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Abstract. These are expanded lecture notes of a mini-course whose objectives were to introduce
the basic concepts, constructions and techniques of noncommutative geometry, as well as their uses
as a framework for modelling quantum spacetime. Key mathematical approaches presented include
operator algebras such as𝐶∗-algebras, K-theory, spectral geometry, quantum groups, and deformation
quantization. Physical application areas considered include string theory, quantum field theory, and
the Standard Model, as well as certain condensed matter systems.
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1. Introduction

This contribution is based on a mini-course during the conference “Applications of Non-
commutative Geometry to Gauge Theories, Field Theories, and Quantum Spacetime” which
was held at Centre International de Rencontres Mathématiques (CIRM) in Marseille from
7–11 April 2025. The lectures were delivered at the start of the conference, with the goal
of giving a broad introductory overview on noncommutative geometry and its applications
in physics, as a means of induction into the more specialised mini-courses and talks that
followed. This contribution is kept in much the same spirit, except that many details have
been expanded on and key concepts elucidated more thoroughly. The material covered is
for the most part standard, although some of the presentation and insights may be new to
even readers with a solid background in the subject.

The goal of the lectures to some extent was to answer, through (some) theoretical devel-
opment and (mostly) illustration via specific examples from physics, the following two
questions:

(1) What is noncommutative geometry?
(2) What is noncommutative physics?

An attempt to Google these questions brings up responses that would make any expert
cringe. The corresponding entries on Wikepedia are especially inaccurate, trivial and use-
less, in desperate need of a complete rewrite. ChatGPT outputs a slightly more palatable
response, which however is still plagued with generic statements and unhelpfully vague
summaries.

Let us start with the first question. Noncommutative geometry is a branch of mathem-
atics that reformulates the foundations of classical geometry and topology by using purely
algebraic tools that admit generalization to the theory of noncommutative algebras, thereby
extending to ‘noncommutative spaces’. The mathematical framework was largely developed
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by Connes in the 1980s, who used it to provide a new approach to geometry and topology
that connects with quantum theory. The generalisation avoids the distinction between con-
tinuous and discrete spaces, and allows treatment of singular spaces. It has had profound
implications for the theory of foliations and groupoids, index theory, mathematical theories
of quantization, K-theory of group algebras, quantum groups, motivic number theory and
the Riemann hypothesis, among many other problems in mathematics.

Noncommutative geometry has also become influential in various branches of physics,
which brings us to the second question. It has proved especially useful for understanding
the mathematical structure of quantum spacetime, a notion which permeates the quest for a
suitable foundation of quantum gravity, where spacetime itself is expected to exhibit non-
commutative features at very small (Planck scale) distances. In certain models, quantum
field theories on noncommutative spaces, often referred to as ‘noncommutative field theor-
ies’, are used to describe the interactions of particles at these scales. One notable example
is string theory, a candidate theory of quantum gravity, which comes with an intrinsic min-
imal length scale and whose low energy limit is a field theory. In noncommutative field
theory, field operators at separated points do not commute and modify the usual field equa-
tions, as well as the locality and behaviour of the interactions. This leads to novel quantum
phenomena, as well as new types of symmetries.

Besides its motivation from the problem of quantising gravity and the related esoterics
of string theory, noncommutative physics has also had diverse implications in studying vari-
ous physical features at the quantum level, particularly in quantum mechanics, condensed
matter physics and quantum field theory. Noncommutative geometry naturally describes the
behaviour exhibited by some condensed matter systems, such as the quantum Hall effect and
certain classes of topological insulators. The geometrisation of the Standard Model of fun-
damental interactions in particle physics culminated in the structure of a real spectral triple,
which captures the metric aspects of noncommutative geometry. Hopf algebras presented
an unexpected link between the noncommutative geometry of foliations and renormaliza-
tion in perturbative quantum field theory. Noncommutative physics may also be relevant
to quantum computing and quantum information theory.

In the following sections we provide an introduction to noncommutative physics by
flushing out details surrounding some of these topics, as a panoramic overview of selected
responses to the questions (1) and (2).

Disclaimer. The field of noncommutative geometry is huge, as are its applications in phys-
ics. It would be impossible to review the entire area in simply a chapter contribution to a
special volume. The choice of material covered in the following is largely personally biased
to the authors’ understanding and expertise in the area, in an attempt to avoid inaccurate
or imprecise statements surrounding other works, rather than as an indication of relative
importance or significance of topics. We do not even attempt to provide a very lengthy list
of omitted topics here. Similarly, the literature on the subject is vast and lengthy, and we
have mostly cited original articles on the topics covered. We apologise to those authors
whose works we have not mentioned.
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Early reviews of noncommutative field theories in similar spirits as the present con-
tribution are found in [78, 176], while a more recent review is [106], all with extensive
bibliographies.

Outline. The outline by section of the content throughout the remainder of this contribu-
tion is as follows:
§2 We begin with an introduction to quantum spacetimes and their relevance in quantum

gravity, describing models based on emergence and noncommutative geometry, along
with a discussion of their phenomenology.

§3 We turn to mathematical aspects and review the basic ideas and constructions of non-
commutative geometry, including Gel’fand-Naimark and Serre-Swan dualities, spectral
triples, differential calculi from Dirac operators, and Morita equivalence, among oth-
ers. We discuss the role of noncommutative geometry in high energy physics, including
Connes’ approach to the Standard Model coupled with gravity.

§4 We provide an early glimpse into noncommutative field theory, illustrated via a simple
situation in quantum mechanics which demonstrates through elementary computations
how such theories can arise as low energy effective field theories of real physical sys-
tems.

§5 We turn to aspects of string theory, and in particular the emergence of star-products
of fields and noncommutative Yang-Mills theory. We discuss how the stringy sym-
metry of T-duality is ‘geometrised’ in this framework, particularly in the setting of
non-geometric backgrounds, through dual noncommutative Yang-Mills theories. A
detailed prior knowledge of string theory is not a prerequisite for understanding our
presentation.

§6 We look at two different approaches to deformation quantization and its physical
applications. We start with the Kontsevich quantization formula and its relation to
Seiberg-Witten maps, which realise the commutative/noncommutative duality of effect-
ive actions for strings and D-branes. We then pass to the Drinfel’d twist formalism
and its relation to noncommutative gravity, illustrating the role of quantum groups as
descriptions of quantum symmetries of physical models.

§7 We study some formal aspects of the perturbative expansion of noncommutative
quantum field theory in the star-product formulation, focusing on their regularization
and renormalization. We describe the notorious UV/IR mixing problem in some detail
as well as some of its resolutions.

§8 We conclude with a discussion of the intimate relationship between noncommutative
field theories and matrix models, focusing on their descriptions as theories of emergent
(noncommutative) spacetime and gravity, as well as the constructions of fuzzy field
theories.
This article was written without any use of generative AI software.
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Notation and Conventions. Unless otherwise explicitly stated, repeated indices are always
implicitly summed over (whether upper/lower or not).

By an algebra we will always mean an associative algebra over the field of complex
numbers C, unless otherwise indicated. All differential graded algebras, as well as 𝐿∞-
algebras, areN0-graded.

2. Spacetime Quantization

Our tour through the applications of noncommutative geometry to physics will be, as dis-
claimed in §1, personally biased towards the way in which geometry is deformed within
certain models of quantum gravity. In this section we start with a general introduction to the
main ideas and motivation behind these structures, before exploring them in more depth in
later sections.

2.1. Quantum Geometry from Quantum Gravity

At the forefront of our understanding of theoretical high-energy physics rests the problem of
unification of the two pillars of modern physics: general relativity and quantum mechanics.
General relativity describes spacetime as a dynamical entity governed by Einstein’s field
equations, while quantum field theory treats spacetime as a fixed classical background.
Classical general relativity breaks down at length scales of the order of the Planck scale

ℓP =

√︂
ℏ𝐺

𝑐3 ∼ 1.6 × 10−33 cm

where quantum effects become relevant. As a quantum field theory, general relativity with
the Einstein-Hilbert action is non-renormalisable. Quantum gravity is the so far elusive
theory which attempts to incorporate gravity into a quantum theory.

There are many programmes for quantum gravity. Several approaches adopt the per-
spective that spacetime itself may not be fundamental, but is instead a coarse grained
approximation of more primitive pre-geometric degrees of freedom. Then gravity is an
emergent phenomenon, arising through the interactions of more elementary constituents,
and one should attempt to quantize the fundamental degrees of freedom from which gravity
emerges.

Emergent spacetime is a scenario permeating the celebrated Anti-de Sitter/Conformal
Field Theory (AdS/CFT) correspondence (see [2] for an early review), which is a con-
crete realization of a holographic principle for quantum gravity as well as the old idea
that Yang-Mills theory in the limit of a large number of colours can be formulated as a
string theory. In AdS/CFT holography, the bulk spacetime geometry and gravity emerge
from the entanglement of quantum states on the boundary of spacetime, through the dual-
ity between string theory on anti-de Sitter space and N = 4 supersymmetric Yang-Mills
theory (a non-gravitational conformal field theory) on its boundary.
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Another perspective common to many approaches, and the one taken in the present
contribution, is through the notion of quantum geometry, which applies the principles of
quantum mechanics to spacetime itself. The basic premise behind this point of view is
that, since gravity affects spacetime geometry according Einstein’s theory, quantum gravity
should quantize spacetime, in some yet undetermined way.

The simplest realisation of such a quantization would be to promote the coordinates 𝑥𝜇

of spacetime to noncommuting operators which obey commutation relations[
𝑥𝜇 , 𝑥𝜈

]
= i 𝜃𝜇𝜈 (2.1)

for a small constant antisymmetric deformation tensor 𝜃𝜇𝜈 (of order ℓ2
P) that plays a role

analogous to that of Planck’s constant ℏ in phase space quantization[
𝑥𝜇 , 𝑝𝜈

]
= i ℏ 𝛿𝜇𝜈 .

In particular, following the textbook derivation of the Heisenberg uncertainty principle in
quantum mechanics, this leads to spacetime uncertainty relations given by

Δ𝑥𝜇 Δ𝑥𝜈 ⩾ 1
2
��𝜃𝜇𝜈 �� ,

which forbid the simultaneous measurement of spacetime coordinates. Thus the notion of
a ‘point’ is lost in quantized spacetime, and we may refer to its geometry as a “pointless”
geometry (a term coined by von Neumann to describe the geometry of quantum phase
space). Modifications of this simple proposal, some of which are discussed below, have
been relevant to many scenarios in quantum gravity phenomenology [1, 6].

Following [76], one may construct a simple Gedanken experiment which illustrates that
such noncommutativity of spacetime seems to be a model-independent feature of quantum
gravity. Suppose one wishes probe physics at the Planck scale ℓP. Then the Compton
wavelength of the probe must be smaller than ℓP. Using the de Broglie relation, this implies
that the probe must have a huge mass 𝑚 ⩾ ℏ/ℓP 𝑐, and since it is concentrated in a tiny
volume ℓ3

P it forms a black hole. The event horizon of the black hole, which has a Schwar-
zschild radius of order 𝑚, then hides the measurement. Thus spacetime uncertainty prin-
ciples are an inevitable feature of any model of Planck scale physics.

Fundamental uncertainties are in fact a common feature of many approaches to quantum
gravity:
• Loop quantum gravity comes with minimal area and volume uncertainties, because

geometric quantities like area and volume are quantized to operators [21].
• String theory quantitatively predicts minimal length uncertainty relations as a feature

evident in high-energy scattering amplitudes of strings, due to their finite intrinsic
length scale ℓ𝑠 [7]. We shall say a lot more about the role of noncommutative geo-
metry in string theory in §5.

• Some spin foam models naturally lead to effective noncommutative quantum field the-
ories; we will look at a simple example in §§2.3 below.
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• Other approaches to quantum gravity worth mentioning include group field theory [83],
causal dynamical triangulations [129], causal set theory [175], and Hořava-Lifshitz
gravity [192], among many others.
It is natural to suppose that quantum spacetimes come with quantum symmetries. These

are sometimes described as deformations of classical Poincaré symmetry, often using the
theory of quantum groups, among other mathematical techniques. The idea of quantum
groups acting on quantum spaces borrows techniques that have been largely developed in
the context of quantum integrable systems and the search for solutions to the quantum
Yang-Baxter equation, which are based on Hopf algebras and Drinfel’d twist quantization.
We will give a more detailed introduction in §§6.3.

The mathematical framework of noncommutative geometry was developed in the 1980s
independently by Connes [57], Woronowicz [196], and Majid [135], among others. In phys-
ics it has blossomed into a concrete framework for quantum geometry aimed at understand-
ing certain regimes of quantum gravity; as we will see in §§8.1, the framework naturally
encompasses the notions of spacetime and gravity as emergent phenomena. Noncommutat-
ive geometry generalizes the duality between spaces and algebras, allowing for the descrip-
tion of quantum spacetimes that lack a classical point set; this duality is spelled out in detail
in §§3.1. The theory also provides useful and convenient settings for the structures of more
solidly grounded effective theories in condensed matter and high energy physics, some of
which are amenable to current experimental comparison. It is in this spirit that the present
overview is focused.

For the remainder of this introductory section, we highlight two concrete examples of
quantized spacetime to illustrate some of the above features more quantitatively.

2.2. 𝜿-Minkowski Space

One of the most extensively models of a quantum geometry is 𝜅-Minkowski space, which
was originally introduced as a module for the 𝜅-Poincaré quantum group in [130, 137].
Compared to the ‘canonical’ spacetime commutation relations (2.1), which involve the
standard canonically conjugate position and momentum operators, the full quantum phase
space is now modified to[

𝑥𝜇 , 𝑥𝜈
]
=

i
𝜅

(
𝑥𝜇 𝜉𝜈 − 𝑥𝜈 𝜉𝜇

)
,[

𝑥𝜇 , 𝑝𝜈
]
= i ℏ 𝛿𝜇𝜈 +

i
𝜅

(
𝑝𝜇 𝜉𝜈 + 𝑝𝜈 𝜉𝜇

)
,[

𝑝𝜇 , 𝑝𝜈
]
= 0 ,

where the light-like vector 𝜉𝜇 has components 𝜉0 = 1 and 𝜉𝑖 = 0, while the deformation
parameter 𝜅 is a mass scale which we identify with ℏ/ℓP.

The deformation of the position-momentum commutators ensures that the brackets
satisfy the Jacobi identity, and moreover that they can be inverted to give a symplectic



8 R. J. Szabo

structure on phase space. The position commutators break classical Poincaré invariance
to a 𝜅-Poincaré symmetry. As translation invariance is lost, so is standard momentum
conservation, which is now deformed to a conservation law imposed by deforming the
sum of vectors in momentum space (via the Baker-Campbell-Hausdorff formula applied to
products of plane wave operators). In particular, this leads to modified dispersion relations
of the form

𝐸2 = 𝒑2 𝑐2 − 𝑚2 𝑐4
(
1 − 𝜉 · 𝑝

ℏ 𝜅

)2
, (2.2)

for a relativistic particle of mass 𝑚 with momentum 𝑝 = (𝐸, 𝒑).
This model of quantum spacetime has been discussed as a concrete realisation of doubly

special relativity and the relative locality principle, in which the speed of a photon depends
on its energy 𝐸 through the combination ℓP 𝐸 = ℏ 𝐸/𝜅. The deformed dispersion relations
can be matched phenomenologically with measurements of astrophysical gamma-ray bursts
from the Gamma-ray Large Area Space Telescope (GLAST) [11, 117, 134].

2.3. Three-Dimensional Quantum Gravity

It was realised long ago that quantum gravity in three dimensions provides a concrete model
of quantum spacetime, going back to the works [139,187]. There are no gravitons in three
spacetime dimensions, so three-dimensional general relativity is an exactly solvable system.
Propagating degrees of freedom are introduced by coupling gravity to matter.

In particular, integrating out the gravitational degrees of freedom in a certain spin foam
model of three-dimensional gravity coupled to spinless matter leads to an effective scalar
field theory on an 𝑆𝑂 (1, 2) Lie algebra noncommutative spacetime [86]. The quantum
phase space commutators are given by[

𝑥𝜇 , 𝑥𝜈
]
= i ℓP 𝜖 𝜇𝜈𝜆 𝑥𝜆 ,[

𝑥𝜇 , 𝑝𝜈
]
= i

√︃
ℏ2 − ℓ2

P 𝑝
2 𝛿𝜇𝜈 − i ℓP 𝜖𝜇𝜈𝜆 𝑝𝜆 ,[

𝑝𝜇 , 𝑝𝜈
]
= 0 ,

which again satisfy the Jacobi identity and can be inverted to a symplectic structure.
Again the breaking of translation invariance implies a deformed momentum conserva-

tion law, leading in particular to the dispersion relations

𝐸2 = 𝒑2 𝑐2 −
( sinh(ℓP 𝑚 𝑐2/ℏ)

ℓP/ℏ

)2
. (2.3)

By comparing (2.3) with (2.2), this model has thus been used to suggest that doubly special
relativity arises in the low energy limit of quantum gravity.
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3. Mathematical Basis of Quantum Geometry

In this section we give a brief introduction to some of the mathematical concepts of non-
commutative geometry, which are crucially influenced by quantum physics, as well as some
of its basic applications in particle physics. Later on we will use this formalism to accurately
describe the facets of quantum geometry as a suitable foundation of quantum gravity. In
order to get across the main ideas and conceptual aspects, we shall usually gloss over many
technical details, and sometimes be slightly imprecise in our mathematical statements. For
more in depth and accurate treatments of the subject, the reader is invited to consult the
classic texts [30, 58, 65, 91, 118, 132, 188].

3.1. The Spectral Description

Classical Riemmanian geometry is based on introducing the notion of distance on arbitrary
manifolds𝑀 through a metric tensor 𝑔 on𝑀 with positive signature. The geodesic distance
𝑑 (𝑥, 𝑦) between any two points 𝑥, 𝑦 ∈ 𝑀 may then be computed from the formula

𝑑 (𝑥, 𝑦) = inf
𝛾:𝑥→𝑦

∫
𝛾

d𝑠 , (3.1)

where the infemum is taken over all paths 𝛾 ⊂ 𝑀 between 𝑥 and 𝑦, and the Riemannian
line element d𝑠 is given in local coordinates by

d𝑠2 = 𝑔𝑖 𝑗 d𝑥𝑖 d𝑥 𝑗 . (3.2)

The starting point of noncommutative geometry is to translate this classical descrip-
tion into a purely algebraic language, akin to what happens in the passage from classical
to quantum physics. This is possible thanks to a duality between topological spaces and
algebras, known as the Gel’fand-Naimark Theorem: There is a one-to-one correspondence
between compact Hausdorff spaces 𝑀 and commutative 𝐶∗-algebras A. By dropping the
prefix ‘𝐶∗-’, as we shall usually do for brevity, the correspondence extends more generally
to non-compact spaces and even to non-Hausdorff spaces as well as to schemes (where
only the underlying ring structure of A matters). Let us describe the basis of this duality.

