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Loop quantum gravity envisions a small scale structure of spacetime that is markedly different from
that of the classical spacetime continuum. This has ramifications for the excitation of matter fields
and for their coupling to gravity. There is a general understanding of how to formulate scalar fields,
spin % fields and gauge fields in the framework of loop quantum gravity. The goal of the present
work is to investigate kinematical aspects of this coupling.

We will study implications of the Gaufl and diffeomorphism constraint for the quantum theory:
We define and study a less ambiguous variant of the Baez-Krasnov path observables, and investigate
symmetry properties of spin network states imposed by diffeomorphism group averaging. We will
do this in a setting which allows for matter excitations of spin % and higher. In the case of spin %,
we will also discuss extensions of it by introducing an electromagnetic field and antiparticles. We
finally discuss in how far the picture with matter excitations of higher spin can be obtained from

classical actions for higher spin fields.

I. INTRODUCTION

The understanding of quantum matter fields combined
with a theory of quantum gravity is an important step
towards a grand unified theory. On the one hand, mat-
ter fields yield access to verifying the theory of quantum
gravity. On the other hand, quantum gravity can act
as a natural regulator of quantum matter which solves
conceptual problems in quantum field theory.

Loop quantum gravity uses a formulation of general
relativity as a constrained gauge theory, with a Gauf
constraint encoding SU(2) gauge invariance (invariance
under spatial frame rotations). It was realised early on
[1, 2] that, to solve the Gauss constraint, gravity and
fermionic excitations have to be coupled. A very com-
pelling picture emerges in which the fermions sit at the
open ends of gravitational spin networks. It was then re-
alised that to consistently deal with adjointness relations,
the density weight between the fermionic canonical vari-
ables has to be balanced [3]. Detailed derivations from
classical actions have been considered [4H6].

In the present work we expand on this in two ways.
On the one hand, the picture of spin % matter immedi-
ately suggests a generalisation to point excitations of spin
other than % We will use this general picture in most of
the work, and also begin a discussion of how it could be
derived from classical actions for fields of higher spin. On
the other hand, we investigate the consequences of Gaufl
and diffeomorphism constraint, by studying various ex-
amples of quantum states and by general considerations.

In section [[]] we generalise the matter Hilbert space
of [3] to excitations with arbitrary spin quantum num-
bers and use well-known methods to implement gauge
invariance [IJ, 2 [7]. In particular, we combine the idea
of the gauge invariant path observables of [2] with the
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quantum theory of [3] to obtain simpler gauge invariant
observables.

In section we discuss the implementation [SHIO]
of symmetry under spatial diffeomorphisms in detail.
For the case of spin % we make sure that we can
remove gauge transformations from the diffeomorphism
constraint locally, to obtain a constraint that generates
exclusively local spatial diffeomorphisms. We then
discuss symmetry properties of the quantum states
imposed by the diffeomorphism constraint and the
statistics of the matter fields in examples. It turns
out that assuming the spin statistics connection from
quantum field theory, simple rules can be formulated for
certain symmetric states to vanish with the implemen-
tation of the diffeomorphism constraint.

In section [[V] we suggest candidates for the classical
actions describing the semiclassical limits of the consid-
ered quantum theory. A Hamiltonian formulation yields
contributions to Gauf}, diffeomorphism and Hamilton
constraint constraints from the matter action, but also
new constraints. We make some simple observations
about this constrained Hamiltonian formulation, but
also point out thorny issues that makes those classical
theories quite complicated.

In section an embedding of a U(1) gauge symmetry
into the theory for Dirac fermions is considered. The
theory of electromagnetism is already well understood
within the context of vacuum loop quantum gravity [11],
and the coupling to fermions is contained in [4]. Our
discussion leads to a formulation of positive and negative
electromagnetic charges or particles and antiparticles,
respectively.

Throughout the paper, we use the signature (— + ++)
for the metric. The spatial slice the canonical theory
will be based on is denoted by 3. Four-dimensional
spacetime indices are denoted by lower case Greek let-
ters u, v, p, ... € {0, ...,3}. Spatial indices are denoted by
lower case letters a,b,c,... € {1,2,3}.
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Indices which correspond to a spin % representation
of SU(2) are denoted by capital letters A, B,C € {1,2}.
Spin 1 representations are denoted by lower case letters
starting with 4,7, k,... € {1,2,3} and four-dimensional
spin 1 (Dirac) representations are denoted by capital let-
ters starting with I, .J, K,... € {0,1,2,3}. Higher spin
representations are built by the symmetrised direct sum
of Dirac representations and are indexed by the multi-
indices denoted by capital script letters &/, %,€,... €
{4,i,(A1A243), ...}

II. LOOP QUANTUM GRAVITY WITH
MATTER FIELDS

In this section, we will sketch the construction of an
unconstrained Hilbert space for gravity and matter of ar-
bitrary spin, and the implementation of the Gauss con-
straint. This is a natural generalisation of the construc-
tion of [3]. We also consider the generalization of natu-
ral observables first suggested in [ [7] and later studied
in [2]. Using creation and annihilation operators, which
both act pointwise, enables us to reduce an ambiguity of
these path observables [2].

Let us start with matter-free loop quantum gravity.
The gravitational observables act on cylindrical functions
which form the Ashtekar-Lewandowski Hilbert space

Hnr, = L*(o,dpar) (IL.1)
via multiplication of holonomies and the action of the
derivation Xg, respectively [12]

i (h). U[A] = m; (h), [A]W]A],

/qu —(XL)[A].

(I1.2)

(IL.3)

The matter degrees of freedom are described by a Fock
space based on point-like excitations. The total uncon-
strained Hilbert space can hence be described by the ten-
sor product

H = @ Ft (fi@) : (I1.4)

where #* denotes the (anti)symmetric Fock space over
the one particle Hilbert space

A = @ o+,

TEX

(IL5)

This can be equivalently written as
A = {f:% — C¥*|f(x) # 0 for finitely many z}

(IL6)
(IL7)

(F1F) =" f@)
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The matter Fock space comes with creation and

annihilation  operators satisfying the canonical
(anti)commutation relations

[9(1.)%7 GT (y)%’} + = &%dry (HS)

[0(x),6(y)®] , =0 (IL.9)

where we denoted the indices ranging over the spin j rep-
resentation space by the script letters &f, 3B. These can
be constructed by 2j many symmetrised Weyl spinor in-
dices. x,y are points in the spatial slice 3. Note that the
creation and annihilation operators can be constructed
to both act as a spacetime scalar and hence pointwise
3]

On the way towards a physical Hilbert space, we need
to implement the Gauss constraint. For this, we only re-
gard quantum states lying in the kernel of the quantum
Gauss constraint operator, or equivalently states that are
invariant with respect to the unitary action U, of gauge
transformations generated by the Gauss constraint oper-
ator. The action of U, readsﬂ

Ugmj (he) Uyt = g(s(e)) - mj (he) - g7 (t(e)),  (IL11)
Ugﬂ(sc)U;1 = g(z) - 0(x), (I1.12)
Uy0' (z)U, ' = 0"(z) - g~ (x) (I1.13)

When implementing the Gauss constraint, we arrive at
the Hilbert space of SU(2) invariant states. One suitable
basis is given by a generalisation of spin network states,
which also admit spin representations of matter fields at
the vertices of the underlying spin network graph. We
want to characterise these in the following subsection.

A. Generalised Spin Network States

The kinematic Hilbert space is spanned by the tensor
products of spin network states with Fock states. To
implement the Gauss constraint, one can follow either
refined algebraic quantisation [9, [I4] or a reduced phase
space quantisation both yielding the same result.

We have to filter for all states which are invariant under
gauge transformations [, [4] leaving only certain com-
binations of holonomies, intertwiners and matter fields
where the gauge transforamtion cancels. Given a graph
«v and a set of matter fields 0,,,...,0,,, together with
- we can now deduce the characteristics of
the quantum states in the Hilbert space #; of gauge
invariant states with the following characteristics:

1 Note that we are using the convention that the first index of he
transforms at s(e) and the second one at ¢(e). At the same time,
we are using the convention for e o f, which is used in [I3], such
that he - hf = heof holds.



= The matter field 6 has to be attached to a vertex
of the underlying graph . This might also be a
2-valent vertex, although we do not consider them
in the vacuum theory.

= For an n-valent vertex with a single matter field
of spin j attached, only intertwiners of the form

Vi1 ® e @ = ] (IL.14)

can be gauge-invariantly coupled with 8. In partic-
ular, the set of spin quantum numbers (j1, ..., Jn)
is restricted by the Clebsch-Gordan rules for spin
coupling.

= For an n-valent vertex with an arbitrary number N
of particles, only intertwiners of the form

L1 ®...®Fy — k (I1.15)
can be gauge-invariantly coupled. Again, the set
of spin quantum numbers (ji,...,j,) is restricted
by the theory of spin coupling. Here k denotes a
spin quantum number the N particles can couple
to. k is restricted by Clebsch-Gordan theory to be
in the set

ke{0,1,...,N-j}

13
k — = N-jop.
or 6{2’27 ) j}

The second set is valid only for N odd and j half-
integral. If we assume anti-commutation relations,
as known as fermionic quantisation, then the total
spin is further bounded by a total number of 25 +
1 particles or equivalently k£ < j + % — % This
encodes the finiteness of the antisymmetrised Fock
space at any point.

(11.16)

(IL17)

In particular, N = 0 reduces to the vacuum spin
network case. Furthermore, we can generalise this
for mixing different types (spins) of particles at one
and the same point. Then, we would get the ten-
sor product of coupled spin variables k1, ..., k; each
corresponding to one specific type. The intertwiner
then has the form

L1 R . ®Jn > k1 Q... R K. (I1.18)

= ]-valent vertices, i.e. single starting- or endpoints
of holonomies, are compatible with matter fields
attached. As the corresponding intertwiner has to
couple to 0, only a spin k representation of the said
holonomy qualifies for a gauge invariant spin net-
work state.

