − r) and (p, 0) ≤↓

(p′, 0), and so (p, 0) ≤↓ (p′, [r′−r]+). Let [s′−s]+ ≤ [r′−r]+ then s′−s ≤ [r′−
r]+, thus (p, 0) ≤↓ (p′, s′ − s), thus by translational invariance (p, s) ≤↓ (p′, s′),
which proves (*).

Note that by (*), (p, r) ≤↓ (p′, r′) ⇒ (p, 0) ≤↓ (p′, 0) thus the projected
order is “x ≤ y iff (x, 0) ≤ (y, 0)”.

Definition 3.7. A spacetime is a closed preordered space (X×,T ×,≤↓) such
that ≤↓ satisfies (*). We say that it is weakly stably causal if ≤↓ is an order.
If, additionally, the future (equiv. past) of every point does not contain an
entire R-fiber, we say that it is weakly stable. The adjective weak is dropped if
(X×,T ×,≤↓) is locally convex.

This notion is equivalent to the previous ones. Starting from (X,T ,≤, d)
just let X× = X × R, T × = T × TR, and

(x, a) ≤↓ (y, b) iff x ≤ y and b ≤ a+ d(x, y),

equivalently, starting from (X,T , τ) set

(x, a) ≤↓ (y, b) iff b ≤ a+ τ(x, y).

On the other direction, starting from (X×,T ×,≤↓) define≤ as the projected
preorder

x ≤ y iff (x, 0) ≤↓ (y, 0)

and set d(x, y) := 0 if x ≰ y and otherwise

d(x, y) := sup{b : (x, 0) ≤↓ (y, b)}

(note that b = 0 belongs to the set thus d ≥ 0, also since ≤↓ is closed, (x, 0) ≤↓

(y, d(x, y))). Equivalently, these two conditions read

τ(x, y) := sup{b : (x, 0) ≤↓ (y, b)},

where it is understood that τ = −∞ for the empty set.

Proof of the equivalence (but the last statement involving dropping ‘weak’).
Suppose that (X,T ,≤, d) is a spacetime, we want to prove that (X×,T ×,≤↓)
is a closed preordered space.

11



Reflexivity of ≤↓ is obvious and transitivity follows easily from the transi-
tivity of ≤ and the reverse triangle inequality.

The map f : (X×)2 → R, ((x, a), (y, b)) 7→ a + d(x, y) − b is upper semi-
continuous, thus f−1([0,∞)) is closed. As π1 × π3 : ((x, a), (y, b)) 7→ (x, y) is
continuous ≤↓= (π1 × π3)

−1(≤) ∩ f−1([0,∞)) is closed.
The preorder ≤↓ defined from d is clearly translationally invariant, and if

x ≤ y and b ≤ a, then b ≤ a+ d(x, y) thus, (x, a) ≤ (y, b), thus ≤↓ satisfies (*)
by Prop. 3.6.

For the converse: by the reflexivity of ≤↓, for every x ∈ X, (x, 0) ≤ (x, 0)
which implies x ≤ x, i.e. the reflexivity of ≤. Let x ≤ y ≤ z, then (x, 0) ≤↓

(y, d(x, y)) ≤↓ (z, d(x, y)+d(y, z)), so by transitivity of ≤↓, (x, 0) ≤↓ (z, d(x, y)+
d(y, z)), which implies x ≤ z, namely ≤ is transitive, and d(x, y) + d(y, z) ≤
d(x, z), namely the reverse triangle inequality.

Suppose that d is not upper semi-continuous, then we can find x, y ∈ X,
d(x, y) < +∞, and ϵ > 0 such that for every neighborhoods U ∋ x, V ∋ y, and
some x′ ∈ U , y′ ∈ V , d(x′, y′) ≥ d(x, y) + ϵ. This means that (x′, 0) ≤↓

(y′, d(x, y) + ϵ), and hence by the closure of ≤↓, (x, 0) ≤↓ (y, d(x, y) + ϵ),
which implies d(x, y) + ϵ ≤ d(x, y), a contradiction that proves the upper semi-
continuity of d.

The map (X × 0)2 → X2, ((x, 0), (y, 0)) → (x, y), is a homeomorphism, and
(x, 0) ≤↓ (y, 0) iff x ≤ y, thus it also an order isomorphism. In order to prove
the closure of ≤ is sufficient to prove the closure of ≤↓ ∩(X × 0)2 which is clear
as it is an intersection of closed sets.

The condition x ≰ y implies d(x, y) = 0 follows from the definition of d.
Suppose that (X,T ,≤, d) is weakly stably causal. Let (x, a), (y, b) be such

that (x, a) ≤↓ (y, b) and (x, a) ≥↓ (y, b), then x ≤ y and y ≤ x which implies
x = y (the projected preorder is actually and order). But the two inequalities
also imply b ≤ a+ d(x, y) and a ≤ b+ d(y, x), which using x = y, read |b− a| ≤
d(x, x) = 0, thus a = b, namely ≤↓ is antisymmetric, hence an order.

Suppose that (X×,T ×,≤↓) is weakly stably causal, that is, ≤↓ is anti-
symmetric. Let x ≤ y and y ≤ x then (x, 0) ≤↓ (y, 0) and (y, 0) ≤↓ (x, 0) thus
(x, 0) = (y, 0), that is, x = y, namely ≤ is antisymmetric. Furthermore, suppose
that d(x, x) > 0 for some x, then (x, 0) ≤↓ (x, d(x, x)) and (x, d(x, x)) ≤↓ (x, 0),
a contradiction.

As for stability, observe that the future of (x, a) reads

(J↓)+((x, a)) = {(y, b) : x ≤ y and b ≤ a+ d(x, y)}

so it does not contain a whole R-fiber iff d(x, y) is finite for every y. A similar
conclusion holds studying the past of a point

(J↓)−((y, b)) = {(x, a) : x ≤ y and b ≤ a+ d(x, y)}.

We end the proof of the equivalence with the following result.
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Proposition 3.8. Let (X,T ,≤, d) be a weakly stably causal spacetime. Local
convexity holds for (X,T ,≤) iff it holds for (X×,T ×, ≤↓).

Proof. ⇒. By translational invariance it is sufficient to prove local convexity
at (x, 0) ∈ X×, x ∈ X. Let O × (−ϵ, ϵ) be a product open neighborhood
of (x, 0). We want to prove that there is a convex neighborhood W of (x, 0)
inside this product open set. Since d(x, x) = 0, and d is upper semi-continuous,
we can assume, without loss of generality, that O is such that d|O×O < ϵ/2.
Since X is locally convex there is a convex neighborhood U ∋ x, U ⊂ O. Let
R = U × (−ϵ/2, ϵ/2) and W = i↓(R) ∩ d↓(R). Let us prove that this convex
neighborhood of (x, 0) satisfies W ⊂ O× (−ϵ, ϵ). Indeed, if (p, a), (r, c) ∈ R and
(p, a) ≤↓ (q, b) ≤↓ (r, c) then p ≤ q ≤ r thus, as p, r ∈ U which is convex, q ∈ U .
Moreover, b ≤ a + d(p, q) and c ≤ b + d(q, r), but d(p, q), d(q, r) < ϵ/2, thus
b < a+ ϵ/2 < ϵ and b > c− ϵ/2 > −ϵ, thus (q, b) ∈ O × (−ϵ, ϵ).