Starting from a commutative algebra A over C, a topological space may recovered
from its spectrum

𝑀 = Spec(A) ,

which is the set of equivalence classes of non-trivial irreducible representations of A on
a Hilbert spaceH . A topology on 𝑀 is introduced by considering the prime ideals of A,
where an ideal is prime if it is the kernel of a non-trivial irreducible representation. The
set of prime ideals Prim(A) is a topological space with the Jacobson topology, and for a
commutative algebra A there is a natural bijection

Spec(A) ≃ Prim(A) .
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The set of all points 𝑥 ∈ 𝑀 is then recovered from the set of all characters of the algebra
A, i.e. the linear multiplicative maps 𝜒 : A −→ C. This identifies

A = 𝐶 (𝑀)

with the commutative algebra of continuous complex-valued functions on 𝑀 with point-
wise multiplication 𝑓 · 𝑔 for 𝑓 , 𝑔 : 𝑀 −→ C; when 𝑀 is compact this is a 𝐶∗-algebra with
the 𝐿∞ norm

∥ 𝑓 ∥ = ∥ 𝑓 ∥∞ := sup
𝑥∈𝑀
| 𝑓 (𝑥) | .

The value of a character on 𝑓 ∈ A = 𝐶 (𝑀) corresponds to the evaluation

𝜒𝑥 ( 𝑓 ) = 𝑓 (𝑥) .

Alternatively, the points of 𝑀 can be recovered from the prime ideals ofA = 𝐶 (𝑀) which
are all of the form

𝐼𝑥 = ker(𝜒𝑥) = { 𝑓 ∈ 𝐶 (𝑀) | 𝑓 (𝑥) = 0} ,

the maximal ideal of functions vanishing at 𝑥 ∈ 𝑀 .
The Gel’fand-Naimark duality can be extended to smooth manifolds 𝑀 by consider-

ing the dense Fréchet subalgebra 𝐶∞ (𝑀) ⊂ 𝐶 (𝑀) of smooth complex-valued functions.
Moreover, it is a functorial equivalence of categories. This means that every commutative
algebra can be realised as the functions on a manifold, and every algebra homomorphism
is induced by a unique smooth map of manifolds.

How does one now introduce a Riemannian metric 𝑔 on𝑀? Starting from a Riemannian
manifold (𝑀, 𝑔) with a spin structure, we can represent the algebraA on the Hilbert space

H = 𝐿2 (𝑀, 𝑆)

of square-integrable sections of the complex spin bundle 𝑆 −→ 𝑀 , i.e. spinors on 𝑀 , by
pointwise multiplication. The curved space Dirac operator

𝐷 = ∇𝑆 = i 𝛾𝑖 ∇𝑖

acts on spinors, where∇ is the spin connection and the curved space gamma-matrices 𝛾𝑖 (𝑥)
obey the anticommutation relations

{𝛾𝑖 , 𝛾 𝑗 } = 2 𝑔𝑖 𝑗 .

We may then recover the Riemannian line element (3.2) formally from the Dirac propagator
as

d𝑠−1 = 𝐷 : H −→ H .

Self-adjointness of 𝐷 guarantees that d𝑠2 ⩾ 0.
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The geodesic distance formula (3.1) can now be rewritten in a purely algebraic fashion
as

𝑑 (𝑥, 𝑦) = sup
𝑓 ∈A

{
|𝜒𝑥 ( 𝑓 ) − 𝜒𝑦 ( 𝑓 ) |

�� ∥ [𝐷, 𝑓 ] ∥ ⩽ 1
}
.

The intuition behind this formula is that one can always find a function 𝑓 : 𝑀 −→ C with
a finite difference of its values on two points 𝑥, 𝑦 ∈ 𝑀 such that | 𝑓 (𝑥) − 𝑓 (𝑦) | = 𝑑 (𝑥, 𝑦)
(by rescaling 𝑓 if necessary). The key issue is a canonical choice of such a function. This is
achieved by looking at all functions whose gradients on 𝑀 are bounded from above by 1,
and then selecting the one which maximizes the distance | 𝑓 (𝑥) − 𝑓 (𝑦) | between the two
points in C. The Dirac operator 𝐷 supplies a suitable gradient.

This spectral description of Riemannian geometry has far reaching generalisations. By
abstracting the properties of the Dirac operator 𝐷 as a first-order differential operator, one
can introduce a notion of ‘generalised’ Dirac operator for an arbitrary associative algebra
A, commutative or noncommutative, represented faithfully on a Hilbert space H (which
is always possible): A generalised Dirac operator is a self-adjoint operator 𝐷 : H −→ H
with compact resolvent such that the commutator [𝐷, 𝑎] is bounded for all 𝑎 ∈ A. The
basic data of spectral geometry is thus encoded in a spectral triple

T = (A,H , 𝐷) ,

consisting of an algebraA that captures the topological data, a representationH ofA, and
a generalised Dirac operator 𝐷 : H −→ H which encodes the metric data.

When supplemented with additional data such as a real structure 𝐽 : H −→ H [59],
Connes’ Reconstruction Theorem asserts a one-to-one correspondence between compact
spin manifolds and spectral triples whereA is a commutative algebra [60,62]. WhenH is
the Hilbert space of spinors on a spin manifold, 𝐽 is the charge conjugation operator. This
repackaging of data is valuable for describing physical systems geometrically, as it provides
a framework for constructing a geometry tailored to a given physical problem, rather than
attempting to fit the physics into the restrictive framework of classical Riemannian geo-
metry. This will be particularly relevant to our later discussions of stringy deformations of
geometry in §5.

When the algebraA is noncommutative, the Gel’fand-Naimark duality is lost: there is
generally no longer any notion of a ‘point’. While the spectrum ofA still makes sense, and
can be regarded as a suitable dual ‘space’ or ‘scheme’, there are generally more non-trivial
irreducible representations of A than there are prime ideals. Since equivalent representa-
tions have the same kernel, there is a surjection

Spec(A) −↠ Prim(A)

under which the preimages of open sets in the Jacobson topology define a topology on the
spectrum. Thus the ‘coordinate’ algebra A still provides the required topological inform-
ation.
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In this purely algebraic framework, it is even possible to introduce a suitable noncom-
mutative differential calculusΩ•

𝐷
A. This is the differential graded algebra overΩ0

𝐷
A =A,

on which the differential is given by

d𝐷 (𝑎) = [𝐷, 𝑎] ,

for 𝑎 ∈ A. Then the first order differential calculus of the spectral triple T = (A,H , 𝐷)
is given by the A-module of noncommutative one-forms

Ω1
𝐷A = SpanA

{
[𝐷, 𝑎]

�� 𝑎 ∈ A}
.

Higher orders require quotients by ideals of ‘junk forms’ in order to ensure that d𝐷 acts as
a differential.

The representations of a generic C-algebra A also capture the coarsest ‘topological
invariants’ ofA in the absence of any further data. TheA-modules together withA-linear
maps form an abelian category, and the Grothendieck group of this category is called the
K-theory group 𝐾 (A) of the algebraA. Concretely, 𝐾 (A) is the Grothendieck completion
of the semi-group of stable isomorphism classes ofA-modules with respect to direct sum
of representations.

3.2. Gauge Symmetries and Morita Equivalence

The passage to noncommutative algebras opens up many rich equivalences between spaces
that have no classical analogues. These equivalences in noncommutative geometry can be
used to naturally explain duality symmetries of physical theories that cannot be regarded
as symmetries in any sense of classical geometry.

To explain the idea in a form relevant to physical applications, let us consider the sym-
metries of a unital noncommutativeC-algebraA endowed with an antilinear ∗-involution
† :A −→A. From this data we may introduce the gauge group ofA as the group of unitary
elements of the algebra

U(A) = {𝑢 ∈ A | 𝑢† 𝑢 = 𝑢 𝑢† = 1} .

The gauge group parametrizes gauge transformations

𝑔𝑢 : A −→ A , 𝑔𝑢 (𝑎) = 𝑢 𝑎 𝑢†

which generate the group of inner automorphisms

Inn(A) = Ad
(
U(A)

)
of the algebraA. This defines the automorphism group as the extension of the inner auto-
morphisms by the group Out(A) of outer automorphisms through the semi-direct product
of infinite-dimensional Lie groups

Aut(A) = Inn(A) ⋊ Out(A) .
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For any commutative algebra A, there are no non-trivial inner automorphisms, so
Inn(A) = {id} and Aut(A) = Out(A). For the infinite-dimensional algebra

A = 𝐶∞ (𝑀)

of smooth functions on a manifold 𝑀 , with ∗-involution given by complex conjugation

𝑓 † (𝑥) := 𝑓 (𝑥) ,

the automorphisms
Aut(A) = Diff(𝑀)

form the group of diffeomorphisms of 𝑀 , acting on functions by pullback

𝑓 ↦−→ 𝑓 ◦ 𝜑−1

of a function 𝑓 : 𝑀 −→ C by a diffeomorphism 𝜑 : 𝑀 −→ 𝑀 .
Consider now the mildly noncommutative algebra

A𝑁 = 𝐶∞
(
𝑀,Mat(𝑁)

)
≃ 𝐶∞ (𝑀) ⊗Mat(𝑁)

of smooth functions on 𝑀 valued in the finite-dimensional algebra Mat(𝑁) of 𝑁 × 𝑁 com-
plex matrices, with the usual Hermitian conjugation as ∗-involution. The gauge group of
the algebra Mat(𝑁) is the 𝑁 × 𝑁 unitary group

U
(
Mat(𝑁)

)
= 𝑈 (𝑁) ,

whereas Mat(𝑁) has no non-trivial outer automorphisms: Out(Mat(𝑁)) = {id}. Hence in
this case

Inn(A𝑁 ) = Ad
(
𝐶∞ (𝑀,𝑈 (𝑁))

)
, Out(A𝑁 ) = Diff(𝑀) .

The difference here from the commutative caseA = 𝐶∞ (𝑀) lies only in the fact thatA𝑁

is the algebra of fields of some theory with an internal gauge symmetry, represented by the
non-trivial inner automorphisms. But the spacetime symmetries represented by the outer
automorphisms are unchanged, and clearly we would still like to identify A𝑁 as dual to
the original space 𝑀 that we started with.

This intuition can indeed be made precise by noting that the matrix algebra Mat(𝑁)
has only one non-trivial irreducible representation (as an associative algebra), namely its
fundamental representation acting on the finite-dimensional Hilbert space H𝑁 = C𝑁 . It
follows that the algebrasA = 𝐶∞ (𝑀) andA𝑁 are both dual to the same underlying topo-
logical space:

Spec(A𝑁 ) ≃ Spec(A) = 𝑀 .

We capture this duality by saying that A and A𝑁 are Morita equivalent. In this example,
a stronger statement is in fact true: A and A𝑁 are stably isomorphic.
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The formal notion of Morita equivalence between two algebrasA andB is far more gen-
eral and goes beyond stable isomorphism as well as isomorphic spectra. There are several
versions: the weakest version states that their abelian categories of modules are functorially
equivalent, while a stronger version states that B is Morita equivalent to A if

B ≃ EndA (ℰ)

can be identified with the algebra of A-linear maps of some A-module ℰ. But the basic
consequence of all versions is the same: Morita equivalent algebras have equivalent rep-
resentation theories. In particular, their K-theory groups are the same:

𝐾 (A) ≃ 𝐾 (B) .

Morita equivalence becomes particularly relevant in the context of field theories with
internal symmetries, particularly gauge theories. This is thanks to a duality between com-
plex vector bundles 𝐸 −→ 𝑀 over a space 𝑀 and modules over the commutative algebra
of functions A = 𝐶 (𝑀): the sections of 𝐸 form an A-module with respect to pointwise
multiplication of a section𝜎 : 𝑀 −→ 𝐸 with a function 𝑓 : 𝑀 −→C. The Serre-Swan The-
orem provides a one-to-one correspondence between finitely-generated projective modules
over a commutative algebraA and vector bundles over 𝑀 = Spec(A). This extends to an
equivalence of categories under the global section functor which takes a vector bundle
𝐸 −→ 𝑀 to itsA-module of sections, and also to the smooth setting by the 𝐶∞-version of
the Serre-Swan Theorem [147]. In particular, the K-theory group ofA =𝐶 (𝑀) is naturally
isomorphic to the K-theory group 𝐾 (𝑀) of vector bundles over 𝑀 , whereby the direct sum
of A-modules corresponds to the Whitney sum of vector bundles.

3.3. The Noncommutative Standard Model

Following our motivating example from §§3.2, the noncommutative geometries that cap-
ture the internal symmetries of gauge theories are based on finite-dimensional algebras. If
AF is any finite-dimensional algebra overC, then it is isomorphic to a finite direct sum of
full matrix algebras, and there is a canonical isomorphism

Spec(AF) ≃ Prim(AF)

that endows the spectrum with the discrete topology. If A is a commutative algebra, then
A ⊗AF is said to be an almost commutative algebra, and noncommutative geometry based
on almost commutative algebras is called almost commutative geometry.

For an almost commutative geometry based on

𝐶 (𝑀) ⊗ AF ,

the spacetime 𝑀 is augmented by a discrete ‘internal’ space

𝐹 = Spec(AF) ,
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whose points correspond to the simple direct summands of AF. The summands couple
through the introduction of gauge fields based on noncommutative differential one-forms
in Ω1

𝐷
AF.

The simplest example is furnished by the two-dimensional algebra

AF = C ⊕ C ,

with gauge group
U(AF) = 𝑈 (1) ×𝑈 (1)

corresponding to the Higgs sector of a spontaneously broken𝑈 (2) symmetry. In this case

𝑀 × 𝐹 = 𝑀 ⊔ 𝑀

is a two-sheeted spacetime. The Standard Model on a two-sheeted spacetime is the cel-
ebrated Connes-Lott model [64], in which the Higgs field naturally finds a geometric
interpretation as the component of the noncommutative gauge potential in the discrete
direction.

That the internal spaces of theories with multiple gauge sectors are connected by Higgs
fields in this way has led to a variety of applications of almost commutative geometry
to particle physics. The state-of-the-art provides a geometrical interpretation of the full
Standard Model through the finite-dimensional real algebra

AF = C ⊕ HR ⊕ HL ⊕ Mat(3) ,

where HR and HL are two (right and left) copies of the algebra of quaternions. From the
isomorphism of complex algebras

AF ≃ C ⊕ Mat(2) ⊕ Mat(3)

it follows that its gauge group is

U(AF) = 𝑈 (1) ×𝑈 (2) ×𝑈 (3) .

The space 𝐹 = Spec(AF) in this example has classical dimension 0 but KO-dimension 6
(mod 8), where ‘KO’ stands for the K-theory of real representations (vector bundles). On the
other hand, the classical and KO-dimension of a smooth manifold𝑀 coincide. In particular,
when𝑀 is four-dimensional,𝑀 × 𝐹 is a noncommutative Kaluza-Klein compactification of
a spacetime of KO-dimension 4+ 6= 10 [27,54,61]. This dimension is of course tantalizing
as it coincides with the critical dimension of superstring theory, whose compactifications
are also believed to provide realistic models of particle physics in suitable scenarios; we
will begin discussing the noncommutative geometry of string theory in §5.

In a similar vein, the spectral approach can also be used couple gravity to the Standard
Model through the spectral action [52,53,60] which incorporates fluctuations of the Dirac
operator

𝐷 ↦−→ 𝑢 𝐷 𝑢† , 𝑢 ∈ U(A) ⊂ 𝑈 (H)
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by gauge transformations; a more elaborate account can be found in the contribution of
Ali Chamseddine to this volume [51]. Extensions of spectral geometry in this context to
nonassociative coordinate algebrasA of spectral triples are discussed in [37,81]; we shall
also encounter physical models exhibiting nonassociative geometry starting in §4.

4. Quantum Theory on Quantized Spacetime

In this section we provide a brief general overview of some of the physical features of
field theory on quantized spacetimes, aspects of which will be discussed in more detail in
subsequent sections. Then we will turn to some elementary concrete physical examples of
quantum geometry, which arise in the quantum mechanics of charged particles in external
fields; a more detailed account of these systems and their noncommutative geometries can
be found in [177,183]. This will lay the groundwork for some of the more elaborate models
of quantum gravity that we consider later on, as well as introduce the general formalism
for handling noncommutative field theories.

4.1. Noncommutative Quantum Field Theory: A Prelude

Quantum field theory as we currently understand it works well at least down to the scale
probed by the Large Hadron Collider (LHC)

ℓLHC ∼ 2 × 10−18 cm .

What happens to our description of physics below this scale? Noncommutative quantum
field theory has been suggested as a framework which may be relevant at scales in between
the Planck length ℓP and ℓLHC. As such, it has several appealing features. Noncommutativity
provides an alternative to supersymmetry and string theory, which by relating field theory
to gravity suggests a possibly easier approach to quantizing general relativity. It also yields
a concrete avenue for exploring physics beyond the Standard Model, and arises naturally as
effective theories of standard physics in strong external fields; we will discuss one notable
example of the latter in this section.

Noncommutative field theories also exhibit a variety of new phenomena, which enable
us to explore foundational issues in quantum field theory and compare predictions of non-
commutativity with experimental results. An incomplete list of novel effects is as follows:
• The theories exhibit a controlled form of Lorentz violation involving localized field con-

figurations within a fixed observer inertial frame. This can be compared with Lorentz-
violating scenarios of present day physics which are well-constrained experimentally
[34]. Lorentz invariance is instead manifested as a ‘twisted’ symmetry, which we will
say more about in §§6.4.

• The theories exhibit violations of causality: there is no longer a sharply localized light-
cone, but rather regions described as “light-wedges” [95, 96].
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• The ultraviolet/infrared (UV/IR) mixing problem [143] renders most noncommutative
field theories non-renormalizable. In particular, contrary to historical lore, spacetime
coarse-graining does not generally tame the ultraviolet divergences of quantum field
theory. We shall say more about UV/IR mixing as well as some of its cures in §7.

• Noncommutativity can lead to new interactions as well as interactions which would
otherwise be forbidden by Lorentz invariance, causality or unitarity.

These novel features have all led to a flurry of investigations into potential new phenomeno-
logy and their verifications in experiment; see e.g. [12,22,45,47,49,104] for an incomplete
list of early works on this topic, and [181] for an early review.

4.2. Quantum Mechanics in Magnetic Fields

A simple and natural example of a noncommutative geometry arises in the quantum mech-
anics of an electrically charged particle, of charge 𝑒 and mass 𝑚, in three-dimensional
space R3 in the presence of an external magnetic field. Let us first consider the case that
the particle motion is confined to a planeR2 ⊂ R3 with coordinates 𝒙 = (𝑥1, 𝑥2) and sub-
ject to a perpendicularly applied constant magnetic field of strength 𝐵; this is known as the
Landau problem. The Lagrangian of the particle is then

L𝑚 =
𝑚

2
¤𝒙2 − 𝑒

𝑐
¤𝒙 · 𝑨 −𝑉 (𝒙) ,

where an overdot indicates time derivative, 𝑉 (𝒙) is an external potential representing pos-
sible impurities in the medium, and 𝑨 = (𝐴1, 𝐴2) is the magnetic vector potential which
in a symmetric gauge reads as

𝐴𝑖 = −𝐵
2
𝜖𝑖 𝑗 𝑥

𝑗 .