The total Hilbert space of gauge invariant states is then
spanned by the states described above. Another way
to describe the gauge invariant states is that they are
obtained by a pairing (summation over the free indices)

3/2
1/2

1 1/2

Figure 1. Exemplary generalised spin network state. Vertices
with a spin % particle are depicted by stars and vertices with-

out matter by dots. The spin % particles couple to the star
intertwiner gauge invariantly. For the sake of clarity, arrows

depicting the direction of the edges are omitted.

of a generalized spin network as defined in [I2] with a
suitable matter state with particle excitations at the non-
gauge invariant vertices.

We complete the discussion on the implementation of
the Gauss constraint by discussing an example of such a
generalised spin nework state shown in There,
we can see a graph with spin % particles denoted by stars,
which lie at the vertices. The black dots on the other
hand denote vertices without matter. We might have
also sketched a pair of spin % particles, but they will
have no effect to the state. Single particles do influence
the spin quantum numbers of the adjacent holonomies as
they have to couple to j = % in order to yield a gauge in-
variant state in total. The generalised spin networks can
be formulated with arbitrary particle types with an ade-
quate pictorial notation. To keep the example simple, we
leave it by inserting spin % particles only. Furterhrmore
note that we did not depict the directions of the edges in
for the sake of clarity. The direction can indicate
index positions of holonomies and intertwiners. However,
using the respective (pseudo-)metric, we can arbitrarily
lower and raise the indices and therefore change the di-
rections of the edges, anyway.

B. Path Observables

After we have introduced the Hilbert space #y of
gauge invariant generalised spin network states, we will
now face the natural question of how to create and an-
nihilate particles. Obviously, it is not possible to create
or annihilate a single spin % particle without leaving #¢.
Instead, we can introduce operators which are coupled
gauge invariantly.

[1L [7] suggests to couple creators and annihilators by
holonomies. The idea was continued by [2]. However
there, the annihilation operator is a density of weight
one. Therefore, every appearing annihilation operator
has to be smeared gauge covariantly, i.e. with a holon-
omy with variable endpoint lying within an open subset
R C ¥ whose closure is compact. To do this in a well-



defined manner, an arbitrary but fixed rule of how to
construct the edge ey, and therefore the holonomy he_,
with fixed starting point p and variable endpoint p’ has
to be applied. This is necessary since there are a pri-
ori infinitely many different edges with specific starting-
and endpoints when integrating over the endpoint of the
holonomy hepp,.

In our case, using the scalar creation and annihilation
operators of [3], this complication is bypassed. A gauge
invariant creation operator of two different chiral compo-
nents may take the form

(I.19)

where p,q € ¥ and e(0) = p, e(1) = g we depicted this so
called path observable also by a graph with the stars in-
dicating creation of, in this case, two Weyl spinors. The
direction of e is again implicitly encoded in the starting
and endpoint p,q. The order of the action of the opera-
tors follows the convention that the symbol on the right
acts first (just as in the algebraic formulae).

The operator acts on a generalised spin network
state by generating a matter field at the point p, a spin %
holonomy along the edge e and a matter field at the point
q. The resulting state can be written again as a linear
combination of spin network states now corresponding to
a potentially larger graph.

If we wanted to define an operator which annihilates
a particle at one or both endpoints of the holonomy, we
have to be careful whether one uses already the smeared
version of the annihilation operator or the version of [I]
of the annihilation operator. With the smeared version
GAL, we can define, for instance

A A t
0f ym1 (he)” 5 02 = i S— (11.20)

0 of

where we depicted the annihilation operator by an empty
circle. The operator now annihilates a particle at
the point p, creates a holonomy along e and creates a
particle at the endpoint ¢ of the holonomy. Since the
particles 6 are indistinguishable, this operator effectively
transports a particle lying at p along e to q.

For the sake of completion, we also show the last vari-
ant of the path observables including two spin % fermions
and one holonomy

<.
Il
S

Al A BCpt _ 6f ot
Oy amy (he) b0 = Yoo

(I1.21)

Given a particle of higher spin, we can define the creation
two matter fields, for instance
R PR
Gfed@wj (he) @ Hqg, (II.22)
which creates two spin j particles at the points p,q € X
and a spin j holonomy inbetween.
The last operator we want to draw attention to can be
obtained as a special case of (I1.20f) by choosing a trivial

edge and p = ¢ and consequently also a trivial holonomy
T (he) = 1. We end up with the operator

01,04 = ‘”@9 = N+1, (I1.23)

P

which creates and afterwards annihilates a particle 6 at
the point p. This operator is related to the well known
number operator N in quantum field theory. It can be
also shown [15] that the (anti)commutator of the path
observables - and form again path
observables if the holonomies meet at endpoints. This
statement still holds when using the scalar creation and
annihilation operators. For two edges e(0) = p,e(l) =
f(0) =q, f(1) = r, for example, we find

eof
0

e I
ek o———*i] =%, (IL.24)

which is a direct consequence of the canonical
(anti)commutation relations of 6,6 and h.. One can
read such that stars and open circles can be linked
to a longer holonomy. Indeed [2] [I5], this rule applies to
all possible combinations of path observables. If there
are multiple possibilities to link stars and circles, we will
be left with a linear combination of those links. On
the other hand, if there is no such possibility, then the
(anti)commutator vanishes. (Anti)Commutators involv-
ing the number operator also behave in the same way, for

+

[
instance
[‘ﬁ @9 ot ! 0 0 ! 0
v 3 = ek,
q q L .
(I1.25)
With the operators introduced in this section we have
found an intuitive formulation of creation and annihila-
tion of parts of generalised spin network states including

matter fields. As a next step, we want to take a look
at the diffeomorphism constraint and its effect on the



quantum states.

III. DIFFEOMORPHISM SYMMETRY

On the way to a quantum theoretical formulation of
matter fields, we need to understand the symmetries of
the theory. The generators of these symmetries are be-
sides the Gauss constraint — on a kinematical level — also
the diffeomorphism constraint. In this section, we will
start with the standard derivation of the diffeomorphism
constraint for vacuum loop quantum gravity [8, 13| and
extend it exemplarily by the contribution from Dirac the-
ory of spin % particles [4, [16]. We will then discuss the
action of the constraint in the quantum theory, and the
symmetry properties it imposes upon states.

A. The Generator of Purely Spatial
Transformations

From the combined action of Holst gravity [17] with
Dirac fermions we can read off the smeared diffeomor-
phism constraint [4]

V(N) = / dz® NV,
b
- / da:?’N“(lEfFjb—i—
» K

+5 (€9l +p'Dup—ce) ), (L)
where ¢ and p are left- and right-handed half-density
spinors in the Weyl representation as defined in [3] and
P the SU(2) covariant derivative. However, following
the standard discussions of the vacuum theory [13], [I§],
we do not stick to as a diffeomorphism constraint.
We will rather add a term proportional to the Gauss
constraint, with which we might define a new constraint
within the same constraint algebra. Using integration
by parts and vanishing boundary conditions, we find the
following form of the new constraint:

W(N) = /Z dz® (NV, — N®ALG;)
— / dm3<E§1 (0N A} + NP9, AL) +
b

+ %N“ (€10, + pfdup — c.c) ) (111.2)
The constraint W(N) is what is often called the dif-
feomorphism constraint in the literature [13| 19, 20].
The reason for this name becomes apparent when cal-
culating the action of on the phase space vari-
ables. Furthermore, it is important to note that the
constraint W (N) is dependent on a section in the prin-
cipal fibre bundle, which is in general only defined lo-
cally. Hence, we cannot subtract the terms encoding

the gauge transformations for any diffeomorphism but
only on those with a support in an open neighbour-
hood around a given poinﬂ The Poisson brackets of the
constraint with respect to the phase space coordinates
(Be, & p, Al it ipt) read

{W(z\?), E} = NY9,E¢ — ,N°E? + 9, N*E¢

= (PZLRE)] (IIL.3)
{W(N), 4} = 0N 4} + N'9, 4]
= (PZLzA) (IIL.4)
{W(z\?),g} — N99,¢ + %&N“f
= PPk (IIL5)
{W(J\?), ng} = N9, (i€") + %(%N“ (i€h)
= P Fit (I1L6)

and analogously for p and pf. The right hand side of
7 describes the infinitesimal action of a finite
spatial diffeomorphism, which is in particular the flow of
the vector field N. This is why we call the right hand
side of - the Lie derivative [13| [16]. The Lie
derivative has been chosen to act trivially in the local
trivialisation chosen for the connection and the fields like
F in associated bundles. In the chosen trivialisations, the
constraint W(J\_f ) thus ”ignores” the internal structure of
the phase space variables completely.

For the original vector constraint V(N) we find the
following Poisson relations

{V(N), Eg} =P B!+ N'AJE} — N°G;

= S5E — N°G; (ITL7)
{V(ﬁ), A;} = P2 AL+ D, (NV4))
= oAl (IIL8)
{V(N) e} =Pz e+ NP Ajre
= Pt (ITL.9)
(VN igh} = P2 (i€h) + N'alr; (i€")
=2y (i€"). (111.10)

We see that V(N) gives the desired Poisson relations
which are gauge covariant Lie derivatives of the canoni-
cal variables except in ([IL7). Here, we have a term left
which is proportional to the Gauss constraint. From a
classical point of view, at least all the phase space vari-
ables which lie on the constraint hypersurface are trans-
formed by V(N ) as expected for a gauge covariant dif-
feomorphism. If we consider the complete phase space

2 As a matter of fact, this might yield non-trivial effects depending
on the topology of X.



a priori, then we will see that E is transformed like
a spacetime vector density and a gauge covector plus a
term which is proportional to its covariant divergence.
We conclude this subsection by pointing out the dif-
ference of the actions of the spatial diffeomorphism con-
straint W(ﬁ ) and the gauge covariant diffeomorphism

— —

constraint V(NN). While W(N) generates the action (via
pullback) of diffeomorphisms of ¥ on phase space func-

tions (see (IIL3- [[IL6)), the action of V(N) is more

subtle and involves changes in the internal space. In
particular, since it is gauge invariant in itself, its ac-
tion on holonomies can not change the position of their
endpoints. Rather it will generate diffeomorphisms that
leave these endpoints fixed. Since the constraints V()

—

and W (N) only differ by a term proportional to G;, they
generate the same closed constraint algebra. This be-
comes apparent when looking at the Poisson relations
involving G(A) and W (N), for instance

{G(A),G(A)} = G([A, A1) (IIL.11)
{G(A),W(N)} = =G(PZ M) (II1.12)
{W(N), W (M))} = W([N, M)). (I11.13)

The Poisson brackets involving G(A) and V(N) are also
closedﬂ These take the same form as in matter-free loop
quantum gravity [21I, 22]. Therefore, in the quantum
theory we will implement the symmetry group Dif f(M)
consisting of spatial diffeomorphisms only.