⇐. If (X×,T ×, ≤↓) is locally convex, in order to prove local convexity at
x ∈ X, let O ∋ x be an open neighborhood, then O × (−1, 1) is an open neigh-
borhood of (x, 0) and so there is a convex neighborhood W of (x, 0) contained
in O×(−1, 1) . Let U ⊂ O be the projection of the elements of W that have real
coordinate equal to zero. The neighborhood W contains a product open neigh-
borhood of (x, 0), thus the set U is a neighborhood of x. The set U is convex
because if p, r ∈ U and q is such that p ≤ q ≤ r, then (p, 0) ≤↓ (q, 0) ≤↓ (r, 0)
and as (p, 0), (r, 0) ∈ W , we get by its convexity, (q, 0) ∈ W and hence q ∈ U ,
namely U is convex.

3.2 Global hyperbolicity

In this section we define the notion of globally hyperbolic spacetime.

Proposition 3.9. For a weakly stably causal spacetime (X,T ,≤, d), equiva-
lently (X×, T ×, ≤↓), the following properties are equivalent

(i) for every p, q ∈ X, J(p, q) is compact, and d is finite (hence the spacetime
is weakly stable),

(ii) for every P,Q ∈ X×, the diamond J↓(P,Q) := (J↓)+(P ) ∩ (J↓)−(Q) is
compact.

Proof. (i) ⇒ (ii). Since J↓ is closed, J↓(P,Q) is closed. The projection on X
is contained in J(p, q), that to R is contained in the compact interval [πR(Q)−
d(p, q), πR(P ) + d(p, q)]. Thus J↓(P,Q) is contained in the product of compact
sets which is compact.

(ii) ⇒ (i). Let us prove that d is finite. Suppose d(p, q) = +∞ for some
p, q ∈ X, which implies p ≤ q. Let P = (p, 0), Q = (q, 0) then the points
R = (q, r), for r > 0 are included in the diamond J↓(P,Q), which is thus
non-compact as its projection to R is non-compact, a contradiction.

Let r ∈ J(p, q) then (r, 0) ∈ J↓(P,Q), where P = (p, 0), Q = (q, 0), which
proves that J(p, q) is contained in the projection of J↓(P,Q) which is compact.
But J(p, q) is closed because ≤ is closed, hence compact.
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We have also the following variant where J(C) := J+(C) ∩ J−(C) and
similarly for J↓.

Proposition 3.10. For a weakly stably causal spacetime (X,T ,≤, d), equiva-
lently (X×, T ×, ≤↓), the following properties are equivalent

(i) for every compact set C, J(C) is compact, and d is finite (hence the space-
time is weakly stable),

(ii) for every compact set K, J↓(K) is compact.

Proof. (i) ⇒ (ii). Since J↓ is closed, J↓(K) is closed and by reflexivity of J↓,
it contains K. Let C := πX(K) and D := supC×C d, which is attained by the
upper semi-continuity of d. Since d is finite, D is finite.

We have πX(J↓(K)) ⊂ J(C) and the projection to R is contained in the
compact interval [inf πR(K)−D, supπR(P ) +D], where the inf and sup in this
expression are finite by the compactness of K. Thus J↓(K) is contained in the
product of compact sets which is compact.

(ii) ⇒ (i). Let us prove that d is finite. Suppose d(p, q) = +∞ for some
p, q ∈ X, which implies p ≤ q and p ̸= q and hence q ≰ p. Let P = (p, 0),
Q = (q, 0) then the points R = (q, r), for r > 0 are included in the diamond
J↓(P,Q) = J↓(K), K = {P,Q}, which is thus non-compact as its projection to
R is non-compact, a contradiction.

Let C be a compact set and let K = C × {0}. Let r ∈ J(C) then there are
p, q ∈ C, p ≤ r ≤ q. Note that (r, 0) ∈ J↓(P,Q), where P = (p, 0), Q = (q, 0)
which proves that J(C) is contained in the projection of J↓(K) which is compact.
But J(C) is closed because ≤ is closed, hence compact.

The property of Prop. 3.10 implies that of Prop. 3.9, it is sufficient to use
the antisymmetry of ≤ and take C = {p, q}, noting that if J(p, q) ̸= ∅ then
p ≤ q and J(p, q) = J({p, q}).

The equivalence of these two variants seems to require further assumptions
(their equivalence and use to define global hyperbolicity in the smooth manifold
analogy is essentially the equivalence in [34, Prop. 2.21] which uses a proper
cone structure assumption).

In the theory of closed ordered spaces the property of k-preservation [29]—
for each compact subset K ⊂ X, i(K) ∩ d(K) is compact—has been proposed
to define global hyperbolicity. It is clearly equivalent to the property of Prop.
3.10 for weakly stable spacetimes (as for them d is finite).

For definiteness, in the context of this work, we give the following definition

Definition 3.11. A stable k-preserving spacetime (X,T ,≤, d) is said to be
globally hyperbolic.

Under local compactness and σ-compactness, the definition can be improved,
as k-preservation already implies local convexity [29, Thm. 3.3].

Example 3.12. Let (X, d) be a countably generated Lorentzian metric space in
the sense of [10]. This means that
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(i) there is a function (Lorentzian distance) d : X ×X → [0,∞) that satisfies
the reverse triangle inequality over chronologically related triples (I :=
{d > 0} is the chronological relation),

(ii) there is a topology T such that d is continuous and I(p, q) is compact for
every p, q ∈ X,

(iii) for any two distinct points p, q ∈ X there is a third point r such that
d(p, r) ̸= d(q, r) or d(r, p) ̸= d(r, q),

(iv) there is a countable set S ⊂ X such that for every q ∈ X there are p, r ∈ S
such that q ∈ I+(p) ∩ I−(r).

The topology T is actually unique and called the Lorentzian metric space topol-
ogy. Similarly, there is a natural closed order J (uniquely determined from d),
such that I ⊂ J , and the reverse triangle inequality extends to J-related triples.
It is known that for every closed order I ⊂ K ⊂ J , we have for every compact
set C that K(C) is compact [10, Thm. 4.6]. As a consequence (X,T ,K, d) is a
second-countable locally compact σ-compact (actually Polish) k-preserving sta-
ble spacetime (in the sense of this work), in particular the following main Thm.
5.8 on the representation of spacetime via continuous rushing functions applies
to it (see [10, Prop. 3.20] for the topological properties). Note that if there is
a gap between I and J , the continuous d-rushing functions might depend on
the chosen K though d does not change. There is no gap if for every p ∈ X,
p ∈ I±(p) [38, 10].

Smooth globally hyperbolic spacetimes (M, g) belong to the above class. In
any case, for them more refined representation theorems are available [34].

The same considerations apply to bounded Lorentzian metric spaces [38] but
for them there is no need to assume the countably generated property (property
(iv) above) as a Polish topological property follows anyway [38, Thm. 1.10].

3.3 Order and product of spacetimes

Given two spacetimes M1 = (X1,T1,≤1, d1) and M2 = (X2,T2,≤2, d2), let us
write4: X1 ⪯ X2 if X1 ⊂ X2; T1 ⪯ T2 if T1 ⊃ T2; ≤1⪯≤2 if ≤1⊂≤2; and
d1 ⪯ d2 if d1(x, y) ≤ d2(x, y) for every x, y ∈ X1. Observe that the empty set,
the discrete topology, the discrete order, and the vanishing Lorentzian distance,
d := 0, are all ⪯-lower bounds on the respective categories. We can admit
X = ∅ as a possible set for a spacetime, which is necessarily (∅, {∅}, ∅, 0). Let
us also write M1 ⪯ M2 if X1 ⪯ X2, T1 ⪯ T2, ≤1⪯≤2 and d1 ⪯ d2. It is clear
that ⪯ is an order.

