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In the model of fermion field coupled to loop quantum gravity, we consider the Gauss and the
Hamiltonian constraints. According to the explicit solutions to the Gauss constraint, the fermion
spins and the gravitational spin networks intertwine with each other so that the fermion spins con-
tribute to the volume of the spin network vertices. For the Hamiltonian constraint, the regularization
and quantization procedures are presented in detail. By introducing an adapted vertex Hilbert space
to remove the regulator, we propose a diffeomorphism covariant graph-changing Hamiltonian con-
straint operator. This operator shows how fermions move in the loop quantum gravity spacetime
and simultaneously influences the background quantum geometry.

I. INTRODUCTION

The real physical world consists of spacetime and matter. According to general relativity (GR), “spacetime tells
matter how to move; matter tells spacetime how to curve"-John Archibald Wheeler, which should also be carried
out in the quantum theory. Loop quantum gravity (LQG) [1–5], as a background-independent and non-perturbative
quantum gravity theory, sets a stage for incorporating matters into quantum spacetime. In [6–10], the Brown-Kuchar
model of gravity coupled to dust as well as the Rovelli-Smolin model of gravity coupled to massless Klein-Gordon field
is quantized. In [11, 12], a minimal coupling of fermions and Yang-Mills fields to covariant LQG dynamics is proposed.
The quantum theory of spinor fields coupled to LQG is well understood [13–19] In [20], a systematic procedure to
couple standard model to the canonical LQG is proposed and further developed in [16, 21, 22]. With the present
paper, by employing the procedure in [20], we investigate the Gauss and the Hamiltonian constraint in the model of
fermion field coupled to LQG. In particular, the Gauss constraint is solved explicitly and, the Hamiltonian constraint
is regularized and quantized in detail by introducing the so-called vertex Hilbert space to remove the regulator.

In the classical model of gravity coupled to the fermion field. The action of the gravitational sector can be
formulated optionally with the first-order formulation (see, e.g., [1, 23] for the Palatini-Host action) or the second-
order formulation (see, e.g., [4, 24] for Hilbert-Einstein action). In the pure gravity case, these two formulations are
equivalent to each other up to boundary terms, while for the case with the fermion field coupled, the equivalency
is no longer valid. For the first-order formulation, the action is a functional of some SL(2,C) connection, and the
fermion field will be coupled to it directly. As a consequence, the fermion field will result in an on-shell torsion term
in the connection. However, for the second-order formulation, the fermion field will be coupled to the torsion-free spin
connection compatible with the tetrad. Thus, there is no torsion involved in this formulation. In the current paper,
even though we adopt the second-order formulation for discussion, the results for the first-order formulation can be
obtained analogously. Moreover, since no extra field is introduced for deparametrization in our model, the dynamics
will be governed by the Hamiltonian constraint H[N ] with lapse functions N rather than the physical Hamiltonian.
Then a problem arises that the Hamiltonian constraint operator cannot be defined in the diffeomorphism invariant
space. This problem will be solved by, for instance, the master constraint framework [25, 26] or the deparametrization
framework [9, 10]. In these frameworks, one finally needs to consider the Hamiltonian constraint operator with a
constant lapse function or some dynamical lapse function such as the volume. These operators can be constructed
directly with the Hamiltonian constraint operators Ĥ[N ]. In other words, without loss of generality, one can only
focus on how to define well the Hamiltonian constraint operators Ĥ[N ] which is a main task of the current work.

The phase space of the fermion field coupled to gravity is composed of fields (Aia, E
b
j ,Ψ,Π) on the spatial manifold Σ,

where Aia is an SU(2) connection, Ebj , the canonical conjugate to Aia, is a densitized triad field, Ψ denotes the fermion
field, and Π is the canonical momentum conjugate to Ψ [1, 27, 28]. With the variables (Aia, E

b
j ), the Hilbert space

of the gravitational sector in LQG is constructed with the spin networks [29–31]. Thereon, one quantizes a family
of operators representing the geometric observables, such as the 3-volume, 2-surface area, inverse metric, etc [31–36].
The spectra of these operators take discrete values, which implies the fundamental discreteness of the spacetime.
The purely gravitational Hamiltonian constraint is regularized and promoted to an operator in the kinematic Hilbert
space by [25, 26, 37–45]. The Hamiltonian constraint comprises of the curvature of the connection A. The curvature,
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as an operator, will attach loops on graphs of the spin network states. Based on how to attach loops, the quantum
Hamiltonian operators in literature can be roughly classified into the following two categories: (i) graph preserving,
(ii) graph changing. The graph preserving action is naturally from the lattice discretization point of view, while
a continuum field theory approach leads directly to the second category, i.e., the graph changing action. Several
proposals on the graph changing Hamiltonian operator are considered in works [2, 4, 8, 40, 41, 46, 47]. A helpful
concept learned from these works is the vertex Hilbert space. A vertex Hilbert space is a Hilbert space group averaged
with diffeomorphisms preserving some specific vertices. In other words, elements in a vertex Hilbert space are partially
diffeomorphism invariant. The vertex Hilbert spaces are necessarily introduced to remove regulators and define limit
[40, 46, 47]. Indeed, a graph-changing Hamiltonian operator is usually defined as the limit of some regularized
Hamiltonian operators as the regulator approaches 0.

For the fermion sector, Π is related to Ψ by Π =
√
qΨ† with q ≡ |det(E)|. In the quantum theory, this equation is

expected to be realized in an appropriate form. In other words, one might require that the adjoint of the operator Π̂ is
related to the operator Ψ̂ via Π̂† =

√̂
qΨ̂. Then, considering a non-trivial real-valued function f(A) of the connection

Aia, one has, on one hand, 0 = [Π̂, f̂(A)], but, on the other hand, [Π̂, f̂(A)]† = [f̂(A), Π̂†] = [f̂(A),
√̂
qΨ̂] 6= 0. The

two results do not coincide. To overcome this inconsistency, the author in [20] introduces the Grassman-valued half-
densities Ψ̃ := 4

√
qΨ and Ψ̃† to coordinatize fermion sector of the phase space. Moreover, in order to do quantization,

the smeared version of Ψ̃ by
√
δ(x, y), i.e.,

∫
d3y
√
δ(x, y)Ψ̃(y), is also introduced by [20]. With the smeared variables,

the fermion sector is quantized and the resulting quantum theory carries out the dieffeomorphsm-invariance feature.
This paper is organized as follows. In Sec. II the classical theory of gravity coupled to fermion field is introduced

briefly. In Sec. III we introduce some basic notations of the kinematical Hilbert space of vacuum gravity and revisit
the construction of the fermion kinematical Hilbert space. In Sec. IV, the Gauss constraint and the Hamiltonian
constraint are regularized and quantized, where the adapted vertex Hilbert space is introduced and some physical
results are discussed. Finally, in V, we summarize the remarkable results and propose some outlooks for further works.

II. CLASSICAL THEORY OF GRAVITY COUPLED TO FERMION

Let M denote the spacetime manifold, which is homeomorphism to R × Σ with Σ being the spatial manifold.
Given a 4-dimensional vector space V , let ηIJ be the Minkowski metric on it. A tetrad field eIµ gives the metric
gµν = ηIJe

I
µe
J
ν onM. The curvature of gµν defines the Einstein-Hilbert action in terms of the tetrad fields,

SH [e] =
1

2κ

∫
M

d4xR[e]. (2.1)

where κ = 8πG. Let ΓIµJ denote the spin connection compatible with the tetrad so that

deI + ΓIJ ∧ eJ = 0. (2.2)

The model of gravity coupled to the fermion field is described by the action

S[e,Ψ] = SH [e]− i

2

∫
M

d4xe
(
ΨγIeµI∇µΨ− c.c

)
(2.3)

where γI denotes the gamma matrices satisfying γIγJ + γJγI = 2ηIJ1, and the covariant derivative of Ψ is

∇µΨ = ∂µΨ− 1

4
ΓIµJγ

IγJΨ. (2.4)