Here 𝜖𝑖 𝑗 is the two-dimensional Levi-Civita symbol with 𝜖12 = +1.
When 𝑉 (𝒙) = 0, the quantum dynamics of this system can be mapped onto that of a

simple harmonic oscillator, whose energy levels are known as Landau levels. The strong
field limit 𝑒 𝐵≫ 𝑚 projects onto the lowest Landau level, which is equivalent to taking the
formal 𝑚 → 0 limit of the Lagrangian to get

L0 = − 𝑒 𝐵
2𝑐
¤𝑥𝑖 𝜖𝑖 𝑗 𝑥 𝑗 −𝑉 (𝒙) . (4.1)

This Lagrangian is of first order in time derivatives, so it leads to a degenerate phase space
in which the canonically conjugate momenta coincide with the position coordinates.

Canonical quantization of the Poisson brackets in the lowest Landau level thus gives
noncommuting coordinates with the commutation relations

[𝑥𝑖 , 𝑥 𝑗 ] = i 𝜃𝑖 𝑗 :=
i ℏ 𝑐
𝑒 𝐵

𝜖 𝑖 𝑗 .

In a Schrödinger polarisation, these relations are satisfied by differential operators

𝑥̂𝑖 = 𝑥𝑖 − i
2
𝜃𝑖 𝑗

𝜕

𝜕𝑥 𝑗
. (4.2)
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This is the basis of the famous Peierls substitution [153], which computes the first order
energy shift due to the impurity potential via the formal Taylor series expansion of the
operator 𝑉 (𝒙̂) acting on wavefunctions in perturbation theory of the lowest Landau level.

This story becomes more interesting when magnetic sources are included [102, 111,
142]. More generally, electrically charged particles in R3 experience a magnetic field 𝑩

(possibly with sources) via the Lorentz force

¤𝒑 =
𝑒

𝑚 𝑐
𝒑 × 𝑩 + ∇𝑉 (𝒙) (4.3)

for the kinematical momentum (as opposed to the canonical momentum)

𝒑 = 𝑚 ¤𝒙 ,

where now 𝒙 = (𝑥1, 𝑥2, 𝑥3) and 𝒑 = (𝑝1, 𝑝2, 𝑝3).
In the quantum theory, the Hamiltonian

H =
1

2𝑚
𝒑2 +𝑉 (𝒙)

generates the Lorentz force (4.3) through the Hamilton equations of motion

− i ℏ ¤𝒑 = [H, 𝒑]

only for noncommuting momenta with the phase space commutation relations

[𝑥𝑖 , 𝑥 𝑗 ] = 0 , [𝑥𝑖 , 𝑝 𝑗 ] = i ℏ 𝛿𝑖 𝑗 , [𝑝𝑖 , 𝑝 𝑗 ] =
i ℏ 𝑒
𝑐

𝜖𝑖 𝑗𝑘 𝐵
𝑘 . (4.4)

Here 𝜖𝑖 𝑗𝑘 is the three-dimensional Levi-Civita symbol with 𝜖123 = +1.
The background magnetic field 𝑩 breaks translation invariance, but the theory has a

symmetry under magnetic translations which are generated by the physical momentum 𝒑.
A finite magnetic translation by a vector 𝒂 ∈ R3 is implemented by the unitary operator

𝑈 (𝒂) = exp
( i
ℏ
𝒂 · 𝒑

)
.

The noncommutativity of momentum space is reflected in the property that the operators
{𝑈 (𝒂)}𝒂∈R3 do not form a mutually commuting set: from (4.4) we compute their commut-
ation relations

𝑈 (𝒂1)𝑈 (𝒂2) = e
i 𝑒
ℏ 𝑐
𝛷𝒂1𝒂2 𝑈 (𝒂1 + 𝒂2) = e

2 i𝑒
ℏ 𝑐
𝛷𝒂1𝒂2 𝑈 (𝒂2)𝑈 (𝒂1) ,

where
𝛷𝒂1𝒂2 =

∫
⟨𝒂1 ,𝒂2 ⟩

𝑩 · d𝜮

is the magnetic flux through the triangle ⟨𝒂1, 𝒂2⟩ spanned by the vectors 𝒂1, 𝒂2 ∈ R3.
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In general, the magnetic field in fact induces nonassociating momenta. From the com-
mutation relations (4.4) we find that the Jacobiator of momentum components is

[𝑝1, 𝑝2, 𝑝3] := [𝑝1, [𝑝2, 𝑝3]] + [𝑝2, [𝑝3, 𝑝1]] + [𝑝3, [𝑝1, 𝑝2]] =
ℏ2 𝑒

𝑐
∇ · 𝑩 .

Correspondingly, the magnetic translation operators do not associate,(
𝑈 (𝒂1)𝑈 (𝒂2)

)
𝑈 (𝒂3) = e

i 𝑒
ℏ 𝑐
𝛷𝒂1𝒂2𝒂3 𝑈 (𝒂1)

(
𝑈 (𝒂2)𝑈 (𝒂3)

)
, (4.5)

where
𝛷𝒂1𝒂2𝒂3 =

∫
⟨𝒂1 ,𝒂2 ,𝒂3 ⟩

∇ · 𝑩 d3𝒙

is the magnetic charge enclosed by the tetrahedron ⟨𝒂1, 𝒂2, 𝒂3⟩ spanned by the vectors
𝒂1, 𝒂2, 𝒂3 ∈ R3.

In the standard Maxwell theory of electromagnetism, there are no magnetic sources
and the magnetic field 𝑩 is a solenoidal vector field onR3:

∇ · 𝑩 = 0 .

There are no magnetic charges anywhere,

𝛷𝒂1𝒂2𝒂3 = 0 ,

and associativity is restored. Then

𝑩 = ∇ × 𝑨

has a globally defined magnetic vector potential 𝑨 and the kinematical momentum oper-
ators in Schrödinger polarisation are represented by the differential operators

𝒑̂ = − i ℏ∇ − 𝑒
𝑐
𝑨 . (4.6)

In this case, the magnetic translation operators 𝑈 (𝒂) form a projective representation of
the translation group ofR3, where the projective phase is a two-cocycle determined by the
magnetic flux𝛷𝒂1𝒂2 . In particular, this recovers the simple situation of the Landau problem
described at the beginning of this subsection.

On the other hand, when magnetic sources are present,

∇ · 𝑩 ≠ 0 ,

the quantum theory exhibits nonassociativity (4.5), unless

𝑒𝛷𝒂1𝒂2𝒂3

2𝜋 ℏ 𝑐
∈ Z

for all 𝒂1, 𝒂2, 𝒂3 ∈ R3. This is only possible for a collection of pointlike magnetic mono-
poles, as it would be incompatible with distributions of magnetic charge that allow for
continuous deformations. In this way we recover the famous Dirac quantization condition
for electric and magnetic charge, as originally observed by Jackiw [111].
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4.3. Phase Space Quantum Mechanics

In §§4.2 we arrived at a seemingly bizarre and paradoxical observation: Continuous dis-
tributions of magnetic charge require a nonassociative formulation of quantum mechanics.
In this case, the failure of the magnetic translation operators to form a projective represent-
ation is a phase factor that forms a three-cocycle of the translation group R3 determined
by the magnetic charge𝛷𝒂1𝒂2𝒂3 , which is the coboundary of the two-cochain associated to
the magnetic flux𝛷𝒂1𝒂2 . A completely analogous feature emerges in the ‘dual’ problem for
the helicity operator of massless particles [163].

However, the usual operator-state formulation of quantum mechanics, as developed by
Schrödinger, Heisenberg, Dirac, Born and others, cannot handle nonassociative structures:
Operators acting on a separable Hilbert space necessarily associate with each other. Thus
we need an alternative formulation of quantum theory which does not rely on operator
algebras.

An alternative approach to quantum theory was developed by Groenewold [93] and
Moyal [144] in the 1940s, following earlier work of Weyl [193], Wigner [195] and von Neu-
mann [191] (see [198] for a review). This approach is known as the phase space formulation
of quantum mechanics. Although this approach to quantum theory is equivalent to the more
familiar approach based on canonical quantization and operator algebras, its setup is very
different. Let us highlight a few of the departures:
• The formalism treats position and momentum on equal footing, and so preserves duality

symmetry between position and momentum space, unlike the usual operator realisa-
tions of phase space commutation relations such as the Schrödinger polarisation.

• There are no operators or Hilbert space: Observables 𝑂 and states 𝜓 are described as
(real) functions on phase space.

• The algebraic structure is recovered by multiplying functions according to a star-product

𝑂1 ★𝑂2

which is noncommutative, while the trace of an operator

Tr𝑂

is given by integration of 𝑂 over phase space.
• A state function 𝑆𝜌 encodes a “density matrix” and is defined by

𝑆𝜌 = 𝜓∗ ★𝜓 , Tr 𝑆𝜌 = 1 .

• Expectation values of operators are given by

⟨O⟩ = TrO ★ 𝑆𝜌 .

• States evolve dynamically through the Schrödinger equation

i ℏ
𝜕𝜓

𝜕𝑡
= H★𝜓 ,
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where H is the classical Hamiltonian of the system.
A nonassociative star-product, based on the algebraic structure in the presence of mag-

netic charge, was developed in [145] and used in [146] to give a novel and physically
sensible version of nonassociative quantum mechanics in the phase space formulation. It
satisfies all the basic criteria of a quantum theory, such as reality of measurable quantities
and positivity of probabilities, and reduces to standard quantum mechanics in the absence
of magnetic charge. It also leads to novel effects which have no analogues in the conven-
tional theories, such as minimal volume uncertainties which may be measurable in table-top
experiments [182]. These algebraic structures were recently abstracted into a model inde-
pendent version of nonassociative quantum mechanics in [166], which even provides an
analogue of the Gel’fand-Naimark-Segal (GNS) construction, as well as other facets of the
algebraic approach to quantum theory.

5. Noncommutative Geometry in String Theory

The quantum dynamics of strings provides a natural framework in which noncommutative
geometry emerges in a precise and controlled way. As a theory of quantum gravity, this
will highlight the way in which string theory provides a tractable example of a quantum
theory on quantized spacetime. Starting from some generalities about the spacetime geo-
metry probed by strings and the noncommutative geometry of the closed string sector,
we shall consider the open string sector and how its low energy limit naturally results in
a noncommutative field theory. The model for open string dynamics that we describe is
a direct extension of the simple quantum mechanics models considered in §4, while our
formulation of the purely stringy symmetry provided by T-duality rests on the key math-
ematical concepts of noncommutative geometry introduced in §3. In the remainder of this
contribution we use natural units in which ℏ = 𝑐 = 1 for simplicity.

5.1. String Geometry: A Prelude

The fundamental degrees of freedom in string theory are strings, which may be closed or
open. They are extended objects that have an intrinsic length scale ℓ𝑠 . As such, they are
non-local and so see geometry in vastly different ways than the point particles of quantum
field theory do. This is best exemplified through the purely stringy symmetry of T-duality.
Let us look at the simplest example of this.

Consider string theory on a spacetime which is compactified on a circle S1 of radius
𝑅. As in the case of a quantum field, a string field has quantized momentum modes along
the circle which are particle-like. On the other hand, the finite length ℓ𝑠 of a closed string
allows it to wrap around the cycle and the closed string field also has quantized winding
modes along the circle, which has no analogue in quantum field theory. The quantum spec-
trum of the string is invariant under interchange of momentum modes with winding modes
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accompanied by inversion of the radius of the circle as

𝑅 ↦−→ 𝛼′

𝑅
, (5.1)

where
𝛼′ = ℓ2

𝑠

is the string slope. This is the simplest example of a T-duality transformation, which is a
string symmetry of spacetime that has no conventional description in classical Riemannian
geometry: large and small circles are the same in string theory.

In string theory, spacetime geometry emerges from the closed string sector and is only
an approximate notion. In the setting of the circle compactification, it is valid at sizes
𝑅 ≫ ℓ𝑠 , but breaks down at scales 𝑅 ∼ ℓ𝑠 due to non-locality of the string; note that this is
near the fixed point of the T-duality transformation (5.1) which defines the self-dual radius
𝑅 = ℓ𝑠 . Thus we should isolate geometry from non-locality: Geometry makes sense in the
decoupling limit 𝛼′ → 0 with 𝑅 finite. The zero slope limit is the limit in which massive
string modes (for instance winding modes) decouple and string theory reduces to a field
theory. Thus we should use effective field theories as probes of spacetime geometry.

In this correlated limit, not all spacetime geometries describe ordinary geometric spaces.
For example, noncommutative spaces can arise as decoupling limits, so that the effect-
ive field theories retain some of the non-locality of string theory; as in the example of a
charged particle in a magnetic field, the noncommutative description is very natural and
provides a conceptual as well as computationally useful framework for the quantum dynam-
ics. The purpose of this section is to detail a concrete and controlled instance in which these
statements can be made precise, through open string analogues of the effective theories of
charged particles in background magnetic fields which we studied in §4. This is achieved by
introducing Dirichlet branes (D-branes) in a Neveu-Schwarz 𝐵-field background and taking
the decoupling limit, thus resulting in noncommutative worldvolume gauge theories.

In the closed string sector, T-duality can be understood geometrically as isometries in
the framework of spectral geometry discussed in §§3.1. Given a torus background with a
constant Neveu-Schwarz 𝐵-field, one can construct a spectral triple from the closed string
vertex operator algebra acting on the string Fock space, along with the Dirac-Ramond oper-
ator [50, 87, 88, 125–127, 161, 171]. Then T-duality of such torus backgrounds is realised
as an isomorphism between spectral triples. The isomorphism was understood in terms
of Morita equivalence from §§3.2 in [119], where the spectral triple description was also
extended to provide a manifestly noncommutative T-duality covariant formulation of closed
string theory in the low energy limit. This was cast more recently into the modern language
of doubled geometry and double field theory by [84, 85, 115]. In the following we will be
interested in how T-duality is similarly realised in the open string sector, as well as beyond
the cases of constant 𝐵-fields.
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5.2. Open String Dynamics in 𝑩-Fields

The non-linear sigma-model for a string propagating in target space 𝑀 , with Riemannian
metric 𝑔 and two-form Neveu-Schwarz field 𝐵, is a theory of maps 𝑥 : Σ −→ 𝑀 from an
oriented Riemann surface with metric ℎ to spacetime. It is described by the action

𝑆 =

∫
Σ

d2𝜎
√
ℎ

( 1
4𝜋 𝛼′

𝑔𝑖 𝑗 𝜕𝑥
𝑖 · 𝜕𝑥 𝑗 − i

2
𝐵𝑖 𝑗 𝜕𝑥

𝑖 ∧ 𝜕𝑥 𝑗
)
. (5.2)

At tree-level in open string perturbation theory, the worldsheet Σ is a disk or the upper
complex half-plane with the standard flat metric. Then the 𝐵-field term is a topological
term which is formally analogous to the coupling of open strings to a background magnetic
field. We assume that 𝐵 is non-degenerate for simplicity here (and hence that the dimension
𝑝 of 𝑀 is even).

The simplest and best understood case is when 𝑀 = R𝑝 with constant metric and 𝐵-
field [15, 55, 77, 164, 168]. The two-form 𝐵 induces mixed boundary conditions on the
fields of the non-linear sigma-model (5.2), and in this case the two-point function on the
boundary of the disk at insertion points 𝑡, 𝑡′ ∈ 𝜕Σ ≃ R is given by〈

𝑥𝑖 (𝑡) 𝑥 𝑗 (𝑡′)
〉
= −𝛼′ 𝐺𝑖 𝑗 log(𝑡 − 𝑡′)2 + i

2 𝜃
𝑖 𝑗 sgn(𝑡 − 𝑡′) . (5.3)

The open string metric𝐺 and bivector 𝜃 are given by an explicit open-closed string relation
which determines them in terms of the closed string quantities (𝑔, 𝐵) through [168]

1
𝑔 + 2𝜋 𝛼′ 𝐵

=
1
𝐺
+ 𝜃

2𝜋 𝛼′
. (5.4)

We are interested in this relation in the correlated decoupling limit 𝜖 → 0 in which the
string slope scales as 𝛼′ ∼ 𝜖1/2 and the closed string metric as 𝑔𝑖 𝑗 ∼ 𝜖 , which we refer to
as the Seiberg-Witten scaling limit [168]. In this limit the relation (5.4) reduces to

𝐺 = −(2𝜋 𝛼′)2 𝐵 1
𝑔
𝐵 , 𝜃 =

1
𝐵
. (5.5)

In this limit, the bulk kinetic term involving the metric 𝑔 in the non-linear sigma-model
action (5.2) vanishes and the topological 𝐵-field term drops to a boundary action by Stokes’
Theorem. Thus the closed string modes are completely decoupled from the open string
modes and the worldsheet theory described by (5.2) becomes formally identical to the
theory of charged particles in the lowest Landau level described by the Lagrangian (4.1).
As in §§4.2, we thus expect the decoupled open string dynamics to describe a quantum
theory on a noncommutative space. In the following we shall make a precise statement.

These considerations extend to curved backgrounds 𝑀 and non-constant 𝐵, possibly
with 𝐻-flux 𝐻 = d𝐵 ≠ 0 [67,105]. Concrete examples are provided by D-branes on group
manifolds, described by open string dynamics in Wess-Zumino-Witten (WZW) models [3,
4], and by holographic duals to certain integrable deformations of AdS5 ×S5 string sigma-
models [14, 140, 141, 189].
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5.3. The Moyal-Weyl Star-Product

The flurry of activity in noncommutative field theory which emanated from the late 1990s
arose from the observation that, in the Seiberg-Witten scaling limit described in §§5.2,
the boundary propagator (5.3) depends only on the ordering of the points 𝑡 and 𝑡′. It is
essentially independent of the worldsheet insertion points of the string fields, and hence
describes a genuine spacetime quantity determined by the bivector 𝜃. For constant 𝐵-field,
it follows that the open string interactions in tachyon scattering amplitudes are completely
captured by the Moyal-Weyl star-product of functions 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀), which is given by

𝑓 ★ 𝑔 = · exp
( i

2 𝜃
𝑖 𝑗 𝜕𝑖 ⊗ 𝜕 𝑗

)
( 𝑓 ⊗ 𝑔) , (5.6)

where 𝜕𝑖 = 𝜕
𝜕𝑥𝑖

.
The formal expression (5.6) is understood by expanding the bidifferential operator using

the Maclaurin series of the exponential function, letting each leg of the tensor product act
on the corresponding function in each term of the series, and then taking the pointwise
product · ( 𝑓 ⊗ 𝑔) = 𝑓 · 𝑔 of the result. Explicitly, it is given by the formal power series

𝑓 ★ 𝑔 =

∞∑︁
𝑛=0

i 𝑛

2𝑛 𝑛!
𝜃𝑖1 𝑗1 · · · 𝜃𝑖𝑛 𝑗𝑛 𝜕𝑖1 · · · 𝜕𝑖𝑛 𝑓 · 𝜕 𝑗1 · · · 𝜕 𝑗𝑛𝑔

= 𝑓 · 𝑔 + i
2 𝜃

𝑖 𝑗 𝜕𝑖 𝑓 · 𝜕 𝑗𝑔 + · · · , (5.7)

showing that the star-product is a deformation of the commutative pointwise product, with
leading correction proportional to the Poisson bracket

{ 𝑓 , 𝑔}𝜃 = 𝜃𝑖 𝑗 𝜕𝑖 𝑓 · 𝜕 𝑗𝑔

determined by the bivector 𝜃. This Poisson bracket arises as the canonical bracket of zero
modes induced by the boundary symplectic structure on the open string phase space, and
the Moyal-Weyl product arises from the quantization of open string theory in the constant
𝐵-field background.