B. Diffeomorphism Invariant Spin Network States
with Matter Fields

In generally covariant theories, the diffeomorphism
symmetry ensures that physical information may only be
extracted from the equivalence classes of diffeomorphism
invariant states. In particular, the absolute point inside
the spatial hypersurface p € 3 has no physical relevance,
rather we can deform ¥ by semi-analytic diffeomorphisms
and do not change any physical observable. In matter-
free loop quantum gravity, states fulfilling the diffeomor-
phism constraint are obtained via an averaging method
[8, [10} 18] yielding equivalence classes of deformed states.

It will make a significant difference what conditions
are imposed on the diffeomorphisms which constitute the
diffeomorphism symmetry. This has been discussed al-
ready in previous work [8, 23]. We will work in the semi-
analytic category [24].

In the following, we will be particularly interested in
the interplay between the (anti)symmetrization imposed
on quantum states that are based on graphs with symme-
tries by the diffeomorphism constraint on the one hand,

3 We also stay with a closed Poisson algebra when taking into
consideration the Hamilton constraint H(N).

and the (anti)symmetrization of the state due to the
statistics of the matter field on the other. The fact that
(anti)symmetry is imposed in some cases due to the dif-
feomorphism constraint is a novel feature in loop quan-
tum gravity.

The spin network decomposition of the Hilbert space
K¢ contains all the spin network states that admit mat-
ter fields at the vertices of v such that they are lying in
the kernel of the Gauss constraint. Let Diff (X) denote
the group of semi-analytic diffeomorphisms. We will con-
sider the following subgroups

Diff, = {6 € Diff(2)]6(7) =) (IT.14)
TDift, = {¢ € Diff, |¢(e) = e and ¢(v) = v

Ve € E(7),v € V(v)}
as, — Diff

(I11.15)

’Y/TDiffW' (IT1.16)
The group Diff, consists of those diffeomorphisms which
map the graph v onto itself, while TDiff., maps the graph
trivially onto itself, i.e. it maps every edge e € E(7)
and every vertex v € V() onto itself. Note that this
also ensures that all fermions are mapped along with the
vertex they are attached to in the first place, as the dif-
feomorphism constraint can be reduced to spatial dif-
feomorphisms. The quotient of Diff, and TDiff,, again
forms a group whose elements we call graph symmetries
¢ € GS,. These describe the permutations of edges and
vertices within the graph ~, which can be achieved by a
semi-analytic diffeomorphism. In particular, the number
of graph symmetries # GS, is finite.

We define the diffeomorphism invariant states by av-
eraging over all the diffeomorphisms ¢ € Diff (X) taking
two steps. First we define the action of a projection op-
erator P, on a spin network state ¥, corresponding to
the graph v

(I11.17)

Here, U¢ acts on the spin network state by mapping edges
of holonomies and vertices of intertwiner as well as the
vertices where a matter field is attached:

U¢he = h¢(e) U¢L =1 U¢,9p = 9¢(p)- (IT1.18)
In the second step, we average over the rest of the dif-
feomorphism group, namely the diffeomorphisms ¢ €
Diff (2)/Diﬂﬂ,’ which move the graph ~. This group,
however, has infinite cardinality, such that we have to
define the state (7(¥,) | in the dual space Z¢ with the

following action on a spin network state &, € #

() |@a) = > (UsPy 0, | Da).
$€T,,

(IT1.19)

In the literature, 7 is called the rigging map [8,[18]. Note
that as @, has a convergent norm, also the sum in ([11.19))



will be convergent such that (7(¥,) | is well-defined.

We want to understand the behaviour of spin network
states under diffeomorphism symmetry. We want to dis-
cuss a condition under which a spin network state will be
mapped to 0. This way, it is possible to identify states
that do not appear in nature as they are annihilated by
diffeomorphism symmetry. We want to discuss one suffi-
cient condition such that given a spin network state ¥
the group averaged state (n(¥,) | vanisheaﬂ

Lemma III.1. Let vy be a spin network graph and ¥ a
spin network state. If there exists a graph symmetry ¢ €
GS, such that UyV., = —W.,. Then the diffeomorphism
averaged state vanishes, in other words

(n() | = 0.

Proof. We prove the hypothesis by proving that the pro-
jection P, W, vanishes. As GS, is a group with finitely
many elements, we can rearrange the averaging sum in
the following way

(I11.20)

~ 1 N
Py, = ——— Uy
’Y’Y #GS’Y(z)GX:GS ¢ *y

1 X N
T ST UsTy+ Y Upoy ¥y
7\ ¢eas, #€GS,,

#€GS,, <GS,

1 N A
:m Z Up¥, + Z U¢U¢\If,\,)

1 A N

= 2as, | 2 D% 2 Usty | =0,
7\ ¢eas, #€GS,,

(I11.21)

where we used the group homomorphism property
Uypos = UypUy, which becomes apparent from the defi-
nition of U. In the first step, we permuted the finitely
many addends of the second sum adequately. It follows
that also (n(¥,)| = 0. O

In order to identify states which get annihilated due
to the diffeomorphism symmetry, it suffices to find one
graph symmetry which maps the spin network state ¥,
onto its own negative. As we require physical states to be
invariant under diffeomorphism symmetry, we may call
the states which satisfy the condition of Lemma
unphysical. Note, however, that this condition might
not be necessary for having an unphysical state, as we
can also imagine multiple addends cancelling only in the
ensemble but not two terms alone. In the following, we
will focus on the condition characterised by Lemma [[TL.1}

4 This was pointed out to one of the authors by Lewandowski [25]
in the context of loop quantum gravity without matter.

C. A Specific Spin Network Graph

If we consider the spin-statistics theorem known from
quantum field theory on curved spacetime [26] as a guid-
ing principle, we can study the behaviour of spin network
states under exchange of fermions or bosons by permut-
ing the respective vertices via a graph symmetry. The
exchange of the particles as well as the permutation of
edges on the graph will yield signs which may lead to
the condition needed for Lemma As spin network
graphs can, in general, be very asymmetric, i.e. there
might be only few or no non-trivial graph symmetries, we
can hardly make statements about the physicality of gen-
eral spin network states. Because of this, we start with
the simplest spin network state admitting two fermions
and consider a more general class of spin network states,
subsequently. Let us consider a state which consists of an
edge e with a vertex at the starting- and endpoint each

U, =0 eanmy (he)”c 05 |0)

=4
=C ek, - (I11.22)

Here, 64 creates a spin % fermion in the Weyl repre-
sentation. The state ¥, contains two fermions at two
distinct points p,q € X. Up to a constant C, which is
determined by normalisation of the intertwiner, we can
depict the algebraic formula of the spin network state by
a spin network graph. The fermions sitting at the in-
tertwiners at p and ¢ are depicted by a star. Although,
this graphical notation is very similar to the notation in
[2], there is a subtle difference between ([IL.22), which
is a state, and , which is an operator, having the
same graphical representation. When being applied to
the vacuum stateﬂ, the operator yields the state
(II1.22)). Thus, the similarity in the notation is justified.

The state ([II.22) can be generalised to a system of
two spin j € particles with a suitable gravitational
interaction inbetween

v, = epd(Lp)&l@Wj (he)@g eq%
e C- j R
p* ' q

where now m; (he)%gg is a spin j representation of SU(2),
t:j®j — 0 is the intertwining operator and 6 is a vector
in the spin j representation space of SU(2). The state ¥,
has one graph symmetry ¢ : ¥ — ¥, which maps

(I11.23)

p:prrgq p:1q—p perse . (I11.24)

The diffeomorphism ¢ exchanges the two particles and
hence is a good candidate for fulfilling the conditions of

5 The vacuum state is the Ashtekar-Lewandowski vacuum in the
gravitational sector and the Fock vacuum in the matter sector.
The former is uniquely fixed by spatial diffeomorphism invari-
ance, see [24] [27].



Lemma, [[II.1} Also here, the state (II1.23) can be read

in the two different ways, as a creation operator or as
the state per se. In the following, we will think about it
as creation operators, albeit it will not make a difference
taking the opposite perspective. If U creates the state
W, then the action of the Rigging map 7 on ¥ can be
expressed via the action on ¥ in the following way

n(10)) =n(w).

where |0) denotes the vacuum state. Let us apply the

diffeomorphism ¢ to (I11.23)) and get

(IT1.25)

. %
Up¥e = 9f(p)(L¢(p))d%7Tj (ho(e)) " 95((1)
_I\B
= ef(bq)ﬂﬁﬂj (he 1) % Hf.

In order to convert this expression into something compa-
rable to , we have to better understand the inter-
twiner ¢y which couples two general spin j holonomies.
To do this, we can use the fundamental representation of
SU(2) to build up any other irreducible representation.
In particular, we find the following

(IT1.26)

Lemma ITI.2. Let v : j®j — 0, € % be a gauge
invariant intertwiner of SU(2). It holds

tars = (~1)% 12, (1m.27)
i.e. the intertwiner is symmetric for integral spin and
anti-symmetric for half-integral spin.

Proof. We will proof this by giving an explicit construc-
tion of ¢. At first, note that the subspace of gauge invari-
ant intertwiner, which couple

JRIE0O1® ... ®2) (IT1.28)

is one-dimensional. If we therefore find one gauge-
invariant intertwiner ¢ as described above, it will be
unique up to normalisation.