Performing the 3+1-decomposition, we get the gravitational canonical pair (Aia, E
a
i ). The Poisson brackets between

them are

{Aia(x), Ebj (y)} = κβδbaδ
i
jδ(x, y), (2.5)

where β is the Barbero-Immirzi parameter. For the fermion field, we split the Dirac fermion Ψ into its chiral
components and follow the argument in [20] to introduce the half densities on Σ,

ξ := 4
√
qΨ−, ν = 4

√
qΨ+ (2.6)
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with Ψ± = 1±γ5

2 Ψ. Detailed Hamiltonian analysis (see Appendix A) tells that the conjugate moments to ξ and ν are
their complex conjugates, and the anti-Poisson brackets are

{ξA(x), ξ†B(y)}+ = −iδABδ(x, y),

{νA(x), ν†B(y)}+ = −iδABδ(x, y).
(2.7)

for all A,B = ±1/2.
The dynamics of this model is encoded in the Gauss constraint Gm, the diffeomorphism constraint Ha and the

Hamiltonian constraint H, which are

Gm =
1

κβ
DaE

a
l +

1

2
(ξ†σmξ + ν†σmν),

Ha =
1

κβ
EbiF

i
ab +

i

2

{
ξ†Daξ − (Daξ)

†ξ + ν†Daν − (Daν)†ν
}

+ βKm
a Gm,

H =HG +
1
√
q

[
i(ξ†Eai σ

iDaξ − (Daξ)
†Eai σ

iξ)− βEai Ki
aξ
†ξ − 1

β
(1 + β2)DaE

a
i ξ
†σiξ − βEai Da

(
ξ†σiξ

)
− i(ν†Eai σiDaν − (Daν)†Eai σ

iν) + βEai K
i
aν
†ν − 1

β
(1 + β2)DaE

a
i ν
†σiν − β 1

√
q
Eai Da

(
ν†σiν

)]
.

(2.8)

Here, HG denotes the scalar constraint of pure gravity,

HG =
1

κ
√
q
Eai E

b
j

(
Fmabεm

ij − 2(1 + β2)Ki
[aK

j
b]

)
. (2.9)

III. LOOP QUANTIZATION OF THE THEORY: KINEMATICS

A. the kinematical Hilbert space of vacuum gravity

In LQG, besides a fixed differentiability class Cm with m ≥ 1, a semianalytic structure on Σ is also necessary
[48].Then all local maps, differmorphisms, submanifold and function thereon are assumed to be Cm and semianalytic.
Particularly, an edge is a semianalytic curve embedded in Σ. A graph is a collection of edges {e1, · · · , en} where these
ek intersect each other at most at the ending points. Given a graph γ ⊂ Σ, let E(γ) denote the set of its edges and
V (γ), its vertices. The number of elements in E(γ) is denoted by |E(γ)|. A cylindrical function Ψ of the Ashtekar
connection A is a function that can be written in the form

Ψ(A) = ψγ(he1(A), · · · , hen(A)) (3.1)

where ψγ : SU(2)
|E(γ)| → C is a complex function on SU(2)

|E(γ)| and he(A) ∈ SU(2) is the parallel transport along
an edge e with respect to a given connection A,

he(A) = P exp

(
−
∫
e

A

)
. (3.2)

Given a cylindrical function Ψ with respect to a graph γ, it can always be expressed via another graph γ′ ⊃ γ.
Therefore, for two cylindrical functions Ψ(1) and Ψ(2) with respect to graphs γ1 and γ2 respectively, one can always
find another graph γ3 with γ3 ⊃ γ1, γ3 ⊃ γ2 and express Ψ(i) for i = 1, 2 by functions ψ(i)

γ3 on SU(2)
|E(γ3)|. Then the

inner product of Ψ(1) and Ψ(2) is

〈Ψ(1)|Ψ(2)〉 =

∫
SU(2)n

dµH(g)ψ
(1)
γ3 (g1, · · · , gn)ψ(2)

γ3 (g1, · · · , gn) (3.3)

where n = |E(γ3)| and dµH is the Haar measure on SU(2)
n. (3.3) defines the Ashtekar-Lewansowski measure dµAL

on the quantum configuration space A. Thus (3.3) is always rewritten as

〈Ψ(1)|Ψ(2)〉 =

∫
A

dµAL(A) Ψ(1)(A)Ψ(2)(A) (3.4)
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The space of cylindrical function is denoted by Cyl. The Hilbert space HG of the vacuum gravity is the completion
of Cyl with the inner product define in (3.4).

Given a graph γ, the space of cylindrical functions with respect to γ is denoted by Cylγ . The Cauchy com-
pletion of Cylγ with respect to (3.3) is denoted by HG,γ . Then according to (3.1), HG,γ is naturally identical to
L2(SU(2),dµH)|E(γ)| where the isometric map is

i : L2(SU(2),dµH)|E(γ)| → HG,γ .

Moreover, L2(SU(2),dµH) can be uniquely decomposed as

L2(SU(2),dµH) = L′2(SU(2),dµH)⊕ C. (3.5)

Then a subspace Hirr
G,γ ⊂ HG,γ is given by the image of L′2(SU(2),dµH)|E(γ)| under i, i.e.,

Hirr
G,γ = i(L′2(SU(2),dµH)|E(γ)|). (3.6)

With Hirr
G,γ , Cyl can be decomposed as1

Cyl =
⊕
γ

Hirr
G,γ ⊕ C. (3.7)

Given a cylindrical function Ψ with

Ψ(A) = ψγ(he1(A), · · · , hen(A)),

the action of Dι
ab(he) on Ψ is

(Dι
ab(he)Ψ)(A) = Dι

ab(he(A))ψγ(he1(A), · · · , hen(A)), (3.8)

Dι
ab(he(A)) denotes the Wigner-D matrix of he(A) ∈ SU(2). Another operators are the derivative operators denoted

by Ĵv,ei with i = 1, 2, 3, where v is either the source point of the edge e, i.e., v = se, or the target point of e, i.e.
v = te. For a cylindrical function Ψ, one can always express it with a graph γ satisfying e ∈ γ. Then the action of
Ĵv,ei on Ψ reads

(Ĵv,ej Ψ)(A) =


i

d

dt

∣∣∣∣
t=0

ψγ(he1 , · · · , heetτj , · · · , hen), v = se,

i
d

dt

∣∣∣∣
t=0

ψγ(he1 , · · · , e−tτjhe, · · · , hen), v = te,

(3.9)

where τj = −iσj/2 with σj being the Pauli matrices. With the operator Ĵv,ej , we can define an operator Ĵx,[e]j as

Ĵ
x,[e]
j Ψ =

∑
e′∈[e]

Ĵx,e
′

j Ψ, (3.10)

where [e] is a maximal family of curves beginning at x ∈ Σ such that each two curves overlap on a connected initial
segment containing x.

B. loop quantization of the fermion field

From now on, we will only focus on the single Weyl component ξ. However, everything works similarly for the other
chiral component ν. To quantize the fermion field, we follow [20] to use the modified symplectic structure

{θA(x), θ†B(y)}+ = −iδABδx,y, A,B = ±1

2
(3.11)

1 For elements in an infinite direct sum, we require that all but finitely many components are zero.
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where, with comparison to (2.7), the Dirac delta δ(x, y) is changed to the Kronecker delta δx,y. This change indicates
a canonical transformation from ξ to θ,

θ(x) =

∫
Σ

d3y
√
δ(x, y)ξ(y),

ξ(x) =
∑
y∈Σ

√
δ(x, y)θ(y).

(3.12)

To prove the relation (3.12), one used the function fε(x, y) := χε(x, y)/ε3 to regularize the Dirac delta function [20],
where χε is

χε(x, y) :=

1,

3∑
a=1

(xa)2 + (ya)2 ≤
( ε

2

)2

,

0, otherwise.

According to (3.12),ξ(x) will be singular for regular θ(x). This scenario contradicts that ξ(x) is smooth as a classical
field. To have a consistent understanding of this formulation, one interprets the singular fields ξ(x) as defining the
quantum configuration space of the fermion field so that θ(x) is a regular-field coordinate of this quantum configuration
space.