In particular, the star-commutator of coordinate functions[
𝑥𝑖 ★, 𝑥 𝑗

]
:= 𝑥𝑖 ★ 𝑥 𝑗 − 𝑥 𝑗 ★ 𝑥𝑖 = i 𝜃𝑖 𝑗 (5.8)

recovers the algebraic structure (2.1) of spacetime quantization. The Moyal-Weyl star-
product is associative but noncommutative, and it provides an explicit example of the
star-products discussed in §§4.3. When 𝑀 =R𝑝 , the algebra𝐶∞ (𝑀) with the star-product
(5.6) is regarded as the algebra of functions on a noncommutative Moyal space, denoted
by R𝑝

𝜃
. More generally, when the 𝐵-field is not constant, a noncommutative star-product

quantizes the bivector 𝜃 in this sense, as we shall discuss more extensively in §6, in the
spirit of the correspondence principle of quantum mechanics.

In physics applications one usually restricts star-products to Schwartz functions, so
that in particular 𝑓 ★ 𝑔 is integrable. On this class of functions, there is also a convergent
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formula for the Moyal-Weyl star-product given by the convolution formula

( 𝑓 ★ 𝑔) (𝑥) =
1

(𝜋 det 𝜃) 𝑝
∫
𝑀×𝑀

d𝑝𝑦 d𝑝𝑧 𝑓 (𝑥 + 𝑦) 𝑔(𝑥 + 𝑧) e −2 i 𝑦 ·𝜃−1 𝑧 ,

whose asymptotic expansion in 𝜃 coincides with (5.7).

5.4. Noncommutative Yang-Mills Theory

Open strings attach to D-branes, which are hyperplanes in spacetime, that here we will
take to be the entire 𝑝-dimensional target space 𝑀 of the non-linear sigma-model (5.2),
with a slight abuse of notation. D-branes act as sources of spacetime curvature and interact
gravitationally with one another through exchanges of closed strings. The massless bosonic
modes in the open string sector are gauge fields 𝐴𝑖 on the worldvolume 𝑀 of the D-branes
(coming from Neumann boundary conditions for the non-linear sigma-model (5.2)), and
scalar fields 𝑋𝑎 on 𝑀 describing the transverse fluctuations of the D-branes in spacetime
(coming from Dirichlet boundary conditions); geometrically, these are described by a gauge
connection 𝐴 together with an adjoint section 𝑋 of a Hermitian vector bundle on 𝑀 , called
the Chan-Paton bundle of the D-branes. This connection between geometry and gauge
theory forms the basis of string dualities such as the AdS/CFT correspondence. Since the
Seiberg-Witten scaling limit decouples the closed string sector, the low-energy dynamics is
described by a field theory on the D-branes which is decoupled from gravity. For non-zero
𝐵-field, this is a deformation of gauge theory called noncommutative gauge theory.

Restricting to the pure gauge sector, the low energy effective action for a stack of 𝑁
parallel coincident D-branes wrapping 𝑀 is the action of noncommutative 𝑈 (𝑁) Yang-
Mills theory

𝐼YM =
1

2𝑔2
YM

∫
𝑀

d𝑝𝑥
√

det𝐺 𝐺𝑖𝑘 𝐺 𝑗𝑙 Tr 𝐹𝑖 𝑗 ★ 𝐹𝑘𝑙 , (5.9)

where
𝐹𝑖 𝑗 = 𝜕𝑖𝐴 𝑗 − 𝜕 𝑗𝐴𝑖 − i [𝐴𝑖 ★, 𝐴 𝑗 ]

is the noncommutative field strength tensor and here ★ means the tensor product of the
star-product (5.6) with matrix multiplication. The effective Yang-Mills coupling constant
𝑔YM in the D𝑝-brane gauge theory is related to string slope 𝛼′ and the closed string coupling
𝑔𝑠 through the combination [168]

𝑔2
YM =

(2𝜋) 𝑝−2

(𝛼′) (3−𝑝)/2
𝑔𝑠 e 𝜙

(
det(𝑔 + 2𝜋 𝛼′ 𝐵)

det 𝑔

)1/2
, (5.10)

where 𝜙 is the dilaton. This remains finite in the decoupling limit if 𝑔𝑠 e 𝜙 ∼ 𝜖 (3−𝑝+𝑟 )/4,
where 𝑟 is the rank of 𝐵 (most of the time we assume full rank 𝑟 = 𝑝).

The action (5.9) is invariant under infinitesimal noncommutative gauge (or star-gauge)
transformations

𝛿★𝜆𝐴𝑖 = 𝜕𝑖𝜆 + i [𝜆 ★, 𝐴𝑖] , (5.11)
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for Hermitian gauge parameters 𝜆 ∈ 𝐶∞ (𝑀, 𝔲(𝑁)). Noncommutative Yang-Mills theory
actually first appeared much earlier in the mathematics literature: Connes and Rieffel con-
sidered the classical theory in the late 1980s using an operator algebraic approach when
𝑀 = T2 is a two-dimensional torus [66, 156].

From the perspective of the worldsheet quantum field theory, the derivation of the low
energy effective action from open string scattering amplitudes is strongly dependent on
the choice of regularisation scheme: In Pauli-Villars regularization one arrives at an ordin-
ary gauge theory with complicated non-local higher derivative interactions in which the
dependence on the 𝐵-field is explicit, whereas in point-splitting regularization one arrives
at a noncommutative gauge theory in which the non-locality and 𝐵-field dependence is
absorbed into the star-product★, i.e. into the noncommutativity of spacetime. Since the tar-
get space physics should be independent of the chosen worldsheet regularisation scheme,
this suggests that noncommutative Yang-Mills theory should be “dual” to some ordinary
gauge theory.

That such a duality exists and can be worked out explicitly through a field redefinition
is arguably the most remarkable result of the seminal paper [168]. The field redefinition
𝐴 ↦−→ 𝐴[𝐴] from ordinary gauge theory to noncommutative gauge theory is called the
Seiberg-Witten map, where we use hats to distinguish noncommutative fields and their
star-gauge transformations from their ordinary counterparts. The Seiberg-Witten map only
makes sense as a map between gauge orbits of fields

𝐴[𝐴 + 𝛿𝜆𝐴] = 𝐴[𝐴] + 𝛿̂
𝜆[𝜆,𝐴]𝐴[𝐴] .

This can be solved as an asymptotic series in 𝜃 whose leading terms read

𝐴 𝑖 [𝐴, 𝜃] = 𝜃𝑖 𝑗 𝐴 𝑗 + 1
2 𝜃

𝑘𝑙 𝐴𝑙
[
𝜕𝑘 (𝜃𝑖 𝑗 𝐴 𝑗 ) − 𝜃𝑖 𝑗 𝐹𝑗𝑘

]
+ · · · ,

with a similar asymptotic expansion for the noncommutative gauge parameters 𝜆[𝜆, 𝐴],
which are field dependent.

The Seiberg-Witten map implies that noncommutative Yang-Mills theory can be cast as
an ordinary gauge theory, which however is not the usual Yang-Mills theory; in particular, it
retains the non-locality of the noncommutative theory which “remembers” that it orginates
from string theory. This dual commutative description of noncommutative gauge theory
led to a plethora of investigations in all sorts of directions, together with associated phe-
nomenological implications of noncommutativity (which we do not attempt to review or
even summarise here). The duality makes sense in fact for arbitrary (non-constant) Poisson
bivector 𝜃. We shall give a geometric description of the Seiberg-Witten map in §6.

5.5. Morita Duality of Noncommutative Gauge Theory

Let us now return to T-duality and descibe its fate in the Seiberg-Witten scaling limit, as
well as its realisation in the low energy effective theory. We compactify the target space
coordinates so that 𝑀 = R𝑝 is the universal cover of a 𝑝-dimensional torusT𝑝 , on which
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𝑥𝑖 are now local coordinates. D-branes carry charges under higher-form Ramond-Ramond
fields in string theory. Since D-branes wrappingT𝑝 come with a Chan-Paton gauge bundle
𝐸 −→T𝑝 , these topological charges are classified by the K-theory group 𝐾 (T𝑝) of vector
bundles onT𝑝 . In the presence of a constant 𝐵-field and in the Seiberg-Witten scaling limit,
the algebra of functions 𝐶∞ (T𝑝) is deformed to a noncommutative algebra by the Moyal-
Weyl star-product (5.6), which we think of as the algebra of functions on a noncommutative
torus, denoted byT𝑝

𝜃
. Then the Chan-Paton bundle becomes a projective module overT𝑝

𝜃

and the K-theory group 𝐾 (T𝑝

𝜃
) classifies D-brane charges in the 𝐵-field background.

In the absence of topologically non-trivial𝐻-flux, the T-dual of the torusT𝑝 is the dual
torus T̂𝑝 by the Buscher rules. T-duality along a single one-cycle interchanges Neumann
and Dirichlet boundary conditions in the non-linear sigma-model (5.2), so interchanges
D𝑝-branes and D(𝑝 ± 1)-branes. Open string T-duality on a 𝑝-torusT𝑝 acts on D𝑝-brane
charges in the following way. The action of the T-duality group 𝑆𝑂 (𝑝, 𝑝;Z) on the closed
string variables (𝑔, 𝐵) can be expressed through the combination

E =
1
𝛼′

(
𝑔 + 2𝜋 𝛼′ 𝐵

)
as a generalized linear fractional transformation sending E ↦−→ E′ where

E′ = (𝐴 E + 𝐵) 1
𝐶 E + 𝐷 ,

(
𝐴 𝐵

𝐶 𝐷

)
∈ 𝑆𝑂 (𝑝, 𝑝;Z) .

Using the open-closed string relation in the decoupling limit (5.5), this acts on the open
string variables as (𝐺, 𝜃) ↦−→ (𝐺′, 𝜃′) where

𝐺′ = (𝐶 𝜃 + 𝐷)𝐺 (𝐶 𝜃 + 𝐷)⊤ , 𝜃′ = (𝐴 𝜃 + 𝐵) 1
𝐶 𝜃 + 𝐷 ,

and on the Yang-Mills coupling (5.10) as 𝑔YM ↦−→ 𝑔′YM where

𝑔′YM = 𝑔YM

�� det(𝐶 𝜃 + 𝐷)
��1/4 .

This 𝑆𝑂 (𝑝, 𝑝; Z)-action is defined on the dense subset of the space of antisymmetric
matrices 𝜃 where 𝐶 𝜃 + 𝐷 is invertible.

It is a remarkable feature of noncommutative gauge theory that it inherits this T-duality
symmetry [168]: the action (5.9) is invariant under these combined transformations. This
is unlike the situation in ordinary quantum field theory where the action of T-duality would
have no meaning: the non-locality kept by the Seiberg-Witten scaling limit yields a field
theory that is invariant under the stringy T-duality symmetry. This provides a geometric
refinement of topological T-duality which coincides with Morita equivalence of the non-
commutative tori T𝑝

𝜃
and T𝑝

𝜃 ′ . In particular, there is an identification of corresponding
K-theory groups

𝐾
(
T
𝑝

𝜃

)
= 𝐾

(
T
𝑝

𝜃 ′
)
,

which is the underlying topological manifestation of the T-duality symmetry of noncom-
mutative Yang-Mills theory. See e.g. [38, 39, 63, 154, 158, 167] for further details and
developments.
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5.6. Morita Duality and Non-Geometric Backgrounds

The story thus far becomes more interesting and new features appear for backgrounds with
topologically non-trivial 𝐻-flux, that is, when

𝐻 = d𝐵 ≠ 0

represents a non-trivial cohomology class. In these cases “non-geometric” backgrounds
can arise after T-duality [69,109,170], which have no rigorous formulation in conventional
geometry.

The prototypical situation starts with a spacetime 𝑀 which is a principal torus bundle
of rank 𝑝

T𝑝 ↩ // 𝑀

��
S1
𝑥

over a circle S1
𝑥 with local coordinate 𝑥 ∈ [0, 1). For a non-trivial fibration, the fibres T𝑝

carry a non-trivial monodromy group action: they patch together by large diffeomorphisms
in 𝐺𝐿 (𝑝,Z) under a periodic shift 𝑥 ↦−→ 𝑥 + 1.

Suppose now that 𝑀 carries a non-zero 𝐻-flux. In string theory, fluxes are quantized
due to generalised Dirac charge quantization so that they have integer periods. Whence the
three-form 𝐻 is a de Rham representative of an integer cohomology class

[𝐻] ∈ 𝐻3 (𝑀,Z)

which corresponds to the characteristic class of a gerbe on 𝑀 , called its Dixmier-Douady
invariant. In certain situations, applying a fibrewise T-duality to 𝑀 results in a space which
is still fibred over the original circle S1

𝑥 , but is no longer a torus bundle: the fibresT𝑝 now
patch together by T-duality transformations in𝑂 (𝑝, 𝑝;Z) under 𝑥 ↦−→ 𝑥 + 1. This is called
a T-fold: it is a perfectly well-defined background in string theory, but globally it has no
formulation as a classical geometric space; in particular the dual closed string variables
(𝑔′, 𝐵′) are only locally defined due to their dependence on the base coordinate 𝑥.

Can the T-fold be described rigorously? Noncommutative geometry provides precisely
such a description through the formalism of topological T-duality [138] in the open string
sector. The original torus bundle with 𝐻-flux is the spectrum

𝑀 = Spec(A)

of a continuous trace algebra A whose Dixmier-Douady invariant is represented by the
three-form 𝐻; the corresponding K-theory group 𝐾 (A) classifies D-brane charges in the
𝐻-flux background. As a 𝐶 (𝑀)-module algebra, A can be identified with the sections of
a locally trivial algebra bundleℰ −→ 𝑀 with fibre K and structure group

Aut(K) = Inn(K) = Ad
(
U(K)

)
,
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where
K = K(H)

is the algebra of compact operators (i.e. the limits of finite rank operators) on a separable
infinite-dimensional Hilbert spaceH .

Fibrewise T-duality corresponds to an action

𝛼 : R𝑝 −→ Aut(A)

of the abelian Lie groupR𝑝 by automorphisms ofA, which is induced from theT𝑝-action
on the torus bundle. The T-dual background is then described as the spectrum of the crossed
product algebra

Â = A ⋊𝛼 R̂𝑝 ,

where R̂𝑝 := Hom𝒜𝒷 (R𝑝 , 𝑈 (1)) ≃ R𝑝 is the Pontryagin dual of R𝑝 in the category of
abelian groups 𝒜𝒷. The algebra Â is Morita equivalent toA, and in particular there is an
identification of K-theory groups

𝐾 (Â ) = 𝐾 (A) .

In the situations described above, this provides a rigorous description of a T-fold as an
algebra bundle of noncommutative tori

T
𝑝

𝜃 (𝑥 ) ↩
// Â

��
S1
𝑥

wherein the non-geometric fibrewise monodromies become Morita equivalences of non-
commutative tori. That is, 𝜃 (𝑥 + 1) is an 𝑆𝑂 (𝑝, 𝑝;Z)-orbit of 𝜃 (𝑥) for each 𝑥 ∈ [0, 1), and
the noncommutative fibre torusT𝑝

𝜃 (𝑥+1) is Morita equivalent toT𝑝

𝜃 (𝑥 ) ; in particular, non-
commutative Yang-Mills theory is well-defined on the T-fold Â. See e.g. [20,36,40,41,138]
for further details and developments.

As an explicit illustration of this formalism, let us look at the simplest example [79,
92, 108]. Consider a three-dimensional torus T3 with constant 𝐻-flux, viewed as a trivial
torus bundle

T
3 = S

1
𝑥 ×T2

of rank two over a circle. The metric on T3 is the flat metric

d𝑠2 = (2𝜋 𝑟 d𝑥)2 + A
𝜏◦2

�� d𝑦1 + 𝜏◦ d𝑦2 ��2 ,
where 𝑟 > 0 is the radius of S1

𝑥 , while A > 0 is the area and 𝜏◦ = 𝜏◦1 + i 𝜏◦2 ∈ C with 𝜏◦2 > 0
the complex structure modulus of the fibre T2 with local coordinates (𝑦1, 𝑦2) ∈ [0, 1)×2.
The Neveu-Schwarz fields are

𝐵 = 𝑛 𝑥 d𝑦1 ∧ d𝑦2 , 𝐻 = d𝐵 = 𝑛 d𝑥 ∧ d𝑦1 ∧ d𝑦2 ,
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where 𝑛 = [𝐻] ∈ 𝐻3 (T3,Z) = Z, while the dilaton field vanishes.
The T-duality group of string theory compactified on the fibre T2 is

𝑂 (2, 2;Z) ≃
(
𝑆𝐿 (2,Z)𝜏 × 𝑆𝐿 (2,Z)𝜌

)
⋊
(
Z2 × Z2

)
.

The first 𝑆𝐿 (2,Z) factor is the mapping class group ofT2 which acts geometrically through
Möbius transformations of 𝜏◦, while the second acts on the complexified Kähler modulus

𝜌 = 𝐵 + i
2𝜋 𝛼′

A .

This has a non-trivial monodromy

M =

(1 𝑛

0 1

)
of infinite order in a parabolic conjugacy class of 𝑆𝐿 (2,Z)𝜌 which generates

𝜌(𝑥 + 1) = M
[
𝜌(𝑥)

]
= 𝜌(𝑥) + 𝑛 .

The monodromy shifts the 𝐵-field by the two-form 𝑛d𝑦1 ∧ d𝑦2, which represents an integral
cohomology class in 𝐻2 (T3,Z) = Z ⊕ Z ⊕ Z.

Let us now wrap a D1-brane around the base one-cycle S1
𝑥 in this three-torus. Via the

Buscher rules, T-duality along the abelian isometries generated by the global vector fields
𝜕

𝜕𝑦1 and 𝜕

𝜕𝑦2 maps the D1-brane to a D3-brane filling a T-fold whose closed string variables
(𝑔, 𝐵, 𝜙) depend on the modulus

𝜏(𝑥) = 𝜏◦ + 𝑛 𝑥 .

This has a non-trivial monodromy

𝜏(𝑥 + 1) = M
[
𝜏(𝑥)

]
= 𝜏(𝑥) + 𝑛

in a parabolic conjugacy class of 𝑆𝐿 (2,Z)𝜏 . The Kähler modulus of the T2 fibres

𝜌 =
1
𝜏(𝑥)

exhibits the background as a T-fold with monodromy

𝜌(𝑥 + 1) =
𝜌(𝑥)

1 + 𝑛 𝜌(𝑥)
in 𝑆𝐿 (2,Z)𝜌.