Proposition 3.13. Let Mα, α ∈ A, be a family of spacetimes. Then the quadru-
ple M := (X,T ,≤, d) with

X := ∩α∈AXα, T := sup
α∈A

Tα, ≤:= ∩α∈A ≤α, d := inf
α∈A

dα,

4We could generalize this definition dropping X1 ⊂ X2 by requiring that there is an
injective map ϕ12 : X1 → X2 which is injective, continuous, and preserves the distance.
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is a spacetime. It is the largest lower bound (i.e. the infimum) of {Mα} for the
order ⪯. If one of the Mα is weakly stably causal (resp. weakly stable) then so
is M . If all the Mα are stably causal (resp. stable) then so is M .

Note that every topology Tα, preorder ≤α, and Lorentzian distance dα, can
be restricted to the smaller set X. In the equation in display we omitted the
restriction operation.

Inspection of the proof shows that if the family {Mα} is totally ordered,
then in the last statement we can replace “If all the Mα are” by “If one the Mα

is”.

Proof. Let us prove that it is indeed a spacetime. Every topology Tα, preorder
≤α, and Lorentzian distance dα, can be restricted to the smaller set X. The
intersection of preorders is easily show to be a preorder, thus ≤ is a preorder.
Observe that ≤α is closed in the Tα × Tα topology, thus ≤α|X×X is closed in
the Tα × Tα|X×X topology, hence in the finer T × T |X×X topology, thus the
intersection ∩α∈A ≤α|X×X is closed in the T ×T |X×X topology. Let x, y ∈ X,
x ≰ y then for some α, x ≰α y which implies dα(x, y) = 0 and hence d(x, y) = 0.
Let x, y, z ∈ X be such that x ≤ y ≤ z then x ≤α y ≤α z for each α and

dα(x, y) + dα(y, z) ≤ dα(x, z)

for each α. Thus

inf
α∈A

dα(x, y) + inf
α∈A

dα(y, z) ≤ inf
α∈A

[dα(x, y) + dα(y, z)] ≤ inf
α∈A

dα(x, z)

which proves that d satisfies the reverse triangle inequality. Finally, each dα|X×X

is Tα × Tα|X×X -upper semi-continuous and so T × T |X×X -upper semi-con-
tinuous. The infimum of a family of upper semi-continuous functions is up-
per semi-continuous, thus d is T × T |X×X -upper semi-continuous. Clearly,
M ⪯ Mα for each α, thus M is a lower bound for {Mα}. If N is a lower bound
for {Mα}, then XN ⊂ Xα, TN ⊃ Tα, ≤N⊂≤α, dN ≤ dα, for every α, which
implies XN ⊂ X, TN ⊃ T , ≤N⊂≤, dN ≤ d, namely N ⪯ M . We conclude
that M is the largest lower bound.

The last two statements are straightforward, the only possible difficulty is
the proof that if all Mα are locally convex then so is M . Indeed, let x ∈ M
and let O ∋ x, O ∈ T , then we can find some Oi ∈ Tαi , for i = 1, . . . , k, with
k finite, such that ∩iOi ⊂ O. By local convexity of Xαi we can find a ≤αi-
convex neighborhood Ci ∋ x such that Ci ⊂ Oi. Let C = ∩iCi, then C ⊂ O is
≤-convex.

Proposition 3.14. Let Mα, α ∈ A, be a family of spacetimes Mα := (Xα,
Tα,≤α, dα). Then the quadruple M := (X,T ,≤, d) in which X = Πα∈AXα is
the Cartesian product, T is the product topology, ≤ is the product preorder, and

d := inf
α∈A

dα ◦ (πα × πα),
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is a spacetime which we call the product spacetime. If all Mα are weakly stably
causal (resp. weakly stable) then so is M . If all Mα are stably causal (resp.
stable, k-preserving) then so is M .

Proof. The composition f ◦ g with g continuous and f upper semi-continuous
functions is upper semi-continuous. Thus, as all projections πα : X → Xα are
continuous in the product topology, dα ◦ (πα × πα) is upper semi-continuous.
The infimum of an arbitrary family of upper semi-continuous functions is upper
semi-continuous, thus d is upper semi-continuous. If x ≰ y, then for some α,
xα ≰ yα, which implies dα(xα, yα) = 0, and hence d(x, y) = 0. For every triple,
x ≤ y ≤ z, we have for each α, xα ≤ yα ≤ zα, thus

dα(xα, yα) + dα(yα, zα) ≤ dα(xα, zα).

hence

d(x, y) + d(y, z) = inf
α

dα(xα, yα) + inf
α

dα(yα, zα)

≤ inf
α
[dα(xα, yα) + dα(yα, zα)] ≤ inf

α
dα(xα, zα) = d(x, z).

Finally, ≤= ∩α(πα ◦ πα)
−1(≤α) which being the intersection of closed sets is

closed.
The last two statements are straightforward, the only possible difficulty is

the proof that if all Mα are locally convex (resp. k-preserving) then so is M . Let
us start with local convexity. Let x ∈ M and let O ∋ x, O ∈ T , then we can
find some Oi ∈ Tαi , for i = 1, . . . , k, with k finite, such that ∩iπ

−1
Xαi

(Oi) ⊂ O.

By local convexity of Xαi
we can find a ≤αi

-convex neighborhood Ci ∋ παi
(x)

such that Ci ⊂ Oi. Let C = ∩iπ
−1
Xαi

(Ci), then C ⊂ O is ≤-convex and it is also

a neighborhood of x.
Let us consider the k-preserving property. Let K be a compact subset of X,

thenKα = πXα(K) is compact. The convex hull c(K) = i(K)∩d(K) is compact,
but c(K) is closed because M is a closed ordered space. Let y ∈ c(K) then there
are x, z ∈ K, x ≤ y ≤ z, which implies xα ≤α yα ≤α zα, but xα, zα ∈ Kα, thus
yα ∈ c(Kα) which proves that y ∈ Παc(Kα) and so c(K) ⊂ Παc(Kα). Since the
product is compact, we conclude that c(K) is compact.

Example 3.15. The simplest example of spacetime is the real line R, with T
and ≤ the usual topology and order, and d(x, y) := max{0, y − x}. It is locally
compact, σ-compact, stable and k-preserving, hence globally hyperbolic. We
shall be particularly interested on the spacetime RA obtained by products of
the real line which, by the previous results, is stable and k-preserving. Its
Lorentzian distance is d(x, y) = max{0, infα[yα − xα]}.

The following result is well known. We include the proof for completeness.
Actually, we shall only make use of if for finite sequences.

Lemma 3.16. For p ∈ (0, 1] let for any non-negative real sequence x = {xk, k ∈
N}, ∥x∥p := {

∑
k x

p
k}1/p, then for any two non-negative real sequences x =

{xk}, y = {yk}, ∥x+ y∥p ≥ ∥x∥p + ∥y∥p.
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It is clear that the result holds also if the elements of the sequences are
allowed to assume the value +∞ (if this happens we have actually an equality
+∞ = +∞).

Proof. If ∥x∥p = 0 or ∥y∥p = 0 then the result is trivial as at least one among
x and y vanishes. The claim is also clear if ∥x∥p = +∞ or ∥y∥p = +∞ as
∥x + y∥p is no smaller than them. Let us assume, without loss of generality,
that ∥x∥p + ∥y∥p is finite. Since we have positive homogeneity ∥cx∥p = c∥x∥p,
for c > 0, we can limit ourselves to the case ∥x∥p = 1 − λ, ∥y∥p = λ, for
λ ∈ (0, 1). So defining X = x/(1 − λ) and Y = y/λ we need only to prove
the concavity property ∥(1 − λ)X + λY ∥p ≥ 1 for every X and Y such that
∥X∥p = 1 = ∥Y ∥p, and λ ∈ (0, 1). Now, for every coordinate i, due to the
concavity of f(x) = xp on [0,+∞), [(1 − λ)Xi + λYi]

p ≥ (1 − λ)Xp
i + λY p

i .
Summing over i, ∥(1− λ)X + λY ∥pp ≥ (1− λ)∥X∥pp + λ∥Y ∥pp = 1.