As in vacuum LQG, the quantization starts by introducing the cylindrical functions. Before doing so, we will first
introduce a convenient field ζA

ζA(x) =
1√
~
θA(x), A = ±1

2
. (3.13)

1. the cylindrical functions of the fermion field

A fermionic graph γF is a finite subset of Σ with |γF | elements. Elements in γF are called (fermion) vertices. An
orientation of γF is a surjection n 7→ v

(n)
F ∈ γF with 1 ≤ n ≤ |γF |. The surjection endows the elements in γF with an

order. Given an oriented graph γF , we have a family of Grassmann numbers {ζ†± 1
2

(vF )}vF∈γF , which will be renamed

to ρ†n with 1 ≤ n ≤ 2|γF | as

ρ†2i−1 ≡ ζ
†
1
2

(v
(i)
F ), ρ†2i ≡ ζ

†
− 1

2

(v
(i)
F ), 1 ≤ i ≤ |γF |. (3.14)

Then a function Ψ of ζ† with respect to γF takes the general form

Ψ(ζ†) = f0 +

2|γF |∑
n=1

∑
1≤i1<i2<···<in≤N

fi1···inρ
†
i1
ρ†i2 · · · ρ

†
in
, (3.15)

where f0 and fi1···in are complex numbers. Functions taking the form (3.15) are called the cylindrical functions of ζ†
with respect to the graph γF . The space of cylindrical functions of ζ† will be denoted by CylF.

According to (3.15), each cylindrical function with respect to γF can be identical with a vector

fγF = (f0, {fi1···in}1≤i1<i2<···<in≤N ) ∈ C22|γF |
.

Moreover, for a cylindrical function Ψ expressed via fγF ∈ C22|γF |
, there always exists a lager graph γ′F ⊃ γF such

that Ψ can also be expressed via f ′γ′
F
∈ C22|γ′F |

. Thus, given two functions Ψ1,Ψ2 ∈ CylF expressed with respect to
γF 1 and γF 2 respectively, we can find another graph γ′F containing both γF 1 and γF 2 to re-express Ψi for i = 1, 2 via
f

(i)
γ′
F
∈ C22|γ′F |

. Then the inner product of Ψ1 and Ψ2 is defined as

〈Ψ1,Ψ2〉 =

∫
dµ(ρ1ρ

†
1)dµ(ρ2ρ

†
2) · · · dµ(ρ2|γ′

F |ρ
†
2|γF |′)Ψ

†
1Ψ2 (3.16)

where

dµ(ζnζ
†
n) = dζ†ndζne

ζnζ
†
n (3.17)
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By (3.16), one can verify

〈Ψ1,Ψ2〉 = (f
(1)
γ′
F

)†f
(2)
γ′
F
. (3.18)

Moreover, even though the graphs γ′F containing both γF 1 and γF 2 are not unique, Eq. (3.16) is independent of the
choice of γ′F since ∫

dµ(ρnρ
†
n) = 1. (3.19)

Indeed, Eq. (3.16) defines a measure dµH(ζ†ζ) on CylF
† ⊗CylF and will be rewritten as

〈Ψ1,Ψ2〉 =

∫
dµH(ζζ†)Ψ†1Ψ2. (3.20)

The fermion Hilbert space HF is the completion of CylF with the inner product defined by (3.20), i.e.,

HF = CylF. (3.21)

On CylF, a type of operators are the multiplication operators ζ̂†vF ,A,

(ζ̂†vF ,AΨ)(ζ†) = ζ†A(vF )Ψ(ζ†), ∀Ψ ∈ CylF. (3.22)

Another type of operators are the derivative operators ζ̂vF ,A,

(ζ̂vF ,AΨ)(ζ†) =

(
∂

∂ζ†A(vF )
Ψ

)
(ζ†), ∀Ψ ∈ CylF. (3.23)

It is easy to verify that ζ̂†vF ,A and ζ̂vF ,A are adjoint to each other,

ζ̂†vF ,A = ζ̂†vF ,A, (3.24)

which realizes the real condition, and

[ζvF ,A, ζ
†
v′F ,B

]+ = ζvF ,A, ζ
†
v′F ,B

+ ζ†v′F ,B
ζvF ,A = δABδvF v′F , (3.25)

which implements the Poisson brackets (3.11) by defining

θ̂A(vF ) =
√
~ ζ̂vF ,A. (3.26)

2. the spin network states of fermion field

Given a graph γF , the space of cylindrical functions with respect to γF is a finite-dimensional Hilbert space, denoted
by HγF . Considering a graph γF = {vF } comprised of a single vertex, one has the the space H{vF } ≡ HvF consisting
of functions

Ψ(ζ†) = a00 + a10ζ
†
1
2

(vF ) + a01ζ
†
− 1

2

(vF ) + a11ζ
†
1
2

(vF )ζ†− 1
2

(vF ) (3.27)

The inner product of Ψ(i)(ζ†) = a
(i)
00 + a

(i)
10 ζ
†
1
2

(vF ) + a
(i)
01 ζ
†
− 1

2

(vF ) + a
(i)
11 ζ
†
1
2

(vF )ζ†− 1
2

(vF ) with i = 1, 2 is

〈Ψ(1),Ψ(2)〉 =
∑

i,j∈{0,1}

(a
(1)
ij )∗a

(2)
ij (3.28)

For convenience, we introduce the Dirac bra-ket notation |i, j〉vF to denote the state Ψij with i, j ∈ {0, 1}, where
Ψij are defined by Ψ00(ζ†) = 1, Ψ10(ζ†) = ζ†1

2

(vF ), Ψ01(ζ†) = ζ†− 1
2

(vF ) and Ψ11(ζ†) = ζ†1
2

(vF )ζ†− 1
2

(vF ). Then the
states |i, j〉vF form an orthonormal basis of HvF ,

vF 〈i1, j1|i2, j2〉vF = δi1i2δj1j2 . (3.29)
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The action of ζ̂vF ,A and ζ̂†vF ,A for A = ± 1
2 on HvF is

ζ̂†
vF ,

1
2

|0, i2〉vF = |1, i2〉vF , ζ̂†
vF ,

1
2

|1, i2〉vF = 0, ∀i2 = 0, 1,

ζ̂vF , 12 |0, i2〉vF = 0, ζ̂vF , 12 |1, i2〉vF = |0, i2〉vF , ∀i2 = 0, 1,

ζ̂†
vF ,− 1

2

|i1, 0〉vF = (−1)i1 |i1, 1〉vF , ζ̂
†
vF ,− 1

2

|i1, 1〉vF = 0, ∀i1 = 0, 1,

ζ̂vF ,− 1
2
|i1, 0〉vF = 0, ζ̂vF ,− 1

2
|i1, 1〉vF = (−1)i1 |i1, 0〉vF , ∀i1 = 0, 1.

(3.30)

For the general case where γF ⊂ Σ consists of more than one elements, we first associate to each vF ∈ γF the
Hilbert space HvF . Then with an orientation of γF , one has the tensor product space

HF,γF = H
v
(1)
F

⊗H
v
(2)
F

⊗ · · · ⊗ H
v
|γF |
F

. (3.31)

An orthonormal basis of HF,γF consists of the vectors

|i1, i2, · · · , i2|γF |〉 := |i1, i2〉v(1)F ⊗ |i3, i4〉v(2)F ⊗ · · · ⊗ |i2|γF |−1, i2|γF |〉v(γF )

F

(3.32)

with ik ∈ {0, 1} for all 1 ≤ k ≤ 2|γF |. |i1, i2, · · · , i2|γF |〉 refers to the cylindrical function Ψ~i = ρ†i1ρ
†
i2
· · · ρ†in with

respect to γF . It is worth noting that the definition of HF,γF depends on the orientation of γF since ζA(vF ) for
all A = ± 1

2 and vF ∈ γF are Grassmann numbers. This fact can be illustrated more explicitly with the following
examples. Consider another orientation n→ ṽ

(n)
F of γF such that

ṽ
(1)
F = v

(2)
F , ṽ

(2)
F = v

(1)
F , ṽ

(k)
F = v

(k)
F , ∀k ≥ 3. (3.33)

