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Fermion coupling to loop quantum gravity: canonical formulation.
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In the model of fermion field coupled to loop quantum gravity, we consider the Gauss and the
Hamiltonian constraints. According to the explicit solutions to the Gauss constraint, the fermion
spins and the gravitational spin networks intertwine with each other so that the fermion spins con-
tribute to the volume of the spin network vertices. For the Hamiltonian constraint, the regularization
and quantization procedures are presented in detail. By introducing an adapted vertex Hilbert space
to remove the regulator, we propose a diffeomorphism covariant graph-changing Hamiltonian con-
straint operator. This operator shows how fermions move in the loop quantum gravity spacetime
and simultaneously influences the background quantum geometry.

I. INTRODUCTION

The real physical world consists of spacetime and matter. According to general relativity (GR), “spacetime tells
matter how to move; matter tells spacetime how to curve"-John Archibald Wheeler, which should also be carried
out in the quantum theory. Loop quantum gravity (LQG) [IH5], as a background-independent and non-perturbative
quantum gravity theory, sets a stage for incorporating matters into quantum spacetime. In [6HI0], the Brown-Kuchar
model of gravity coupled to dust as well as the Rovelli-Smolin model of gravity coupled to massless Klein-Gordon field
is quantized. In [I1 [12], a minimal coupling of fermions and Yang-Mills fields to covariant LQG dynamics is proposed.
The quantum theory of spinor fields coupled to LQG is well understood [13H19] In [20], a systematic procedure to
couple standard model to the canonical LQG is proposed and further developed in [I6, 21, 22]. With the present
paper, by employing the procedure in [20], we investigate the Gauss and the Hamiltonian constraint in the model of
fermion field coupled to LQG. In particular, the Gauss constraint is solved explicitly and, the Hamiltonian constraint
is regularized and quantized in detail by introducing the so-called vertex Hilbert space to remove the regulator.

In the classical model of gravity coupled to the fermion field. The action of the gravitational sector can be
formulated optionally with the first-order formulation (see, e.g., [1, 23] for the Palatini-Host action) or the second-
order formulation (see, e.g., [4, 24] for Hilbert-Einstein action). In the pure gravity case, these two formulations are
equivalent to each other up to boundary terms, while for the case with the fermion field coupled, the equivalency
is no longer valid. For the first-order formulation, the action is a functional of some SL(2,C) connection, and the
fermion field will be coupled to it directly. As a consequence, the fermion field will result in an on-shell torsion term
in the connection. However, for the second-order formulation, the fermion field will be coupled to the torsion-free spin
connection compatible with the tetrad. Thus, there is no torsion involved in this formulation. In the current paper,
even though we adopt the second-order formulation for discussion, the results for the first-order formulation can be
obtained analogously. Moreover, since no extra field is introduced for deparametrization in our model, the dynamics
will be governed by the Hamiltonian constraint H[N] with lapse functions N rather than the physical Hamiltonian.
Then a problem arises that the Hamiltonian constraint operator cannot be defined in the diffeomorphism invariant
space. This problem will be solved by, for instance, the master constraint framework [25] [26] or the deparametrization
framework [9, T0]. In these frameworks, one finally needs to consider the Hamiltonian constraint operator with a
constant lapse function or some dynamical lapse function such as the volume. These operators can be constructed

directly with the Hamiltonian constraint operators H[N]. In other words, without loss of generality, one can only
focus on how to define well the Hamiltonian constraint operators H[N] which is a main task of the current work.
The phase space of the fermion field coupled to gravity is composed of fields (A?, E;?, ¥, 1T) on the spatial manifold ¥,
where A? is an SU(2) connection, E}’, the canonical conjugate to A%, is a densitized triad field, ¥ denotes the fermion
field, and II is the canonical momentum conjugate to ¥ [I 27, 28]. With the variables (A?, E}’), the Hilbert space
of the gravitational sector in LQG is constructed with the spin networks [29H3T]. Thereon, one quantizes a family
of operators representing the geometric observables, such as the 3-volume, 2-surface area, inverse metric, etc [3TH36].
The spectra of these operators take discrete values, which implies the fundamental discreteness of the spacetime.
The purely gravitational Hamiltonian constraint is regularized and promoted to an operator in the kinematic Hilbert
space by [25] 26], B7H45]. The Hamiltonian constraint comprises of the curvature of the connection A. The curvature,
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as an operator, will attach loops on graphs of the spin network states. Based on how to attach loops, the quantum
Hamiltonian operators in literature can be roughly classified into the following two categories: (i) graph preserving,
(#i) graph changing. The graph preserving action is naturally from the lattice discretization point of view, while
a continuum field theory approach leads directly to the second category, i.e., the graph changing action. Several
proposals on the graph changing Hamiltonian operator are considered in works [2, (4, 8, 40} 4T [46, [47]. A helpful
concept learned from these works is the vertex Hilbert space. A vertex Hilbert space is a Hilbert space group averaged
with diffeomorphisms preserving some specific vertices. In other words, elements in a vertex Hilbert space are partially
diffeomorphism invariant. The vertex Hilbert spaces are necessarily introduced to remove regulators and define limit
[40, 46 [47]. Indeed, a graph-changing Hamiltonian operator is usually defined as the limit of some regularized
Hamiltonian operators as the regulator approaches 0.

For the fermion sector, II is related to ¥ by IT = \/§\IJJr with ¢ = | det(E)|. In the quantum theory, this equation is

expected to be realized in an appropriate form. In other words, one might require that the adjoint of the operator II is
related to the operator ¥ via IIT = v/@¥. Then, considering a non-trivial real-valued function f(A) of the connection

A%, one has, on one hand, 0 = [fI,f/(zI)], but, on the other hand, [T, f/(z)]Jf = [f/(Z),f[T] = [f/(X), \//\cj\i/] # 0. The
two results do not coincide. To overcome this inconsistency, the author in [20] introduces the Grassman-valued half-
densities ¥ := ¢/q¥ and UT to coordinatize fermion sector of the phase space. Moreover, in order to do quantization,

the smeared version of ¥ by Vo(z,y), ie., [d3y\/d(z, y)\il(y), is also introduced by [20]. With the smeared variables,
the fermion sector is quantized and the resulting quantum theory carries out the dieffeomorphsm-invariance feature.

This paper is organized as follows. In Sec. [[]] the classical theory of gravity coupled to fermion field is introduced
briefly. In Sec. [[Tl] we introduce some basic notations of the kinematical Hilbert space of vacuum gravity and revisit
the construction of the fermion kinematical Hilbert space. In Sec. [[V] the Gauss constraint and the Hamiltonian
constraint are regularized and quantized, where the adapted vertex Hilbert space is introduced and some physical
results are discussed. Finally, in[V] we summarize the remarkable results and propose some outlooks for further works.

II. CLASSICAL THEORY OF GRAVITY COUPLED TO FERMION

Let M denote the spacetime manifold, which is homeomorphism to R x ¥ with ¥ being the spatial manifold.
Given a 4-dimensional vector space V', let ny; be the Minkowski metric on it. A tetrad field el{ gives the metric

Guv =M1 Jeﬁei on M. The curvature of g,, defines the Einstein-Hilbert action in terms of the tetrad fields,

Sile] = i /M d*zRle]. (2.1)

where kK = 87G. Let Fi ; denote the spin connection compatible with the tetrad so that
de! +T1;nel =0. (2.2)

The model of gravity coupled to the fermion field is described by the action

Sle, V] = Syle] — ;/M d*ze (T4 eV, U — c.c) (2.3)

where 7! denotes the gamma matrices satisfying v/ + 47/~% = 271, and the covariant derivative of ¥ is

1

V¥ =0,V - Zr{bﬂw 0. (2.4)

Performing the 3+ 1-decomposition, we get the gravitational canonical pair (A%, E). The Poisson brackets between
them are

{44 (2), B (y)} = £B3,038(x,y), (2.5)

where [ is the Barbero-Immirzi parameter. For the fermion field, we split the Dirac fermion ¥ into its chiral
components and follow the argument in [20] to introduce the half densities on X,

= YqV_, v=YqVU, (2.6)
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with U = #\Il Detailed Hamiltonian analysis (see Appendix tells that the conjugate moments to £ and v are
their complex conjugates, and the anti-Poisson brackets are

{SA(ILE

{va(z),v

= _iéABé(xv y)a

(2.7)
(Y)}+ = —idaBé(z,y).