Applying the open-closed string transformation (5.4) along the fibre directions gives the
open string variables (𝐺, 𝜃) seen by the D3-brane. This yields a worldvolume of topology
S1
𝑥 ×T2. It is shown in [108] that there is a consistent scaling limit with 𝛼′,A, 𝜏◦2 , 𝑔𝑠 ∼ 𝜖

1/2

such that as 𝜖 → 0 the open string parameters on the D3-brane become finite quantities

𝐺 =
(
2𝜋 𝑟1 d𝑦1)2 +

(
2𝜋 𝑟2 d𝑦2)2

, 𝜃 = 𝑛 𝑥
𝜕

𝜕𝑦1 ∧
𝜕

𝜕𝑦2 , 𝑔2
YM = 2𝜋 𝑔̄𝑠 .
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The open string metric 𝐺 is just the usual flat metric on a rectangular two-torus T2 of
constant radii 𝑟1 and 𝑟2, while the open string bivector

𝜃 (𝑥) = 𝑛 𝑥

depends on the base coordinate of the worldvolume S1
𝑥 ×T2.

Since 𝜕
𝜕𝑦𝑖
𝜃 = 0 for 𝑖 = 1, 2, the Kontsevich quantization formula of §§6.1 below gives

the star-product of functions on the D3-brane worldvolume S1
𝑥 ×T2 as the Moyal-Weyl

type formula

𝑓 ★ 𝑔 = · exp
[

i
2
𝑛 𝑥

(
𝜕

𝜕𝑦1 ⊗
𝜕

𝜕𝑦2 −
𝜕

𝜕𝑦2 ⊗
𝜕

𝜕𝑦1

)]
( 𝑓 ⊗ 𝑔) .

This quantizes the three-dimensional Heisenberg algebra[
𝑦1 ★, 𝑦2] = i 𝑛 𝑥 ,

[
𝑦1 ★, 𝑥

]
=

[
𝑦2 ★, 𝑥

]
= 0 .

Via Fourier transformation it agrees on S1
𝑥 ×T2 with the product in the twisted Schwartz

convolution algebra𝐶∗ (𝐺Z), where𝐺Z is a lattice inside the three-dimensional Heisenberg
group 𝐺R. The group 𝐶∗-algebra 𝐶∗ (𝐺Z) is stably isomorphic to the bundle of noncom-
mutative two-tori T2

𝜃 (𝑥 ) over S1
𝑥 obtained from topological T-duality [20, 40, 138]

Â = 𝐶∗ (𝐺Z) ⊗ K .

The noncommutative torus T2
𝜃 (𝑥 ) has Morita equivalence group

𝑆𝑂 (2, 2;Z) ≃
(
𝑆𝐿 (2,Z)𝜃 × 𝑆𝐿 (2,Z)𝜏

) /
Z2 .

The monodromies give the correct parabolic 𝑆𝐿 (2,Z)𝜃 Morita transformations

𝜃 (𝑥 + 1) = M
[
𝜃 (𝑥)

]
= 𝜃 (𝑥) + 𝑛 .

Thus in this example open strings see a conventional geometric three-torusT3, instead of
a T-fold, with non-geometric noncommutativity 𝜃 (𝑥). The noncommutative gauge theory
on the D3-brane is perfectly well-defined: the Morita equivalence symmetry of noncom-
mutative Yang-Mills theory is inherited from T-duality in the decoupling limit.

6. Deformation Quantization

We will now consider some formal aspects of the formulation of noncommutative field the-
ories, with the aim of going beyond the cases considered in §5. We look at two particular
schemes for deformation quantization, each of which comes with its own merits and applic-
ations. The first scheme enables a more precise geometric definition of the Seiberg-Witten
map discussed in §§5.4. The second scheme allows for a more precise description of the
notion of quantum symmetry discussed in §2. More detailed treatments of these aspects of
deformation quantization can be found in the contributions of Pierre Bieliavsky and Marija
Dimitrijević Ćirić to this volume.
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6.1. Kontsevich Formality

Kontsevich famously proved that any Poisson manifold (𝑀, 𝜃) admits a deformation quant-
ization [116]. The basis of Kontsevich’s construction is the formality theorem: there is a
sequence of formality maps𝑈𝑛 for 𝑛 ∈N0 from multivector fields to multidifferential oper-
ators, which define an 𝐿∞-quasi-isomorphism of differential graded Lie algebras relating
Schouten brackets [−,−]𝑆 to Gerstenhaber brackets [−,−]𝐺 .

In particular, when 𝑀 = R𝑝 , the star-product ★ which quantizes a bivector 𝜃 is given
by a formal power series

𝑓 ★ 𝑔 = 𝛹 (𝜃) ( 𝑓 , 𝑔) :=
∞∑︁
𝑛=0

i 𝑛

𝑛!
𝑈𝑛 (𝜃, . . . , 𝜃) ( 𝑓 , 𝑔) (6.1)

for functions 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀). Each term in this series has a graphical representation which
can be computed using a precise prescription as integrals on the upper complex half-plane.
This may be represented as the Feynman diagram expansion of a topological string theory
with target space 𝑀 [48], the Poisson sigma-model, using path integral techniques and the
Batalin-Vilkovisky (BV) formalism, which connects the Kontsevich formula to the open
string dynamics discussed in §§5.2.

The formality maps are required to satisfy a set of formality conditions. The simplest
of these reads as

[𝛹 (𝜃), ★]𝐺 = i𝛹 ( [𝜃, 𝜃]𝑆) ,

where here★ is regarded as a bidifferential operator. This implies that the star-product★ is
associative,

[𝛹 (𝜃), ★]𝐺 = 0 ,

if and only if 𝜃 is a Poisson bivector,

[𝜃, 𝜃]𝑆 = 0 ,

which is the original setting of Kontsevich’s construction.
However, as noted by [67, 145], the formula (6.1) still makes sense more generally

beyond the case of Poisson structures and can serve to define a nonassociative star-product.
In this case the non-vanishing Schouten bracket

[𝜃, 𝜃]𝑆 ≠ 0

implies that the Jacobi identity for the bracket

{ 𝑓 , 𝑔}𝜃 = 𝜃𝑖 𝑗 𝜕𝑖 𝑓 · 𝜕 𝑗𝑔

is violated. This is related to the presence of 𝐻-flux

𝐻 = d𝐵 ≠ 0
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in the string theory setting, and is formally analogous to the nonassociativity in quantum
mechanics with magnetic monopoles that we discussed in §4.

Up to gauge equivalence, the leading terms in the expansion (6.1) are given by

𝑓 ★ 𝑔 = 𝑓 · 𝑔 + i
2 𝜃

𝑖 𝑗 𝜕𝑖 𝑓 · 𝜕 𝑗𝑔 − 1
4 𝜃

𝑖 𝑗 𝜃𝑘𝑙 𝜕𝑖𝜕𝑘 𝑓 · 𝜕 𝑗𝜕𝑙𝑔 + · · ·
− 1

6 𝜃
𝑖 𝑗 𝜕 𝑗𝜃

𝑘𝑙 (𝜕𝑖𝜕𝑘 𝑓 · 𝜕𝑙𝑔 − 𝜕𝑘 𝑓 · 𝜕𝑖𝜕𝑙𝑔) + · · · . (6.2)

In the first line of (6.2) we recognise the expansion of the Moyal-Weyl star-product (5.7),
while the second line involves specific combinations of derivatives of the bivector 𝜃. In
particular, in the cases when

𝜃𝑖 𝑗 𝜕 𝑗𝜃
𝑘𝑙 = 0 (6.3)

the series (6.2) exponentiates just like the Moyal-Weyl formula (5.6). Note that the condition
(6.3) holds for a very broad class of bivectors which are not necessarily constant, such as
the Poisson bivector we encountered in §§5.6.

6.2. Seiberg-Witten Maps

We will now give an exact all-orders description of the Seiberg-Witten map discussed
in §§5.4 [113]. Here we work with an arbitrary Poisson bivector 𝜃 and 𝑈 (1) gauge the-
ory for simplicity. Let 𝐴 be a𝑈 (1) gauge field and

𝐹 = d𝐴

its curvature.
Let us start by recalling the classical Moser Lemma from symplectic geometry. This

states that the map from a non-degenerate closed two-form 𝐵 to a “nearby” 𝐵-field

𝐵′ = 𝐵 + 𝐹

is a coordinate change: it is given by the flow 𝜑 generated by the vector field

𝜉 = 𝜃𝑖 𝑗 𝐴 𝑗
𝜕

𝜕𝑥𝑖
,

where

𝜃 =
1
𝐵
.

This maps the bivector 𝜃 to

𝜃′ = 𝜃
1

1 + 𝐹 𝜃 . (6.4)

The transformation (6.4) makes sense for arbitrary (possibly degenerate) Poisson structures.
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By applying the Kontsevich formality maps to this classical construction, we arrive at
a quantum Moser Lemma where the flow 𝜑 is quantized to a covariantizing map D: the
image𝛹 (𝜉) defines a deformed diffeomorphism which integrates to a “flow” D given by
an invertible differential operator. Let ★ (resp. ★′) be the Kontsevich star-product which
quantizes the bivector 𝜃 (resp. 𝜃′). Then the covariantizing map is an equivalence of these
star-products, in the sense that

D( 𝑓 ★ 𝑔) = D 𝑓 ★′ D𝑔 ,

for all 𝑓 , 𝑔 ∈ 𝐶∞ (𝑀). We may summarise the quantum Moser Lemma by the commutative
diagram

𝜃

𝜑

��

𝛹 // ★

D
��

𝜃′
𝛹

// ★′

Noncommutative𝑈 (1) gauge fields 𝐴 are now introduced through the covariant coordin-
ates

𝑋𝑖 = 𝜃−1
𝑖 𝑗 D𝑥𝑖 =: 𝜃−1

𝑖 𝑗 𝑥
𝑗 + 𝐴𝑖 .

The significance of this definition is that (6.2) implies that derivatives can be implemented
by the adjoint actions of coordinate functions through

[𝑥𝑖 ★, 𝑓 ] = i 𝜃𝑖 𝑗 𝜕 𝑗 𝑓 ,

for any function 𝑓 ∈ 𝐶∞ (𝑀). Quantization then sends an ordinary infinitesimal𝑈 (1) gauge
transformation

𝛿𝜆𝐴 = d𝜆

to the covariant transformation

𝛿̂
𝜆
D 𝑓 = i [ 𝜆 ★, D 𝑓 ] .

In particular, this implies the noncommutative𝑈 (1) gauge transformation

𝛿̂
𝜆
𝐴 = d𝜆 + i [ 𝜆 ★, 𝐴 ] .

Thus in the covariant coordinate formalism, noncommutative gauge transformations are
realised as inner automorphisms of the star-product algebra. This is precisely the perspect-
ive on gauge symmetries that we introduced in §§3.2.

6.3. Hopf Algebras and Twist Quantization

Let us now switch perspectives and discuss a more algebraic approach to deformation
quantization based on cocycle twists of Hopf algebras; see the classic text [136] for an
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elaborate account. Let H be a quasi-triangular Hopf algebra over C with structure maps
(𝚫,S,R, 𝜀, ·), where · is the multiplication onH, and the coproduct 𝚫 : H −→ H ⊗H, the
antipode S :H −→H, and the counit 𝜀 :H −→C are unital algebra (anti)homomorphisms,
while R ∈ H ⊗ H is the universal R-matrix.

A Drinfel’d twist for H is an invertible element

F = F(1) ⊗ F(2) ∈ H ⊗ H ,

where we use a notation similar to the standard Sweedler convention (with implicit summa-
tion understood). It is required to satisfy two conditions that make it a counital two-cocycle
on H: the cocycle condition

(F ⊗ 1) (𝚫 ⊗ id) (F) = (1 ⊗ F) (id ⊗ 𝚫) (F) (6.5)

in H ⊗ H ⊗ H, and the counitality condition

(𝜀 ⊗ id) (F) = 1 = (id ⊗ 𝜀) (F)

in H.
A Drinfel’d twist F maps H to a new quasi-triangular Hopf algebra HF with the same

underlying vector space as H and structure maps (𝚫F, SF, RF, 𝜀, ·). The formulas for the
twisted coproduct, antipode and universal R-matrix are

𝚫F (𝜉) = F𝚫(𝜉) F−1 , SF (𝜉) = 𝜒 S(𝜉) 𝜒−1 , RF = F−1
21 R F ,

where 𝜉 ∈ H, while
𝜒 = F(1) S(F(2) )

and
F21 = F(2) ⊗ F(1) .

In Sweedler notation we write

𝚫F (𝜉) = 𝜉 (1) ⊗ 𝜉 (2) .

The twisting procedure quantizes any left H-module algebraA to an algebraAF with
the same underlying vector space as A, but with the product · on A deformed to the
associative noncommutative product

𝑓 ★ 𝑔 = ·
(
F−1 ⊲ ( 𝑓 ⊗ 𝑔)

)
=

(
F−1
(1) ⊲ 𝑓

)
·
(
F−1
(2) ⊲ 𝑔

)
,

for 𝑓 , 𝑔 ∈ A. Here we write ⊲ : H ⊗ A −→ A for the action of H onA. ThenAF carries
a representation of the twisted Hopf algebra HF, making it into a left HF-module algebra:

𝜉 ⊲ ( 𝑓 ★ 𝑔) = ·
(
𝚫(𝜉) F−1 ⊲ ( 𝑓 ⊗ 𝑔)

)
= ·

(
F−1 𝚫F (𝜉) ⊲ ( 𝑓 ⊗ 𝑔)

)
= (𝜉 (1) ⊲ 𝑓 ) ★ (𝜉 (2) ⊲ 𝑔) , (6.6)
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where we use the same symbol ⊲ for the action of HF on AF. Note that associativity of ★
is guaranteed by the cocycle condition (6.5), and if A is a commutative algebra then AF

is a braided-commutative (or quasi-commutative) algebra:

𝑓 ★ 𝑔 = (R−1
F(1) ⊲ 𝑔) ★ (R

−1
F(2) ⊲ 𝑓 ) .

In fact, the twisting procedure simultaneously quantizes allH-covariant constructions:
there are braided monoidal categories Hℳ and HFℳ of left H-modules and left HF-
modules, respectively, and twisting gives a braided monoidal functorial isomorphism

𝒬F : Hℳ −→ HFℳ .

More generally, by dropping the cocycle condition (6.5), we replace a Drinfel’d twist
by a cochain twist F ∈ H ⊗ H which mapsH to a quasi-Hopf algebraHF. The coboundary
of F,

𝚽 = 𝝏∗F = 𝚽(1) ⊗ 𝚽(2) ⊗ 𝚽(3) ∈ HF ⊗ HF ⊗ HF ,

is a counital three-cocycle on the quasi-Hopf algebra HF. A cochain twist F quantizes any
H-module algebra A to a “quasi-associative” HF-module algebra AF, in the sense that
associativity of the deformed product★ holds only up to the action of the three-cocycle 𝚽:

( 𝑓 ★ 𝑔) ★ ℎ = (𝚽(1) ⊲ 𝑓 ) ★
(
(𝚽(2) ⊲ 𝑔) ★ (𝚽(3) ⊲ ℎ)

)
.

Nonassociative geometry is developed in this setting in [19, 24, 25, 29, 32]. It is precisely
such a three-cocycle, associated to magnetic translations, that is responsible for the nonas-
sociativity in quantum mechanics with magnetic monopoles that we discussed in §4.

6.4. Twisted Symmetries and Noncommutative Gravity

A common situation in both geometry and field theory starts with the universal enveloping
Hopf algebra

H = U𝔤

of a Lie algebra 𝔤 of infinitesimal symmetries of a manifold 𝑀 . The structure maps are
defined on primitive elements 𝑋 ∈ 𝔤 by

𝚫(𝑋) = 𝑋 ⊗ 1 + 1 ⊗ 𝑋 , S(𝑋) = −𝑋 , 𝜀(𝑋) = 0 ,

and extended as unital (anti)homomorphisms. The triangular structure is given by the trivial
R-matrix

R = 1 ⊗ 1 .

Then asU𝔤-module algebrasA one can take the algebra of smooth functions 𝐶∞ (𝑀), the
differential graded exterior algebra of differential forms Ω• (𝑀), and more generally tensor
fields on 𝑀 .
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A particularly important example for the structure of quantum spacetimes is the envel-
oping algebra

H = UΓ(𝑇𝑀)

of vector fields on𝑀 , generating diffeomorphisms of𝑀 . IfA is aUΓ(𝑇𝑀)-module algebra
of the type mentioned above, then the Lie algebra Γ(𝑇𝑀) acts onA via the Lie derivative
and the Leibniz rule.

For example, when 𝑀 = R𝑝 and 𝜃 is a constant bivector, the canonical example of a
Drinfel’d twist is provided by the Moyal-Weyl twist

F = exp
(
− i

2 𝜃
𝑖 𝑗 𝜕𝑖 ⊗ 𝜕 𝑗

)
. (6.7)

With this twist, deformation quantization of the algebra of functions A = 𝐶∞ (𝑀) repro-
duces the Moyal-Weyl star-product (5.6). In this example the braiding is given by the
triangular R-matrix

RF = F−2 .

A great virtue of the twist approach to deformation quantization is that it provides
simultaneous characterisations of both a quantum space and its quantum symmetries, with
the latter encoded by the twisted Hopf algebraHF. A twisted symmetry acts onHF-modules
through the twisted coproduct 𝚫F (see e.g. [17, 179] for reviews). They coincide with the
usual symmetries when acting on single-particle states, but differ in their action on multi-
particle states. For example, consider an infinitesimal outer automorphism 𝛿𝜉 : A −→ A,
parametrized by 𝜉 ∈ H, of an H-module algebra A. From the calculation (6.6) it follows
that its twisted action on AF is given by

𝛿𝜉 ( 𝑓 ★ 𝑔) = 𝛿𝜉(1) 𝑓 ★ 𝛿𝜉(2) 𝑔 .

This is different from the way a classical symmetry would act, which in general also trans-
forms the twist F and hence the star-product: here 𝜉 ∈ H does not “see” the star-product.
Thus symmetries which are otherwise broken because they do not preserve a bivector 𝜃,
e.g. Lorentz transformations in the case of the Moyal-Weyl twist (6.7), can be realised
instead as twisted symmetries.

Let us now try to apply this principle to the string theory setting discussed in §5, focus-
ing on the closed string sector in the spacetime 𝑀 = R𝑝 . Contrary to the open string
sector, the massless bosonic modes of closed strings give background geometry and grav-
ity determined by a metric 𝑔, a Kalb-Ramond two-form field 𝐵, and a dilaton 𝜙. These
modes are treated as couplings in the non-linear sigma-model, and worldsheet conformal
invariance implies that the beta-functions for these couplings vanish. These in turn can
be interpreted as target space equations of motion for 𝑔, 𝐵 and 𝜙 which at one-loop order
derive from the Neveu-Schwarz part of the closed string effective action (in Einstein frame)

𝐼closed =

∫
𝑀

d𝑝𝑥
√︁

det 𝑔
(
Scal𝑔 −

1
12

e −𝜙/3 |𝐻 |2𝑔 −
1
6
(∇𝜙)2

)
,
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where Scal𝑔 is the scalar curvature of 𝑔 and 𝐻 = d𝐵.
Is there a noncommutative version of this gravity theory, akin to the noncommutative

Yang-Mills theory of §§5.4, and in particular a duality with ordinary gravity similar to
that provided by the Seiberg-Witten map? To answer these questions, one may appeal to
the formulation of general relativity on noncommutative spacetime which was developed
in the seminal works [16, 18]. In this approach, a noncommutative tensor calculus with
twisted diffeomorphism symmetry leads to a gravity theory with deformed Einstein field
equations, which admit noncommutative black hole solutions [151, 152, 165] and exhibit
many other novel features. Twisted noncommutative gravity has become a vast and active
area since its inception in the mid-2000s; it is outside of the scope of this survey to review
or even cite the huge body of literature on the subject.