We rewrite the indices uv as a number of 25 sym-
metrised spin % indices and make the educated guess

U(A1.Agy) (B Bay) = €(A1|(B1|--€|As)|Bay)s  (11L.29)

where we denote the symmetrisation grouping by a ver-
tical line |. Hence, (II1.29) is symmetric in A4, ..., As; as
well as in By, ..., Byj. To prove the intertwining property,
we will successively use the intertwining property of €

A B

) CTF% (g) p €AB = €CD, (IH.?)O)
with an arbitrary element g € SU(2). If we now build
7j (9) from 71 (g) analogously, we end up with the de-
sired intertwining property

A
L(Al...Azj)(Bl...sz)Tr% (g) Cy ™

(9)" ¢, ™3

J 2

B
(@)%, %

=

B .
X (9) 2]D2,- = U(C1...025)(D1...D3j)

(I11.31)

1
2

o B
— lyBT; (9) zTj (9) g = %92,

which proves (II1.29). Finally, we can read off

L(Ay...A2;)(B1...Bay) = (_1)2jL(Bl~~~sz)(A1~~-A2j)

Loy — (71)2ngg°Q¢, (11132)
yielding a sign factor —1 for each of the e in (I11.29)). O

We are now ready to take a closer look at ([11.26)) and
compare it to ([11.23|)

OgWe = (1g)asom; (h1) ", (06)
= (he)”y (tg)aw ((—1)7050)
= (=1)"7; (he)” (tg) ety O

=, (I11.33)

where we used the (anti)commutation relations of 6 in
the first step, the intertwining property in the second
step, and Lemma in the last step. From (I11.33]) we
deduce that the simple spin network graph survives the
diffeomorphism group averaging. However, if we were to
choose the opposite statistics, the state would lie inside
the kernel of the rigging map 7. Note that the above
considerations also hold true for any disjoint union of
an arbitrary spin network state with a pair of particles

(TIT.23).

D. Behaviour of General Spin Network States

It quickly becomes apparent that we cannot ensure
that there always exists a diffeomorphism which performs
the desired exchange of particles. A counter example can
be constructed from just by gauge invariantly
coupling a spin network on one of the star vertices but
not on the other one. This state can be written as

\Ijasymm = Fggpd(Lp)QM%Wj (he)gg% 95
J
(I1L.34)

where F? denotes a spin network graph which couples
to the rest gauge invariantly. As we can see, there is no
way to exchange the two particles without changing the
topology of the graph.

Still, we can study the behaviour on more general spin
network graphs, which do admit a graph symmetry ex-
changing two particles. If we generalise the state
by coupling the two spin % holonomies to spin 1 and by
closing the graph gauge invariantly, we get

lIjsymm,l = 9;;46.43’”% (hcl)BC (JT)iCDX

X 71% (hez)ED EEFagFi

N|=

1
2

(I11.35)



where (0,.); are the Pauli matrices, which couple 3 ®  ®
1 at r € X, and F', again, denotes an arbitrary spin
network graph, which couples the rest gauge invariantly,
and is invariant with respect to a diffeomorphism ¢,
which rotates p to g and he, to h., and vice versa. This
state is the loop quantum gravity analogue of the triplet
state in flat quantum field theory [28]. If we act with the
graph symmetry ¢, we get

c ()P

(he,)"p

U¢\I/Symm,1 = 0;4€AB771 ( ) X
X m

% GEFO FZ

_\Ilsymm,la

where we used the antisymmetry of the two Levi-
Civita symbols €45 and the symmetry of o8 and anti-
commuted the two fermions. We deduce that this state
will not survive the group averaging procedure, if we stick
to the spin-statistics connection. If there is a triplet state
in loop quantum gravity, it better not have a graph sym-
metry as described above.

From the previous calculations, it becomes clear that
given a spin network graph which has a suitable graph
symmetry the resulting sign is determined by the edge or
vertex, respectively, which intersects the symmetry axis.
Let us sketch the most general such spin network graph
including two particles

L tn—1
\I/general = - \-/ / ‘o *
* - -
\ en

(111.36)

€1

The graph symmetry @general Will exchange the two par-
ticles and map the edge e; to e,—;4+1 and vice versa as
well as the points where the intertwiner ¢; lies to ¢,,_;
and vice versa. In principle, there is also the possibility
that e; is mapped to e, ', (and vice versa) for some i.
This case is present when the direction of these edges is
flipped by @general, Which can, however, be transformed
to the previous case by inserting two intertwiners ¢

: _1\ %
i (he)” g = (=) ¥ igem; (h.1)" 7.

5 (I11.37)

The sign of appears twice as long as e,,—; # e; and
similar for the contribution of the intertwiner. Therefore,
the only contribution to the sign may arise from the ob-
ject attached to the centre of the graph. If n is odd, CEEEL
determines whether the state will survive the group av-
eraging, whereas for n even, 1z determines whether the
state will survive the group averaging.

Let us discuss the case for odd n first. With (II1.37)), we
can prepare the state such that we only have to con51der
how to resolve e a1 = en+1 . By preparing the direction

there has to

be one non-trivial 2-valent intertwiner 1y g, which takes
care of the direction of the edges, at the beginning- or
at the endSoint, but not at both points of the holonomy

of the edges symmetrlcally around €n+1,

;| he,y, |- Forinstance, the edges €n_1,€ni1 and Engs
2

may take the form

e

which needs an intertwiner tyg at the left vertex but
none at the right one. Alternatively, one can invert the
directions of en1 and €nts and get an intertwiner (7%

at the right vertex. The same argument holds for every
other edge, too. We can use ([11.37)) again, to reformulate

€ 14
—1
Ly & T <h6n+1 ) — Ly €T <hen+1>
2 B 2 B

€
= (—1)2jL@§g7Tj (henﬂ) .
2 o
(I11.39)

(I11.38)

)

Unfortunately, we cannot control what spin couples
to the many intertwiners inbetween the two particles.
Hence, the spin j of the holonomy lying in the centre
and the corresponding arising sign is not determined by
the spin of the particles 8. That way, the spin of the
holonomy intersecting the symmetry axis of ¢general has
to be of the same type (half-integral or integral) as the
spin of the particles 6.

If we have an intertwiner intersecting the symmetry
axis, the result is even more subtle. Let us sketch the
most general such intertwiner

(T11.40)

k ) k

)

where we depicted the rotation symmetry axis by a
dashed blue line. As we can see, holonomies which lie
on the opposite of the symmetry axis must carry the
same spin. Apart from that, holonomies might also lie
on the symmetry axis. Their spin is arbitrary and does
not underlie symmetry constraints, since they are invari-
ant under @general- Let the intertwiner (II1.40) be of the
form

L2 1O D e @ fin ® Jin @ Jrg1 ® Jyz — 0, (IIL41)

2

where the spins ji, ..., j, appear double for they are cor-
responding to the holonomies with reflections, whereas
Jn+1 and jn4o represent the holonomies which lie on the
symmetry axis and hence only appear once. Without loss
of generality, we can ignore j,41 and j,49 in the follow-
ing considerations, as they do not contribute to a possi-
bly resulting sign. We can now expand the intertwiner
¢tz into a linear combination of intertwiners of 3-valent
vertices, where we can freely choose the coupling scheme
[29]. Consider the following expansion
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Jn
In
.............. .
Jn ki =1,
c | with e (11142
wpan k2 72 h k7 € {‘llikl—1|aal7+kz—1} ( )
[ T— kn,1 = ln
l2
k1 J2
4.7

where the black dashed lines depict SU(2) representa-
tions without simultaneously describing a parallel trans-
port in X, i.e. its beginning- and endpoint coincide. Note
that the spin quantum numbers [y, ...,1, as well as the
ki,...,k,_1 are always integers. The intertwiners of the
3-valent vertices represent the building blocks of
and are described by the Wigner 3j-symbols [29] [30],
which satisfy a number of symmetry identities, in par-
ticular

g g 1 _ (1) g g 1
mi m2 M3 mo M1 M3

This means that under the exchange of two identical spins
under @gencral, We gather a sign from the i-th branch if
2j; and [; are not both odd or both even. Consequently,
all the contributions are multiplied. Obviously, this is
again not a very strong statement, as we can produce
arbitrary signs within the span of .

This indefiniteness can be illustrated with the following
example

) . (II1.43)

W=

.............. .
%
kl = l17
1, with [ € {0,1},
k2 ko =13
‘ ..............
2
lh 1
1 ‘7 1
3 3 (II1.44)

with n = 3 and j; = jo = j3 = %, which is the case of a
6-valent vertex with six spin % holonomies. It holds that
2j; = 1 for all i = 1,2, 3. Hence, the sign depends on the
choice of the I;. However, we can choose [{ =1, =13 =1
on the one hand, and [y = I, = 1, I3 = 0 on the other
hand. The first intertwiner will not gather a phase when
applying Uy, .......» Whereas the second intertwiner gathers
a sign —1 when doing so.

To sum up, we found rules for certain symmetric states
to survive the diffeomorphism symmetry. Given a state
like ([I1.36]) and an intertwiner intersecting the symmetry
axis together with its expansion into the basis ,
we can tell from the statistics of the particles # which

(

components will survive or vanish after group averaging.
Specifically, fermions will let those components survive
which gather a total minus sign and bosons will let those
components survive which are invariant under the diffeo-
morphism ¢gcncral~

If we would extend the group of diffeomorphisms to
include also diffeomorphisms which are smooth except at
a finite number of points suggested by [23], the group
of graph symmetries of the spin network state (I1I.44))
is also significantly extended. It is possible to exchange
any two of the edges at the vertex ([11.44)), for instance.
However, this would generate both signs for [y =15 =1
and I3 = 0, i.e. the state does not survive the group
averaging irrespective of the statistics of the matter fields.
Apparently, this extended diffeomorphism group defines
another theory and makes clear that the initial choice
of the symmetry group is crucial for the analysis of the
kinematical Hilbert space.