T+ W
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for all A,B =+1/2.
The dynamics of this model is encoded in the Gauss constraint G,,, the diffeomorphism constraint H, and the
Hamiltonian constraint H, which are

1 1
Gm :7DaEla + §(£T0m§ + VTO'mV)7

Kf
1 . j
Ho = 5B Fiy 5 {€1Daé — (D)€ + v Do — (Dar)1v} 4+ 6K G,
2.8)
1 , . A 1 , , (
H =Ho + - [i(€ BL" Dot = (D) EL0'€) = BEIKIEIE = 51+ #)DaEi¢lo'e = BEID, (€10'¢)
. ) ) 1 . 1 i
_i(,Tma i o tpa i [ 7 2 a t i, o = pa T i
t(WE!c"'Dyv — (Do) Elc'v) + BEIK Vv 5(1 +B8°)D,Efvic'y BﬁEl Da(l/ o 1/)}
Here, Hg denotes the scalar constraint of pure gravity,
1 a ] i j
Ho = =] oy (F Tenid — 2(1 4 52)K[aKg]) . (2.9)

III. LOOP QUANTIZATION OF THE THEORY: KINEMATICS
A. the kinematical Hilbert space of vacuum gravity

In LQG, besides a fixed differentiability class C™ with m > 1, a semianalytic structure on X is also necessary
[48]. Then all local maps, differmorphisms, submanifold and function thereon are assumed to be C™ and semianalytic.
Particularly, an edge is a semianalytic curve embedded in ¥. A graph is a collection of edges {e1,- - ,e,} where these
ey intersect each other at most at the ending points. Given a graph v C 3, let E(v) denote the set of its edges and
V(v), its vertices. The number of elements in E(y) is denoted by |E(v)|. A cylindrical function ¥ of the Ashtekar
connection A is a function that can be written in the form

U(A) = ¢y (he, (A), -+ he,, (4)) (3.1)

where 1), : SU(2)|E("Y)| — C is a complex function on SU(Q)‘E(W and h.(A) € SU(2) is the parallel transport along
an edge e with respect to a given connection A,

ho(A) = Pexp <_ / A) . (3.2)

Given a cylindrical function ¥ with respect to a graph <, it can always be expressed via another graph v D 7.
Therefore, for two cylindrical functions ¥(!) and ¥(?) with respect to graphs 41 and 7, respectively, one can always

find another graph 3 with 73 D 71,73 D 72 and express U for i = 1,2 by functions 1/]’()’3) on SU(2 )‘E ")l Then the
inner product of ¥ and ¥ is

<\I’(1)|‘I/(2)>=/S o dprr ()08 (g1, 9)0 D (g1, gn) (3.3)
ue2)”

where n = |E(v3)| and dpp is the Haar measure on SU(2)". (3.3)) defines the Ashtekar-Lewansowski measure dpar,
on the quantum configuration space A. Thus is always rewritten as

@mm%z/ﬂMmmwwmem (3.4)
A



The space of cylindrical function is denoted by Cyl. The Hilbert space H¢ of the vacuum gravity is the completion
of Cyl with the inner product define in .

Given a graph v, the space of cylindrical functions with respect to 7 is denoted by Cyl,. The Cauchy com-
pletion of Cyl, with respect to is denoted by Hg,,. Then according to , Ha, is naturally identical to

L?(SU(2), dpg )P where the isometric map is
i: L2(SU(2), dum) PO = He .
Moreover, L?(SU(2),duy) can be uniquely decomposed as
L3(SU(2),duy) = L'*(SU(2),duy) @ C. (3.5)
Then a subspace ‘ér,y C He, is given by the image of L'?(SU(2), dpgr ) PO under i, i.e.,
HE, = i(L2(SU(2), dpsr) PO)). (3.6)

With 7—[2{7, Cyl can be decomposed as'

Cyl=PHE, aC. (3.7)
Yy

Given a cylindrical function ¥ with

\II(A) = wv(hel (A)a e 7h€n (A))v

the action of D, (h.) on ¥ is

(D (he)W)(A) = Doy (he(A)) )y (e, (A), -+, he,, (A)), (3-8)

D!, (he(A)) denotes the Wigner-D matrix of h.(A) € SU(2). Another operators are the derivative operators denoted
by jfe with ¢ = 1,2,3, where v is either the source point of the edge e, i.e., v = s, or the target point of e, i.e.
v = te. For a cylindrical function ¥, one can always express it with a graph v satisfying e € . Then the action of
J"¢ on W reads

d
Za Ow"/(h’elf"ah/eetrja"'7h’€n)7 UV = Se,
7V,€e _ t=
(J7ew)(A) = o, 0 s A (3.9)
dt o o e1s 9 ey yltey, ) ey
where 7; = —io;/2 with o; being the Pauli matrices. With the operator j;”e, we can define an operator jf’[e] as
sz, [e] _ sx,e
Jw =" grew, (3.10)
e’ €le]

where [e] is a maximal family of curves beginning at € ¥ such that each two curves overlap on a connected initial
segment containing x.

B. loop quantization of the fermion field
From now on, we will only focus on the single Weyl component £. However, everything works similarly for the other
chiral component v. To quantize the fermion field, we follow [20] to use the modified symplectic structure

1
{64(2). 05 ()} + = ~ibapds,, A B==%5 (3.11)

1 For elements in an infinite direct sum, we require that all but finitely many components are zero.



where, with comparison to (2.7)), the Dirac delta 6(z, y) is changed to the Kronecker delta ¢, ,. This change indicates
a canonical transformation from £ to 6,

b(z) = / By/3( DEW),
£@) = 3 Vol 9)0).

yey

(3.12)

To prove the relation (3.12)), one used the function f.(x,y) := x.(,y)/e® to regularize the Dirac delta function [20],
where . is

3

LY (@) + (")

Xe(,y) = =

0, otherwise.

IA
VS
DO | ™
N——

[\v]

According to (3.12)),&(x) will be singular for regular 6(x). This scenario contradicts that £(x) is smooth as a classical
field. To have a consistent understanding of this formulation, one interprets the singular fields {(z) as defining the
quantum configuration space of the fermion field so that 6(x) is a regular-field coordinate of this quantum configuration
space.
As in vacuum LQG, the quantization starts by introducing the cylindrical functions. Before doing so, we will first
introduce a convenient field (4
1

Calz) = EGA(CL'), A= :l:%. (3.13)

1. the cylindrical functions of the fermion field

A fermionic graph g is a finite subset of ¥ with |yz| elements. Elements in vg are called (fermion) vertices. An
orientation of v is a surjection n — v}") € vp with 1 <n <|yp|. The surjection endows the elements in yr with an
order. Given an oriented graph vy, we have a family of Grassmann numbers {Ci 1 (vF) }vpevyr, which will be renamed

to pl with 1 <n < 2|yp| as
phici = i), phi=¢ (i), 1< < hpl. (3.14)

Then a function ¥ of (T with respect to vr takes the general form

2|vr|

v =fo+ > > Fireinpl pl o pl (3.15)

n=1 1<y <ig<-<in <N

where fo and f;,...;, are complex numbers. Functions taking the form (3.15)) are called the cylindrical functions of ¢f
with respect to the graph yp. The space of cylindrical functions of ¢* will be denoted by Cylg.
According to (3.15]), each cylindrical function with respect to yr can be identical with a vector

2| |
Fre = (fos {firein M<ir<ip<ocin<n) € CTT

Moreover, for a cylindrical function ¥ expressed via f,, € (CQQMF‘, there always exists a lager graph 7% D vp such

that ¥ can also be expressed via f,’y, e 2, Thus, given two functions ¥;, ¥y € Cylg expressed with respect to
F
~vr1 and g2 respectively, we can find another graph % containing both yx1 and yp2 to re-express ¥, for i = 1,2 via
fv(%) € 27", Then the inner product of ¥; and VU, is defined as
F

(W, V) =/du(mpbd#(mp;)"'dM(Pz|7’F|P$|WF|/)‘I’I‘I/2 (3.16)
where

d(Gact) = d¢tdgetné (3.17)



By (3.16)), one can verify
_ (£t £(2)
(1, ¥2) = (f. F) g (3.18)

Moreover, even though the graphs 7% containing both yp; and g2 are not unique, Eq. (3.16) is independent of the
choice of v} since

/du(pnpl) =1L (3.19)

Indeed, Eq. (3.16) defines a measure dug(¢t¢) on Cylp' ® Cylg and will be rewritten as

(U1, W) = /dﬂH(CCT)‘PJ{‘I’Q' (3.20)
The fermion Hilbert space Hp is the completion of Cylg with the inner product defined by , ie.,
Hp = Cylp. (3.21)
On Cylp, a type of operators are the multiplication operators ng\m
(€, AT = (o) B(Ch), VO € Oy, (322)