Proposition 3.17. Let Mk, k ∈ A, be a finite family of spacetimes Mk := (Xk,
Tk,≤k, dk). Then the quadruple M := (X,T ,≤, d) in which X = Πk∈AXk is
the Cartesian product, T is the product topology, ≤ is the product preorder, and

d|≤ :=
{∑

k

[dk ◦ (πk × πk)]
p
}1/p

, d|≰ := 0

for p ∈ (0, 1] is a spacetime which we call the p-product spacetime. If all Mk

are weakly stably causal (resp. weakly stable) then so is M . If all Mk are stably
causal (resp. stable, k-preserving) then so is M .

Note that, for given factors, these p-product spacetimes and the product
spacetime of Prop. 3.14 share the same causal structure. The request of the
upper semi-continuity of d is really the only condition that forces us to consider
just finite, rather than countable, p-products.

Proof. The projections πk : X → Xk are continuous, thus ≤= ∩k(πk ◦πk)
−1(≤k

), being the intersection of closed sets, is closed.
Again by the continuity of the projections, dk ◦ (πk × πk) is upper semi-

continuous. Let x ≰ y then as ≤ is closed there is a neighborhood O of (x, y)
such that for every (x′, y′) ∈ O, x′ ≰ y′, and thus d(x′, y′) = 0. This proves that
d is upper semi-continuous outside ≤. Suppose x ≤ y then xi ≤ yi for every i.
If for some i, di(xi, yi) = +∞ then d(x, y) = +∞ and the upper semi-continuity
is clear. So suppose that for every i, di(xi, yi) < +∞. Let ϵ > 0, we can find
Oi ∋ (xi, yi) such that di|Oi < d(xi, yi) + ϵ, but then for O = ΠiOi

d|O ≤
{∑

k

[dk(xk, yk) + ϵ]p
}1/p

where the right-hand side converges to d(x, y) for ϵ → 0 (this step uses the
finiteness of the sum), thus d is upper semi-continuous at (x, y).
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For every triple, x ≤ y ≤ z, we have for each k, xk ≤ yk ≤ zk, thus

dk(xk, yk) + dk(yk, zk) ≤ dk(xk, zk).

Thus
∑

k dk(xk, zk)
p ≥

∑
k[dk(xk, yk) + dk(yk, zk)]

p and by Lemma 3.16

d(x, z) =
(∑

k

dk(xk, zk)
p
)1/p

≥ d(x, y) + d(y, z).

If every di vanishes on the diagonal, the same holds for d. If di are all finite,
the same holds for d. The last two statements depend then only on the causal
structures and so the proof is the same as that of Prop. 3.14.

4 Spacetimes from functional spaces

The next result proves that stable spacetimes are quite natural objects as they
follow from just a family of real functions over a set. It is inspired by [34, Thm.
4.6] which was restricted to manifolds. Note that here the F -steep functions are
replaced by the rushing functions [35, Def. 1.26]. On a spacetime (X,T ,≤, d)
a function X → R is rushing if

∀x, y ∈ X, x ≤ y ⇒ f(x) + d(x, y) ≤ f(y)

equivalently, for every x, y ∈ X, f(x) + τ(x, y) ≤ f(y). Intuitively, a rushing
function interpreted as a time runs faster than proper time. For the relationship
between steep and rushing functions on a manifold, see [35, Thm. 1.28].

Theorem 4.1. Let F be a family of real valued functions on X that distinguishes
points: f(x) = f(y) for every f ∈ F implies x = y. Then

(i) The initial topology T generated by F is Tychonoff (hence Hausdorff). If
F is countable then the initial topology is second countable, hence metriz-
able.

(ii) The relation defined by

≤:= {(x, y) : f(x) ≤ f(y), ∀f ∈ F} (4)

is an order which is closed with respect to the product of the initial topology
of point (i).

(iii) The function d : X2 → [0,∞) defined by

d(x, y) := max{0, inf
F
[f(y)− f(x)]} (5)

is upper semi-continuous (with respect to the product of the initial topology
of point (i)); satisfies x ≰ y ⇒ d(x, y) = 0; for every x ∈ X, d(x, x) = 0;
and it satisfies the reverse triangle inequality with respect to the relation
≤ of point (ii).
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(iv) Suppose that for every λ ≥ 1, λF ⊂ F , then we have the direct expressions

τ(x, y) = inf
F
[f(y)− f(x)], (6)

and
(x, a) ≤↓ (y, b) iff ∀f ∈ F , f(x)− a ≤ f(y)− b. (7)

As a consequence, (X,T ,≤, d) is a stable spacetime and every element f ∈ F is
T -continuous, ≤-isotone and d-rushing. Moreover, (X,T ,≤) is a completely
regularly ordered space (causal structure) hence convex.

Without the condition on the distinction of points, the topology would not
be T0 and ≤ would not be antisymmetric (it would be a preorder). In principle
one could work with indistinguishable points but then the Alexandrov quotient
would need to be taken.

The initial topology induced by a family of functions F is also denoted TF ,
a preorder given by formula (4) is also denoted ≤F , and a Lorentzian distance
given by formula (5) is also denoted dF . Thus for any family of functions F
that distinguishes points, we have a stable spacetime (X,TF ,≤F , dF ).

Proof. Let x ̸= y then there is f ∈ F such that f(x) ̸= f(y). Let r = [f(x) +
f(y)]/2, then the initial topology open sets f−1((−∞, r)), f−1((r,+∞)) are
disjoint and each of them contains precisely one of the two points. Thus T is
Hausdorff.

The elements of F are continuous in the initial topology T , thus the topology
T is generated by a family of continuous functions which proves that (X,T ) is
completely regular hence Tychonoff. If F = {fk}k∈N then a subbasis for T is
given by the finite intersections of sets of the form f−1

k ((a,+∞)), f−1
k ((−∞, b)),

with a, b ∈ Q. Since the subbasis is countable so is the basis, that is, under
countability of F the topology T is second-countable. Every Tychonoff space
is regular, and every regular second countable space is metrizable.

We have ≤= ∩f∈F (f × f)−1(≤R). The sets on the right-hand side are
T ×T -closed (as ≤R is closed, and f × f is T ×T -continuous) and so is their
intersection.

The fact that ≤ is an order is clear, the antisymmetry following from the
fact that F distinguishes points.

The function infF [f(y)− f(x)] being the infimum of a family of upper semi-
continuous functions is upper semi-continuous. Now, the maximum of a finite
family of upper semi-continuous functions (such as max{0, infF [f(y) − f(x)]})
is upper semi-continuous. This follows from the fact that upper semi-continuity
is equivalent to the closure of the hypograph, and the max function has a hypo-
graph that is the union of the hypographs of the functions in the finite family.