IV. CLASSICAL ACTIONS

As we have seen, quantum matter fields can be nat-
urally coupled to holonomies which represent the fun-
damental building blocks of quantum geometry and are
built from representations of SU(2). To embed the dis-
cussions of the previous sections into a more complete
picture, we want to discuss the corresponding classical
theory from where we would start a canonical quantisa-
tion in the first place.

For the classical theory of spin % fields, we will review
the work [3] 4, [I6]. Subsequently, we generalise the idea
to spin 0 as well as higher spin fields. For this, we follow
the same steps of the canonical quantisation programme
as in the vacuum theory but now for an action

S = SGravity + SMatter- (IVl)

For spin % there is the well known Dirac action and the
action for higher spin fields was already investigated early
on [31) 32].

Note that the experimentally confirmed theories of
integral spin particles are actually Yang-Mills theories
of connection 1-forms. This puts us into a dilemma
of choosing between a Fock quantisation of integral
spin creators and annihilators or a loop quantisation of



the holonomies defined by path ordered exponentials of
connections (analogous to gravity degrees of freedom),
which would be a natural choice within the background-
independent loop quantisation of gravity. While a Fock
quantisation would fit better into the particle picture of
the previous sections, the loop quantisation of a Yang-
Mills action with an underlying gauge symmetry group
G is already well understood (see for instance [33] and
[34]). However, the corresponding G-holonomies decou-
ple from the gravitational holonomies such that the spin
interaction character of the particles is lost and the clas-
sical derivation would be inconsistent with the quantum
theory discussed above.

A. Dirac Spinors

Also in a gravity theory of fermionic matter, we can
achieve a Hamiltonian formulation. The Dirac action for
a spin % particle ¥ and its conjugate momentum II :=

V/det(g)¥T reads

SDirac = %/ﬂd‘lx\/—det(g) (%%gv,ﬂ/ — VN\IJ'yaeg\Il) ,
(IV.2)
with U = Wiy0 el being the tetrad field and V the

covariant derivative which annihilates e. The spatial part
of the corresponding connection can later be identified
with the Ashtekar connection A []. If we now introduce
a foliation described by lapse function N and shift vector
field N via n* = (T" — N*) and nq = —82. We can
then write the tetrad as

el =i"(e)h — nont, (IV.3)
with the triad el := i*(e)? being the pullback of the
tetrad onto the spatial hypersurface . We also de-
compose the Dirac spinor into two chiral components
U = (¢,n), which are both Weyl spinors. Plugging in
all these quantities and splitting up the derivatives into
the ones along the time vector field T* and the spatial
derivatives 9, the Dirac action takes the form of a con-
strained system with Dirac contributions to the Gauss,
diffeomorphism and Hamilton constraint [4].

The canonical variables are now given by the chi-
ral components (¢,7n) and their conjugate momenta
(my, ) = iy/det(g)(yT,n') satisfying the anti-Poisson
relations

{ (@), ")}, =0  {mpa(@),myny)}, =0

(IV.4)

{wA(l')ﬂTd)B(y)}i = 5§5I,ya (IV.5)

and similar for 1. Also the anti-Poisson relations which
mix 9 and 7 vanish. Note that the momenta 7, go with a
relative factor y/det(q) in comparison to the matter fields
1. It turns out that the discussion is being simplified by
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transforming the (spacetime scalar) Weyl spinors to half-
densities [3]

§ = Vdet(q)y

As a consequence, the conjugate momenta ¢, 7w, are also
half-densities. They satisfy the simple reality conditions

T, =ip'. (IV.7)

With both contributions, Holst and Dirac, the con-
straints can be written in the following form

and p = +v/det(q)n. (IV.6)

Te = Z'fT

1
Gi = DB} +i(€'é +p'7ip) (IV.8)
1. j
Va == EF;bE,? + % (ETgaé- + PTgap - C.C.) (IVQ)
1 ) )
H— 2[K,, K" — F')[E*, EY);
Ty ((2[Kq, Kb]" = Fiy)[E*, E);) +
E¢ , .
+ 7t @a TO—Z + Tal +
5 det(q)( (€' ¢+ plo'p)
+ (10" D — plot Dup — c.c)+
~Ki(¢te - pr>), (IV.10)

where the constant x has to be taken into account since
SHolst and Spirac carry different units.

The constraints can then be interpreted as the gen-
erators of gauge transformations as in matter-free loop
quantum gravity. The kinematical Hilbert space can then
be finally set up as a tensor product space of cylindrical
functions of holonomies h,. together with the antisym-
metric Fock space &~ (%£)) as discussed in
For a way to write the Fock space in which the states

are (wave) functions, in keeping with the gravitational
Hilbert space, see [3].

B. Integral Spin Quantum Fields
1. The Spin 0 Field

Before we consider higher spin quantum fields, we want
to shortly discuss the classical theory of a spin 0 and a
spin 1 field explicitly. As a first step, let us take a look
at the real, massless Klein-Gordon field described by the
Klein-Gordon action

1
Ske =5 [ dioy/=detlglg 2,09,0.  (V.11)
M

Since the matter fields ¢ are spacetime and SU(2) scalars,
the covariant derivatives can also be replaced by partial
derivatives.

We can perform a Legendre transformation transform-
ing the metric by ADM variables [35] and with respect
to ¢ and its conjugate momentum

oz /det(q) "
= 00 N (=00 + N0, 0) (IV.12)



The term 7rgz.5 can be manipulated in such a way that the
canonical variables are both half-densities

£ =+/det(q)¢ and m= T

Vi (IV.13)

In this case, we will have to keep the covariant deriva-
tives in order to absorb the half-density factor inside the
matter field ¢. However, the transformation to the half-
density ¢ changes the symplectic structure. We can go
back to canonical variables by redefining the Ashtekar
connection. In the symplectic structure, we gather the
following excess term due to the product rule:

Tp = 7r§£ —meé (Iv.14)

The excess term can be reformulated in terms of the flux
variable Ef. In order to arrive there, we write

%, ( s det(Q)) 1., 1., (1v.15)
— = ab = 7761; ea. .
+/det(q) 4(1 dab B

We can use both expressions of ([V.15]) in the following
linear combination

% (V@) 3 1\ % (V)
CYdet(q) <2 - 2) V/det(q)

:% iq Qab+; %efe

= 67“]5“ (IV.16)

 4,/det(q)

We can combine the term ([V.16)) with the symplectic
term —FE2 A’ coming from the gravity action. Finally, the
new canonical variable, which is conjugate to E, reads

7,'

Aﬂ—)A _AZ+ —a
Wf& dt()

(IV.17)

This also means that every appearance of the Ashtekar
connection A in the Holst contributions of the constraints
has to be replaced by the new connection A minus the
excess term.

We can finally write down the constraints in terms of
the new canonical variables

Vo = 1e Do
1
3 (¢ Dal D€ + 72) .

(IV.18)

H = (Iv.19)
In these equations, 9, is the covariant derivative using
the Levi-Civita connection, which can be expressed in
terms of E. One can see that — as expected for a spin 0
field — there is no contribution to the Gauss constraint,
hence the gauge transformation of ¢ is trivial. The diffeo-
morphism constraint takes a similar form as in the Dirac
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case and can be proven to generate spatial diffeomor-
phisms. From this point on, we can follow the same steps
as in the Dirac case and describe the quantum theory by
a tensor product of the vacuum spin network states with
a Fock space of spin 0 particles. Finally, we end up with
a rather boring theory, since there is no constraint on
the entanglement of the spin 0 particles with the gravita-
tional holonomies but rather the particles may be placed
at any point in X, also displaced from the spin network
graph +. As the spin 0 particle is gauge invariant, we
would not expect anything different.

2. The Spin 1 Field

A more interesting theory emerges from an action of
the spin 1 particle. For the reasons discussed in the be-
ginning of this section, we will refrain from starting with
a Yang-Mills theory, although most of the experimen-
tally confirmed matter theories are Yang-Mills theories
of connection 1-forms in classical field theory of integral
spin matter fields. Rather we choose a minimal action
for a spin 1 particle inspired by the Klein-Gordon action.
A massive spin 1 particle can be described by a rank 1
tensor ¢y, I € {0,1,2,3} and the action [36]

S/d4

= 219" + €V, ehV,07)

Vaet(@) | = ¢ 0"V ,u61V 6+
(IV.20)

where we lower and raise internal indices I, J, ... with the
Minkowski metric n and V is the covariant derivative
with the spin connection w#I 7» which defines a parallel
transport of the spin 1 representations and is compatible
with the tetrad elﬂ.

If we were to consider a U(1) Yang-Mills theoryﬁ in-
stead, we might identify the connection 1-form 4, with
¢ in the following way

A, =e.or. (IV.21)

This transformation does not describe a symplectomor-
phism, since the symplectic structure is not conserved

E“A =ehim (éi¢] +el{q5]) =nl; —i—e’;éiﬂ'lqi;,
(IV.22)

where 7! denotes the conjugate momentum to ¢; and

L' the conjugate momentum to A,. The first term in

(IV.22) is the desired one but the second one is odd.
Note that in flat spacetime where we require eﬂ = Jﬁ,

6 The theory is, however, not U(1) invariant, since we include a
mass term.



the transformation is indeed a symplectomorphism. In

(IV.22) we used the identity

0L 9L 9¢
pr— 9L 0L 901 _ i (IV.23)
0A, ~ 06, 0A,
This brings us to the conclusion that the two theories to
describe a spin 1 field, which we suggested in the begin-
ning of this section, are not equivalent. Since the Yang-
Mills connection A, does not admit an SU(2) structure,
there is no interaction term including A and w, albeit it is
there for the action for the spin 1 field ¢. The matter field
A hence decouples from the SU(2) holonomies, which ap-
pear in the matter-free case. After having pointed out
this tension, let us go back to the action of the spin 1
field (IV.20)), which yields the equations of motion
GV Vb —mPor — el eV, V¢l =0, (IV.24)
If we contract (IV.24) with V,efn®! =: VI, then we get
the so called Lorentz condition
m2en’'V ¢ 5 = m*V'¢; = 0. (IV.25)
The Lorentz condition reduces the degrees of freedom
by 1, such that we end up with 3 degrees of freedom as
expected for a spin 1 particle. Note, however, that this
formulation is only valid if we impose m? # 0. If we
insert the Lorentz condition ([V.25)) into the equations
of motion (IV.24)), we can derive the spin 1 equivalent of
the Klein Gordon equation
9"V u Vb —m*¢r = 0. (IV.26)
We can perform a Legendre transformation analogous to
the spin 0 case before. The action can be written again
in terms of three constraints
I