Another type of operators are the derivative operators év o As

0

Mm) (¢h), V¥ € Cylg. (3.23)
A\U

(Cora®)(¢h) = (

It is easy to verify that ( o -4 and CUF 4 are adjoint to each other,

oa=da (3.24)
which realizes the real condition, and
Kvp,Av CT ]+ - Cvp A7C A :] =+ C BCUF A= 5AB51)FUF (3-25)
which implements the Poisson brackets (3.11) by defining

éA(UF) = \/ﬁQCUF,A. (3.26)

2. the spin network states of fermion field

Given a graph g, the space of cylindrical functions with respect to g is a finite-dimensional Hilbert space, denoted
by H.,.. Considering a graph v = {vr} comprised of a single vertex, one has the the space Hy,,} = H,, consisting
of functions

(¢ = ago + amCé (vr) + amdé(UF) + anC; (UF)Ci% (vr) (3.27)

The inner product of W@ (¢t) = ao) + alo CT (vp) + %1 C:T ( F)+ gl)C (vp)¢t | (vp) with i = 1,2 is
2
@O @) = 37 (@)a? (3.28)
1,j€{0,1}

For convenience, we introduce the Dirac bra-ket notation |4, j),, to denote the state ¥,; with ¢,j € {0,1}, where
Wi; are defined by Woo(¢") = 1, Wio(¢") = ¢} (vr), Yor(¢") = ¢, (vp) and ¥n () = ¢} (vp)gT +(vr). Then the

states |7, j),, form an orthonormal basis of H,,,

VR <i17j1|i27j2>'UF = 5i1i26j1j2' (329)



The action of évF,A and (AEF’A for A = :I:% on H,, is

¢! a10sd2) o = |1 d2)up, ¢TI in)y, =0, Viz = 0,1,

UF»3 UF»3

C/\?F’% ‘Oﬂ-z2>UF = O, . Q:IJFF’%|1"22>UF = |O712>'UF7 VZQ = 07 17 (330)
C'UF,—%‘Z]‘,O>UF = (—1)'1|21,1>UF, C'UF,—%|21,1>UF :0, Vzl :0,1,

Cvp,—% ‘i170>'UF = Oa Cvp,—%ﬁl; 1>'UF = (71)i1|i13 O>'UF7 V’Ll = 07 1.

For the general case where yp C X consists of more than one elements, we first associate to each vp € vp the
Hilbert space H,,. Then with an orientation of vz, one has the tensor product space

,HF,A/F = 7‘[@1) ® 'HU? X vaF|. (3.31)
An orthonormal basis of Hp, consists of the vectors
li1y22, o) = [, 2) ) @ i3, ia) 20 @ - @ |i2wF\71»izwp\>U<Fw> (3.32)

with i, € {0,1} for all 1 < k < 2|yp|. i1,d0, - ,da}y,|) refers to the cylindrical function U7 = pf pl - p! with

respect to vp. It is worth noting that the definition of Hp ., depends on the orientation of vy since {4(vr) for
all A = j:% and vp € vy are Grassmann numbers. This fact can be illustrated more explicitly with the following

examples. Consider another orientation n — 17%") of v such that
5 =0 5P =1 ) — W) yp > 3. (3.33)

With respect to the new orientation, we have the tensor-product Hilbert space H Fyp With the basis

li1,02, s dgpyp|) = |Z'17i2>1~);1) ® |i3,i4>ﬂ<p2) Q- ® |i2wF\71,i2hF\>ﬁgm (3.34)
By definition, [i,d2, - ,ia),|) referes to the cylindrical funciton
qu = pggp;&pzlpl . pjn — (71)(i1+i2)(i3+i4)\1/%./. (335)

where i/ = {i3,44,41,42, - ,igyp(}- (3.35) implies the isometry between Hp ., and 7:[F7"/F defined by

—_~—

i1, 42, - - - 7i2\vF\> — (_1)(il+iz)(z‘3+i4)|i3’Z'4’ i1, 72, - - 7i2\vF\>' (3.36)

Indeed, the extra sign in (3.36)) can be determined systematically by introducing the notions of graded objects. One
can refer to Appendix [B]and the reference therein for more details on the notions of graded vector space and graded
algebra. In our work, the Hilbert spaces H,,. is graded. The degree 0(i1,i2) of |i1,i2)., is

O(il,iz) = ’i1 + ig mod 2. (337)

The operator algebra on H,,,. is also graded. By definition, the degrees of the operators CAUF, 4 and EZF 4 are

0(Cop,a) = 1=0(C], ). (3.38)

A general principle to deal with these graded objects is as follows. Whenever we swap two items, an additional sign
appears by the rule

zy = (—=1)2@2W g, (3.39)

Following this rule and noting (3.32) and (3.34)), we can obtain the identity (3.36) easily.
Given a vertex vp, let " be the subspace of H,, spanned by [0,1),., |1,0),, and |1,1),,. Then the Hilbert

space I}rw with respect to g is defined as

Hi, = Q) M (3.40)

VFEVF



With ’H;f;, Cyly can be decomposed as
Cyl, = PHi,, eC. (3.41)
P

The kinematical Hilbert space H of the entire system is the tensor product of Hg and Hp,
H=THe o Hr. (3.42)
A densely subspace Cylot of H is
Cyliot = Cyl ® Cylg. (3.43)

The states in Cyliot will be called the cylindrical states. To obtain a cylindrical state, one needs a graph v = vo U~r,
where the gravitational graph ¢ is constituted of edges e and their ending points as vertices, and the fermionic graph
~F contains only vertices vr. To define a state with respect to «, besides the data for a (gauge variant) LQG spin
network state, one also needs to assign to each fermion vertex vp a state |i1(vp), i2(vF))v, With i1 (vp),i2(vr) € {0, 1}.
Given v = ¢ U ~r, the Hilbert space 7—[;” is defined as

Hiyrr = iCrv'f'yc ® il;,r'vp' (3.44)
Then we have
Cyliot = PH™ @ C. (3.45)
¥

In principle, a fermion vertex vp € ¥ can be located anywhere, regardless of the given gravitational graph ~q.
However, if vp is chosen as point in e € E(yg) but vp ¢ V(yg), we can always split e at vp to define a new graph
Ya. Then vp becomes a vertex of 5. Moreover, because of 7o C J¢g, every cylindrical function with respect to g
can be re-expressed with respect to 7. Thus, it is sufficient to consider those graphs v = v Nyp where each fermion
vertex vp satisfies either vp € V(yg) or v € vg. The collection of all vertices of v is denoted by V(7).

IV. THE CONSTRAINT OPERATORS FOR GRAVITY COUPLED TO FERMION FIELD
A. the Gauss constraint

Classically, the Gauss constraint G[A] reads

1 1
N = [ &A™ [ =D.E* + =¢lo,,6 ). 4.1
G0 = [ aboxm (LDuEs + €1t (1)
It is straightfoward to quantize it as the operator
G = A" ()G (4.2)
with
o = RS Juled et (omlase 4,
G, P O (4.3)

[e]
Let us use J, ,n to denote the second term in (&.3)), namely

(Um)ABé.

j’u,m = 6;,4 D) v,B (44)

On the fermionic Hilbert space H, at vertex v, the action of jv’m reads

jv,m‘oa 0>'U = 0, jv,m‘la 1>v =0
. 4.5
Foar (11,0)2,10. 1)) = (|1,0),,10.1),) 2. )



According to (4.5)), the operators jv’m for all m = 1,2,3 behave the same as the angular moment operators. Thus
the operator 7, ,, generates a natural SU(2) action on H,. For |¢), = > Piglis 7)v and u € SU(2), the SU(2)-action

on |¢), is
ws [6) = (11,0}, [0,1),) u (ﬁ) + 60010, 000 + d11|1, 1. (4.6)

Thus, H, is a reducible representation space of SU(2). More precisely, the 1-dimensional space spanned by either
|0,0), or |1,1), is the trivial representation space, and the 2-dimensional space spanned by |0, 1), and |1,0), is the
1/2-representation space where |0, 1), and |1, 0), serve as the standard basis according to (£.5)). This fact implies the
decomposition

H, =Ho @ Ho @ Hy o, (4.7)

where H; denote the j-representation space of SU(2).
For a graph v = v5 U vF, a spin j. is assigned to the edge e C 7¢. Then at each vertex v € V(y) there is the
Hilbert space

wWer= QR Mo & M, oM, (4.8)

e start from v e’ target to v

where #3 denotes the dual space of ;. On H{°*, the SU(2) action generates the Gauss constraint. Thus, the solution
space to the Gauss constraint is