With respect to the new orientation, we have the tensor-product Hilbert space H̃F,γF with the basis

˜|i1, i2, · · · , i2|γF |〉 := |i1, i2〉ṽ(1)F ⊗ |i3, i4〉ṽ(2)F ⊗ · · · ⊗ |i2|γF |−1, i2|γF |〉ṽ(γF )

F

(3.34)

By definition, ˜|i1, i2, · · · , i2|γF |〉 referes to the cylindrical funciton

Ψ̃~i = ρ†i3ρ
†
i4
ρ†i1ρ

†
i2
· · · ρ†in = (−1)(i1+i2)(i3+i4)Ψ~i′ . (3.35)

where ~i′ = {i3, i4, i1, i2, · · · , i2|γF |}. (3.35) implies the isometry between HF,γF and H̃F,γF defined by

˜|i1, i2, · · · , i2|γF |〉 = (−1)(i1+i2)(i3+i4)|i3, i4, i1, i2, · · · , i2|γF |〉. (3.36)

Indeed, the extra sign in (3.36) can be determined systematically by introducing the notions of graded objects. One
can refer to Appendix B and the reference therein for more details on the notions of graded vector space and graded
algebra. In our work, the Hilbert spaces HvF is graded. The degree d(i1, i2) of |i1, i2〉vF is

d(i1, i2) = i1 + i2 mod 2. (3.37)

The operator algebra on HvF is also graded. By definition, the degrees of the operators ζ̂vF ,A and ζ̂†vF ,A are

d(ζ̂vF ,A) = 1 = d(ζ̂†vF ,A). (3.38)

A general principle to deal with these graded objects is as follows. Whenever we swap two items, an additional sign
appears by the rule

xy = (−1)d(x)d(y)yx. (3.39)

Following this rule and noting (3.32) and (3.34), we can obtain the identity (3.36) easily.
Given a vertex vF , let Hirr

vF be the subspace of HvF spanned by |0, 1〉vF , |1, 0〉vF and |1, 1〉vF . Then the Hilbert
space Hirr

F,γF
with respect to γF is defined as

Hirr
F,γF =

⊗
vF∈γF

Hirr
vF . (3.40)



8

With Hirr
vF , CylF can be decomposed as

CylF =
⊕
γF

Hirr
F,γF ⊕ C. (3.41)

The kinematical Hilbert space H of the entire system is the tensor product of HG and HF ,

H = HG ⊗HF . (3.42)

A densely subspace Cyltot of H is

Cyltot = Cyl⊗CylF. (3.43)

The states in Cyltot will be called the cylindrical states. To obtain a cylindrical state, one needs a graph γ = γG∪γF ,
where the gravitational graph γG is constituted of edges e and their ending points as vertices, and the fermionic graph
γF contains only vertices vF . To define a state with respect to γ, besides the data for a (gauge variant) LQG spin
network state, one also needs to assign to each fermion vertex vF a state |i1(vF ), i2(vF )〉vF with i1(vF ), i2(vF ) ∈ {0, 1}.
Given γ = γG ∪ γF , the Hilbert space Hirr

γ is defined as

Hirr
γ = Hirr

G,γG ⊗H
irr
F,γF . (3.44)

Then we have

Cyltot =
⊕
γ

Hirr
γ ⊕ C. (3.45)

In principle, a fermion vertex vF ∈ Σ can be located anywhere, regardless of the given gravitational graph γG.
However, if vF is chosen as point in e ∈ E(γG) but vF /∈ V (γG), we can always split e at vF to define a new graph
γ̃G. Then vF becomes a vertex of γ̃G. Moreover, because of γG ⊂ γ̃G, every cylindrical function with respect to γG
can be re-expressed with respect to γ̃G. Thus, it is sufficient to consider those graphs γ = γG∩γF where each fermion
vertex vF satisfies either vF ∈ V (γG) or vF /∈ γG. The collection of all vertices of γ is denoted by V (γ).

IV. THE CONSTRAINT OPERATORS FOR GRAVITY COUPLED TO FERMION FIELD

A. the Gauss constraint

Classically, the Gauss constraint G[λ] reads

G[λ] =

∫
Σ

d3xλm
(

1

κβ
DaE

a
m +

1

2
ξ†σmξ

)
. (4.1)

It is straightfoward to quantize it as the operator

Ĝ[λ] =
∑
v

λm(v)Ĝv,m (4.2)

with

Ĝv,m = ~
∑
[e]

Ĵv,[e]m + ~ ζ̂†v,A
(σm)AB

2
ζ̂v,B (4.3)

Let us use Ĵv,m to denote the second term in (4.3), namely

Ĵv,m = ζ̂†v,A
(σm)AB

2
ζ̂v,B . (4.4)

On the fermionic Hilbert space Hv at vertex v, the action of Ĵv,m reads

Ĵv,m|0, 0〉v = 0, Ĵv,m|1, 1〉v = 0

Ĵv,m (|1, 0〉v, |0, 1〉v) = (|1, 0〉v, |0, 1〉v)
σm
2
.

(4.5)
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According to (4.5), the operators Ĵv,m for all m = 1, 2, 3 behave the same as the angular moment operators. Thus
the operator Ĵv,m generates a natural SU(2) action on Hv. For |φ〉v =

∑
ij φij |i, j〉v and u ∈ SU(2), the SU(2)-action

on |φ〉v is

u . |φ〉v =
(
|1, 0〉v, |0, 1〉v

)
u

(
φ10

φ01

)
+ φ00|0, 0〉v + φ11|1, 1〉v. (4.6)

Thus, Hv is a reducible representation space of SU(2). More precisely, the 1-dimensional space spanned by either
|0, 0〉v or |1, 1〉v is the trivial representation space, and the 2-dimensional space spanned by |0, 1〉v and |1, 0〉v is the
1/2-representation space where |0, 1〉v and |1, 0〉v serve as the standard basis according to (4.5). This fact implies the
decomposition

Hv ≡ H0 ⊕H0 ⊕H1/2, (4.7)

where Hj denote the j-representation space of SU(2).
For a graph γ = γG ∪ γF , a spin je is assigned to the edge e ⊂ γG. Then at each vertex v ∈ V (γ) there is the

Hilbert space

Htot
v =

⊗
e start from v

Hje ⊗
⊗

e′ target to v

H∗je′ ⊗Hv (4.8)

where H∗j denotes the dual space of Hj . On Htot
v , the SU(2) action generates the Gauss constraint. Thus, the solution

space to the Gauss constraint is

HGau =
⊗

x∈V (γ)

Inv
(
Htot
v

)
, (4.9)

where Inv (Htot
v ) ⊂ Htot

v is the SU(2)-invariant subspace. To see Inv(Htot
v ) more precisely, let us assume all edges at

v are outgoing without loss of generality. Then we have

Htot
v =

⊗
e at v

Hje ⊗Hv. (4.10)

Given an order of the edges at v, one can choose an orthonormal basis of
⊗
e at v

Hje composed of vectors

|k2, k3, · · · , kn,M〉 satisfying

3∑
i=1

(L
(l)
i )2|k2, k3, · · · , kn,M〉 =kl(kl + 1)|k2, k3, · · · , kn,M〉, ∀l = 2, · · · , n

L
(n)
3 |k2, k3, · · · , kn,M〉 =M |k2, k3, · · · , kn,M〉,

L
(n)
1 |k2, k3, · · · , kn,M〉 =

∑
s=±1

1

2

√
(kn − sM)(kn + sM + 1)|k2, k3, · · · , kn,M + s〉

L
(n)
2 |k2, k3, · · · , kn,M〉 =

∑
s=±1

−is
2

√
(kn − sM)(kn + sM + 1)|k2, k3, · · · , kn,M + s〉

(4.11)

Here L̂
(l)
i denotes L̂

(l)
i :=

∑l
k=1 Ĵ

v,ek
i . Let us define Inv

(
H(v)
G

)
⊂

⊗
e at v

Hje as the subspace spanned by

|k2, k3, · · · , kn−1, 0, 0〉 for all possible k2, k3, · · · , kn−1. One has

L
(n)
i |k2, k3, · · · , kn−1, 0, 0〉 = 0, ∀i = 1, 2, 3. (4.12)