Let x ≰ y, then there is f ∈ F such that f(x) > f(y), which from formula
(5) implies d(x, y) = 0. From formula (5) we have for every x ∈ X, d(x, x) = 0.
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Let x ≤ y ≤ z. As, by construction of ≤, the functions are isotone, d(x, y) =
infF [f(y)− f(x)] and similarly for the other pairs. We have

infF [f(z)− f(y)]+infF [f(y)− f(x)] ≤
≤ infF{[f(z)− f(y)] + [f(y)− f(x)] = infF [f(z)− f(x)],

which is the reverse triangle inequality.
Finally, let us prove (iv). Since the functions in F are isotone, the formula

for τ is clear for x ≤ y. If x ≰ y we can find f ∈ F such that f(y)− f(x) < 0,
but for every λ > 1, λf ∈ F , thus infF [f(y)− f(x)] = −∞ = τ(x, y).

Coming to the expression for ≤↓, we know that (x, a) ≤↓ (y, b) is equivalent
to b ≤ a+ τ(x, y). So if (x, a) ≤↓ (y, b) we have for every f ∈ F , using the just
proved formula for τ , b ≤ a+ τ(x, y) ≤ a+ f(y)− f(x). For the other direction
if for every f ∈ F , b ≤ a+ f(y)− f(x), then taking the infimum b ≤ a+ τ(y, x).

Let I be the family of continuous isotone functions for (X,T ,≤). Since
F ⊂ I, points (i) and (ii) show that (X,T ,≤) is completely regularly ordered,
thus convex, hence locally convex. This proves that (X,T ,≤, d) is stable. The
fact that the functions in F are continuous rushing functions follows immediately
recalling the definition of topology, order and Lorentzian distance.

Since F ⊂ I, and the function in I are T -continuous, the initial topology
induced by I coincides with T . Similarly, since F ⊂ I and the functions in
I are isotone, the preorder induced by I coincides with ≤. Thus (X,T ,≤) is
completely regularly ordered.

Proposition 4.2. Denoting with R the continuous rushing functions of the
stable spacetime (X,TF ,≤F , dF ) we have TF = TR, ≤F=≤R and dF = dR.
Moreover, denoting with I the continuous isotone functions, we have TF = TI ,
≤F=≤I .

We shall see later (Thm. 5.8) that we do not need to assume that the sta-
ble spacetime comes from a family of functions, provided suitable topological
conditions are imposed.

Proof. Since the functions in R are TF -continuous their initial topology is
coarser than TF , TR ⊂ TF , but since any function in F is continuous and
rushing, R ⊃ F , which implies TR ⊃ TF , thus TF = TR.

Since R ⊃ F we have ≤R⊂≤F , however if x ≤F y, for any f ∈ R as it
is ≤F -isotone, f(x) ≤ f(y), which implies x ≤R y and hence ≤R⊃≤F , thus
≤F=≤R.

We already know that the orders induced by the families F and R coincide.
Let us denote it ≤. The Lorentzian distances induced by the families coincide
outside ≤, so we can assume x ≤ y. Since R ⊃ F we have dR(x, y) ≤ dR(x, y),
but every f ∈ R is dF -rushing (and isotone) which means dF (x, y) ≤ f(y) −
f(x) ≥ 0, and taking the infimum over R, dF (x, y) ≤ dR(x, y), thus dF = dR

The last statement was proved at the end of the proof of Thm. 4.1.
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Proposition 4.3. On a spacetime (X,T ,≤, d) the T -continuous, ≤-isotone
functions form a convex cone I. The T -continuous, ≤-isotone and d-rushing
functions form a convex set R ⊂ I such that λR ⊂ R for every λ ≥ 1. Ad-
ditionally, I + R ⊂ R. For every f, g ∈ R, min(f, g),max(f, g) ∈ R, and a
similar statement holds for R replaced by I.

The set I is the analog of the causal cone on the tangent space of a Lorentzian
manifold. The setR is the analog of the unit Lorentzian ball on the same tangent
space. The nice fact is that the geometry of the tangent space seems reproduced
at the functional level, where the functional space aims to reproduce the whole
spacetime.

Proof. The set I is a cone because if f is T -continuous ≤-isotone so is λf for
every λ ≥ 0. It is convex because if f, g are T -continuous ≤-isotone then for
x ≤ y and any t ∈ [0, 1], as f(x) ≤ f(y) and g(x) ≤ g(y), we have (1− t)f(x) +
tg(x) ≤ (1− t)f(y) + tg(y), namely (1− t)f + tg is isotone.

Next, every rushing function satisfies for x ≤ y, f(y) ≥ f(x)+d(x, y) ≥ f(x),
so R ⊂ I. Moreover, if f and g are rushing from f(y) ≥ f(x) + d(x, y), g(y) ≥
g(x)+d(x, y), multiplying the former equation by (1− t), the latter equation by
t and summing we get that (1 − t)f + tg is rushing. Furthermore, multiplying
the former equation by λ ≥ 1, λf(y) ≥ λf(x) + λd(x, y) ≥ λf(x) + d(x, y),
which proves that λf is rushing and so λR ⊂ R. Let f be rushing and g be
isotone, then for every x, y ∈ X, x ≤ y, f(y) ≥ f(x) + d(x, y), g(y) ≥ g(x) and
summing we get that f + g is a rushing function, hence I +R ⊂ R. If f and
g are rushing, let us set ϵ = 1, while if they are isotone, let us set ϵ = 0. Note
that for x ≤ y,

f(y) ≥ f(x) + ϵd(x, y) ≥ min(f, g)(x) + ϵd(x, y),

g(y) ≥ g(x) + ϵd(x, y) ≥ min(f, g)(x) + ϵd(x, y),

thus min(f, g)(y) ≥ min(f, g)(x) + ϵd(x, y) hence min(f, g) is rushing/isotone.
Similarly, for x ≤ y,

max(f, g)(y) ≥ f(y) ≥ f(x) + ϵd(x, y),

max(f, g)(y) ≥ g(y) ≥ g(x) + ϵd(x, y),

thus max(f, g)(y) ≥ max(f, g)(x) + ϵd(x, y) hence max(f, g) is rushing/isotone.

Remark 4.4. We recall that a cone is sharp if it does not contain any line passing
through its vertex (origin of the vector space). The cone I is not necessarily
sharp. If a not identically zero function f ∈ I belongs to a line passing through
the origin and contained in I, then −f belongs to I, too. But they would
be both isotone, which would imply for any pair x ≤ y, f(x) = f(y). If any
two distinct points are connected by a chain of pairs of distinct but preorder-
comparable points (a mild connectedness assumption), then f is a constant.
Later we shall introduce the time functions which form a cone (not including
the origin) T ⊂ I which is sharp whenever the order is not the discrete order.
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5 Recovering spacetime from the continuous rush-
ing functions

The objective of this section is to prove a converse of the previous result. Not
only a family of functions induces a stable spacetime, where the elements of
the family are a posteriori interpreted as continuous rushing functions. The
converse is true: under weak topological assumptions any stable spacetime can
be recovered from the continuous rushing functions over it.

The proof passes through the formulation of spacetime via the product trick.
For generality we shall write the following results in terms of the kω-space

condition. A kω-space can be characterized through the following property:
there is a countable sequence Ki (called admissible) of compact sets such that⋃∞

i=1 Ki = X and for every O ⊂ X, O is open if and only if O∩Ki is open in Ki

in the induced topology. In this definition we do not assume X to be Hausdorff
but this fact will not be relevant since the spaces to which we shall apply the
condition will be closed ordered topological spaces hence Hausdorff.

Without loss of generality the admissible sequence can be assumed increas-
ing, indeed if Ki is admissible then K̃n =

⋃n
i=1 Ki is admissible. In this case

every compact set C is contained in some element of the admissible increasing
sequence [49, Lemma 9.3].