HO = Q) Tnv (HY'), (4.9)
z€V ()

where Inv (%) C H'? is the SU(2)-invariant subspace. To see Inv(H") more precisely, let us assume all edges at
v are outgoing without loss of generality. Then we have

1t = Q) Hj. @ Ho (4.10)

eat v

Given an order of the edges at v, one can choose an orthonormal basis of Q) 7, composed of vectors

eat v
|ka, ks, - -+, kn, M) satisfying
3
STLE ko, ks, -k, M) =ko(ky+ 1) ks, K, M), V=2, 0
i=1
L5 ko, kg, -+ b, M) —M|k2,k3,--- Fon, M),
4.11
Lgn)|k27k3)"'akn7M Z \/ —SM +SM—"—1)‘]{;27]€3,...7]€”7M+8> ( )
s= :tl
LS|k, ks, -+ L = ZS\/ Y(kn + SM + 1)|ka, k3, -+, kn, M + 5)
s==+1
Here ﬁgl) denotes I:El) = 22:1 jzve" Let us define Inv (’Hg})> C H;. as the subspace spanned by
eat v
|ka, ks, -+, kn—1,0,0) for all possible ks, k3, ,k,—1. One has
LS kaykg, -+ kno1,0,0) = 0, Vi = 1,2,3. (4.12)
Moreover, with the vectors |ko, k3, , kn—1,1/2, M), we define
11 1 1
|k27k37"' 7kn—1>tot: k27k3;"' kn 132 2 ®|O 1> k27k3a"' 7kn—1a§;7§ ®|170>v (413)

Then one has

(L'En) + jv,i)‘k27k37 e ukn71>t0t = 03 Vi = 172’3' (414)
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Let Hiny C HE' denote the subspace spanned by |ka, k3, - -, kn_1)10t for all possible ks, k3, - -+ , ky,—1. Then Inv(H?I?)
can be decomposed as

Tnv (K1) = (Inv (HG ) ® |0,0>,,) ® (Inv (H(G)) ® 1, 1>U) @ Hiny, (4.15)

where Inv (Hg})) ® |i1,42), 1s the space composed of vectors 1) ® |i1, i) for all [¢) € Inv (’Hg’)).

Let v be a n-valence gauge invariant fermion vertex, where the ith edge e; is assigned to spin j;. According to the
decomposition 7 the gauge invariant Hilbert space Inv(H!°") contains a subspace Hiny, isSometric to the gauge
invariant Hilbert space of a (n+1)-valence vacuum-gravity vertex where the ith edge with 1 <14 < n is assigned to spin
ji and the (n+ 1)th, the spin 1/2. Then once we consider the volume operator at v, this extra spin 1/2 will also have
contribution. According to that the extra spin 1/2 originates from the fermion filed, one gets an intuitive picture that
fermion field contributes to the volume operator. Moreover, a n—valer}ce vertex in vacuum-LQG is always regarded as
a polyhedron whose faces are dual to the edges. The flux operators J;"“ associated to each edge e constitute the area
vector of the dual face. Then the vacuum-LQG Gauss constraint is just the closer condition ), J"¢ = 0 ensuring
that the faces can form a closed polyhedron. Now, the fermion field is considered. Then the Gauss constraint .
implies

>IN = =T (4.16)

where the right hand side does not vanish in general. In other words, the faces dual to the edges could not give a
closed polyhedron for states in Hi,,. By , the area defect of this unclosed polyhedron can be filled by 7, ;,
i.e. the fermion spin at the vertex (see [2I] for more details on the fermion spin). A direct consequence of the above
discussion is that the volume of a 3-valence vertex with fermion does not vanish any more for states in Hi,,. Let j;
with 4 = 1,2, 3 be the spins on the edges. Then the states in Hipn, are spanned by |k)tor = |k) with & = j5+1/2. The
action of the operator §ia3 on |k) is

—1

(kldroslhe +1) = R Vi —jo+k+ 1) (g1 + g2+ k+ 1)1 + 2 — k)1 + jo + k +2) -
\/(js—;+k+1)(—j3+;+k+1)(j3+;—k)(j3+;+k+2),
where §123 is the operator proportional to the square of the volume operator [2]. Then we have
e - - -
<.73 — g|des|is + 2> "T6 — /(21 + 22 — 25 + 1) (21 — 22 + 25 + 1) (4.18)

V(=241 + 2j2 + 243 + 1)(2)1 + 242 + 2j3 + 3).

Since the associated Hilbert space is 2-dimensional, the whole Hilbert space is the eigenspace of the volume operator

with eigenvalue
B Ko 63 /2 ’
U 16 \/> j 3

B. The Hamiltonian constraint

Q123

jg + 2>‘ (4.19)

As discussed in [I6], 20], the smeared Hamiltonian constraint in terms of 64 (x) reads

= 3 N(2)Hr() (4.20)
TEX
where Hp is
1+p%1 , 1 .
L b Eseteio — L peD, (0''6).  (a2)
Vi Vi
Fix a coordinate system x® on ¥ and a positive number e. Divide ¥ into a family C. of cells such that each cell
C € C. is cubic with the coordinate volume less than € and different cells can only share points on their boundaries.
Given a graph v = v U yp, for each cell C € C, let v¢ denote v N C. Since the limit ¢ — 0 will be considered
eventually, we will assume that € is small enough such that yo # () is one of the following types:

1 . ) 1 )
Hp =i—(0TE%c' D0 — (D,0) Eto'h) — B—E*K 010 —
F \/21( (Dat) )— B NG
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(i) the type-A graph: ¢ is composed of a single edge;
(ii) the type-B graph: ¢ is composed of a single fermion vertex without connecting any edges;
(iii) the type-C graph: 7¢ is composed of edges intersecting a single vertex.

For each cell C € C,, let us define
HY = /C BN (2)0 (2) E*(z)0" Dab(z),
H — /C BN (@) B (2) K ()07 (2)0(x), (4.22)
HY — /C BN (2)Da B ()01 (2)0°0(2),

and introduce

1 /. 1+ 52
He = 3 o (00 - 5 - pn® - LR - )+ mn). (1.23)
éet. Ve p
where the volume Vg of C' is
Vo = / d3z+/| det(E)).
c
Then Hp[N] is the limit of He, as € — 0, i.e.
Hp[N] = lim He,. (4.24)

e—0

Thus, we need to quantize He, to get an operator fIC\E, and the operator of Hr[N] is defined to be the limit of I/{C\
as € — 0. To this end, let us first quantize

oy 1 )
a2 = V—CH(CZ), i=1,2,3. (4.25)

for each C' € C.. We have
HY =V HED\ V. (4.26)

The operators H, g) act on states associated to the graphs yc = v N C aforementioned. Due to the operator \/ V5 Lat

the most right, ﬁg) will annihilate the states with respect to the type-A and type-B graphs. Hence, only the states
on type-C graphs is necessarily to be considered. From now on, ¢ will be used to specifically denote the type-C
graphs until otherwise stated. The vertex where the edges in ¢ intersect will be denoted by v¢.

Let us begin with the operator Hg). Replacing E¢(x) by —ikhB5/5AL () in H(Cl) in , we can quantize Hg)
as

HY) = —ikhp / d%N(x)éT(x)aim)Mfw (4.27)
C a

Given an edge e : [0,d] = C of y¢ with e(0) = v, let U,(¢,0, A) denote the parallel transport from e(0) to e(t) along
e. By definition, U, (t, 0, A) satisfies

%Ue(t,O;A) = —A,(e(t)e*(®)U(t,0; A), and U(0,0;4) =1. (4.28)

Defining h. := U(t,t; A), one has
)
SAL(

x) fre
= — KRAN(5.)0 (se)r* (R 0(te) = B(se) ) T e

- mﬁﬂ/ d®z N ()67 (x)a’ﬁ\a@(x)
c (4.29)
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where we used

8¢ (t1)Dab(e(t)) = Uo(t1, t1 + 0; A)B(e(ty + 6)) — O(e(t1)) + O(6?). (4.30)
Hence, for a state ¥ with respect to ¢, one has
e = —khBN(ve) Y 8 (ve)a® (h20(t) - B(ve)) Jro e, (4.31)
e€yc

—

which gives Hg), acting on U as

ADWe = —whBN(ue) S Va8 (ve)o “(hete) - Bve)) jre\va e, (4.32)