Going back to our motivating scenario, we only mention that twisted diffeomorphisms
do not appear to arise as physical symmetries of closed string theory: the low-energy scaling
limit of the induced gravitational action on a D-brane in a constant 𝐵-field contains addi-
tional contributions to the three-graviton interaction vertex that cannot be derived from
an action based on twisted diffeomorphism symmetry [5]. While this would seem to cast
a dark shadow of doubt on the physical relevance of twisted symmetries in general, we
note that twisted symmetries do arise in some settings of the AdS/CFT correspondence:
certain integrable Yang-Baxter deformations of string theory on AdS5 × S5 have Drinfel’d
twisted symmetry, and are conjecturally dual to noncommutative Yang-Mills theory with
twisted Poincaré symmetries; see e.g. [35, 140, 141, 189, 190] for further details of these
developments.

7. Noncommutative Renormalization

In this section we will discuss the extent to which the perturbative expansions of non-
commutative field theories define sensible quantum field theories, focusing on the simplest
examples of scalar fields onR𝑝 interactiing through the Moyal-Weyl star-product (5.6). Due
to non-locality of these field theories induced by the star-product, they are generally non-
renormalizable when treated with standard quantization techniques. We describe two ways
to restore renormalizability: We may either modify the free field theory using background
magnetic fields along the lines discussed in §§4.2, thereby explicitly breaking translation
invariance of the theory, or we may modify the path integral in a way compatible with the
twisted symmetries discussed in §§6.4, thus restoring the full Poincaré symmetry. In this
sense the spacetime symmetries of noncommutative field theory are intimately related to
their renormalization [180].

7.1. UV/IR Mixing

Let us first discuss the basic underlying problem compared to conventional field theories.
Noncommutative quantum field theories are typically plagued by the problem of ultra-
violet/infrared (UV/IR) mixing [143]. To explain this, let us start from the Moyal-Weyl
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star-product (5.6) of two plane waves onR𝑝 , which leads to the Baker-Campbell-Hausdorff
formula

e i 𝑘 ·𝑥 ★ e i 𝑞 ·𝑥 = e
i
2 𝑘 ·𝜃 𝑞 e i (𝑘+𝑞) ·𝑥 , (7.1)

where we use the short-hand notation

𝑘 · 𝜃 𝑞 = 𝑘𝑖 𝜃
𝑖 𝑗 𝑞 𝑗 .

The noncommutative phase factors in (7.1) appear in open string amplitudes and account
for the mixing induced by a 𝐵-field background.

Let 𝜙 be a real scalar field onR𝑝 . Its Fourier transform 𝜙 obeys the reality property

𝜙(𝑘) = 𝜙(−𝑘) .

The formula (7.1) implies that the star-product of 𝜙 with itself

𝜙★2 = 𝜙 ★ 𝜙

modifies its usual Fourier convolution product 𝜙(𝑘) 𝜙(𝑞) in momentum space to

𝜙(𝑘) 𝜙(𝑞) e
i
2 𝑘 ·𝜃 𝑞 .

In particular, an interaction term

𝜆

𝑛!
𝜙★𝑛

in the classical action yields an interaction vertex in momentum space in the form of a
phase factor

𝜆

𝑛!
(2𝜋) 𝑝 e

i
2

∑
𝐼<𝐽

𝑘𝐼 ·𝜃 𝑘𝐽
, (7.2)

together with momentum conservation 𝑘1 + 𝑘2 + · · · + 𝑘𝑛 = 0 as a consquence of translation
invariance of the noncommutative scalar field theory. The phase factor becomes effective
at energies 𝐸 with 𝐸

√
𝜃 ≪ 1, where

𝜃 := max
1⩽𝑖, 𝑗⩽𝑝

|𝜃𝑖 𝑗 | .

In this infrared region, noncommutative field theory is drastically different from conven-
tional quantum field theory.

The vertex (7.2) is not invariant under arbitrary permutations of the momenta 𝑘 𝐼 , but
only under cyclic permutations due to momentum conservation. As a consequence, in con-
ventional perturbation theory the Feynman diagrams are represented as ribbon graphs in
order to keep track of the order in which lines emanate from vertices, and can be naturally
organised into two classes: planar and non-planar graphs, referring to whether or not they
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can be drawn on a plane without crossing the fattened lines. Planar diagrams arise from
contracting neighbouring legs and involve momentum space integrals which are identical
to their commutative counterparts up to overall phase factors of the form (7.2) depend-
ing only on external momenta; in particular they exhibit the same ultraviolet divergences.
Non-planar graphs, on the other hand, arise from contractions of non-neighbouring legs
and contain phase factors (7.2) involving internal loop momenta.

If we introduce an ultraviolet cutoff Λ to regulate Feynman integrals, when 𝜃 ≠ 0 the
non-planar diagrams generically remain finite asΛ→∞ due to the rapid phase oscillations
from the noncommutative interactions. But this is no longer true when external momenta
𝑝 become exceptional, i.e. when 𝜃 𝑝 = 0, where their amplitude grows beyond any bound:
exceptional momenta render the phase factors ineffective and the original ultraviolet diver-
gence reappears as an infrared divergence. In other words, in a non-planar diagram, an
ultraviolet cutoff Λ induces an effective infrared cutoff

Λ0 =
1
𝜃 Λ

.

In the limit 𝜃 → 0 with Λ finite, Λ0 → ∞ and the non-planar diagrams become diver-
gent for any external momenta. This non-analytic dependence of amplitudes on 𝜃 is called
UV/IR mixing. That low energy processes can receive contributions from high energy vir-
tual particles appears to ruin standard renormalization schemes, such as the Wilsonian
renormalization group approach, which require a clear separation of energy scales.

On its own, a one-loop non-planar diagram is generically well-defined at any non-
exceptional external momenta. But when inserted as subgraphs into higher-loop graphs,
these exceptional momenta are realised in loop integrations and result in severe diver-
gences for any number of external legs. In such graphs the products of Fourier transforms
of the usual distributions of quantum field theory are well-defined, while those involving
the oscillatory phase factors are not.

Consider, for example, the Euclidean Feynman propagator for a real scalar field 𝜙 of
mass 𝑚, which is the distribution given by

𝛥(𝑥 − 𝑦) :=
∫
R𝑝

d𝑝𝑞
(2𝜋) 𝑝

e i 𝑞 · (𝑥−𝑦)

𝑞2 + 𝑚2 =

∫
R𝑝

d𝑝𝑞
(2𝜋) 𝑝 𝛥(𝑞) e i 𝑞 · (𝑥−𝑦) .

In momentum space, products of the Fourier transform

𝛥(𝑞) =
1

𝑞2 + 𝑚2

are always well-defined.
However, this is not true for the distribution

𝛶(𝑥 − 𝑦) :=
∫
R𝑝×R𝑝

d𝑝𝑘
(2𝜋) 𝑝

d𝑝𝑞
(2𝜋) 𝑝

e i 𝑘 ·𝜃 𝑞

𝑘2 + 𝑚2
e i 𝑞 · (𝑥−𝑦)

𝑞2 + 𝑚2

=

∫
R𝑝

d𝑝𝑞
(2𝜋) 𝑝 𝛥(𝜃 𝑞) 𝛥(𝑞) e i 𝑞 · (𝑥−𝑦) ,
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which arises, for example, as the one-loop non-planar contribution to the two-point function
in 𝜙★4-theory. In momentum space, the Fourier transform

𝛶(𝑞) = 𝛥(𝜃 𝑞) 𝛥(𝑞)

contains both 𝛥 and the distribution 𝛥 itself.
In 𝑝 dimensions, products 𝛥(𝑥)𝑛 of the distribution 𝛥 with itself are ill-defined for

𝑛 ⩾ 𝑝 − 2, due to the usual ultraviolet singularity at 𝑥 = 0. In products of𝛶 with itself this
singularity appears as an infrared singularity at 𝜃 𝑞 = 0. If𝛶 appears 𝑝 − 2 or more times in
a graph, it leads to an uncontrollable divergence. These divergences increase with the order
of perturbation theory, and all correlation functions are affected and diverge. We conclude
that the field theory cannot be renormalized.

The mixing of degrees of freedom implied by this problem have various physical inter-
pretations and consequences. Foremost is the fact that interactions in noncommutative field
theory are non-local: If 𝜙 and 𝜓 are fields supported in a region of small size ℓ ≪

√
𝜃, then

their star-product 𝜙 ★ 𝜓 is non-zero in a large region of size 𝜃/ℓ. The Baker-Campbell-
Hausdorff formula (7.1) together with Fourier transformation of arbitrary fields 𝜙(𝑥) on
R𝑝 give

e i 𝑘 ·𝑥 ★ 𝜙(𝑥) ★ e − i 𝑘 ·𝑥 = 𝜙(𝑥 − 𝜃 𝑘) .
This exhibits the non-locality of the theory: the infrared dynamics are governed by quanta
which behave like non-local “dipoles” with electric dipole moment

Δ𝑥𝑖 = 𝜃𝑖 𝑗 𝑘 𝑗 .

They are analogous to electron-hole bound states in a strong magnetic field, like in the
Landau problem discussed in §§4.2. The dipoles interact by joining at their ends [31,169].

On the other hand, the ultraviolet dynamics are governed by the elementary quantum
fields 𝜙 themselves, which create quanta with pointlike momenta 𝑘𝑖 , since in this region the
effects of noncommutativity are negligible. It was suggested in [155] that there is a certain
UV/IR “duality” which relates dynamics in the two regimes: UV/IR mixing is then due to
the asymmetry between supports of fields on extended and pointlike degrees of freedom in
the different regimes. We will discuss an explicit realization of this duality in §§7.2 below.

UV/IR mixing has phenomenological applications, see e.g. [12, 104]. In the infrared
regime, it breaks translation invariance leading to modified dispersion relations of the form

𝐸2 = 𝒑2 + 𝑚2 + Δ𝑀2
( 1
𝜃 𝑝

)
.

This can be compared with experiments for energies 𝐸 in the range

Λ0 < 𝐸 < Λ =
1
𝜃 Λ0

.

Noncommutative field theories with sufficient supersymmetry do not suffer from the
problem of UV/IR mixing due to cancellations between bosonic and fermionic loops. In
the following we discuss two modifications of standard noncommutative field theory which
cure the UV/IR mixing problem without supersymmetry.
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7.2. UV/IR Duality

We start by seeking a covariant version of the quantum field theory which makes ultraviolet
and infrared regimes indistinguishable, and hence makes the UV/IR “duality” discussed in
§§7.1 into a true symmetry. The idea of duality covariant noncommutative field theory was
originally implemented in a simple physical model of charged particles in constant mag-
netic fields, interacting non-locally through the star-product [122–124]. Covariantization
turns the ultraviolet degrees of freedom into extended objects by replacing their pointlike
momenta with “Landau” momenta

𝑘𝑖 ↦−→ 𝐾𝑖 = 𝑘𝑖 − 1
2 𝐵𝑖 𝑗 𝑥

𝑗 ,

where 𝐵𝑖 𝑗 is a constant “magnetic” background, generically independent of 𝜃𝑖 𝑗 . In canon-
ical quantization, this generates a “noncommutative momentum space”

[𝐾𝑖 , 𝐾 𝑗 ] = − i 𝐵𝑖 𝑗 .

There is now a symmetry
𝑘𝑖 ←→ − 1

2 𝐵𝑖 𝑗 𝑥
𝑗

between position and momentum spaces, and hence no distinction between what is meant
by ultraviolet or infrared.

To implement this idea analytically, let 𝜓(𝑥) be a complex scalar field of mass 𝑚 on
Euclidean spaceR𝑝 with quartic noncommutative interaction. The action is

𝑆cov =

∫
R𝑝

d𝑝𝑥
[
𝜓† ★

(
H𝐵 + 𝑚2) 𝜓 + 𝑔

2
𝜓† ★𝜓 ★𝜓† ★𝜓

]
, (7.3)

where

H𝐵 = −∇𝑖 ∇𝑖 (7.4)

is the “Landau” Hamiltonian with the covariant derivative

∇𝑖 = 𝜕𝑖 − i
2 𝐵𝑖 𝑗 𝑥

𝑗

for a constant non-degenerate background 𝐵𝑖 𝑗 = −𝐵 𝑗𝑖 . The curvature of the connection ∇
is given by

[∇𝑖 ,∇ 𝑗 ] = − i 𝐵𝑖 𝑗 ,

thus exhibiting a noncommutative momentum space exactly as in the quantum mechanical
model of §§4.2.

It is instructive to rewrite this field theory in an operator formalism, by essentially
reversing the mapping discussed in §§4.3. For this, we represent the spacetime commutation
relations

[𝑥̂𝑖 , 𝑥̂ 𝑗 ] = i 𝜃𝑖 𝑗
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by Hermitian operators 𝑥̂𝑖 acting on a separable Hilbert space H . The algebra A(R𝑝

𝜃
) of

functions on the Moyal space is represented onH through the linear Weyl transform

𝑓 (𝑥) ↦−→ 𝑓̂ = 𝑓 (𝑥̂ ) :=
∫
R𝑝

d𝑝𝑘
(2𝜋) 𝑝 𝑓̃ (𝑘) exp( i 𝑘𝑖 𝑥̂𝑖) .

This is indeed a representation of A(R𝑝

𝜃
),

𝑓̂ 𝑔̂ = �𝑓 ★ 𝑔 , (7.5)

showing that the star-product is the pullback to the space of functions onR𝑝 of the compos-
ition of operators onH , and in this sense quantizes the classical Poisson algebra determined
by the bivector 𝜃. Moreover, spacetime averages of fields are represented by traces of oper-
ators onH : ∫

R𝑝

d𝑝𝑥 𝑓 (𝑥) = Tr ( 𝑓̂ ) .

We will construct this representation in a way which mimicks the definition of the
Moyal-Weyl star-product (5.6), and consequently makes manifest the duality between non-
commutative position and momentum spaces. For this, we introduce Hermitian coordinate
operators 𝑟̂ 𝑖 onH for 𝑖 = 1, . . . , 𝑝 which form a commuting set:

[𝑟̂ 𝑖 , 𝑟̂ 𝑗 ] = 0 . (7.6)

We also introduce anti-Hermitian operators 𝜕𝑖 on H for 𝑖 = 1, . . . , 𝑝 which act through
outer derivations on the algebra generated by 𝑟̂ 𝑖 as

[𝜕𝑖 , 𝜕 𝑗 ] = 0 , [𝜕𝑖 , 𝑟̂ 𝑗 ] = 𝛿𝑖
𝑗 . (7.7)

The mutually commuting coordinate operators 𝑟̂ 𝑖 have a simultaneous complete sys-
tem of orthonormal eigenstates |𝑥⟩ ∈ H , labelled by 𝑥 ∈ R𝑝 , which form the Schrödinger
representation of the commutation relations (7.6) and (7.7):

𝑟̂ 𝑖 |𝑥⟩ = 𝑥𝑖 |𝑥⟩ , |𝑥⟩ = exp(−𝑥𝑖 𝜕𝑖) |0⟩ .

Ordinary fields 𝑓 (𝑥) onR𝑝 are then represented through superpositions of these coordinate
eigenstates as

| 𝑓 ⟩ =

∫
R𝑝

d𝑝𝑥 𝑓 (𝑥) |𝑥⟩ , 𝑓 (𝑥) = ⟨𝑥 | 𝑓 ⟩ .

In other words, the spectrum of the commutativeC-algebra generated by 𝑟̂ 𝑖 for 𝑖 = 1, . . . , 𝑝
is the ordinary Euclidean spaceR𝑝 .

Now we represent the noncommuting coordinates 𝑥𝑖 and covariant derivatives ∇𝑖 on
the Hilbert spaceH by the Hermitian operators

𝑥̂𝑖 = 𝑟̂ 𝑖 + i
2 𝜃

𝑖 𝑗 𝜕 𝑗 , 𝑝𝑖 = − i 𝜕𝑖 − 1
2 𝐵𝑖 𝑗 𝑟̂

𝑗 , (7.8)
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which are analogous to the familiar Bopp shift of canonical quantum mechanics. In the
Schrödinger representation |𝑥⟩, they coincide respectively with the operators (4.2) and (4.6)
that appeared in the quantum mechanics of a charged particle in a constant magnetic field.
From (7.6) and (7.7) it follows that the operators (7.8) obey the commutation relations

[𝑥̂𝑖 , 𝑥̂ 𝑗 ] = i 𝜃𝑖 𝑗 , [𝑝𝑖 , 𝑝 𝑗 ] = − i 𝐵𝑖 𝑗 , [𝑝𝑖 , 𝑥̂ 𝑗 ] = i
(
1 − 1

4 𝐵 𝜃
)
𝑖
𝑗 . (7.9)

Note that the operators 𝑝𝑖 and 𝑥̂ 𝑗 are not canonically conjugate unless one of the background
fields 𝐵 or 𝜃 vanishes.

With this representation the field theory defined by (7.3) becomes a “matrix model”
with action

𝑆cov = Tr
[
𝜓(𝑥̂ )†

(
𝒑̂2 + 𝑚2) 𝜓(𝑥̂ ) + (

𝜓(𝑥̂ )† 𝜓(𝑥̂ )
)2
]
, (7.10)

where

Ĥ𝐵 𝜓 = 𝒑̂2 𝜓 := [𝑝𝑖 , [𝑝𝑖 , 𝜓 ]]

is the representation of the Landau Hamiltonian (7.4) on the Hilbert spaceH .
At the special point in the moduli space of this theory where

𝜃

2
=

(𝐵
2

)−1
, (7.11)

it follows from the commutation relations (7.9) that the action (7.10) has a huge symmetry
under rotations of the operators 𝜓(𝑥̂ ) by the gauge group U(A(R𝑝

𝜃
)) ⊂ 𝑈 (H) ≃ 𝑈 (∞)

in the unitary group of the separable Hilbert spaceH :

𝜓(𝑥̂ ) ↦−→ 𝑈 (𝑥̂ ) 𝜓(𝑥̂ ) , 𝑈 (𝑥̂ ) ∈ U
(
A(R𝑝

𝜃
)
)
.

In the star-product formulation, it follows from (7.5) that these unitary rotations translate
into finite “star-gauge” transformations

𝜓(𝑥) ↦−→ (𝑈 ★𝜓) (𝑥) .