Moreover, with the vectors |k2, k3, · · · , kn−1, 1/2,M〉, we define

|k2, k3, · · · , kn−1〉tot =

∣∣∣∣k2, k3, · · · , kn−1,
1

2
,

1

2

〉
⊗ |0, 1〉v −

∣∣∣∣k2, k3, · · · , kn−1,
1

2
,−1

2

〉
⊗ |1, 0〉v. (4.13)

Then one has

(L
(n)
i + Ĵv,i)|k2, k3, · · · , kn−1〉tot = 0, ∀i = 1, 2, 3. (4.14)
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Let Hinv ⊂ Htot
v denote the subspace spanned by |k2, k3, · · · , kn−1〉tot for all possible k2, k3, · · · , kn−1. Then Inv(Htot

v )
can be decomposed as

Inv(Htot
v ) =

(
Inv

(
H(v)
G

)
⊗ |0, 0〉v

)
⊕
(

Inv
(
H(v)
G

)
⊗ |1, 1〉v

)
⊕Hinv, (4.15)

where Inv
(
H(v)
G

)
⊗ |i1, i2〉v is the space composed of vectors |ψ〉 ⊗ |i1, i2〉 for all |ψ〉 ∈ Inv

(
H(v)
G

)
.

Let v be a n-valence gauge invariant fermion vertex, where the ith edge ei is assigned to spin ji. According to the
decomposition (4.15), the gauge invariant Hilbert space Inv(Htot

v ) contains a subspace Hinv, isometric to the gauge
invariant Hilbert space of a (n+1)-valence vacuum-gravity vertex where the ith edge with 1 ≤ i ≤ n is assigned to spin
ji and the (n+ 1)th, the spin 1/2. Then once we consider the volume operator at v, this extra spin 1/2 will also have
contribution. According to that the extra spin 1/2 originates from the fermion filed, one gets an intuitive picture that
fermion field contributes to the volume operator. Moreover, a n-valence vertex in vacuum-LQG is always regarded as
a polyhedron whose faces are dual to the edges. The flux operators Ĵv,ei associated to each edge e constitute the area
vector of the dual face. Then the vacuum-LQG Gauss constraint is just the closer condition

∑
e Ĵ

v,e
i = 0 ensuring

that the faces can form a closed polyhedron. Now, the fermion field is considered. Then the Gauss constraint (4.3)
implies ∑

e

Ĵv,ei = −Ĵv,i (4.16)

where the right hand side does not vanish in general. In other words, the faces dual to the edges could not give a
closed polyhedron for states in Hinv. By (4.16), the area defect of this unclosed polyhedron can be filled by Ĵv,i,
i.e. the fermion spin at the vertex (see [21] for more details on the fermion spin). A direct consequence of the above
discussion is that the volume of a 3-valence vertex with fermion does not vanish any more for states in Hinv. Let ji
with i = 1, 2, 3 be the spins on the edges. Then the states in Hinv are spanned by |k〉tot ≡ |k〉 with k = j3 ± 1/2. The
action of the operator q̂123 on |k〉 is

〈k|q̂123|k + 1〉 =
−i

4
√

(2k + 1)(2k + 3)

√
(j1 − j2 + k + 1)(−j1 + j2 + k + 1)(j1 + j2 − k)(j1 + j2 + k + 2)√

(j3 −
1

2
+ k + 1)(−j3 +

1

2
+ k + 1)(j3 +

1

2
− k)(j3 +

1

2
+ k + 2),

(4.17)

where q̂123 is the operator proportional to the square of the volume operator [2]. Then we have〈
j3 −

1

2

∣∣∣∣q̂123

∣∣∣∣j3 +
1

2

〉
=i

1

16

√
(2j1 + 2j2 − 2j3 + 1)(2j1 − 2j2 + 2j3 + 1)√

(−2j1 + 2j2 + 2j3 + 1)(2j1 + 2j2 + 2j3 + 3).

(4.18)

Since the associated Hilbert space is 2-dimensional, the whole Hilbert space is the eigenspace of the volume operator
with eigenvalue

Vv =
κ0`

3/2
p

16
√

3

√∣∣∣∣〈j3 − 1

2

∣∣∣∣q̂123

∣∣∣∣j3 +
1

2

〉∣∣∣∣. (4.19)

B. The Hamiltonian constraint

As discussed in [16, 20], the smeared Hamiltonian constraint in terms of θA(x) reads

HF [N ] :=
∑
x∈Σ

N(x)HF (x) (4.20)

where HF is

HF =i
1
√
q

(θ†Eai σ
iDaθ − (Daθ)

†Eai σ
iθ)− β 1

√
q
Eai K

i
aθ
†θ − 1 + β2

β

1
√
q
DaE

a
i θ
†σiθ − β 1

√
q
Eai Da

(
θ†σiθ

)
. (4.21)

Fix a coordinate system xa on Σ and a positive number ε. Divide Σ into a family Cε of cells such that each cell
C ∈ Cε is cubic with the coordinate volume less than ε3 and different cells can only share points on their boundaries.
Given a graph γ = γG ∪ γF , for each cell C ∈ Cε, let γC denote γ ∩ C. Since the limit ε → 0 will be considered
eventually, we will assume that ε is small enough such that γC 6= ∅ is one of the following types:
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(i) the type-A graph: γC is composed of a single edge;

(ii) the type-B graph: γC is composed of a single fermion vertex without connecting any edges;

(iii) the type-C graph: γC is composed of edges intersecting a single vertex.

For each cell C ∈ Cε, let us define

H
(1)
C =

∫
C

d3xN(x)θ†(x)Eai (x)σiDaθ(x),

H
(2)
C =

∫
C

d3xN(x)Eai (x)Ki
a(x)θ†(x)θ(x),

H
(3)
C =

∫
C

d3xN(x)DaE
a
i (x)θ†(x)σiθ(x),

(4.22)

and introduce

HCε =
∑
C∈Cε

1

VC

(
i(H

(1)
C −H

(1)
C
†)− βH(2)

C −
1 + β2

β
H

(3)
C − β(H

(1)
C +H

(1)
C
†)

)
, (4.23)

where the volume VC of C is

VC =

∫
C

d3x
√
|det(E)|.

Then HF [N ] is the limit of HCε as ε→ 0, i.e.

HF [N ] = lim
ε→0

HCε . (4.24)

Thus, we need to quantize HCε to get an operator ĤCε , and the operator of HF [N ] is defined to be the limit of ĤCε
as ε→ 0. To this end, let us first quantize

H̃
(i)
C =

1

VC
H

(i)
C , i = 1, 2, 3. (4.25)

for each C ∈ Cε. We have

̂̃
H

(i)
C =

√
V̂ −1
C Ĥ

(i)
C

√
V̂ −1
C . (4.26)

The operators ̂̃H(i)
C act on states associated to the graphs γC = γ ∩C aforementioned. Due to the operator

√
V̂ −1
C at

the most right, ̂̃H(i)
C will annihilate the states with respect to the type-A and type-B graphs. Hence, only the states

on type-C graphs is necessarily to be considered. From now on, γC will be used to specifically denote the type-C
graphs until otherwise stated. The vertex where the edges in γC intersect will be denoted by vC .