EEVC

For the second term f{g ), one has

as = / BoN(z)E(2)K! (2)07 (2)0(x). (4.33)
c
Taking advantage of the Thiemann’s trick to quantize pure gravity Hamiltonian constraint in LQG [4], one has
. 1
/ dPaf(z)BH(2)KL(2) = ——5 {/ d?’xf(a:)HE(m),VC}7 (4.34)
c 2662 | Je

where Hg(z) is the Euclidean part of the vacuum Hamiltonian constraint, i.e.

cige Py (@) (@) B ()

Hp(z) =
q(x)
Thus, Hg ) is quantized as
A (2 1 A A A~ A
B = 5 [N (o) B o' (e)0(e), Vi (4:35)

where Hp . denotes the Euclidean part of the vacuum Hamiltonian constraint operator at ve and V., the volume

operator at ve. Eq. (4.35) gives the operator ﬁg ) as
A = N eV Vi (Ap.0c Ve = Vae Hp.uc. ) 1 (ve)i(ve) V Vi (4.36)

Finally, for the third term H ((js ), we have

HPW e = khBN (ve) ( S e ) 0t (ve)o'b(ve) Ve (4.37)

e at vo

Thus H, (C?’ ) reads

H(?’)\IIC = kBN (ve) r ( S e ) Bt (ve) o f(ve)\ Vi e (4.38)

e at vo

With (4.32)), (4.36) and (4.38)), the operator ffc\ is defined as

€

— =T o P 1+[3 1 =7
He,= Y iy - BN - pHE - 5 LEBg® _ pa® + 5O (4.39)

where
Cc® ={C eC,yNC is type-C}.

Even though, I/{-c\ in (4.39) is defined with a partition structure C. on ¥, this partition structure is indeed not

necessary. In other words, one can define an operator equal to I?C\ with ¥ endowed with another structure, more
convenient for the further study. To this end, let us first introduce the following notations.
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Definition IV.1 (removable vertex). A vertex v of a graph v is removable if it satisfies the following conditions.
(i) v is a two-valence vertex connecting e; and es;
(ii) The composition of e; and es as a curve is C™ and semianalytic.

Given a graph ~, one can obtain another graph ker(y) by removing all of its removable vertices. ker(v) will be called
the kernel of 7. Let T'ke;(X) be the collection of kernels of all graphs in X. Fix once and for all a parametrization
for each v € Tk, where a parametrization of a graph is an assignment to each edge e € F(v) a parametrization
[0,1] 5t — e(t) € X. Then give a graph v € 'k, for its edge e taking v as an endpoint, we can define e(v,d) C e
as the segment starting from v and ending at either e(d) for v = e(0) or e(1 — J) for v = e(1). Then given a graph

v = va U7, for each v € V(vy¢g), mimicking the operator H(Z) in (4.32), (4.36) and (4.38), we define

(i) FHM)(S \/7,27123 (4.40)

with
HO(0:5,) = — khAN (v ) ( Vo' hh s, Otewa,.) — 9*(v)0i9(v)) g,
eat v
HO (0:5,) = N (B - Vs, ) 61@)0(0), (4.41)
H(?(\ 8y) =KhBN (v) <Z j;”) 0" (v)o'0(v).
eat v

where &, = {0v.e}e at v- With these operators, we define

A= Y (@0 (058) — AO@ S - AR08 — 55 5@ (08,) - SO (0:8,) + A (035,
veV (va)
=S HEO(wd,) — HO ()1 — A8, — G0 0:5,) - SED (0:6,) + HO (0:6,)1)
veV(y)

(4.42)

-

where § = {gv}vev(,y) and the second step is a consequence of the fact that I:I(i)(v;gv) with v ¢ ~¢ vanish for all

—

1= 1, 2,3, due to the operator \/Vy ! in HG ) (v36,). Comparlng the operators I?(TS) and ﬁc\, one can verify easily

that H (5) Hc for some suitable §. Hence, we can use H (5) instead of Hc for our further study. In the following
context, without loss of generality, we will assume §, . =constant for convenience. The discussion for non-constant §
can be discussed similarly.

In the operator FT(TS), the most interesting term is the operator
01(0) = J} 0" (te(o,5) ) hev.)00(v)
— ¢
contained in H(™) (v, §) . By definition, one has
01(8) (D (he(v,5)) © k1, ka)o @ 11, 12)1, 0 )
1 Sl 1
oW _pym+A-n—c |4 J 3 J J 3 J 5 ]
2W;Wy Z Z( 1) [% 1 J] (—(m+A) m A)\—-(n+C) C n x (4.43)
J=jtL AC
D amic(heqs)) ® 0c(v)|k ka)o @ 0% (tews))lin, 2)e. )
' 1 .
where W; = /j(j +1)(2j +1 [ } is the 65 symbol and (Tﬁ J2 ) denotes the 3j symbol. According to

5 1 M2 m3

(4.43)), the operator hl( ) moves the fermion vertex at v to the vertex ., 5y in the edge e, and simultaneously change
the spin on e(v,d). Let us use x to represent a fermion vertex and a solid line to represent the edge e. Then, setting

|l115) = |0,0), we illustrate how the operator b1 (§) moves the fermion vertex at v as follows.
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(1) For k1 =1 = ko, one has

(4.44)

61 ? - Z (4.45)
(i1,i2)€{(1,0),(0,1)} /.~

- Z (4.46)

(i1,i2)€{(1,0),(0,1)}

There are two problems on the operator hy(d). At first, according to (£.44), [.45) and (£.46)), the limit of b (5) as
0 — 0 does not exist. As a consequence, the limit of I?(TS) as § — 0 does not exist, too. Second, given a state [i)),
h1(8)]1) and b1 (8")|¢) for & # & are diffeomorphism equivalent. However, b1 (8)T(h1(8)[¢)) and b1 (6)T(h1(8")[)) could
be no longer diffeomorphism equivalent because we could have by (6)t(h1(6")[1)) = 0 but b1 (8)T(h1(8)[)) # 0 for some

|1h). Therefore, the operator by (0 ) is not diffeomorphism covariant. As a result, H(¢) is not diffeomorphism covariant.
A solution to thls two problems is to introduce the vertex Hilbert space Htx whlch is in the dual space of Cyltot

The procedure to use Hyx to solve the two problems is sketched as follows. We split H (5) into H (5) Hq(0)+H, (5)
with

— L o 1432 .—— .
Hi(6) = Z —iHD (v;0)" — gH(Q)(U;(S) +5 —Z HG) (0;6) — BHD (v;6)F (4.47)
veV(y)

Since E(F) contains hy(6) rather than by (8)1, E@ can be promoted to a diffeomorphism covariant operator in
m* in Hytx by the duality such that IZ@* = H/l(W)* for 0 # &’. Hence the limit of Im* as § — 0 exists. The
limit will be denoted by Ap which is manifestly diffeomorphism covariant. Moreover, for the operator E@T, rather
than promoting it to an operator in Hytx by the duaﬁ@ we will just define (1?1®*)T as its correspondence in Hiy.

Consequently, the operator referring to the limit of H () as § — 0 in Hyy is just Ap + fl}

1. the vertex Hilbert space Hyix

Given a graph v, we will consider the subgroup of C™ semianalytic diffeomorphisms which acts on V(ker(7))
trivially, i.e. which preserves every vertex of ker(7y). This subgroup will be denoted by Diffy (xer(y)). There are two

subgroups of Diffy (xer(y))- The first one, denoted by Diff,, preserves 7. The other one, denoted by Diﬁg, preserves
every edge of ker(). Hence Diﬂg is a subgroup of Diff,. The quotient

GS, = Diff, /Diff] (4.48)

is the group of graph symmetries of . GS, is a finite group with order |GS(v)|. Given a state V., with respect to
and a diffeomorphism ¢, ¢ x ¥, denotes the pullback of ¥ under ¢. The averaging with respect to GS(v) defines a
projection Py : HI" — HIT |

Pyl > ¢x 0, (4.49)
$eGS,,
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The averaging with respect to the remaining diffeomorphisms Diffy (xer(+)) /Diff, defines

n(¥y) = Z ¢ x Py(Uy) = Z Px V. (4.50)

$EDIy (ker(+)) /Diffy HEDIff v (ker(4)) /Dift§

Obviously, (%) belongs to the algebraic dual space Cylgot™ of Cylior. Taking advantage the decomposition (3.45)),
one can extend 7 to a well-defined operation on Cyliot. Let 7(Cyliot) C Cyliot™ denote the image of Cylyor under
1. The group averaging procedure naturally endows 7(Cylot) with an inner product

(n(W),7(¥,)) = @wwwm (4.51)

where 1/|GS,| is chosen for latter convenience (see (4.57)) and (n(¥1)|¥3) denotes the action of n(¥;) € Cyliot ™ on
Uy, defined by

M) = S (T, W), (4.52)

¢€Diﬁv(ker(7))/Dng
Here, (-,-) denotes the inner product in . Then the vertex Hilbert space Hyx is

Hvtx = n(Cy1t0t>~ (453)

Given a finite subset W C X, let I'ker (W) be the collection of graphs « satisfying V(ker(y)) = W. Two graphs
v, € Tker(W) are said to be equivalent, denoted by v ~g4 7/, if there exists a diffeomorphism ¢ € Diffy, such
that ¢(v) = 4/, where Diffy, is the set of diffecomorphism preserving W. Let [['wer(W)] be the quotient space
[Cker(W)] = Dker(W)/ ~a, and [7] € [[er(W)] denote the equivalence class of 7. Let S¥" denote the image of P,.