We recall that [17, 28]

compact ⇒ kω-space ⇒ σ-compact ⇒ Lindelöf

and the fact that local compactness makes the last three properties coincide
(for us a topological space is locally compact if every point admits a compact
neighborhood). In particular, locally compact σ-compact spaces (e.g. topolog-
ical manifolds) are kω-spaces. Every Hausdorff kω-space is paracompact and
normal [40]. The quotient of a kω-space is a kω-space [40] [30, Thm. 1.1]. The
product of two kω-spaces X,Y is a kω-space. If Xi and Yi are admissible se-
quences for X and Y , respectively, then Xi × Yi is an admissible sequence for
X × Y [17]. An important property that will be used in the following proof
is [49, Thm. 2.7]: A function f : X → R is continuous if for each i, f |Ki

is
continuous, where each Ki is assigned the induced topology.

Lemma 5.1. The spacetime (X,T ,≤, d) is locally compact (σ-compact, k-
preserving, a kω-space) iff so is (X×,T ×,≤↓).

Proof. The product of two locally compact (σ-compact) spaces is locally com-
pact (resp. σ-compact), thus if X is locally compact (σ-compact) then so is
X×. Since the continuous image of a compact set is compact, if X× is locally
compact (σ-compact) then so is X.

If X is k-preserving then X× is k-preserving, indeed in every closed ordered
space, for any compact set C we have that i(C)∩ d(C) is closed [43, Prop. 4, p.
44], thus we need only to show that i↓(K)∩d↓(K) is contained in a compact set,
where K ⊂ X× is any compact set. But π2(K) is compact hence bounded, thus
there isM > 0 such that it is contained in [−M,M ]. The set i(π1(K))∩d(π1(K))
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is compact because X is k-preserving. Let D < +∞ be the maximum of d on
it, then π2(i

↓(K) ∩ d↓(K)) = [−M −D,M +D] thus

i↓(K) ∩ d↓(K) ⊂ [i(π1(K)) ∩ d(π(K))]× [−M −D,M +D]

where the set on the right-hand side is a product of compact sets hence compact.
The other direction follows noting that if K is a compact set on X, i(K) ∩

d(K) is closed and

i(K) ∩ d(K) ⊂ π1

(
i↓(K × {0}) ∩ d↓(K × {0})

)
,

where the right-hand side is compact. The statements on the kω-property follow
from its preservation under quotient and Cartesian product.

Lemma 5.2. Let (X,T ,≤, d) be a weakly stable kω-spacetime. There is a
continuous isotone function F : X× → R such that F ((x, r)) = h(x)− r, where
h : X → R is a continuous rushing function. Conversely, for every continuous
rushing function h : X → R, the function F : X× → R defined as above is
continuous and isotone.

The isotone functions on X× of the form F ((x, r)) = h(x) − r will be said
to be translationally invariant.

Proof. As X is a kω-space there is an admissible sequence of compact sets Ki

such that Ki ⊂ Ki+1, ∪iKi = X.
Let Di be constants larger than the maximum of d|Ki×Ki . No point in the

future of Ki × {0} can comprise a point in Ki × {Di}, which means that the
future closed set i↓(Ki×{r}) does not intersect the past closed set d↓(Ki×{r+
Di}) where r is any constant. The arbitrariness of r follows from translational
invariance of the order ≤↓. For each index value i we make a choice for r, ri < 0,
so that ri +Di is negative and decreasing and ri, ri +Di → −∞.

Every closed preordered kω-space is normally preordered [30, Thm. 2.7]. By
Nachbin’s generalization of the Urysohn lemma, there is a continuous isotone
function Ĝi : X

× → [0, 1] such that Ĝ−1
i (0) ⊃ d↓(Ki × {ri +Di}) ⊃ Ki × {ri +

Di}, Ĝ−1(1) ⊃ i↓(Ki × {ri}) ⊃ Ki × {ri}.
Similarly, for the same index value i, the future closed set i↓(Ki×{−ri−Di})

does not intersect the past closed set d↓(Ki×{−ri}), thus there is a continuous
isotone function Ǧi : X× → [−1, 0] such that Ǧ−1

i (−1) ⊃ d↓(Ki × {−ri}) ⊃
Ki × {−ri}, Ĝ−1

i (0) ⊃ i↓(Ki × {−ri −Di}) ⊃ Ki × {−ri −Di}.
The function Gi = Ǧi + Ĝi : X× → [−1, 1] has the following properties

G−1
i (1) ⊃ Ki × (−∞, ri], G

−1
i (0) ⊃ Ki × [ri +Di,−ri −Di], G

−1
i (−1) ⊃ Ki ×

[−ri,+∞). Since R is a kω-space, the topological space X
× is a kω-space and an

admissible sequence of compact sets is provided by Ci := Ki×[ri+Di,−ri−Di].
The function G =

∑
i Gi is well defined because at every point only a finite

number of terms are non-zero. Moreover, it is continuous on Cn because it is
there equal to

∑n−1
i=1 Gi|Ci

which is continuous, being the terms finite in number.
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By the mentioned property of kω-spaces, G is continuous. The isotone property
is clear. Moreover, for each x, G((x, y)) → ±∞ for y → ∓∞.

This paragraph is devoted to the proof that there is a continuous isotone
function U : X× → [−1, 1] that is decreasing on the fibers (in their real line
order).5 Let n ∈ N and x ∈ X, as d↓((x, 0)) ∩ i↓((x,−1/2n)) = ∅ (because
d(x, x) = 0) we can find, again by order normality, a continuous isotone function
Fn
x : X× → [−1, 1] such that (Fn

x )
−1(−1) ⊃ d↓((x, 0)) ∋ (x, 0), (Fn

x )
−1(1) ⊃

i↓((x,−1/2n)) ∋ (x,−1/2n). By continuity, there is an open neighborhood
Ox ∋ x such that Fn

x ((y, 0)) < Fn
x ((y,−1/2n)), for every y ∈ Ox. As X is a kω-

space it is Lindelöf, so from {Ox : x ∈ X} we can extract a countable covering
{Oxi

, i ∈ N}, and then the function Fn : X× → [−1, 1]

Fn =
1

2i

∑
i=1

Fn
xi
,

by uniform convergence, is a continuous isotone function such that for every
x ∈ X, Fn((x, 0)) < Fn((x,−1/2n)). Note that if h((x, y)) is a continuous
isotone function, so is, for every q ∈ R, h′((x, y)) = h((x, y−q)), by translational
invariance of ≤↓. Let q : N → Q, m 7→ qm, be a bijection, and consider the
function

U((x, r)) =
∑

m=1,n=1

1

2m+n
Fn((x, r − qm)).

This series converges uniformly to a continuous and isotone function U : X× →
[−1, 1].

Note that by continuity of Fn, the inequality Fn((x, 0)) < Fn((x,−1/2n))
implies that for each x there is some Ux ⊂ R, neighborhood of 0, such that for
every s ∈ Ux, F

n((x, s)) < Fn((x, s− 1/2n)).
Let x ∈ X, r1, r2 ∈ R, r1 < r2. We can find a rational number qm, and

n ∈ N such that r2 − qm ∈ Ux, r1 − qm < r2 − qm − 1/2n < r2 − qm from which
it follows that

Fn((x, r1 − qm)) ≥ Fn((x, r2 − qm − 1

2n
)) > Fn((x, r2 − qm))

which implies U((x, r1)) > U((x, r2)), thus, U is decreasing in the fibers (in
their real line order).