Let us begin with the operator ̂̃H(1)
C . Replacing Eai (x) by −iκ~βδ/δAia(x) in H(1)

C in (4.22), we can quantize H(1)
C

as

Ĥ
(1)
C = −iκ~β

∫
C

d3xN(x)θ̂†(x)σiD̂aθ(x)
δ

δAia(x)
(4.27)

Given an edge e : [0, δ]→ C of γC with e(0) = vC , let Ue(t, 0, A) denote the parallel transport from e(0) to e(t) along
e. By definition, Ue(t, 0, A) satisfies

d

dt
Ue(t, 0;A) = −Aa(e(t))ėa(t)U(t, 0;A), and U(0, 0;A) = I. (4.28)

Defining he := U(t, t;A), one has

− iκ~β
∫
C

d3xN(x)θ̂†(x)σiD̂aθ(x)
δ

δAia(x)
he

=− κ~βN(se)θ̂
†(se)σ

i
(
h−1
e θ̂(te)− θ̂(se)

)
Ĵv,ei he

(4.29)
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where we used

δėa(t1)Daθ(e(t1)) = Ue(t1, t1 + δ;A)θ(e(t1 + δ))− θ(e(t1)) +O(δ2). (4.30)

Hence, for a state ΨC with respect to γC , one has

Ĥ
(1)
C ΨC = −κ~βN(vC)

∑
e∈γC

θ̂†(vC)σi
(
h−1
e θ̂(te)− θ̂(vC)

)
ĴvC ,ei ΨC . (4.31)

which gives ̂̃H(1)
C , acting on ΨC as

̂̃
H

(1)
C ΨC = −κ~βN(vC)

∑
e∈γC

√
V̂ −1
C θ̂†(vC)σi

(
h−1
e θ̂(te)− θ̂(vC)

)
ĴvC ,ei

√
V̂ −1
C ΨC . (4.32)

For the second term ̂̃
H

(2)
C , one has

Ĥ
(2)
C =

∫
C

d3xN(x)Eai (x)Ki
a(x)θ†(x)θ(x). (4.33)

Taking advantage of the Thiemann’s trick to quantize pure gravity Hamiltonian constraint in LQG [4], one has∫
C

d3xf(x)Eai (x)Ki
a(x) =

1

2κβ2

{∫
C

d3xf(x)HE(x), VC

}
, (4.34)

where HE(x) is the Euclidean part of the vacuum Hamiltonian constraint, i.e.

HE(x) =
εijkF

i
ab(x)Eaj (x)Ebk(x)√

q(x)
.

Thus, H(2)
C is quantized as

Ĥ
(2)
C =

1

2iκ~β2

[
N(vC)ĤE,vC θ̂

†(vC)θ̂(vC), V̂vC

]
(4.35)

where ĤE,vC denotes the Euclidean part of the vacuum Hamiltonian constraint operator at vC and V̂vC , the volume

operator at vC . Eq. (4.35) gives the operator ̂̃H(2)
C as

̂̃
H

(2)
C =

1

4iκ~β2
N(vC)

√
V̂ −1
vC

(
ĤE,vC V̂vC − V̂vC ĤE,vC

)
θ̂†(vC)θ̂(vC)

√
V̂ −1
vC . (4.36)

Finally, for the third term ̂̃
H

(3)
C , we have

Ĥ
(3)
C ΨC = κ~βN(vC)

( ∑
e at vC

ĴvC ,ei

)
θ̂†(vC)σiθ̂(vC)ΨC . (4.37)

Thus ̂̃H(3)
C reads

̂̃
H

(3)
C ΨC = κ~βN(vC)

√
V̂ −1
C

( ∑
e at vC

ĴvC ,ei

)
θ̂†(vC)σiθ̂(vC)

√
V̂ −1
C ΨC (4.38)

With (4.32), (4.36) and (4.38), the operator ĤCε is defined as

ĤCε =
∑

C∈C(3)ε

i(
̂̃
H

(1)
C −

̂̃
H

(1)
C
†)− β ̂̃H(2)

C −
1 + β2

β

̂̃
H

(3)
C − β(

̂̃
H

(1)
C +

̂̃
H

(1)
C
†) (4.39)

where

C(3)
ε = {C ∈ Cε, γ ∩ C is type-C}.

Even though, ĤCε in (4.39) is defined with a partition structure Cε on Σ, this partition structure is indeed not
necessary. In other words, one can define an operator equal to ĤCε with Σ endowed with another structure, more
convenient for the further study. To this end, let us first introduce the following notations.
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Definition IV.1 (removable vertex). A vertex v of a graph γ is removable if it satisfies the following conditions.

(i) v is a two-valence vertex connecting e1 and e2;

(ii) The composition of e1 and e2 as a curve is Cm and semianalytic.

Given a graph γ, one can obtain another graph ker(γ) by removing all of its removable vertices. ker(γ) will be called
the kernel of γ. Let Γker(Σ) be the collection of kernels of all graphs in Σ. Fix once and for all a parametrization
for each γ ∈ Γker, where a parametrization of a graph is an assignment to each edge e ∈ E(γ) a parametrization
[0, 1] 3 t → e(t) ∈ Σ. Then give a graph γ ∈ Γker, for its edge e taking v as an endpoint, we can define e(v, δ) ⊂ e
as the segment starting from v and ending at either e(δ) for v = e(0) or e(1 − δ) for v = e(1). Then given a graph

γ = γG ∪ γF , for each v ∈ V (γG), mimicking the operator ̂̃H(i)
C in (4.32), (4.36) and (4.38), we define

̂
H̃(i)(v;~δv) =

√
V̂ −1
v

̂
H(i)(v;~δv)

√
V̂ −1
v , i = 1, 2, 3 (4.40)

with

̂
H(1)(v;~δv) =− κ~βN(v)

∑
e at v

(
θ̂†(v)σih−1

e(v,δv,e)
θ̂(te(v,δv,e))− θ̂

†(v)σiθ̂(v)
)
Ĵv,ei ,

̂
H(2)(v;~δv) =

1

4iκ~β2
N(v)

(
ĤE,vV̂v − V̂vĤE,v

)
θ̂†(v)θ̂(v),

̂
H(3)(v;~δv) =κ~βN(v)

(∑
e at v

Ĵv,ei

)
θ̂†(v)σiθ̂(v).

(4.41)

where ~δv = {δv,e}e at v. With these operators, we define

Ĥ(δ) :=
∑

v∈V (γG)

i(
̂

H̃(1)(v;~δv)− ̂
H̃(1)(v;~δv)

†)− β ̂
H̃(2)(v;~δv)−

1 + β2

β
̂

H̃(3)(v;~δv)− β(
̂

H̃(1)(v;~δv) +
̂

H̃(1)(v;~δv)
†)

=
∑

v∈V (γ)

i(
̂

H̃(1)(v;~δv)− ̂
H̃(1)(v;~δv)

†)− β ̂
H̃(2)(v;~δv)−

1 + β2

β
̂

H̃(3)(v;~δv)− β(
̂

H̃(1)(v;~δv) +
̂

H̃(1)(v;~δv)
†)

(4.42)

where δ ≡ {~δv}v∈V (γ) and the second step is a consequence of the fact that ̂
H̃(i)(v;~δv) with v /∈ γG vanish for all

i = 1, 2, 3, due to the operator
√
V̂ −1
v in ̂

H̃(i)(v;~δv). Comparing the operators Ĥ(δ) and ĤCε , one can verify easily
that Ĥ(δ) = ĤCε for some suitable δ. Hence, we can use Ĥ(δ) instead of ĤCε for our further study. In the following
context, without loss of generality, we will assume δv,e =constant for convenience. The discussion for non-constant δ
can be discussed similarly.