Then 7 : S,iy” — HIT s isometric. By 77(8;") denoting the image of Siy” under 7, one has

vix
n(Sy) = n(Sy), ¥v.v' € - (4.54)
Thus, we can define
n(S) == n(Sy) (4.55)

by choosing arbitrary 4’ € [y]. Let FS(X) denote the set of finite subsets of ¥. Then we have

n(Cylot) = P P nsghHec (4.56)

W EFS(E) [v]€lker (W)

The factor 1/|GS,| in (4.51) ensures that 7 is an isometric from SI** and n(SM"), i.e.,

N(Cyliot) = @ @ (i,r(rh]) @ C. (4.57)

WEFS(S) [v] €T ker (W)

where o([y]) € [y] is a representative of [] fixed once.

2. the Hamiltonian operator on Hyix

Given V¥, € H;” with respect to v = v U~vq, by definition, the operator H;(d) takes the form

H (0¥, = Y N@O@)T,, (4.58)

veV (y)

with some operator O(v) satisfying that O(v) = 0 for all removable vertices v € V(v). Hence, one has

H@O)U, = Y NwOwY,. (4.59)

veV (ker(y))
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By definition, the operator Ap on Hyex is given by
(Apn(xpv)‘cpv) ~ lim (Hl(é) (‘I’w)"pw’> , (4.60)
where the operator O* dual to O reads

(O*U(Ww)‘¢7’> = (U(\IIW)‘OA(I)'W> (4.61)

—

Accordlng to the definition of H1 in (4.47)), let us now consider the operator (H()(v,8)")* at first. The operator
HO(v; (v;6)" with v € V(ker(y)) can be splitted into two parts as

HO (v;8)" = —kBBN (v)1(5) + kBN (v)hs (4.62)
with 62 defined as
ho= > 07(v)o'0(v)J;"¢ (4.63)
e at v
By , let us consider
tim (61(6)n(V,)|@, ) = lim (n(%) e§v61(5)¢7/> - (4.64)

At first, the right hand side vanishes if

ker(’)/) ¢ {¢(ker(7))a ¢ € Diﬁ‘V(ker(’y))}'

Moreover, for ker(y') € {#(ker(v)), ¢ € Diffy (ker(4))} but ker(y’) # ker(7), one can alway fine another graph 4 with
5 € {¢(7),¢ € Diffy (kex(y))/Diff,} and ker(7) = ker(y’) to replace n(¥,) in the right hand of (£64) by n(¥5),
where W5 is the state associated to 7 and satisfying n(¥.,) = 7(¥5). Hence, without loss of generality, we can set

ker(y’) = ker(y) in (4.64]). This setting simplifies (4.64]) to be

lim (hl( ’@ > — lim S g, 61(5)<Iw> (4.65)

6—0 . 0
¢€D1ffker('y)/D1ff—y

where Diffy.(,) is comprised of the diffeomorphisms preserving ker (7 ) Add a fermion vertex at the target of e(v,d) C
v to get the new graph 4/(e,v,;d). By (4.44] 7 ) and (| -, h1 + will be some state in Hi;,r(e id)* Using
fIJ /(e,0;5) to denote f)l( )®.,/, we have

tim (B1(6) (%[ @, ) = lim Yoo x| Y <i>we,v;5)>. (4.66)

¢6Diffkor(,y)/Diffg eatv

Because the limit of § — 0 will considered, we can set 6 small enough such that there is no fermion vertex between
te(v,s) and v. By (4.44), (4.45) and (4.46), the fermion state to(y,5) in @4/(c 055y 15 [0,1) or [1,0), ie. Psre sy takes
the form

. = (1 = (2
Do) = ) @10, 1), 5 + B0 @ 1,00, - (4.67)
Thus, the right hand side of (4.66)) will vanish if there do not exist any edges e € ker(y) at v such that
7'(e,v:8) € {6(7), ¢ € Diffyer(y) /DI }. (4.68)

Let Ey(ker(y)) C E(ker(y)) be the collection of the edges satisfying (4.68). Given an edge e € Ey(ker(y)), let
gb(e id) ¢ Diff ey (4 /Diffg be the diffeomorphism such that gbém;é)(w) =4/(e,v;d). One has

Z ¢ * \:[/7 Z (i);y’(e,v;é)> = Z <¢ée,v;5) * q"y‘¢"y’(e,v;6)> (469)

¢€Diﬂker(,\{)/Diﬂg eatwv eGEg(ker(’y))
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By definition of qb ©vi0) with e € B (ker(7y)), in the graph (b(e vid) ( ) which the state qﬁ((f’v;&) * U, is associated to, there

must exist a non-negligible fermion vertex at t.(, s, i.e. the fermion state at ¢.(, ) is not |0,0). Thus, according to

(4.67)), the right hand of (4.69) will vanish for %11 .,/ (refer to (4.65)) for ®,/) if the fermion state of qb cvi0) V., at
te(v,s) is |1,1). Thus, let us define a projection IP,, on the fermion Hilbert space H,, by

U (R N e
Py fi, iz) = { li1,42), otherwise. (4.70)

With I@’te(m), we have

Z ¢ * \Il’y Z (i)'y/(e,v;é)> = Z <h (e 6) Pte(u 5)¢(e i0) * \II’Y‘(I)’Y’> (4'71)

¢EDiff e () /Diffy eat v e€Eq(ker(v))

Defining 6. by

06" (e(v,80)) = e(v,), (4.72)

one has
(Bues8)1B g 0 w0 [, = (66w (s e 60) B 5, 9| ) (4.73)
with eg = (e v 5)( ). Since § is supposed to be sufficiently small, 61(e¢, 5)[@”,5%(%5) will annihilate the closet fermion

vertex to v in qﬁée’v;é) (vr Mg — {te,, Se, }). Here yp Neg — {te,sc} denotes the set of fermion vertices vp with
vp € ypNeg and vp & {Se,, te, }. Let v (ep,v) € V(v) be the one closest to v. Then §, satisfies

es(Ip — del) = vip(es, v) (4.74)

where p = 0 or 1 is given by v = e, (p). Moreover, let 7, (es) be the graph by dropping v%(es,v) from 7. One has

61(€¢,(5 )Tﬁhtad)(v,zs)\l]’y € /Hi/r*r (eg) (4.75)
96" (n(es)) = ', (4.76)
e,v,0
(() )(te¢(v,5e)) = le(v,s)- (4.77)

(e,v,0)

This means that (;50 can be factorized as
e,v,0 e,v,8) e,v,0
¢5" = i o gl (4.78)

where éée’v’é) € Diffker(v)/Diffg*(e
factorization, one has

e,v;0 o 3 e,v;0) o 3
< ((J ) * (b1(6¢, 66)Pte¢(v,560) ’(b > < 5 (b1(6¢, 66)Pte¢(v,se)wv)‘q>"f’> (4'79)

Combining (4.71f), (4.73) and (4.79)), we thus have

Z Gx Z (i)"y’(e,v;é)> _ Z <qgée,v;5) % (61(e¢, 6e>@te¢(u,5e)q]7)‘q>7’> . (4.80)

PEDiff e, Diff? eat v e€Eq(ker(y))
(G2) Y

is determined by (4.76) and (5(()6’”’5) € Diffg*(%)/Diff?/, by (4.77). With this

)

It will be convenient to introduce the following notations to rewrite - At first, we generalize the notation
v% (e, v) and v, (ey) to arbitrary edge e. Define v%(e,v) € {vp € yp Ne,vp # te,vp 75 se} C V(v) as the fermion
vertex closest to v , and define 7, (e) as the graph obtained by dropplng v%(e,v) from 7. Second, let e(v) be the
segment of e from v to v%(e,v). Finally, let D(e,v) be the collection of ¢ € Diﬁ’ker(v)/Diff,oy*(e) satisfying