The function H := G + 1
2U is a continuous isotone function that has the

same asymptotic behavior of G on the fibers, and is decreasing over them (with
their canonical order), which implies that for every x ∈ X there is just one point
(x, h(x)) for which H vanishes. As a consequence, there is a function h : X → R
such that H−1(0) = {(x, h(x)) : x ∈ X}. Observe that by the continuity of H,
H−1([0,+∞)) = {(x, r) : x ∈ X, r ≤ h(x)}, is closed which is the hypograph of
h. As a consequence, h is upper semi-continuous. Similarly, by the continuity of

5If X is second-countable this step can be simplified, as the product X× is second-countable
too. By [30, Thm. 5.5] there is a continuous utility U : X× → [−1, 1], which hence decreases
over the fibers.
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H, H−1((−∞, 0]) = {(x, r) : x ∈ X, r ≥ h(x)} is closed, which is the epigraph
of h, thus h is lower semi-continuous and hence continuous.

Finally, let us consider two points x, y ∈ X, x ≤ y, then (x, a) ≤↓ (y, a +
d(x, y)). Choosing a so that (x, a) ∈ H−1(0), that is a = h(x), we must have
H((y, a + d(x, y))) ≥ 0, that is a + d(x, y) ≤ h(y), which proves that h is a
rushing function.

The function F ((x, r)) := h(x) − r is now continuous and isotone because,
(x, a) ≤↓ (y, b) implies x ≤ y and b ≤ a+ d(x, y), which implies

F ((x, a)) = h(x)− a ≤ h(x) + d(x, y)− b ≤ h(y)− b = F ((y, b)).

Let us denote x ∼ y if x ≤ y and y ≤ x. Let us also denote x < y if x ≤ y
and y ≰ x. A isotone function f : X → R such that x < y ⇒ f(x) < f(y)
is a utility. If ≤ is a partial order then a utility is defined by “x ≤ y and
x ̸= y ⇒ f(x) < f(y)”. If there is a function with the last property then ≤ is
necessarily a partial order. We call a continuous function that satisfies “x ≤ y
and x ̸= y ⇒ f(x) < f(y)” time function (we avoid strictly isotone since some
authors denote with this term a utility).

Our terminology is consistent with the result for the smooth case, since when
K is antisymmetric (stable causality) its continuous utilities are precisely the
time functions [27, Thm. 6], and if there is a time function K is antisymmetric.

Theorem 5.3. A second-countable closed preordered kω-space (i.e. causal struc-
ture) (X,T ,≤) is weakly stably causal (i.e. an order) iff it admits a time func-
tion.

It is useful to observe that every second-countable locally compact space is
a second-countable kω-space. The converse holds if (X,T ,≤) is locally convex
or the topology is Hausdorff [28, Prop. 3.1].

Proof. By the generalization of Auslander-Levin’s theorem [23, 7] proved in [28,
Cor. 1.4] every second-countable closed preordered kω-space admits a utility
function, thus every second-countable closed ordered kω-space admits a time
function. Conversely, if there is a time function ≤ is an order.

Proposition 5.4. A weakly stably causal kω-spacetime (X,T ,≤, d) is weakly
stable iff it admits a continuous rushing function.

Proof. The implication to the right follows from Lemma 5.2. For the converse,
let f be a continuous rushing function then, for every x, y ∈ X, x ≤ y, f(x) +
d(x, y) ≤ f(y) < +∞, which proves that d(x, y) is finite.

We say that f : X → R is a rushing time function if it is both a rushing
function and a time function.

The next result is the metric analog of the first statement (non-strict version)
in [34, Thm. 4.6].
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Theorem 5.5. A second-countable kω-spacetime (X,T ,≤, d) is weakly stable
iff it admits a rushing time function.

Proof. ⇒. By Lemma 5.2 there is a continuous rushing function h. By [28, Cor.
1.4] there is a continuous utility g, thus f := h+ g is a rushing time function.

⇐. The existence of a time function implies that ≤ is an order. Since f is
rushing, from x ≤ x, f(x) + d(x, x) ≤ f(x), which implies d(x, x) = 0. Thus
(X,T ,≤, d) is weakly stably causal. Finally, if x ≤ y, f(x) + d(x, y) ≤ f(y)
shows that d(x, y) is finite, which proves that (X,T ,≤, d) is weakly stable.

The next result is [29, Cor. 2.14]

Theorem 5.6. Let (X,T ,≤) be a locally compact σ-compact locally convex
closed preordered space, then (X,T ,≤) is completely regularly preordered: T =
TI and ≤=≤I , where I is the family of continuous isotone functions.

Lemma 5.7. Let (X,T ,≤, d) be a locally compact σ-compact stable spacetime.
Let T be the family of translationally invariant continuous isotone functions on
(X×,T ×,≤↓). Then T × = TT , ≤↓=≤T .

Proof. By Lemma 5.1 X× is locally compact and σ-compact. By Prop. 3.8
(X×,T ×,≤↓) is locally convex. By Thm. 5.6 we have that the topology and
order on X× are generated by the continuous isotone functions. Now, the key
observation is that these properties do not depend on the functions themselves
but rather on their level sets, and that for every level set which is a graph we
can find a translationally invariant continuous isotone function with the same
level set.

Let us substatiate this idea. Let (x, p) ≰↓ (y, q), we know that there is a
continuous isotone function R such that R((x, p)) > R((y, q)). By Lemma 5.2
there is a translationally invariant continuous isotone function F (translational
invariance implies that it decreases over the fibers), thus the continuous isotone
function H := a[arctanR + bF ] + c, for suitable constants a, b > 0 and c, is
such that H((x, p)) = 1, H((y, q)) = −1. Indeed, take b sufficiently small so
that (arctanR+ bF )((x, p)) > (arctanR+ bF )((y, q)) and then solve for a and
c. Observe that H is decreasing on the fibers and that on every fiber it has
image the whole real line, thus the zero-level set is indeed a graph: H−1(0) =
{(x, h(x)) : x ∈ X}, h : X → R. The proof that h is a continuous rushing
function goes as in Lemma 5.2. Now, H ′((x, r)) := h(x)− r has the same zero-
level set, and the same regions in which it is positive and negative of H. We
conclude that H ′((x, p)) > H ′((y, q)) and thus ≤↓=≤T .

As for the representation of the topology, let us consider a point on (x, r̄) ∈
X×, and a product open neighborhood O× := O×(r̄−ϵ, r̄+ϵ), x ∈ O. Without
loss of generality we can assume that O, and hence O×, is relatively compact.

We know that there are continuous isotone bounded functions G,H : X× →
R, such that H−1((0,+∞))∩G−1((−∞, 0)) ⊂ O×, H((x, r̄)) = −G((x, r̄)) = 1.
The problem is that the zero level sets of G and H might not be graphs over
X, on the one hand because they do not project on the whole X, on the other
hand because they intersect the same fiber in more than one point. Much of
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the remaining proof will be devoted to modify the functions so as to solve this
problem.

Let F be a translationally invariant function such that F ((x, r̄)) = 0, and
let u(t) := et − 1, then G′ = 2G + u(F ) + 1, has the same properties of G,
as G′((x, r̄)) = −1 and G′−1((−∞, 0)) ⊂ G−1((−∞, 0)), but additionally, it is
decreasing (in the order of R) over every fiber and it converges to +∞ as the
real coordinate goes to −∞ (in the other direction it stays bounded).

Similarly, there is a continuous isotone function H ′ = 2H−u(−F )−1 which
goes to −∞ over every fiber when the real parameter goes to +∞, is decreasing
over every fiber, H ′((x, r̄)) = 1, and H ′−1((0,+∞)) ⊂ H−1((0,+∞)) (in the
other direction it stays bounded).