In the operator Ĥ(δ), the most interesting term is the operator

ĥ1(δ) := Ĵv,ei θ̂†(te(v,δ))he(v,δ)σ
iθ̂(v)

contained in ̂H(1)(v, δ)
†
. By definition, one has

ĥ1(δ)
(
Dj
mn(he(v,δ))⊗ |k1, k2〉v ⊗ |l1, l2〉te(v,δ)

)
=2WjW 1

2

∑
J=j± 1

2

∑
A,C

(−1)m+A−n−C
[
J j 1

2
1
2 1 J

](
J j 1

2
−(m+A) m A

)(
J 1

2 j
−(n+ C) C n

)
×

DJ
m+A,n+C(he(v,δ))⊗ θ̂C(v)|k1, k2〉v ⊗ θ̂†A(te(v,δ))|l1, l2〉te(v,δ)

(4.43)

where Wj =
√
j(j + 1)(2j + 1),

[
J j 1

2
1
2 1 J

]
is the 6j symbol and

(
j1 j2 j3
m1 m2 m3

)
denotes the 3j symbol. According to

(4.43), the operator ĥ1(δ) moves the fermion vertex at v to the vertex te(v,δ) in the edge e, and simultaneously change
the spin on e(v, δ). Let us use ? to represent a fermion vertex and a solid line to represent the edge e. Then, setting
|l1l2〉 = |0, 0〉, we illustrate how the operator ĥ1(δ) moves the fermion vertex at v as follows.
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(1) For k1 = 1 = k2, one has

ĥ1(δ)

|1,1⟩

→
∑

(i1,i2)∈{(1,0),(0,1)}
|1,0⟩

| i1, i2⟩
+

∑
(i1,i2)∈{(1,0),(0,1)}

|0,1⟩

| i1, i2⟩
(4.44)

(2) For k1 = 1 and k2 = 0, one has

ĥ1(δ)

|1,0⟩

→
∑

(i1,i2)∈{(1,0),(0,1)}

| i1, i2⟩
(4.45)

(3) For k1 = 0 and k2 = 1, one has

ĥ1(δ)

|0,1⟩

→
∑

(i1,i2)∈{(1,0),(0,1)}

| i1, i2⟩
(4.46)

There are two problems on the operator ĥ1(δ). At first, according to (4.44), (4.45) and (4.46), the limit of ĥ1(δ) as
δ → 0 does not exist. As a consequence, the limit of Ĥ(δ) as δ → 0 does not exist, too. Second, given a state |ψ〉,
ĥ1(δ)|ψ〉 and ĥ1(δ′)|ψ〉 for δ 6= δ′ are diffeomorphism equivalent. However, ĥ1(δ)†(ĥ1(δ)|ψ〉) and ĥ1(δ)†(ĥ1(δ′)|ψ〉) could
be no longer diffeomorphism equivalent because we could have ĥ1(δ)†(ĥ1(δ′)|ψ〉) = 0 but ĥ1(δ)†(ĥ1(δ)|ψ〉) 6= 0 for some
|ψ〉. Therefore, the operator ĥ1(δ)† is not diffeomorphism covariant. As a result, H(δ) is not diffeomorphism covariant.
A solution to this two problems is to introduce the vertex Hilbert space Hvtx which is in the dual space of Cyltot.
The procedure to use Hvtx to solve the two problems is sketched as follows. We split Ĥ(δ) into Ĥ(δ) = Ĥ1(δ)+Ĥ1(δ)†

with

Ĥ1(δ) :=
∑

v∈V (γ)

−i ̂
H̃(1)(v;~δ)† − β

2
̂

H̃(2)(v;~δ)− 1 + β2

2β
̂

H̃(3)(v;~δ)− β ̂
H̃(1)(v;~δ)†. (4.47)

Since Ĥ1(δ) contains ĥ1(δ) rather than ĥ1(δ)†, Ĥ1(δ) can be promoted to a diffeomorphism covariant operator in
Ĥ1(δ)? in Hvtx by the duality such that Ĥ1(δ)? = Ĥ1(δ′)? for δ 6= δ′. Hence the limit of Ĥ1(δ)? as δ → 0 exists. The
limit will be denoted by ÂF which is manifestly diffeomorphism covariant. Moreover, for the operator Ĥ1(δ)†, rather
than promoting it to an operator in Hvtx by the duality, we will just define (Ĥ1(δ)?)† as its correspondence in Hvtx.
Consequently, the operator referring to the limit of Ĥ(δ) as δ → 0 in Hvtx is just ÂF + Â†F .

1. the vertex Hilbert space Hvtx

Given a graph γ, we will consider the subgroup of Cm semianalytic diffeomorphisms which acts on V (ker(γ))
trivially, i.e. which preserves every vertex of ker(γ). This subgroup will be denoted by DiffV (ker(γ)). There are two
subgroups of DiffV (ker(γ)). The first one, denoted by Diffγ , preserves γ. The other one, denoted by Diff0

γ , preserves
every edge of ker(γ). Hence Diff0

γ is a subgroup of Diffγ . The quotient

GSγ = Diffγ/Diff0
γ (4.48)

is the group of graph symmetries of γ. GSγ is a finite group with order |GS(γ)|. Given a state Ψγ with respect to γ
and a diffeomorphism φ, φ ? Ψγ denotes the pullback of Ψ under φ. The averaging with respect to GS(γ) defines a
projection Pγ : Hirr

γ → Hirr
γ ,

Pγ : Ψγ 7→
∑

φ∈GSγ

φ ?Ψγ . (4.49)
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The averaging with respect to the remaining diffeomorphisms DiffV (ker(γ))/Diffγ defines

η(Ψγ) :=
∑

φ∈DiffV (ker(γ))/Diffγ

φ ? Pγ(Ψγ) =
∑

φ∈DiffV (ker(γ))/Diff0
γ

φ ?Ψγ . (4.50)

Obviously, η(Ψγ) belongs to the algebraic dual space Cyltot
∗ of Cyltot. Taking advantage the decomposition (3.45),

one can extend η to a well-defined operation on Cyltot. Let η(Cyltot) ⊂ Cyltot
∗ denote the image of Cyltot under

η. The group averaging procedure naturally endows η(Cyltot) with an inner product(
η(Ψγ), η(Ψ′γ′)

)
=

1

|GSγ |
(η(Ψγ)|Ψ′γ′〉, (4.51)

where 1/|GSγ | is chosen for latter convenience (see (4.57)) and (η(Ψ1)|Ψ2〉 denotes the action of η(Ψ1) ∈ Cyltot
∗ on

Ψ2, defined by

(η(Ψγ)|Ψ′γ′〉 =
∑

φ∈DiffV (ker(γ))/Diff0
γ

〈φ ?Ψγ ,Ψ
′
γ′〉. (4.52)

Here, 〈·, ·〉 denotes the inner product in H. Then the vertex Hilbert space Hvtx is

Hvtx = η(Cyltot). (4.53)

Given a finite subset W ⊂ Σ, let Γker(W ) be the collection of graphs γ satisfying V (ker(γ)) = W . Two graphs
γ, γ′ ∈ Γker(W ) are said to be equivalent, denoted by γ ∼d γ′, if there exists a diffeomorphism φ ∈ DiffW such
that φ(γ) = γ′, where DiffW is the set of diffeomorphism preserving W . Let [Γker(W )] be the quotient space
[Γker(W )] = Γker(W )/ ∼d, and [γ] ∈ [Γker(W )] denote the equivalence class of γ. Let S irr

γ denote the image of Pγ .
Then η : S irr

γ → Hirr
vtx is isometric. By η(S irr

γ ) denoting the image of S irr
γ under η, one has

η(S irr
γ ) = η(S irr

γ′ ), ∀γ, γ′ ∈ [γ]. (4.54)

Thus, we can define

η(S irr
[γ]) := η(S irr

γ′ ) (4.55)

by choosing arbitrary γ′ ∈ [γ]. Let FS(Σ) denote the set of finite subsets of Σ. Then we have

η(Cyltot) =
⊕

W∈FS(Σ)

⊕
[γ]∈Γker(W )

η(S irr
[γ])⊕ C. (4.56)

The factor 1/|GSγ | in (4.51) ensures that η is an isometric from S irr
γ and η(S irr

γ ), i.e.,

η(Cyltot) ∼=
⊕

W∈FS(Σ)

⊕
[γ]∈Γker(W )

S irr
σ([γ]) ⊕ C. (4.57)

where σ([γ]) ∈ [γ] is a representative of [γ] fixed once.