P(1x(e)) =7 (4.81)
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With these notations, we introduce the operator 5%1)(6)
Hule) = 81 (0)ahyl B (e,0) T By (o . (4.82)

and rewrite (4.80) as

SRR ¢><>>

¢€Diﬂ‘ker(,\{)/Diﬂ‘0 eat v

EE fmoie) 459

eat v qSGD(e v

-y X <¢ * B fer)
€ at ¥ $€Diffyer(,) /DiffY

where in the first step we used that the terms corresponding to edges e with D(e,v) = @) vanish automatically, and
the second step employs

(6% (Hu(@Pr ..., )| @) =0, V6 ¢ Dle,v). (4.84)
Substituting this result into (4.66]), we have
lim (0@ n(w)e) = > 3 (ex(Bu¥)|0y), (4:85)

eat v ¢'€Dlﬂ‘k9r(,y)/Dlﬂ"y*<e)

due to the right hand side of (4.83) is independent of §. Finally, releasing the assumption ker(y) = ker(v’), one has

tim ((6:(6)) n(w-)| @) = (n(H,%-)|2,) (4.86)

§—0

where ), is

Ho= > Hule). (4.87)

eat v

Eq. implies
lim b1 (6)"1(¥5) = n(H,¥-). (4.88)

Therefore, by (4.62) we have

i (HD (0:6))* — . it ()00 (v) JV
tim (H) (0:.0)1)* () = ~shBN (o) K(m - X e )w (4.89)
where we used the manifest fact that
lim b3n(¥,) = 7(h2¥-) (4.90)

Now let us consider the operator H(?) (v;4). An issue on defining gin%) H)(v;8) is the operator Hg,, comprising
—

H®@)(v;§). In this paper, we will employ the the work [47] to define IA{E,U in Hyix. A subtlety here is that the vertex
Hilbert space defined in [47] is a little different from ours. In [47], the authors defines the vertex Hilbert space with
diffeomorphisms preserving V (v) while our work considers the diffeomorphisms preserving V (ker(y)). Regardless of

this difference, the operator Hg , introduced in [47] , for v € V(ker(y)), is well-defined in our vertex Hilbert space

—

Hotx. Indeed, due to the operator \/ Vy ! in H (2)(v;§), we do not need to consider H E,v With v being the removable.
According to this discussion, for v € V(ker(y)), we have

lim H® (0;6)(¥) = ;;E;ggmv)n [(H5,0V = Vi f1p, ) 6 (0)0(0) ¥, ], (4.91)
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where x1(v) is introduced in [47] to remove the dependence on the partition. Here H E, is defined as H By =
E, Vi + VR with

=-9 Z )€k tr(haEE,Tk)jf’ej;”e/ (4.92)

e,e’ at v

where a..s is a loop tangent to the two edges e and e’ at the vertex v up to orders k. + 1 and k. + 1 respectively with
ke and k. being respectively the orders of tangentiality of e and e’ at v (see [47] for more details.) By this definition,
F, will change the graph by adding a loop at v and, thus, FJ, by removing a loop. Finally, for the operator H®)(v;§),
since H®)(v;6) for v € V(ker(y)) is independent of § and Diffy (ier(4)) invariant. we have

lim ( HG)(v; 6)* ’ - ( (HO( )ww)‘ (4.93)

6—0

with

75 (v) := khBN (v ( > J”“) (v)o'0(v). (4.94)

e at vo

Let us summarize our results. According to the above discussion, we have

AFT](\II’Y) = }1_1}1’(1) Hl(é)*’f](\ll,y) = Z n ( ‘/v_lf{U Vy_l\l’7> (495)
veV (y)
where H, is defined as
. — — 14+ 82—
H, = —iH(v) — gHg(v) 2ﬁ6 3(v) — BHl( ), (4.96)

with

Hi1(0) = —rs(0) 28N (v) ( I C ) :

eatw
K1(v)
4i23?

H(v) = i3(v) (23N (v) < > jf’e> 0'(v)o'6(v),

Ha(v) = N(v) (HEV - VHE) 0 (0)(v), (4.97)

according to (4.89)), (4.91) and (4.93)) respectively. Here we again introduce the parameters ko and k3 as in [34] in
order to remove the dependence on the partition. Taking advantage of these results, we finally define the fermion
Hamiltonian operator Hr on H,ix as

Hp = Ap + Al (4.98)
It is worth discussing the term in /Al} originating from the operator $y. Let 5%; on H,ix be the operator defined by

Then, we are concerned about the operator (§/,)" in fl} By the definition li ), is comprised of §,(e) which
annihilates the fermion vertex contained in e and closet to v. Thus, the operator (£))7 will be comprised with some
operators, each of which is associated to an edge e at v and creates a fermion vertex vp € e such that vp becomes

the closest vertex to v among the vertices contained in e. To be more precise, let us define the operator f’)j(e) (vefer
to (4.82)) as

95 (e) = 0T (0e,0)heo, )0 0(0) (4.100)

where v., € e is a point in e such that v., € e is closest to v among (yr Uv.,) Ne — {s,t.}, and e(ve,) C e is
the segment starting from v and ending at v, ,. It is noted that even though b, is not uniquely determined by the
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)T on Hyix defined via 5%j (e) will be independent of the precise position of v, ,, because

!/
v

definition, the operator (£,

of the averaging operation 7 with respect to diffeomorphisms. Indeed, ()T is given by

(55,) () =1 ( > ?ﬁ(e)‘l’w) : (4.101)

eat v

Let us complete this section with a discussion on the intuitive picture led by the action of ﬁv(e) and ?)j(e) By
definition, $; (e) creates a fermion vertex vp € e. vp is next to v and carries states a|1,0) + b|0,1). Simultaneously,

9 (e) changes the fermion state |i1,i2), at v in such a way that |1, 1), — c|1,0), +d|1,0),, for some constant ¢ and d,
and a|1,0), + 3|0, 1), + |0,0) for arbitrary constants o and 3. Moreover, because of the holonomy operator h. ) and
flux operator .J* in §:(e), the spin on the segment e(v) C e and the intertwiner at v are changed. These results can
be summarized in one word that the operator 5%3‘ (e) moves a fermion at v to vp, and changes the geometry around
v simultaneously. For the operator g’sv(e)7 it reverses this procedure, that is, S?Jv(e) moves a fermion at the fermion
vertex in e and closet to v, to the vertex v, and changes the geometry around v simultaneously. Moreover, because of
the projection operator I@’UF in 51)(6) (see ), when the fermion vertex vp in e and closet to v carries a fermion
state |1,1),,, the fermion at vp cannot be moved by the operator 5U(e). To see the consequence of this fact, let us
first imagine an edge e with the source s, and middle point v being the fermion vertices, where vp carries a fermion
state, saying, |1,0),,.. Then acted by 5;2 (e), the fermion state at s, will be moved to some point v} between s,
and vp. Then, acted by .%te(e) twice, the fermion at v} will be moved to t.. Now, imagine that vp carries the state
[1,1),,. Then, acted by 5;’;(6), the fermion state at s, will be again moved to v. Then, no matter for how many
times the resulting state is acted by 5&3 (e), the fermion at v} cannot be moved to t., due to the operator ]f”UF in in

S%te(e). Intuitively, in the second situation, the fermion at s. is confined around s, by the fermion state |1,1),, at
vp. This picture on how a fermion moves in LQG spacetime and influences the background geometry in the LQG
framework recovers somehow the classical picture that “spacetime tells matter how to move; matter tells spacetime
how to curve”-John Archibald Wheeler.

V. SUMMATION AND OUTLOOK

This work is concerned about the model of fermion field coupled to loop quantum gravity. The Gauss and Hamil-
tonian constraints in this model are studied in details. In the solution to the Gauss constraint, fermion spins and the
gravitational spin network intertwine with each other so that the fermion spins contribute to the volume of the spin
network at vertices. Consequently, the closure condition encoded in the Gauss constraint will no longer satisfied for
the gauge invariant state with non-vanishing fermion spin. In other words, the faces dual to the edges at a fermion
vertex with non-vanishing fermion spin could not form a closed polyhedron, and the area defect of this unclosed
polyhedron is filled by the fermion spin. Thus, a 3-valence gauge invariant vertex with non-vanishing fermion spin
does not have vanishing volume again. The volume of this type of vertices is computed in details.