S:/ d4x7rlg.ﬁ17
M
Ty

E ab I.J
5 det(q)<q n Va¢1Vb¢J+det(q)+

wo! oy + N7l V,gr+

+mPhr¢t —eiVa' Vg — wovlqﬁfﬂ . (V.2

where we again used the metric in terms of the shift
vector field N and the lapse function N being the La-
grange multipliers for the diffeomorphism and Hamilton
constraint. As in the matter-free theory, wq still has to
be reformulated to yield the Lagrange multiplier for the
Gauss constraint. The conjugate momentum 7 can be

spin 1 particle in flat
constraint  g(Y) =
Its Poisson bracket with

7 The constraint analysis for a
spacetime yields a  secondary
Js d3aY (05wt — (820 — m?)do).
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derived from (IV.20)) to be

wl = /det(q) (Zlvvosb’ - %wﬂ + n‘"vKasK) :
(TV.28)

We can read off that ¥ is independent of the time deriva-
tive of ¢g since the first and part of the third term in

(TV.28) cancel. We get
70 = —/det(q)ef Vo'

As a consequence, we get an additional constraint

(IV.29)

FX) = /E PaX | = /Z P X (70 + /At V')
(IV.30)

which we have to add to the action . X here
acts as the Lagrange multiplier. As we can see, the term
V¢ - f already appears in the Hamilton constraint and
can therefore be left out when doing the constraint anal-
ysis. For this, we would have to calculate the Poisson
brackets of f(X) with the other constraints to identify
possible secondary constraints[]

At last, we express the spin connection w by the
Ashtekar connection A. In the matter-free theory, the
spin connection can be written in terms of two variables

0i L i =i
Wa' =5 (AL —~AY) (IV.31)
€ puwl® = % (AL A1), (IV.32)

where A, is the Ashtekar connection and ~ A, is non-
dynamical [I7]. Next to the lapse function and the shift
vector field, we hence also have the Lagrange multipliers
wd, wék and ~A,. In the vacuum theory, hence, the
following constraints

oL oL oL

o) o) 94D

hold and yield the well-known Gauss constraint next
to defining relations for the Lagrange multiplier wd =
wd(A,T, N, N?) and the connection I} = T'‘(E) such

that

=0 (IV.33)

. ) 2 .
“AL = AL - 210 (IV.34)
Y

If we include the spin 1 field, however, we get the con-
straints

f(X) is constant, so f(X) and g(Y) form a second class pair.
The constraint algebra is closed, but the variables 7° and ¢q
are determined by the solution of f and g, namely 79 = —9;¢"
and ¢g = —(0,0% — m2)~19;m*. ¢o hence is non-local.
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oL “ a (V1 21
a (w3 = —0.B} — €, B} (7 2y Al - g 2y AZ) +2¢pm) =0 (IV.35)
0
L . )
) N = %eijkaaEf — EVAM 4 2¢m; =0 (IV.36)
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aL 72 + 1 a m 72 + 1 abc 1 — ]
oAy - 2 im B + 5= eppgean N (AL + 7 AL +
241 241 ,
— %eabcab(]\feci) + %e“bcqjk]\fei (A]C€ — _A’j) +
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+ Toe;) (ij@m + 0] ¢|o1) =0. (IV.37)

It becomes apparent that the split of the indices of the
spin connection w, into 0 and ¢ makes it troublesome
to recover the desired information from - .
When including the spin 1 field, we only get a contribu-
tion of the j component of the matter field. The 0 com-
ponent on the other hand does not appear in the Gauss
constraint but rather in the defining relations for I' and
WYt if we follow the same steps as in the matter-free case.

As in the spin 0 case, we can then rearrange the half-
density weights {/det(q) to define the new half-density

matter field £ := {/det(g)¢ and its conjugate momentum

s

Te = acto by extending the Ashtekar connection by

an adequate excess term analogue to to make the
symplectic structure invariant under this transformation.
The spin 1 field contributions to the Gauss, diffeomor-
phism and Hamilton constraint are conjectured to take a
similar form compared to the previous matter theories,
namely

G;= ijkwgfk (IV.38)

Vo = 1 Dabi (IV.39)
1 o ,

H = 2 (q"Du& D€ + mime; +m?&€Y),  (IV.40)

2

where the covariant derivative 2 contains the Ashtekar
connection A and is compatible with the triad e. In or-
der to formulate the constraints in terms of the extended
Ashtekar connection A, one would have to choose an-
other covariant derivative and collect correction terms.
Note that we already left out the terms in the Hamil-
ton constraint arising from the additional term (V¢)? of
the action . The Gauss constraint G; can now be
interpreted as the generator of gauge transformations of

(

the spin 1 particle £. To see this, we calculate the Pois-
son bracket of the canonical variables (¢, &) with the
smeared Gauss constraint G(A)

{G(A)7 ¢z} = *Ajfijkébk
{G(A), 7%} = Akekjiﬂj.

(IV.41)
(IV.42)

The vector constraint V, and Hamilton constraint H on
the other hand, take a similar form as in the previous
theories.

3. Higher Integral Spin Fields

Although there is still work to be done in the case of
spin 1, this gives rise to the conjecture that similar matter
theories with higher spin can be treated in a similar way.
However, in general the introduction of auxiliary fields
is needed to derive a generalised Klein-Gordon equation
and the Lorentz conditions

gl“jv,uvu(bh...lj =0

LJ p _
nt eV ..o, =0,

(IV.43)
(IV..44)

with ¢ being a symmetric tensor field, which describe an
integral spin j field when the Lorentz conditions (IV.44))
are imposed. The auxiliary fields vanish on shell as long
as we do not add potential terms. In addition to that, the
minimal Lagrangian for an arbitrary integral spin j field
contains the terms in addition to terms which are
proportional to the auxiliary fields. According to [36] the
full Lagrangian for particles with integral spin reads



/_ det ¢(])

- det(9)§(v¢(j)>h
—det(g)clasﬁi_ii2<vv¢<ﬂ'>>h

1 . .
_ ,bz(v¢(1—2))h I 72(V¢(]_2))11

I, (V¢(j))12..-11+
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(glwvuvu _ m2) ¢(j)11~~~fj+

— Z [ (J q (g’“’V#V,, — ame) qg(j*q) Iiodj—qy

_ §bq(V¢(j“”)12 I ﬂ(v(b(j—q))fz---fj q

+dgo ) (VYL H

where we  pull internal indices with  the
Minkowski metric n and defined (Vrj)(‘”)hm]q_l

nIJe’ILVM;S(,qI)l . as well as (VVQS(’J))II___IH =

n'7 eV, nile ”V ¢JL11 1, , forall ¢ > 0. The co-
efficients aq, bg, cq, ¢ and d are chosen such that the
introduced auxiliary fields qb(j —49) with j > ¢ > 0 vanish
on shell. Moreover, the additional term (V¢))? reduces
the number of degrees of freedom of the matter field ¢7)
to 27 + 1. However, note that this method only works
for massive fields with m? # 0. We see from the first
term of that we recover the same terms as before
in the Gauss, diffeomorphism and Hamilton constraint
when doing a constraint analysis. The remaining terms
all contain at least one auxiliary field. Since we can
reformulate the classical equations of motion in a way
that the auxiliary fields vanish

¢(j -9 —

Vj>q >0, (IV.46)

we will end up with the exact same form of the con-
straints (IV.38|- after we implemented the condi-
tions (IV.46)). We conjecture that the most general form
of the constraints will read

G- = 7'(";1 I TZ-JI.“Jj N €J1~»-J_7‘ _’_@(d)(J*‘Z)) (IV47)
Va = 7T£ Jgagh 1, —+ @(QS(]*‘])) (IV48)

H = q¢""Du&r,..1, D™
+m2&y, ., ¢ -
_ VT gyl O(pli—9

7T§ 5112..1]' + (¢ )7

’+7T511 I; 71'5 ]-I-
D P E g+
(IV.49)

where we denoted any function of the auxiliary fields ¢/ —¢
which vanishes when implementing the on shell condi-
tions by 6(¢U~9) and 7; being the basis elements
of the Lie algebra su(2) in the spin j representation.

¢(J 2) ( Y, —agmz) ¢(j72) Nodjsy
—d ¢] 4) (vv(b(j—Z))Il ..Ij,4_~_
m¢ (G- q) (V¢(j—q+1))11 “li—ay

(IV.45)

Note that the order of implementing the constraints
becomes important now. Since we would like to im-
plement the Gauss constraint as the generator of SU(2)
gauge transformations, we can simplify this discussion by
first projecting onto the subspace where holds.
Otherwise, we would have to deal with the definition of a
Fock space, in particular creation and annihilation oper-
ators for each of the auxiliary fields U9 and the action
of the Gauss constraint would be more complicated.

The covariant phase space formalism [37] seems partic-
ularly useful for this endeavour, as it clearly brings out
the points in the construction of the phase space in which
the equations of motion can be used.

C. Half-Integral Spin Quantum Fields

We finally suggest a general theory of loop quantum
gravity with particles of spin j € MQH. We are looking
for a theory of gravity minimally interacting with mat-
ter fields, i.e. we want to find an action which yields
the same equations of motion as in the free theory with
covariant derivatives. Even on classical level, the inter-
acting theories of higher spin particles is a current topic
of interest [38H4I]. There are several unsolved problems
including No-Go theorems for certain theories of higher
spin particles. The very idea of a free theory of a half-
integral spin particle can be traced back to [32], which
is in turn based on [3I]. The systematic approach based
on this work needs the introduction of auxiliary matter
fields, which vanish on shell in the free theory but not
necessarily in an interacting theory.