The zero level sets of the functions H ′, G′ are graphs over their projection
on X, but these projected subsets might differ from X.

Let M < +∞ be larger than the maximum of −H ′ and G′ on O×. The
function

G′′ = G′ +min{H ′ +M, 0}
over every fiber converges to −∞ when the real parameter of the fiber goes
to +∞, because both terms are non-increasing along the fiber (with the order
induced from R) and H ′ → −∞. When instead the parameter goes to −∞ the
function G′ goes to +∞, but H ′ increases, min{H ′+M, 0} remains bounded so
G′′ goes to +∞. We have G′′−1((−∞, 0)) ⊃ G′−1((−∞, 0)) but there is change
from G′ to G′′ only where H ′ < −M < 0, thus

H ′−1((0,+∞)) ∩G′′−1((−∞, 0)) = H ′−1((0,+∞)) ∩G′−1((−∞, 0)).

Since G′ and G′′ coincide on O× the constant M is also an upper bound for G′′

on that set. The function

H ′′ = H ′ +max{G′′ −M, 0}.

over every fiber converges to +∞ when the real parameter of the fiber goes
to −∞, because both contributions are non-decreasing and G′′ → +∞. When
instead the parameter goes to +∞ the functions H ′, G′′ go to −∞, so H ′′ goes
to −∞. We have H ′′−1((0,+∞)) ⊃ H ′−1((0,+∞)) but there is change from H ′

to H ′′ only where G′′ > M > 0, thus

H ′′−1((0,+∞)) ∩G′′−1((−∞, 0)) = H ′−1((0,+∞)) ∩G′′−1((−∞, 0))

=H ′−1((0,+∞)) ∩G′−1((−∞, 0)) ⊂ H−1((0,+∞)) ∩G−1((−∞, 0)) ⊂ O×.

The zero level sets G′′−1(0), H ′′−1(0) are graphs over X. As a last step we
replace G′′ and H ′′ with translationally invariant functions sharing the same
zero-level sets (see the last step in the proof of Lemma 5.2).

We are ready to prove the main result of this work

Theorem 5.8. On a locally compact σ-compact stable spacetime (X,T ,≤, d),
denoting with R the family of continuous rushing functions, we have R ̸= ∅,
T = TR, ≤=≤R and d = dR. Under second-countability we can replace the set
of continuous rushing functions with the set of rushing time functions.
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Proof. The inequality R ≠ ∅ follows from Lemma 5.2.
Note that under second-countability by weak stable causality there is a time

function u : X → [−1, 1], see Thm. 5.3. This fact will be used in what follows
to prove the last statement.

Suppose that x ≰ y, then (x, 0) ≰↓ (y, 0). By the equality ≤↓=≤T proved
in Lemma 5.7, there is a translationally invariant continuous isotone function
F such that F ((x, 0)) > F ((y, 0)). As F ((z, r)) = f(z) − r, with f continuous
rushing function, we have f(x) > f(y), which proves ≤=≤R. Under second-
countability replace f with f ′ = f + ϵu, ϵ > 0, which is a rushing time function,
then for small ϵ, we have still f ′(x) > f ′(y).

Let x ≤ y and let a > d(x, y), then (x, 0) ≰↓ (y, a) which, by ≤↓=≤T ,
implies that there is a translationally invariant continuous isotone function F
such that F ((x, 0)) > F ((y, a)). As F ((z, r)) = f(z) − r, with f continuous
rushing function, we have f(x) > f(y) − a, that is a > f(y) − f(x) ≥ d(x, y),
which proves, by the arbitrariness of a,

d(x, y) = inf
R
[f(y)− f(x)] = max{0, inf

R
[f(y)− f(x)]} = dR.

For x ≰ y we have necessarily (x, 0) ≰↓ (y, 0) which, by ≤↓=≤T , implies that
there is a translationally invariant continuous isotone function F such that
F ((x, 0)) > F ((y, 0)). As F ((z, r)) = f(z) − r, with f continuous rushing
function, we have f(x) > f(y), thus max{0, infR[f(y) − f(x)]} = 0, which
proves that the formula holds in all cases. Under second-countability, prove
the first part by replacing f with f ′ = f + ϵu with ϵ > 0 so small that
a > f ′(y) − f ′(x) ≥ d(x, y) still holds. Similarly, in the second part choose
it so that we still obtain f ′(x) > f ′(y).

Let x ∈ X and let O be an open relatively compact neighborhood of x. Let
ϵ > 0, and let O× = O× (−ϵ, ϵ). By Lemma 5.7 we can find F,G ∈ T such that
(x, 0) ∈ {F > 0}∩{G < 0} ⊂ O×. But F ((z, r)) = f(z)−r, G((z, r)) = g(z)−r,
thus g(x) < 0 < f(x), and we have the implication: for all z ∈ X, r ∈ R,
g(z) < r < f(z) ⇒ |r| < ϵ and z ∈ O. This last property implies {f−g > 0} ⊂ O
and supz:f(z)−g(z)>0 max{f(z),−g(z)} ≤ ϵ which implies sup{f − g} ≤ 2ϵ. The
inclusion proves TR−R ⊃ T . The inclusion TR ⊃ TR−R follows from the fact
that the functions of the form f − g, f, g ∈ R are TR-continuous. The inclusion
T ⊃ TR is due to the T -continuity of the functions in R. We conclude,
TR = T . Under second-countability, replace f with f ′ = f + ϵu − ϵ and g
with g′ = g + ϵu + ϵ with ϵ so small that we have still g′(x) < 0 < f ′(x). But
f ′ − g′ = f − g− 2ϵ, thus x ∈ {f ′ − g′ > 0} ⊂ {f − g > 0} ⊂ O. The rest of the
argument does not change.

The theorem applies also to closed ordered spaces, just set d = 0 so that
R = I, the family of continuous isotone functions.

Theorem 5.9. On a locally compact σ-compact stably causal closed ordered
space (causal structure) (X,T ,≤), we have I ̸= ∅, T = TI , ≤=≤I . Under
second-countability we can replace the continuous isotone functions with the time
functions.
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Definition 5.10. A spacetime is said to be R-completely regular (with R the
set of continuous rushing functions) if T = TR, ≤=≤R and d = dR.

Thus we have proved the following converse of Theorem 4.1

Theorem 5.11. The locally compact σ-compact stable spacetimes (X,T ,≤, d)
are R-completely regular.

In order to establish the converse we had just to impose local compactness
and σ-compactness of the topology.

6 Conclusions

In this work we introduced a new minimal notion of spacetime which encodes a
topology, a causality structure and a Lorentzian distance. Within this setting
it makes sense to speak of time functions (via the causal structure) and of
proper time (via the Lorentzian distance). With respect to previous approaches
we dropped continuity of d, working with upper semi-continuous regularity in
analogy with our previous work on closed cone structures and closed Lorentz-
Finsler spaces. Particularly interesting is the category of stable spacetimes,
which in the smooth Lorentzian case correspond to the Lorentzian submanifolds
of Minkowski spacetime [34, Thm. 3.10, 4.13][36].

The main result of this work is that any family of distinguishing functions
over a set induces a stable spacetime and that, conversely, under local compact-
ness and σ-compactness every stable spacetime arises in this way. The family
of functions can be identified with the continuous rushing functions, and under
second-countability, with the rushing time functions.

By the product trick, the continuous rushing functions are closely related to
the translationally invariant continuous isotone functions for a space X× with
one additional dimension. They have the advantage of encoding both metrical
and causal properties of spacetime. We may say that the whole arena of Physics,
namely the spacetime, emerges from the notion of time.
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