This𝑈 (∞) symmetry corresponds to an invariance of the action (7.3) under deformed
canonical transformations of R𝑝 with the Poisson structure 𝜃 = 4𝐵−1 [128]. At this point
the quantum field theory is exactly solvable and resembles a “discrete Z2” noncommut-
ative gauge theory, in the spirit of the Connes-Lott model from §§3.3. We will encounter
this 𝑈 (∞) symmetry again in §§8.1 during our treatment of noncommutative Yang-Mills
theory.

For generic moduli (𝜃, 𝐵), it was shown in [122] that the quantum field theory has a
duality under Fourier transformation of the scalar fields. In particular, the duality sends the
noncommutativity parameters (𝜃, 𝐵) to (𝜃−1, 𝐵−1) while rescaling the spacetime coordin-
ates 𝑥 to

𝑥̃ = 2 𝜃−1 𝑥 .
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Both the classical action (7.3) and all quantum correlation functions are symmetric under
this duality. The special point (7.11) is the self-dual point, where the duality covariance
becomes an exact invariance of the theory, and resembles the formal “zero rank” limit
of open string T-duality of noncommutative Yang-Mills theory on a 𝑝-torus T𝑝 that we
discussed in §§5.5.

7.3. The Grosse-Wulkenhaar Model

In real noncommutative 𝜙4-theory, the analog of coupling to a magnetic background is
the addition of a background harmonic oscillator potential to the standard kinetic operator
Δ = 𝜕𝑖 𝜕

𝑖 as

Δ ↦−→ Δ + 1
2 𝜔

2 𝑥̃2 . (7.12)

This noncommutative field theory is known as the Grosse-Wulkenhaar model [99–101]:
The real Euclidean scalar quantum field theory with action

𝑆GW =

∫
R𝑝

d𝑝𝑥
(1
2
𝜕𝑖𝜙 ★ 𝜕

𝑖𝜙 + 𝜔
2

2
(𝑥̃𝑖 𝜙) ★ (𝑥̃𝑖 𝜙) +

𝑚2

2
𝜙 ★ 𝜙 + 𝜆

4!
𝜙 ★ 𝜙 ★ 𝜙 ★ 𝜙

)
is symmetric under the position/momentum space duality

𝑘𝑖 ←→ 𝑥̃𝑖 = 2 𝜃−1
𝑖 𝑗 𝑥

𝑗

induced by Fourier transformation of fields. This covariant model is renormalizable to
all orders in 𝜆: The confining harmonic oscillator potential serves as an infrared cutoff,
and is the unique one with the UV/IR duality symmetry that makes the field theory just
renormalisable.

The remarkable renormalisability features of the Grosse-Wulkenhaar model have been
studied from various points of view, see e.g.[74,75,103,159]. It presents a novel renormal-
ization group flow that corresponds to a new mixture of standard ultraviolet and infrared
notions. For example, at the self-dual point

𝜔 = 1

where the quantum field theory is invariant under the UV/IR duality, the beta-functions for
the coupling 𝜆 and frequency 𝜔 vanish:

𝛽𝜆 = 𝛽𝜔 = 0 .

Among other things, this implies that there is no Landau ghost (renormalons), and hence
a non-trivial nonperturbative completion of the Grosse-Wulkenhaar model is believed to
be possible. This is in marked contrast to the situation in the usual commutative 𝜙4 field
theory.

A particularly appealing feature of the Grosse-Wulkenhaar model is that the quantum
field theory can be reformulated as the 𝑁 → ∞ limit of an 𝑁 × 𝑁 matrix model in an
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external field, by expanding the scalar fields in the basis of Landau wavefunctions, i.e. the
eigenfunctions of the Landau Hamiltonian (7.4) at the self-dual point (7.11). There is no
analogue of such a natural matrix regularization in ordinary quantum field theory. We will
return to the relation between noncommutative field theories and matrix models in §8.

In spite of its technical appeal, some conceptual issues surround this model, most not-
ably the physical origin and meaning of the “magnetic background” 𝜔. In [44] a geometric
origin of the modification (7.12) was derived in the matrix model formulation, relating the
harmonic potential term to the coupling of the scalar fields with the background curvature
of a noncommutative space obtained via finite-dimensional matrix truncation of the Heis-
enberg algebra (5.8).

7.4. Braided Quantum Field Theory

Another approach to renormalizable noncommutative field theory is by modifying the path
integral directly, rather than the classical theory. This is called braided quantum field theory.
The renormalization properties of braided quantum field theory are very different. In partic-
ular, UV/IR mixing seems to be far less severe and maybe even absent [23,43,80,82,149].
Among other features, this approach restores full Poincaré invariance of noncommutat-
ive field theory through the notion of twisted symmetry discussed in §§6.4, which in this
framework is more natural to delineate as a ‘braided symmetry’.

A concrete rigorous way of defining these models is via Oeckl’s algebraic approach
to braided quantum field theory, which is based on braided versions of Wick’s Theorem
and Gaussian integration [150,162]. A more recent systematic approach employs the mod-
ern purely algebraic formalism of Batalin-Vilkovisky (BV) quantization, as developed by
Costello and Gwilliam [68], which avoids explicit path integral techniques altogether. The
braided generalization of the BV formalism is dual to the braided 𝐿∞-algebras that construct
braided field theories which are equivariant under the action of a triangular Hopf algebra,
with braided commutative fields [33, 71–73, 89, 148]; in particular, it has no known path
integral formulation. In all examples studied thus far, the general feature appears to be
that braided quantum field theories are free from UV/IR mixing, at least in the absence of
non-abelian gauge symmetries.

One main advantage of the braided BV formalism is that it is naturally equipped to
handle braided gauge symmetries [71, 89, 148], in contrast to the approaches of Oeckl
and others. Braided gauge symmetries are based on braided Lie algebras, which are Lie
algebras in the braided monoidal representation category of a triangular Hopf algebra. A
natural class is provided by twisting the bracket [−,−]𝔤 of a Lie algebra 𝔤 of infinitesimal
symmetries of a manifold 𝑀: this defines a braided Lie bracket

[𝑋,𝑌 ]★𝔤 := [−,−]𝔤
(
F−1 ⊲ (𝑋 ⊗ 𝑌 )

)
=

[
F−1
(1) ⊲ 𝑋 , F−1

(2) ⊲ 𝑌
]
𝔤
,

of 𝑋,𝑌 ∈ 𝔤. Unlike the star-commutators which preserve the Lie algebra structure, by con-
struction the braided Lie bracket is braided antisymmetric,

[𝑋,𝑌 ]★𝔤 = −
[
R−1
(1) ⊲ 𝑌 , R−1

(2) ⊲ 𝑋
]★
𝔤
,
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and obeys a braided Jacobi identity.
Contrary to star-gauge symmetries, braided gauge symmetries define braided deriva-

tions:

𝛿𝜉 ( 𝑓 ★ 𝑔) = 𝛿𝜉 𝑓 ★ 𝑔 +
(
R−1
(1) ⊲ 𝑓

)
★ 𝛿R−1

(2) ⊲𝜉
𝑔 .

It should be stressed though that the notion of braided gauge symmetry is not so recent,
as kinematical aspects of this idea appeared long before in e.g. [42]. What is new is the
systematic organisation of the gauge invariant dynamics of these theories in the language
of braided 𝐿∞-algebras as well as the computation of quantum correlation functions using
the braided BV formalism and homological perturbation theory. In particular, the formal-
ism is naturally tailored to handle noncommutative gravity with twisted diffeomorphism
symmetry in the first order formalism [70,71, 184].

Further details about the UV/IR mixing problem in noncommutative scalar field theory
and its resolution in braided quantum field theory can be found in the contribution of Marija
Dimitrijević Ćirić to this volume. As with the Grosse-Wulkenhaar model, while technically
appealing there is no explicit physical realisation yet of braided quantum field theories as
effective theories, for instance in string theory or other models of quantum gravity, which
typically dictate the use of the ordinary Feynman path integral measure.

8. Yang-Mills Matrix Models and Fuzzy Field Theories

To close off our overview of noncommutative field theories, in this final section we dis-
cuss the intimate and natural relationship between noncommutative Yang-Mills theory and
matrix models, that collectively go under the name of ‘Yang-Mills matrix models’. We
focus, in particular, on the natural ultraviolet regularizations that matrix models can provide
through the finite size of matrices. Among other remarkable features which are absent in
the commutative case, this can be used to provide a nonperturbative constructive definition
of noncommutative gauge theory. These types of noncommutative field theories are also
called fuzzy field theories, and they are a topic of vast investigation and activity in their own
right, particularly for numerical investigations. Fuzzy field theories can be quantized in a
completely rigorous way which avoids the functional analytic complications of continuum
field theories. They are also interesting examples of noncommutative field theories.

8.1. Reduced Models and Emergent Phenomena

Consider the noncommutative Yang-Mills action (5.9) for a 𝑈 (1) gauge field 𝐴𝑖 (𝑥) on
Euclidean spacetimeR𝑝 with the Moyal-Weyl star-product (5.6) and metric 𝐺 = 1:

𝑆YM = − 1
4𝑔2

YM

∫
R𝑝

d𝑝𝑥 𝐹𝑖 𝑗 ★ 𝐹𝑖 𝑗 ,

where the field strength tensor is given by

𝐹𝑖 𝑗 = 𝜕𝑖𝐴 𝑗 − 𝜕 𝑗𝐴𝑖 − i [𝐴𝑖 ★, 𝐴 𝑗 ] .
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This action is invariant under infinitesimal star-gauge transformations (5.11). As discussed
in [128], these generate an infinite-dimensional gauge symmetry group which can be iden-
tified with the infinite unitary group 𝑈 (∞), similarly to the infinite unitary symmetry
discussed in §§7.2. This owes to the fact that noncommutative gauge transformations gener-
ally mix colour and spacetime degrees of freedom through the star-product, and correspond
to “quantum deformations” of canonical transformations of the Poisson manifold (R𝑝 , 𝜃).
This geometrical description is important for gravitational applications.

The appearance of 𝑈 (∞) gauge symmetry can be best understood by rewriting the
action in terms of the covariant coordinates introduced in §§6.2:

𝑋𝑖 = 𝜃−1
𝑖 𝑗 𝑥

𝑗 + 𝐴𝑖 .

Recall that in these coordinates, noncommutative gauge transformations (5.11) act as inner
automorphisms of the algebra A(R𝑝

𝜃
):

𝛿★𝜆 𝑋𝑖 = i [𝜆 ★, 𝑋𝑖] .

In particular, the derivative operators 𝜕𝑖 can be removed entirely from the noncommutative
gauge theory action by representing them as the inner derivations − i 𝜃−1

𝑖 𝑗
[𝑥 𝑗 ★, −], so that

𝐹𝑖 𝑗 = − i [𝑋𝑖 ★, 𝑋 𝑗 ] + 𝜃−1
𝑖 𝑗 .

The covariant coordinates are elements of the abstract algebraA(R𝑝

𝜃
). We use the Weyl

transform of §§7.2 to map 𝑋𝑖 to Hermitian elements 𝑋𝑖 of the algebra

K = K(H)

of compact operators acting on a separable Hilbert spaceH . In the following we drop the
hat symbols on operators for brevity. The finite𝑈 (∞) gauge symmetry of noncommutative
Yang-Mills theory is then realised through inner automorphisms parametrized by the gauge
groupU(K):

𝑋𝑖 ↦−→ 𝑈 𝑋𝑖𝑈
† , 𝑈 ∈ U(K) . (8.1)

Informally, we may regard the covariant coordinates as infinite matrices 𝑋𝑖 ∈ Mat(∞),
where

Mat(∞) = lim−−→
𝑁 ∈N

Mat(𝑁)

is a direct limit of finite rank matrix algebras, which is dense in K (with respect to the
operator norm topology).

In this way spacetime derivatives completely disappear in the rewriting of noncom-
mutative Yang-Mills theory in terms of covariant coordinates, and spacetime integration



Noncommutative Geometry of Gravity, Strings and Fields 49

acts as a trace on the noncommutative algebra of fieldsA(R𝑝

𝜃
), represented on the Hilbert

spaceH . Thus the noncommutative gauge theory becomes a matrix model [13, 133]

𝑆YM = − 1
4𝑔2

YM

𝑝∑︁
𝑖, 𝑗=1

Tr
(
− i [𝑋𝑖 , 𝑋 𝑗 ] + 𝜃−1

𝑖 𝑗

)2 (8.2)

with no reference to spacetime. The action (8.2) is manifestly invariant under unitary trans-
formations (8.1). This theory formally makes sense for finite rank matrices 𝑋𝑖 ∈ 𝔲(𝑁), and
even more generally when 𝑋𝑖 are elements of a quadratic Lie algebra 𝔤 with a central ele-
ment. In particular, there are no non-trivial outer automorphisms, and all automorphisms
of the noncommutative algebra of fields are realised as gauge symmetries in this rewriting.

We stress that although any noncommutative field theory is formally a matrix model,
insofar as any noncommutative algebra can be represented as operators on a separable
Hilbert space, what is remarkable here is the disappearance of the infinitesimal outer auto-
morphisms 𝜕𝑖 from the action. For instance, this is in marked contrast to the matrix model
representation (7.10) of the noncommutative scalar field theory (7.3), which even at the
self-dual point (7.11) involves an external field in its kinetic term. There is no analogue of
this manipulation in ordinary Yang-Mills theory.

The large 𝑁 matrix model (8.2) is called a twisted reduced model. It can be regarded
as the dimensional reduction of ordinary 𝑈 (𝑁) Yang-Mills theory in 𝑝 dimensions to a
point, i.e. by restricting the Yang-Mills action to constant gauge fields; the ‘twist’ 𝜃−1

𝑖 𝑗
is

a background flux which modifies the vacuum structure of the theory. When 𝑝 = 10 the
matrix model without the twist defines the bosonic part of the Ishibashi-Kawai-Kitazawa-
Tsuchiya (IKKT) model, which conjecturally provides a concrete nonperturbative definition
of type IIB string theory [110]. In particular, a natural regularization of the path integral
is provided by the matrix rank 𝑁: the measure is the 𝑁 → ∞ limit of the translationally-
invariant Haar measure inherited from the bi-invariant Haar measure on the Lie group
𝑈 (𝑁)×𝑝 . The action (8.2) extends to a holomorphic function on the spaceC𝑝 ⊗Mat(𝑁).

The Yang-Mills equations of motion in this rewriting take the form
𝑝∑︁
𝑖=1
[𝑋𝑖 , [𝑋𝑖 , 𝑋 𝑗 ]] = 0 , 𝑗 = 1, . . . , 𝑝 . (8.3)

That is, the non-local partial differential equations for noncommutative Yang-Mills theory
become algebraic equations. The vacuum solution of (8.3) is given by flat connections,
𝐹𝑖 𝑗 = 0, which satisfy

[𝑋𝑖 , 𝑋 𝑗 ] = − i 𝜃−1
𝑖 𝑗 . (8.4)

This shows that the noncommutative gauge degrees of freedom are fluctuations around the
canonical noncommutative spacetime (2.1). This is somewhat similar in spirit to the emer-
gence of gauge fields through fluctuations of a Dirac operator that we discussed in §§3.3.

However, this model is intrinsically infinite-dimensional and hence perturbative: as
usual with Heisenberg-type commutation relations, there are no finite 𝑁 × 𝑁 solutions to
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the vacuum equations (8.4). But there is a finite-dimensional version of noncommutative
gauge theory that provides a nonperturbative regularisation, and provides a constructive
definition of noncommutative Yang-Mills theory as a quantum field theory within a rigor-
ous framework.

A nonperturbative finite 𝑁 definition of noncommutative Yang-Mills theory is provided
by the action [8]

𝑆TEK = − 1
4𝑔2

YM

∑︁
1⩽𝑖≠ 𝑗⩽𝑝

e −2𝜋 i𝑄𝑖 𝑗/𝑁 Tr
(
𝑈𝑖𝑈 𝑗 𝑈

†
𝑖
𝑈
†
𝑗

)
, (8.5)

where𝑈𝑖 ∈ 𝑈 (𝑁) and𝑄𝑖 𝑗 = −𝑄 𝑗𝑖 ∈ Z for 𝑖, 𝑗 = 1, . . . , 𝑝. The path integral measure is the
bi-invariant Haar measure on𝑈 (𝑁)×𝑝 . By identifying the 𝑁 × 𝑁 unitary matrices

𝑈𝑖 = exp( i 𝑎 𝑋𝑖) ,

where 𝑎 is a dimensionful lattice spacing, in the double scaling limit 𝑎 → 0 and 𝑁 → ∞
with

𝜃−1
𝑖 𝑗 =

2𝜋 𝑄𝑖 𝑗
𝑁 𝑎2

held finite, the action (8.5) becomes the action of the reduced model (8.2).
The unitary matrix model defined by (8.5) is the twisted Eguchi-Kawai model [90]. It

was originally derived as the one-plaquette reduction of Wilson’s lattice gauge theory in 𝑝
dimensions with multivalued gauge fields and background ’t Hooft flux, which is equivalent
to ordinary Yang-Mills gauge theory in the large 𝑁 planar ’t Hooft limit where 𝑎→ 0 and
𝜃𝑖 𝑗 →∞. The periodicity of the lattice in the present context is a nonperturbative form of
UV/IR mixing; in particular, the noncommutative planar limit does not commute with the
commutative limit 𝜃𝑖 𝑗 → 0.

For finite values of 𝑁 , the matrix model (8.5) corresponds to a noncommutative version
of lattice gauge theory under a finite-dimensional version of the Weyl transform from §§7.2,
where 𝑁 is related to the size of the periodic lattice [9, 10]. The vacuum equations define
the ’t Hooft algebra

𝑈𝑖𝑈 𝑗 = e 2𝜋 i𝑄𝑖 𝑗/𝑁 𝑈 𝑗 𝑈𝑖 , (8.6)

which can be realised by twist-eating solutions constructed from 𝑆𝑈 (𝑁) clock and shift
matrices. These are the defining relations of a 𝑝-dimensional ‘fuzzy torus’, where one
regards the generators 𝑈1, . . . , 𝑈𝑝 as the 𝑝 exponential functions corresponding to the 𝑝
one-cycles of the torus. We will discuss this background further in §§8.3 for the case 𝑝 = 2.

Noncommutative tori also emerge as solutions in toroidal compactification of the IKKT
matrix model [63]. Let T𝑝 be the rectangular 𝑝-dimensional torus whose 𝑖-th one-cycle
has radius 𝑅𝑖 > 0. Compactification on T𝑝 is defined by restricting the action (8.2) to a
subspace where an equivalence relation

𝑋𝑖 ∼ 𝑋𝑖 + 2𝜋 𝑅𝑖1 (8.7)
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is satisfied by the covariant coordinates. The action is well-defined on this subspace if it
depends only on the equivalence classes, that is,

𝑆YM (𝑋𝑖 + 2𝜋 𝑅𝑖1) = 𝑆YM (𝑋𝑖) , 𝑖 = 1, . . . , 𝑝 .