There, a half-integer spin n 4+ % € Ny + % particle is
described by a (3(n+1),4n) @ (3n, 1(n+1)) represen-
tation of the Lorentz group Y1, .1, with the Weyl index
being suppressed. 1 is a symmetric tensor and satisfies



the spinor trace condition
Y11, =0 (IV.50)

with the Dirac matrices ~'. reduces the total
number of degrees of freedom in the chiral components
of ¢ to 2 (n + 1) +1 as expected for a spin n+ 1 represen-
tatiorﬁ To run the programme of loop quantum gravity
for half-integral spin fields, we would need a Lagrangian
from which we can derive the generalisation of the Dirac
equation

(7i€AIL’YI@;L + m)d}h...ln =0
0" et Db, 1, =0,

where we carefully intertwine 4-dimensional representa-
tion space indices I, J, ... with 4-dimensional spacetime
indices y, v, ... non-trivially via the tetrad e (cf. )
Unfortunately, is not an KEuler-Lagrange equa-
tion, i.e. cannot be derived from an action by a vari-
ational principle unless we introduce auxiliary matter
fields [42]. For a spin 3 particle, for instance, the La-
grangian density which yields the equations and

(IV.52) for the massless case reads

. 2
< = gn”% (iv* e D —m) vy — gﬂx (e Dapy)

(IV.51)
(IV.52)

1
= 3B (v e D+ 2m) x, (IV.53)

where we introduced an auxiliary Dirac spinor field
X. The corresponding Euler-Lagrange equations can be
written in the following form [42]

. )
(—ivR ek D, +m)u’ + 2o eh DK =

2
2 1

=3 (e’jn”@u + 47’7’{6;‘(%) X (IV.54)

h Db = (i K ek D, + 2m)x. (IV.55)

The coefficients in front of each of the terms in (IV.53|
are chosen such that the auxiliary spinor field vanishes on
shell. The equation y = 0 can be obtained by contract-

ing (IV.54) with €79, and substituting (V.55 therein.

This reproduces the equations ([V.51}) and (IV.52)) for

the special case of a spin % particle. For higher spins,

the Lagrangian yielding the equations of motion
can be constructed in a similar way [42]. For
the spin % particle, however there is a way to write the
Lagrangian without the necessity of introducing auxil-
iary matter fields. The Rarita-Schwinger Lagrangian [32]

takes the compact form
Zrs = Y1 (V7D — imo" ) ke

1
with 4775 = §7[17J7K] and o

T = [y, 4X].

(IV.56)

8 The number of possible independent values of v is given by the
number of partitions of n identical blocks into four parts.
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In the canonical theory, the Rarita Schwinger field is de-
scribed by ¥; and the corresponding canonical momen-
tum, which is linear in Wy [43H45]. Again it turns out to
be advantageous to go over to density weight % fields.
On the kinematical level, the four-dimensional Rarita
Schwinger field can thus be quantised like a triple of Dirac
fields. One can perform the analogue constraint analysis
as in the Dirac case and again arrives at contributions to
Gauss, diffeomorphism and Hamilton constraint, as well
as new constraints coming from the fact that ¥, turns
out to be non-dynamical.

The classical theory of higher half-integral spin quan-
tum fields can also be systematically constructed simi-
lar to @ . We refrain from writing out the whole
Lagrangian, but indicate the dependence of & on the
auxiliary fields [42)

z= g\/mwg)% (ie?'ylvu — m) ¢(J) I1...In+
+OW) (IV.57)

with n = j — % and the matter degrees of freedom de-
scribed by the symmetric tensor field ¢(9), which also
carries a Dirac spinor representation. Also here, the im-
portant term yielding the desired constraints is the first
one in , while the other terms vanish if we imple-
ment the on shell conditions. The Gauss and diffeomor-
phism constraints finally have the same form as
and (LV.48)). The Hamilton constraint on the other hand
will have the form

H = eqo"Iny'Dogr, 1, +m*ér, 1, 6"+
+06(pUmD). (IV.58)

In this chapter, we derived the constraint analysis of a
Dirac fermion based on existing work [3, 4, [16] and ex-
tended the discussion by a Klein Gordon field with spin 0
and 1, where Gauss and diffeomorphism constraint take
reminiscent forms. However, the Hamilton constraint dif-
fers from the half-integral case by its quadratic dispersion
relation. At last, we used the minimal formulation of the
action of arbitrary higher spin matter fields. Here, the
literature differentiates between Lagrangians for integral
[36] and half-integral spin [32] [42].

In the case of half-integral spin, we conjecture that it
will be possible to introduce half-densities £ describing
the matter field without changing the symplectic struc-
ture. This is not as simple in the case of integral spin, but
an adequate redefinition of the connection also yielded a
formulation in terms of half-densities in the spin 0 case.
However for higher spin particles, we need to introduce
finitely many auxiliary matter fields of lower spin, which
vanish on shell. If we restrict ourselves to an order of im-
plementing the constraints which takes care of the van-
ishing auxiliary fields in the very beginning, then the con-
straint algebra will take again a form which is analogue
to the lower spin cases discussed above.



V. ELECTROMAGNETIC CHARGE AND
ANTIPARTICLES

In this last section, we want to challenge the extension
of loop quantum gravity with matter fields by a U(1)
gauge field. This is used to describe the electromagnetic
charge and interaction among particles as well as between
particles and spacetime. Therefore, it yields a better suit-
ing description of most particles of the standard model
of particle physics.

On the level of loop quantum gravity without mat-
ter fields, there have already been investigations on the
loop quantisation of a U(1) theory [IT), B3] and also [3]
discussed that case implicitly in the context of spin %
particles. We want to review these results and combine

them with our previous results.

We will start with a formulation of the constraint alge-
bra of the U(1) and SU(2) Gauss constraint as well as the
diffeomorphism and Hamilton constraint. Subsequently,
we can define creation and annihilation operators for par-
ticles and antiparticles analogously to the path observ-

ables of [section 11|

A. A Kinematical Hilbert Space for Charged
Fermions

We will start with the Yang-Mills action for a U(1)
connection one-form Au on curved spacetime

1 / vo
SYM = _Z/dt/zd?)x _det(g)E#uEpagupg )

(V.1)

with the curvature I, = OuA, — GVAN. InF,, we
can replace the partial derivatives by covariant deriva-
tives @ corresponding to the Levi-Civita connection I'
for the transport of spacetime structures, the Ashtekar
connection for SU(2) structures and the U(1) connection

A, for U(1) structures.

Performing a Legendre transformation of (V.1) with
respect to A, and the conjugate momentum

(V.2)

Eu_a(a = \/—det(g)F"°,
O

we end up with a Hamiltonian consisting of the following
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constraints only [4]

Gi = 2.E +i (16 + plrip) (V.3)
G=,E"+ (¢ + p*p) (V.4)
Vo=F,E'+F, E + det(q) (§T9a§ +p'Dup — c.c.)
(V.5)
1 o
H=——"| (2[K,, K] — F}}) [E*, E*];+
NI [( [ ] o) [ ]

+ E{9D, (fTajf + pTij) +

—iE! (8107 Do — p'o? Dap — cc.) +

+ ESK] (€7~ 'p) + aun (E"E" + B"B") | (V.6)

where we defined B* := 1% F,.. The (U(1)) Gauss
constraint corresponds to the Lagrange multiplier A,.
Also the diffeomorphism and Hamilton constraint arise
from the action in an analogous manner. This is not sur-
prising, since we can express gravity theory in terms of
Ashtekar’s variables [2I] as an SU(2) Yang-Mills theory
as well. A more elegant, geometric approach to the con-
straint analysis of the U(1) Yang-Mills theory is derived
by [46, @7].

The U(1) Gauss constraint generates U(1) gauge trans-
formations. Note that both, £ and p, have the same sign
in the U(1) gauge constraint, which corresponds to the
same sign of electromagnetic charge. Importantly, the
two Gauss constraints decouple, which can be seen by cal-
culating the Poisson brackets between the smeared SU(2)
and U(1) Gauss constraints

{G(A),G(A)} = 0. (V.7)
Also, since A is abelian, one can show
{G(A),G(A)} = 0. (V.8)

As for the vector constraint V,, we can reformulate it
in the same way as before yielding the constraint W(]\_f ),
which generates spatial diffeomorphisms. This constraint
behaves similarly as an element of the Poisson algebra.
The commutator with the U(1) Gauss constraint takes
the form

(o W) -
+{A £T£+pp iN“(E10,& + pT0ap — c.c.)}
=G (NW) =G ("Zgn).

{A2.E, (*254),E'}

(V.9)

which is analogue to {G(A), W(N)} = G(**ZgxA) [13].
The Poisson relations excluding the U(1) Gauss con-
straint G(A) remain untouched. This ensures that the
kinematical Hilbert space with the two Gauss constraints
and the diffeomorphism constraint being implemented
is stable under the action of the constraint operators,



since the constraint algebra is closed under the Poisson
bracket.

Let us also review the unconstrained Hilbert space of
the theory including U(1) representations [11]. We build
the Hilbert space additionally with U(1) holonomies

bW =2ep [4 €U, (Va0)
e

which satisfies the same properties as the SU(2)

holonomies in addition to the fact that they are abelian.

These will build up our Hilbert space, as we can formu-

late a * algebra with them together with the electric fields

E and E [I1].

Hence, we define the Hilbert space of charged matter
fields on loop quantum gravity as the Cauchy completion
of the span of smooth cylindrical functions with respect
to both connections A and A

¥ =P,
Y

7., = span {¥,[A, A] € Cyl’},

(V.11)

where we now call a function of A and A cylindrical if it
can be written as a function of holonomies
WA, Al = f(heys s hens oy s oy B y,)

he)  €U(1). (V.12)

The prime " in %, denotes that we only consider the or-
thogonal components of each of the #,, i.e. %4 does not
include cylindrical functions which are also cylindrical
with respect to a graph 4 C v which is strictly included
in 7.