For the Hamiltonian constraint, the regularization and quantization procedures are presented in detail. There are
several remarkable issues on the definition of the Hamiltonian constraint operator. At first, in order to take the
limit of the regularized expression as the regulator approaches 0 and define a diffeomorphism covariant Hamiltonian
constraint operator, we introduce the vertex Hilbert space. By definition, the vertex Hilbert space is comprised of the
cylindrical function group averaged with the diffeomorphisms preserving the unremovable vertices of graphs. Thus,
the states in vertex Hilbert space are partially diffeomorphism invariant. Due to this diffeomorphism invariant feature,

—

on the vertex Hilbert space, the regularized Hamiltonian operators H(§) with different values of the regulator § are

identical. Consequently, the limit of I?(é\) as & approaches 0 can be taken. Moreover, the operator fm can be

divided into two parts H;(d) and H;(8)" where H;(§) is diffeomorphism covariant but m is not. It is problematic

that m is not diffeomorphism covariant so that the diffeomorphism-equivalence feature of two states can not be
always kept by the action of PT@ To solve this problem, we also need to introduce the vertex Hilbert space. By
definition, the vertex Hilbert space is a dual space of the cylindrical function space. Thus the action of IZ@T can
be promoted to it by the duality. The operator in the vertex Hilbert space dual to E@T is denoted by Ap. Since

L

H, ()t is diffeomorphism covariant, so do Ap and fl} Then the operator referring to H;(d) in the vertex Hilbert
space is proposed as /1} rather than the dual operator to H;(d), so that the diffeomorphism-covariance problem is
solved. Finally, in the Hamiltonian constraint operator, there are contained the concerning the operators ;" (¢) and
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S%U(e). These two operators tells how the fermion moves in LQG spacetime and influences the background geometry
in the LQG framework, which somehow recovers the classical picture that “spacetime tells matter how to move; matter

tells spacetime how to curve”-John Archibald Wheeler. According to our results, the operator S%j‘ (e) moves a fermion
at the vertex v to a vertex vp in e and next to v, and simultaneously changes the spin on the segment of e from v
to vp as well as the intertwiner at v. This procedure will be reversed by the operator :61; (e), which moves a fermion,
located at the fermion vertex vp in e and adjacent to v, to the vertex v, and simultaneously changes the spin on
the segment of e from v to vp as well as the intertwiner at v. In addition, ﬁv(e) is defined to contain a projection
operator I@’UOF (e,v)- As a consequence of this operator, the fermion located at, says, s. will be confined around s. by

the state |1,1),, located at v € e (see the discussion at the end of Sec. [IV B).

Even though the current work is concerned about the graph changing feature, the framework can be easily adapted
to define a graph preserving version of the Hamiltonian constraint operator. Then one can apply this graph preserving
operator to the lattice model of fermion coupled to LQG. Then some open issues in lattice fermion field theory can
be employed and studied.
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Appendix A: Hamiltonian analysis for fermion field

Define P = #, one has
P? =Py, PyP_=P_P; =0, Pey" ="Px. (A1)

Therefore, we have
1
Ty el PV, U = (W) 0 el by + Z(\I/i)T'yovle?quL'yKvL\Ili (A2)

with Uy := PLW. Let us choose the Weyl basis of the v matrices

0 __ 0 ’L]].Q k 0 iUk 5 7]2 0
Y= (’L]].Q 0 ) V= _io.k 0 ) v = 0 I2 . (A?))
Then ¥4 take the form ¥_ = (1,0)7 and ¥, = (0,77)7. We thus get
— I _ 1. _ " 1 _
\lee‘I VU= —¢Tale’;8M¢ + szale’;wMKLaKaLw — r]TUIe‘In + ZnTae?quLaKoLn (A4)

with ¢! = (1, Pauli matrax’) and 5/ = (1, —Pauli matrax").
Performing the 3+1-decomposition M =R x ¥, one has

eif =efg —ntng (A5)

where ¢ is the projection to ¥ and n* = (t* — N#)/N with N and N* being the lapse function and the shift vector
respectively, and t* being some time evolution vector field given by t#0,t = 1. Substituting (A5) into (A4)), we have

Vely'V, ¥ = (Yiefo'Df v — nled D, n) — %(t“ — N") (W' Dfv + 0Dy n) (A6)
where we defined
DE=0,+ ("™ F K™)7n =: 0, + AL, (A7)
Defining
Vo =04+ (A8)
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we can express the action of the fermion field in terms of K¢ and V, explicitly, which reads
Sp=— 1/ d*z(Uy ef vV, T — c.c)
2 Jm
i
=5 [ d'ava| (W' +1'0m — c.c) + 2T (W70 + 5T 77™n) = N (01 + 91 Van — (Va)Tv — (Van)'n)
2
N tpa i tpa i tropa tpa i tpa i troa
- %[1# Elo'Vap — (Vo) Ef o'y + 20T [E*, Ka| — n' Ef0'Van + (Van)' Effo'n + 20’ [E ,Ka]n}
(A9)

Define {4 = /qa and vy = /qna with A =1,2. Eq. (A9) implies the following non-vanishing anti-Poisson bracket,

{6a(@),€5(1)}+ = ~idapd(x.y) (A10)
{va(@),vh )} = —idapd(x,y)
For the gravitational parts, the action is
1 iy .
Sm =~ / z (BL KL+ ﬁNE“EbQ;Jb + (t- D)™ Kar B + 2N E{V | K)) (A11)

Substituting the expression (A9)) and (A11]) into the total action S = Sy + Sk, one can obtain the constraints govermng
the classical dynamics Wthh are expressed in terms of V, = 9, + I'™7,,. Then taking advantage of A% =T'! + 3K
one can simplify these constraints in terms of the derivative D, = 6 + Al 7;. The results are listed as follows The
total action reads

1
S =S¢+ S5Fr= /d4x(simplytic structure terms — \"G,, — N°H, — §NH) (A12)

The Gaussian constraint is

1 1
Gm = %DaEla + 5\/§(¢T0—m¢ + 77T0m77) (A13)
The vector constraints is
1 ) 7
Ha = %EfF;b + iﬁ{QbTDaw - (Daw)Tw + 77TDa77 - (Daﬂ)TU} + BK;nGm (A14)

The scalar constraint is

H —Ho + (i Bl 0" Dut — (Dut) B ') - BE{K (01 - 5(1+ B)DLEfvlo's - 5B Da(Vav'o's)

‘ 1 ‘ v _ (A15)
—i(n' Bl o' Dan — (Van) Efo'n) + BE{ Kon'n — 3+ B3)D.Efno'n — ﬂ%Equa (ﬁn*cﬁ)]
where H¢g denote the scalar constraint of pure gravity
a b ] 2 J
He = TfE B (Fbem — 201+ 8?) K]) (A16)

Appendix B: graded vector space and graded algebra

We follow the notions given in [49]. A vector space V over R or C is graded (over Z,) if there are fixed subspaces
Vo and Vj such that V =V, @ V;. An element v € V' is homogeneous if v is either in Vj or in V;. For all v € V; with
v # 0, we define their degree as

() = i. (B1)
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Given two graded vector space V and W, the space Hom(V, W) of homomorphism from V to W is graded. An element
a € Hom(V, W) is said to be homogeneous and of 9(«) provided

a[Vi] C Wito(a) mode- (B2)

with a[V;] denotes the image of « acting on V;.

An algebra (A,-) is a graded algebra if A is a graded vector space and A; - A; C Aj4jmod2 Where A; - A; denotes
the space of elements a; - a; for all a; € A; and a; € A;. A graded algebra A is a graded commutative algebra if the
product satisfies

zoy=(—1)2@RWy . 4 (B3)

where x,y € A are homogeneous. Any commutative algebra A is a graded commutative algebra with the grade A; = A
and Ay = {0}. An example of the graded commutative algebra is the exterior algebra of some finite vector space V,
ie.

A=ReVo(VAV)e(VAVAV)e-a AV (B4)
A is graded as
2k 2k+1
A= @DAV. 4= AV (B5)
k=0 k=0

A graded algebra (a, [-,]) is a graded Lie algebra if the Lie bracket satisfies
(1) [z,y] = (=1)F2ERW) [y, ];
(2) (=1)°@PO [z, y], 2] + (=1)° @R[y, 2], 2] + (=1)°°W) [z, 2], 4] = 0.
An operation 0 on a graded algebra A is called a derivative if it satisfies
O(zy) = (9z)y + (=1)° P a(ay) (B6)

where 0(0) is defined by thinking of it as a homomorphism on A. It can be checked that the operator [z, -] on a graded
Lie algebra A for all z € A is a derivative.
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