By invariance of the IKKT model under finite unitary transformations of the covariant
coordinates (8.1), this can be achieved by realising the equivalence relation (8.7) as unitary
gauge equivalence through the quotient conditions

𝑋𝑖 + 2𝜋 𝑅𝑖 𝛿𝑖 𝑗1 = 𝑈 𝑗 𝑋𝑖𝑈
−1
𝑗 , 𝑖, 𝑗 = 1, . . . , 𝑝 , (8.8)

where𝑈 𝑗 are unitary. Taking the trace of both sides of (8.8) shows that they cannot be solved
by finite-dimensional matrices 𝑋𝑖 when 𝑅𝑖 ≠ 0. Hence we seek perturbative solutions 𝑋𝑖
and𝑈 𝑗 which are operators on a separable infinite-dimensional Hilbert spaceH .

It is straightforward to derive from the quotient conditions (8.8) that, for each pair
𝑖, 𝑗 ∈ {1, . . . , 𝑝}, the operator𝑈𝑖𝑈 𝑗 𝑈−1

𝑖
𝑈−1
𝑗

commutes with all 𝑋𝑘 for 𝑘 = 1, . . . , 𝑝. The
natural choice is to set it equal to a scalar operator 𝜆𝑖 𝑗1 on H with 𝜆𝑖 𝑗 ∈ C. Unitarity
implies that 𝜆𝑖 𝑗 = e 2𝜋 i 𝜃𝑖 𝑗 , for some 𝜃𝑖 𝑗 ∈ [0, 1), which leads to the algebra

𝑈𝑖𝑈 𝑗 = e 2𝜋 i 𝜃𝑖 𝑗 𝑈 𝑗 𝑈𝑖 .

These are just the defining relations for the generators of the noncommutative torus T𝑝

𝜃
.

Now the quotient conditions (8.8) are simply the Leibniz rule for the components 𝑋𝑖
of a connection on a projective module H over the noncommutative torus T𝑝

𝜃
. It follows

that toroidal compactification of the IKKT matrix model is Yang-Mills theory on a non-
commutative torus [63]. The relation between the noncommutative torusT𝑝

𝜃
and the fuzzy

torus defined by the ’t Hooft algebra (8.6) in the large 𝑁 limit is described in [120]; in par-
ticular, Morita equivalent noncommutative tori arise from the same scaling limit of fuzzy
tori in this sense.

More general noncommutative spacetimes are obtained as non-vacuum solutions of the
Yang-Mills equations (8.3) satisfying[

𝑋 𝑖 , 𝑋 𝑗
]
= i 𝜃𝑖 𝑗 (𝑋) .

Noncommutative geometries such as fuzzy spheres and other fuzzy spaces of various
dimensions generically appear as classical solutions of Yang-Mills matrix models. They
describe brane configurations in string theory, see e.g. [3, 4] as well as [178] for a general
review of how D-branes arise as states of noncommutative field theories. Thus (noncom-
mutative) spacetime emerges as a dynamical effect in the matrix model.

This perspective has been used to develop models of emergent gravity, which clarifies
the origin of gravity in noncommutative gauge theory [160, 172, 197]. In 𝑈 (𝑁) noncom-
mutative Yang-Mills theory, the 𝑈 (1) “photon” is really a graviton, defining a non-trivial
geometric background coupled to 𝑆𝑈 (𝑁) gauge fields. In this setting, a dynamical quantum
spacetime relates gravity to quantum fluctuations of the covariant coordinates 𝑋 𝑖 of space-
time at the Planck scale, and noncommutative field theory arises from field dependent
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fluctuations of spacetime geometry; again this is similar in spirit to the coupling of gravity
to gauge fields through fluctuations of a Dirac operator discussed in §§3.3. This model
is similar to general relativity for weak curvature, and it suggests a new approach to the
quantization and unification of gravity with gauge theory; in particular, flat space is stable
in this theory at one-loop order. See [173] for an early review on the subject, while a more
recent thorough account is found in the text [174].

Emergent gravity also provides a beautiful interpretation of the problem with UV/IR
mixing discussed in §§7.1 [98]. UV/IR mixing only arises for the abelian 𝑈 (1) ⊂ 𝑈 (𝑁)
degrees of freedom. Integrating out the noncommutative gauge fields involving the 𝑈 (1)
sector UV/IR mixing terms in the region of momentum space

𝑘 < Λ < ΛNC =
1
√
𝜃

yields a one-loop effective action that includes an induced Einstein-Hilbert action, with
the gravitational constant 𝐺 determined by the ultraviolet cutoff Λ. In this picture, UV/IR
mixing arises due to a non-renormalizable gravitational sector in the infrared.

A somewhat different perspective on the emergence of (noncommutative) gravity in
noncommutative gauge theory has also been recently established using more modern double
copy techniques [112,185,186]. See also [121] for an earlier perspective based on the tele-
parallel equivalent of general relativity.

In the remainder of this contribution we describe two explicit examples illustrating how
effective field theories on the fuzzy space solutions of the Yang-Mills equations are built.

8.2. Field Theory on the Fuzzy Sphere

A classic example of a fuzzy space is the two-dimensional fuzzy sphere [107, 131], on
which field theory can be defined and analysed using familiar techniques from the algebra
of angular momentum in quantum mechanics. For an integer 𝑁 > 1, consider the spin

𝛼 =
𝑁 − 1

2
irreducible representation (𝛼) of the Lie algebra 𝔰𝔲(2) of 𝑆𝑈 (2), with dimension 𝑁 . Its
Hermitian generators 𝑋𝑖 = 𝑋†𝑖 for 𝑖 = 1, 2, 3 satisfy the fuzzy sphere relations which com-
prise the 𝔰𝔲(2) Lie algebra

[𝑋𝑖 , 𝑋 𝑗 ] = i ℓ𝑁 𝜖𝑖 𝑗𝑘 𝑋𝑘 , (8.9)

together with the Casimir constraint
3∑︁
𝑖=1

𝑋2
𝑖 = 𝑅2

1 , (8.10)

where 𝑅 > 0 is the radius which is quantized in units of the noncommutativity parameter
ℓ𝑁 through

ℓ𝑁 =
2𝑅√︁

(𝑁 − 1) (𝑁 + 1)
.
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The quantization of 𝑅 is induced by its relation (8.10) to the quadratic Casimir invariant
of the spin 𝛼 representation of 𝔰𝔲(2), which is quantized. The generators 𝑋𝑖 span the unital
∗-algebra

A(S2
𝑁 ) = EndC (𝛼) = (𝛼) ⊗ (𝛼)∗ ≃ Mat(𝑁) ,

which we regard as the ‘algebra of functions’ on a fuzzy sphere S2
𝑁

of radius 𝑅. Under
this isomorphism we identify the 𝔰𝔲(2) Lie bracket with the matrix commutator. As an
𝔰𝔲(2)-module, the algebra A(S2

𝑁
) decomposes into irreducible representations as

A(S2
𝑁 ) ≃

𝑁−1⊕
𝐽=0
(𝐽) . (8.11)

Differential operators representing the components 𝐿𝑖 of angular momentum on the
fuzzy sphere are realised as the inner derivations 1

ℓ𝑁
[𝑋𝑖 ,−] of the algebra A(S2

𝑁
). Free

real scalar field theory on the fuzzy sphere is then defined by the action [94]

𝑆0 =
1
2

4𝜋
𝑁

TrΦ
(
Δ + 𝑚2) Φ

for a Hermitian element Φ ∈ A(S2
𝑁
), where the fuzzy Laplacian Δ : A(S2

𝑁
) −→ A(S2

𝑁
)

is the linear map

Δ(Φ) =
1
ℓ2
𝑁

3∑︁
𝑖=1
[𝑋𝑖 , [𝑋𝑖 ,Φ]] .

The fuzzy Laplacian is diagonalised by the 𝑁2 fuzzy spherical harmonics

𝑌 𝐽𝑗 ∈ A(S2
𝑁 )

for 0 ⩽ 𝐽 ⩽ 𝑁 − 1 and −𝐽 ⩽ 𝑗 ⩽ 𝐽, with the eigenvalue equation

Δ(𝑌 𝐽𝑗 ) = 𝐽 (𝐽 + 1)𝑌 𝐽𝑗 .

They form an orthonormal basis of A(S2
𝑁
),

4𝜋
𝑁

Tr(𝑌 𝐽𝑗 †𝑌 𝐽
′
𝑗′ ) = 𝛿𝐽𝐽 ′ 𝛿 𝑗 𝑗′ ,

satisfy the reality condition

𝑌 𝐽𝑗
† = (−1)𝐽 𝑌 𝐽− 𝑗 ,

and obey the associative fusion algebra

𝑌 𝐼𝑖 𝑌
𝐽
𝑗 =

∑︁
0⩽𝐾⩽𝑁−1
−𝐾⩽𝑘⩽𝐾

(−1)2𝛼+𝐼+𝐽+𝐾+𝑘
√︁
(2𝐼 + 1) (2𝐽 + 1) (2𝐾 + 1)

×
(
𝐼 𝐽 𝐾

𝑖 𝑗 −𝑘

) {
𝐼 𝐽 𝐾

𝛼 𝛼 𝛼

}
𝑌𝐾𝑘 ,
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where ( ) (resp. { }) are the Wigner 3 𝑗 (resp. 6 𝑗) symbols of 𝔰𝔲(2).
When the scalar fields Φ are expanded in the basis of fuzzy spherical harmonics, inter-

action vertices in this theory are expressed in terms of 3 𝑗 and 6 𝑗 symbols. For the interacting
action of Φ4-theory

𝑆int =
𝜆

4!
4𝜋
𝑁

TrΦ4 ,

the vertex is given by

𝐼
𝐽1 · · ·𝐽4
𝑗1 · · · 𝑗4 =

𝜆

4!
𝑁

4𝜋
(−1)𝐽1+···+𝐽4

4∏
𝑖=1

√︁
2𝐽𝑖 + 1

∑︁
0⩽𝐽⩽𝑁−1
−𝐽⩽ 𝑗⩽𝐽

(−1) 𝑗 (2𝐽 + 1)

×
(
𝐽1 𝐽2 𝐽

𝑗1 𝑗2 𝑗

) (
𝐽3 𝐽4 𝐽

𝑗3 𝑗4 − 𝑗

) {
𝐽1 𝐽2 𝐽

𝛼 𝛼 𝛼

} {
𝐽3 𝐽4 𝐽

𝛼 𝛼 𝛼

}
. (8.12)

This vertex is invariant under cyclic permutations of the pairs (𝐽𝑖 , 𝑗𝑖) for 𝑖 = 1, . . . , 4.
To quantise the theory with action 𝑆0 + 𝑆int, we follow the path integral quantization pre-

scription proposed originally in [94]. The path integral is defined by the finite-dimensional
integral over the fuzzy angular momentum modes of the scalar fields. For example, the
propagator is

𝛥𝐽𝐽
′

𝑗 𝑗′ = 𝛿𝐽𝐽 ′ 𝛿 𝑗 𝑗′
1

𝐽 (𝐽 + 1) + 𝑚2 . (8.13)

The one-particle irreducible two-point function at one-loop order is obtained by contracting
two legs in (8.12) using the propagator (8.13). This leads to the finite sum

𝛤
(2)𝐾𝐾 ′
𝑘𝑘′ =

𝜆

96𝜋
𝛿𝐾𝐾 ′ 𝛿𝑘+𝑘′ ,0

∑︁
0⩽𝐽⩽𝑁−1
−𝐽⩽ 𝑗⩽𝐽

𝐼𝐾𝐽𝐽𝐾
′

𝑘 𝑗 𝑗𝑘′

𝐽 (𝐽 + 1) + 𝑚2 . (8.14)

The two-point function (8.14) receives both planar and non-planar contributions [56],
corresponding to whether neighbouring or non-neighbouring legs are contracted. The com-
mutative limit is 𝑁 → ∞ with 𝑅 fixed, whereby the commutators in (8.9) vanish and the
algebra A(S2

𝑁
) becomes the commutative algebra of functions on the usual sphere S2 of

radius 𝑅; see [157] for a precise rigorous description of this limit. In this limit the planar
contribution coincides precisely with the corresponding logarithmically divergent terms
on the classical sphere, whereas the non-planar contribution is an analytic function of the
noncommutativity parameter 1

𝛼
; that is, no infrared singularity develops and there is no

UV/IR mixing problem on the fuzzy sphere. On the other hand, in the double scaling limit
𝑁 →∞ and 𝑅 →∞ with

𝜃 =
2𝑅2

𝑁

fixed, the fuzzy sphere S2
𝑁

becomes the Moyal plane R2
𝜃
, and one recovers the UV/IR

mixing phenomenon [56].
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By construction, the fuzzy sphere algebra A(S2
𝑁
) = (𝛼) ⊗ (𝛼)∗ is covariant under

the adjoint action of the Lie algebra 𝔰𝔲(2). It has a well-known three-dimensional 𝔰𝔲(2)-
equivariant differential calculus Ω•A(S2

𝑁
), the Chevalley-Eilenberg differential graded

algebra of 𝔰𝔲(2) in the representation (8.11):

Ω•A(S2
𝑁 ) = A(S2

𝑁 ) ⊗∧•𝔰𝔲(2)∗ .
This enables the construction of fuzzy field theories with gauge symmetries, such as Chern-
Simons and Yang-Mills theories, among others; see e.g. [46, 97, 114, 131] for early works
on the subject. The action with Yang-Mills and Chern-Simons terms describes the low-
energy effective field theory on D-branes in the 𝑆𝑈 (2) WZW model, viewed as the target
space S3 with 𝐻-flux at large radius [3].

8.3. Field Theory on the Fuzzy Torus

The two-dimensional fuzzy torus is another classic example of a fuzzy space which dates
back to Weyl’s early work on quantum mechanics [194]. It also serves as an interesting
and tractable finite-dimensional example for structural constructions in noncommutative
geometry [26,28,120]. For an integer 𝑁 > 1, the unital ∗-algebraA(T2

𝑁
) of the fuzzy torus

T2
𝑁

is the ’t Hooft algebra C[𝑈1,𝑈2] whose unitary generators𝑈𝑖 for 𝑖 = 1, 2 are subject
to the fuzzy torus relations

𝑈1𝑈2 = 𝑞𝑈2𝑈1 , 𝑈𝑁𝑖 = 1 ,

where
𝑞 = e 2𝜋 i /𝑁

is a primitive 𝑁-th root of unity. The algebra A(T2
𝑁
) is also isomorphic to the matrix

algebra
A(T2

𝑁 ) ≃ Mat(𝑁) ,
which can be realised explicitly by representing 𝑈1 and 𝑈2 respectively as the traceless
𝑆𝑈 (𝑁) clock and shift matrices

𝑈1 =

©­­­­«
1 0 · · · 0
0 𝑞 · · · 0

0 0
. . . 0

0 0 0 𝑞𝑁−1

ª®®®®¬
, 𝑈2 =

©­­­­«
0 0 · · · 1
1 0 · · · 0

0
. . . 0 0

0 0 1 0

ª®®®®¬
.

As previously, free scalar field theory on the fuzzy torus is defined by the action

𝑆0 =
1
2

1
𝑁

TrΦ
(
Δ + 𝑚2) Φ

for a Hermitian element Φ ∈ A(T2
𝑁
), where the fuzzy Laplacian Δ :A(T2

𝑁
) −→A(T2

𝑁
)

is the linear map

Δ(Φ) = − 1(
𝑞1/2 − 𝑞−1/2)2

2∑︁
𝑖=1

[
𝑈𝑖 ,

[
𝑈
†
𝑖
,Φ

] ]
.
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It is diagonalised by the 𝑁2 fuzzy plane waves

𝑒𝑘 = 𝑈
𝑘1
1 𝑈

𝑘2
2 ∈ A(T2

𝑁 ) ,

for 𝑘 = (𝑘1, 𝑘2) ∈ Z×2
𝑁

, where Z𝑁 = {0, 1, . . . , 𝑁 − 1} is the cyclic group of order 𝑁 . The
eigenvalue equation is

Δ(𝑒𝑘) =
(
[𝑘1]2𝑞 + [𝑘2]2𝑞

)
𝑒𝑘 ,

where

[𝑛]𝑞 =
𝑞𝑛/2 − 𝑞−𝑛/2

𝑞1/2 − 𝑞−1/2 =
sin

(
𝜋 𝑛
𝑁

)
sin

(
𝜋
𝑁

)
for 𝑛 ∈ Z are 𝑞-numbers.

The fuzzy plane waves form an orthonormal basis

1
𝑁

Tr(𝑒†
𝑘
𝑒𝑙 ) = 𝛿𝑘,𝑙 .

They also satisfy the reality property

𝑒
†
𝑘
= 𝑞−𝑘1 𝑘2 𝑒−𝑘 ,

and obey the fusion algebra

𝑒𝑘 𝑒𝑙 = 𝑞−𝑙1 𝑘2 𝑒𝑘+𝑙 .

Consider now the interacting action of Φ4-theory

𝑆int =
𝜆

4!
1
𝑁

TrΦ4 ,

with the scalar fields Φ expanded in the basis of fuzzy plane waves. This leads to the
interaction vertex

𝐼𝑘1 · · ·𝑘4 =
𝜆

4!
𝑞

∑
𝑖< 𝑗

𝑘𝑖1 𝑘 𝑗 2
𝛿𝑘1+···+𝑘4 ,0 .

Again this vertex is invariant under cyclic permutations of 𝑘 𝑖 for 𝑖 = 1, . . . , 4.
Path integral quantization is defined by the finite-dimensional integral over the fuzzy

Fourier modes of the scalar fields. Then the propagtor is

𝛥𝑘,𝑙 = 𝛿𝑘,𝑙
1

[𝑘1]2𝑞 + [𝑘2]2𝑞 + 𝑚2
.

The one-particle irreducible two-point function at one-loop order is given by the finite sum

𝛤
(2)
𝑝,𝑝′ =

𝜆

24
𝛿𝑝+𝑝′ ,0

∑︁
𝑘∈Z×2

𝑁

𝐼𝑝 𝑘 𝑘 𝑝′

[𝑘1]2𝑞 + [𝑘2]2𝑞 + 𝑚2
,
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receiving again contributions from both planar and non-planar Feynman diagrams. Scaling
limits on the fuzzy torus as 𝑁 → ∞ are discussed in [120] and related to continuum field
theories on both commutative as well as noncommutative tori.

The triangular group Hopf algebra

H = C[Z×2
𝑁 ]

has structure maps given by

𝚫(𝑘) = 0 ⊗ 𝑘 + 𝑘 ⊗ 0 , S(𝑘) = −𝑘 , 𝜀(𝑘) = 0 ,

for 𝑘 ∈ Z×2
𝑁

, and extended linearly. It acts on A(T2
𝑁
) via

𝑘 ⊲ 𝑈𝑖 = 𝑞𝑘𝑖 𝑈𝑖 , 𝑖 = 1, 2 .

This makes A(T2
𝑁
) into a braided commutative H-module algebra, with R-matrix

R =
1
𝑁2

∑︁
𝑠,𝑡∈Z×2

𝑁

𝑞𝑠2 𝑡1−𝑠1 𝑡2 𝑠 ⊗ 𝑡 ∈ H ⊗ H .

Thus scalar field theory on the fuzzy torus can also be quantized as a braided quantum field
theory [148]. However, what does not seem to be presently available is a suitable differential
calculus on the fuzzy torus that enables extensions to (ordinary or braided) gauge theories.
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