The inner product can be constructed just like the
Ashtekar-Lewandowski inner product but using the Haar
measure of SU(2)xU(1) instead of SU(2). The orthog-
onal components are further decomposed into the irre-
ducible representa]t;ons of SU(2) labelled by spin quan-

0

tum numbers j € > and U(1) labelled by charge quan-

tum numbers n € Z. This yields the decomposition

I~ ’
>y = @ 7&5)%’

b7

(V.13)

where the spin vectors f and [ encode the spin repre-
sentations of the SU(2) holonomies and 7 encodes the
representation of the U(1) holonomies and the % A; T
only contain cylindrical functions admitting the resifeé-
tive spin or charge representations of the SU(2) and U(1)
holonomies.

In order to solve the U(1) Gauss constraint, note that

the n representation of h, transforms like a holonomy

i (he) = 0 (9(e(0))) T (he) T (97 (e(1)))

= =9 (b ) eino(e(D) (V.14)

with ¢ : ¥ — u(1). Taking into account the matter fields,
we find the transformation

0, s e~ medPlg (V.15)
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If we consider gauge invariant cylindrical functions only,
all the exponents in the gauge transformation of -
have to cancel. The U(1) invariance can hence be
translated into the simple condition

Z Ne — Zne— Z ng =0 V”UGV(’)/),
ecE(v) e€E(v) 0€0(v)
e(l)=v e(0)=v
(V.16)

where F(v) denotes the set of edges which start or end
at the vertex v € V() and ©(v) the set of matter fields
which are attached to v. Note that ny is fixed for a fixed
particle type 6. In particular for spin % fermions, it holds
that ng = n, as pointed out before. All the quantum
states which satisfy in addition to being SU(2)
invariant define the Hilbert space #¢ of gauge invariant
quantum states. However, for U(1) invariance we need
the notion of antiparticles, which is not yet present in our
discussion. Let us consider the following U(1) variant
example

Example V.1. Consider two charged fermions of spin
% and charge n =1 connected by an edge e

b canmy (he)®cm (he) 0 10)

ji=3% n=1

— n=2 P q

(V.17)
j=0

Since the two particles carry the same charge, a total
electromagnetic charge of 2 quanta is flowing out of the
two fermion system.

The particles 6 carry an intrinsic charge and there-
fore can be seen as sources (or sinks for the opposite
sign, respectively) of electromagnetic charge. The U(1)
holonomies on the other hand, do not provide a source
of charge because the same amount of electromagnetic
charge flows through every point along the holonomy.

For U(1) invariant states, the U(1) Gauss constraint
states that the overall electromagnetic flux of the quan-
tum state vanishes. Therefore, there has to be either
vacuum or both, positively and negatively charged par-
ticles in order to balance each other. This raises the
question of how to describe antiparticles (i.e. particles of
the same type with an electromagnetic charge of opposite
sign) within our theory.

B. Antiparticles

From the classical action, the concept of antiparticles
is not manifest. Indeed, also in flat spacetimes, antiparti-
cles appear first in the Fourier transform of the quantum
fields. In loop quantum gravity, however, we cannot ac-
cess this tool, but may define an analogue version of the
particle-antiparticle pair inspired by flat quantum field



theory
- % (é+ n m),) (V.18)
# % (é + fm) , (V.19)

and similar for w. Here, we defined the creation 0, and
annihilation operators 67 = —ifg, for particles (+) and
antiparticles (—) and identifying

The chiral components of the Dirac spinor are both,
creating a particle, but also annihilating an antiparti-
cle if we are serious about the analogy in flat quantum
field theory. The momenta my and 7, on the other hand
should also create an antiparticle in addition to annihi-
lating a particle. The definitions (V.18)) and (V.19) are
moreover compatible with the reality conditions 7y = 6%
and impose the new reality conditions

Ty, = ifL. (V.20)
Another way of recovering particle and antiparticle as
Weyl spinors in the theory is achieved by switching the
terms 6§ and 67 for one of the two Weyl components [48].
This way, also the electromagnetic charge of one of the
chiral components is flipped. This does not change the
anticommutation relations and is therefore a freedom of
choice in the quantum theory. Let us finally look at the
U(1) invariant version of example

Example V.2. Consider the particle-antiparticle pair
connected by an SU(2) and a U(1) holonomy

07wy (he)* i (h,) 07 10)

mT1
2

=07 41 (he) pm (he) 6% |0)

- 2

S 1
_po *q

The antiparticle is depicted by an empty circle. Note that

(V.21)

the former annihilation operator 67 does not annihilate
the vacuum anymore, but the operators G:rt do. Because of

that, only the creation operators 04 survive when acting
on the vacuum state. Moreover, since we have both, a
source and a sink of electromagnetic charge, the U(1)
Gauss constraint is satisfied.

Example shows that we can define the path ob-
servables creating elements of gauge invariant quantum
states also for SU(2)xU(1) gauge theory. The path ob-
servable in example [V.I] carries a total charge of 2 quanta
and thus cannot be made U(1) invariant without intro-
ducing extra structure. Instead, we would have to add
a second pair of antiparticles, which absorbs the excess
charge. This might look as follows

Example V.3. Consider a pair of particles and a pair of
antiparticles each connected by an edge with spin % and

charge 1. Furthermore, the two pairs are connected by an-
other edge, which does not carry any spin but neutralises
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the charge of the two pairs. The pictorial representation

reads
jzé n=1

(V.22)

T
j=0
n=2
p

Example can be further generalised using an arbi-
trary gauge invariant generalised spin network state the
same way as in the uncharged case. The fact that we
need as many particles as antiparticles (or equivalently
positive and negative charges) is also in agreement with
flat quantum field theory.

With the very simple definitions and (V.19), we
managed to make sense out of the notion of electromag-
netic charge of particles and antiparticles in loop quan-
tum gravity.

VI. SUMMARY AND OUTLOOK

In this work, we have studied various kinematical as-
pects of the coupling of quantum matter to loop quantum
gravity.

Following [3, [4], but using the language of Fock spaces,
we defined the Hilbert space # and basic operators for
a quantum theory of spin % fields, and we generalised
it to higher spin quantum fields in a straightforward
way. An orthonormal basis for the gauge invariant
states in # can be found by the generalisation of the
notion of spin network states known from matter-free
loop quantum gravity. This generalisation contains
matter fields which can be located at the vertices of
the underlying spin network graph ~. Inspired by the
gauge invariant observables defined by [Il 2], we were
able to introduce a closed (anti)commutator algebra of
creation and annihilation operators for gauge invariant
generalised spin network states.

While the Gauss constraint could be directly under-
stood to ensure the gauge invariance of the states, one
has to add a phase space dependent generator of a gauge
transformation to the diffeomorphism constraint before
it generates spatial deformations without gauge transfor-
mations. We have checked that this is possible at least
locally, which is enough for the further considerations in
the present work. It also fixes the order of implementa-
tion of the constraints, since the action of the diffeomor-
phism constraint would generate terms proportional to
the Gauss constraint otherwise.

The implementation of the diffeomorphism constraint
on the space of gauge invariant generalised spin net-
work states was performed with the group averag-
ing technique in analogy to the matter-free case [8|
18]. We paid special attention to the interplay be-
tween the (anti)symmetrisation imposed on quantum
states that are based on graphs with symmetries by
the diffeomorphism constraint on the one hand, and



the (anti)symmetrisation of the state due to the statis-
tics of the matter field on the other. The fact that
(anti)symmetry is imposed in some cases due to the dif-
feomorphism constraint is a novel feature in loop quan-
tum gravity. In special symmetric cases and by consid-
eration of particle exchange generated by a graph sym-
metry, we have found simple rules which characterise
whether a state is annihilated by the diffeomorphism av-
eraging or not. For these considerations, we assumed a
spin-statistics connection motivated by the fact that a
spin-statistics theorem exists for quantum field theories
on curved spacetime [26].

While we found that it is straightforward to generalise
the quantum kinematics of [3] and [I6] to matter theories
with higher spin, it is an important question whether this
quantum theory can be derived from a classical higher
spin action. These actions contain auxiliary matter fields
which have no physical significance whatsoever as they
vanish on shell. Using this technique, the kinematical
constraints on the classical phase space could be elabo-
rated and indeed take a similar form as in the lower spin
case.

Although we completely discussed the case of spin 0
and % only, we can conjecture a general behaviour by
solving the on shell conditions for the auxiliary fields in
the higher spin case. However, it is not clear how to
consistently solve the second class constraint with the
Lagrange multiplier ~ A, in order to get from the SO(3,
1) connection w to an SU(2) connection A. In addition,
in the four-dimensional representation of the spin 1 parti-
cle we encountered further second class constraints, since
the O-component of the momentum 7° seems not to be
an independent variable. For the simplified situation of
flat spacetime, solving the additional constraints yields
nonlocal dependencies, and hence a complicated theory.
In any case, this should be further investigated before
tackling even higher spins.

Finally, we briefly considered charged Dirac fermions
coupled to gravity and U(1) Yang-Mills theory, and red-
erived earlier results [4} [33]. We found a way to represent
both, particle and anti-particle on the Fock space. Due
to the requirement of gauge invariance, creation of par-
ticles goes hand in hand with that of anti-particles. We
have sketched the consequences for the gauge invariant
observables introduced earlier. We note that it would
not be easy to tackle the classical theory of electromag-
netically charged higher spin fields. The problem here is
that it is not clear whether the vanishing conditions for
the auxiliary fields still hold. There is already existing
work on a Lagrangian formulation of higher spin theories
including an electromagnetic field [31, 40], which might
be used to extend the available theory to gravitationally
and electromagnetically interacting theories.

Altogether we found that there is a very simple and
elegant kinematics for coupling quantum matter of arbi-
trary spin to loop quantum gravity. Implementation of
the Gauss constraint leads to a tight coupling between
matter and gravity already at the kinematical level, and
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the diffeomorphism constraint imposes interesting sym-
metry properties on the joint quantum states in certain
situations. But obviously there are still many open prob-
lems on this path to a unified theory of matter and grav-

ity.
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