2. the Hamiltonian operator on Hvtx

Given Ψγ ∈ Hirr
γ with respect to γ = γF ∪ γG, by definition, the operator Ĥ1(δ) takes the form

Ĥ1(δ)Ψγ =
∑

v∈V (γ)

N(v)Ô(v)Ψγ , (4.58)

with some operator Ô(v) satisfying that Ô(v) = 0 for all removable vertices v ∈ V (γ). Hence, one has

Ĥ1(δ)Ψγ =
∑

v∈V (ker(γ))

N(v)Ô(v)Ψγ . (4.59)
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By definition, the operator ÂF on Hvtx is given by(
ÂF η(Ψγ)

∣∣∣Φγ′

〉
:= lim

δ→0

(
Ĥ1(δ)?η(Ψγ)

∣∣∣Φγ′

〉
, (4.60)

where the operator Ô? dual to Ô reads (
Ô?η(Ψγ)

∣∣∣Φγ′

〉
=
(
η(Ψγ)

∣∣∣ÔΦγ′

〉
(4.61)

According to the definition of Ĥ1(δ) in (4.47), let us now consider the operator ( ̂H(1)(v, δ)†)? at first. The operator
̂H(1)(v; δ)† with v ∈ V (ker(γ)) can be splitted into two parts as

̂H(1)(v; δ)† = −κ~βN(v)ĥ1(δ) + κ~βN(v)ĥ2 (4.62)

with ĥ2 defined as

ĥ2 =
∑
e at v

θ̂†(v)σiθ̂(v)Ĵv,ei (4.63)

By (4.60), let us consider

lim
δ→0

(
ĥ1(δ)?η(Ψγ)

∣∣∣Φγ′

〉
= lim
δ→0

(
η(Ψγ)

∣∣∣∣∣ ∑
e at v

ĥ1(δ)Φγ′

〉
. (4.64)

At first, the right hand side vanishes if

ker(γ′) /∈ {φ(ker(γ)), φ ∈ DiffV (ker(γ))}.

Moreover, for ker(γ′) ∈ {φ(ker(γ)), φ ∈ DiffV (ker(γ))} but ker(γ′) 6= ker(γ), one can alway fine another graph γ̃ with
γ̃ ∈ {φ(γ), φ ∈ DiffV (ker(γ))/Diffγ} and ker(γ̃) = ker(γ′) to replace η(Ψγ) in the right hand of (4.64) by η(Ψ̃γ̃),
where Ψ̃γ̃ is the state associated to γ̃ and satisfying η(Ψγ) = η(Ψ̃γ̃). Hence, without loss of generality, we can set
ker(γ′) = ker(γ) in (4.64). This setting simplifies (4.64) to be

lim
δ→0

(
ĥ1(δ)?η(Ψγ)

∣∣∣Φγ′

〉
= lim
δ→0

 ∑
φ∈Diffker(γ)/Diff0

γ

φ ?Ψγ

∣∣∣∣∣∣ĥ1(δ)Φγ′

〉
(4.65)

where Diffker(γ) is comprised of the diffeomorphisms preserving ker(γ). Add a fermion vertex at the target of e(v, δ) ⊂
γ′ to get the new graph γ̇′(e, v, ; δ). By (4.44), (4.45) and (4.46), ĥ1(δ)Φγ′ will be some state in Hirr

γ̇′(e,v;δ). Using
Φ̇γ̇′(e,v;δ) to denote ĥ1(δ)Φγ′ , we have

lim
δ→0

(
ĥ1(δ)?η(Ψγ)

∣∣∣Φγ′

〉
= lim
δ→0

 ∑
φ∈Diffker(γ)/Diff0

γ

φ ?Ψγ

∣∣∣∣∣∣
∑
e at v

Φ̇γ̇′(e,v;δ)

〉
. (4.66)

Because the limit of δ → 0 will considered, we can set δ small enough such that there is no fermion vertex between
te(v,δ) and v. By (4.44), (4.45) and (4.46), the fermion state te(v,δ) in Φ̇γ̇′(e,v;δ) is |0, 1〉 or |1, 0〉, i.e. Φ̇γ̇′(e,v;δ) takes
the form

Φ̇γ̇′(e,v;δ) = Φ̃
(1)
γ′ ⊗ |0, 1〉te(v,δ) + Φ̃

(2)
γ′ ⊗ |1, 0〉te(v,δ) . (4.67)

Thus, the right hand side of (4.66) will vanish if there do not exist any edges e ∈ ker(γ) at v such that

γ̇′(e, v; δ) ∈ {φ(γ), φ ∈ Diffker(γ)/Diff0
γ}. (4.68)

Let E0(ker(γ)) ⊂ E(ker(γ)) be the collection of the edges satisfying (4.68). Given an edge e ∈ E0(ker(γ)), let
φ

(e,v;δ)
0 ∈ Diffker(γ)/Diff0

γ be the diffeomorphism such that φ(e,v;δ)
0 (γ) = γ̇′(e, v; δ). One has ∑

φ∈Diffker(γ)/Diff0
γ

φ ?Ψγ

∣∣∣∣∣∣
∑
e at v

Φ̇γ̇′(e,v;δ)

〉
=

∑
e∈E0(ker(γ))

〈
φ

(e,v;δ)
0 ?Ψγ

∣∣∣Φ̇γ̇′(e,v;δ)

〉
(4.69)
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By definition of φ(e,v;δ)
0 with e ∈ E0(ker(γ)), in the graph φ(e,v;δ)

0 (γ) which the state φ(e,v;δ)
0 ?Ψγ is associated to, there

must exist a non-negligible fermion vertex at te(v,δ), i.e. the fermion state at te(v,δ) is not |0, 0〉. Thus, according to
(4.67), the right hand of (4.69) will vanish for all Φγ′ (refer to (4.65) for Φγ′) if the fermion state of φ(e,v;δ)

0 ? Ψγ at
te(v,δ) is |1, 1〉. Thus, let us define a projection P̂vF on the fermion Hilbert space HvF by

P̂vF |i1, i2〉 =

{
0, i1 = 1 = i2,

|i1, i2〉, otherwise. (4.70)

With P̂te(v,δ) , we have ∑
φ∈Diffker(γ)/Diffγ

φ ?Ψγ

∣∣∣∣∣∣
∑
e at v

Φ̇γ̇′(e,v;δ)

〉
=

∑
e∈E0(ker(γ))

〈
ĥ1(e, δ)†P̂te(v,δ)φ

(e,v;δ)
0 ?Ψγ

∣∣∣Φγ′

〉
(4.71)

Defining δe by

φ
(e,v;δ)
0 (e(v, δe)) = e(v, δ), (4.72)

one has 〈
ĥ1(e, δ)†P̂te(v,δ)φ

(e,v;δ)
0 ?Ψγ

∣∣∣Φγ′

〉
=
〈
φ

(e,v;δ)
0 ? (ĥ1(eφ, δe)

†P̂teφ(v,δe)
Ψγ)

∣∣∣Φγ′

〉
(4.73)

with eφ ≡ φ
(e,v;δ)
0 (e). Since δ is supposed to be sufficiently small, ĥ1(eφ, δ)P̂teφ(v,δ)

will annihilate the closet fermion

vertex to v in φ
(e,v;δ)
0 (γF ∩ eφ − {teφ , seφ}). Here γF ∩ eφ − {te, se} denotes the set of fermion vertices vF with

vF ∈ γF ∩ eφ and vF /∈ {seφ , teφ}. Let v0
F (eφ, v) ∈ V (γ) be the one closest to v. Then δe satisfies

eφ(|p− δe|) = v0
F (eφ, v) (4.74)

where p = 0 or 1 is given by v = eφ(p). Moreover, let γ?(eφ) be the graph by dropping v0
F (eφ, v) from γ. One has

ĥ1(eφ, δe)
†P̂teφ(v,δ)

Ψγ ∈ Hirr
γ?(eφ) (4.75)

φ
(e,v,δ)
0 (γ?(eφ)) = γ′, (4.76)

φ
(e,v,δ)
0 (teφ(v,δe)) = te(v,δ). (4.77)

This means that φ(e,v,δ)
0 can be factorized as

φ
(e,v,δ)
0 = φ̃

(e,v,δ)
0 ◦ φ̄(e,v,δ)

0 (4.78)

where φ̃(e,v,δ)
0 ∈ Diffker(γ)/Diff0

γ?(eφ) is determined by (4.76) and φ̄
(e,v,δ)
0 ∈ Diff0

γ?(eφ)/Diff0
γ , by (4.77). With this

factorization, one has〈
φ

(e,v;δ)
0 ? (ĥ1(eφ, δe)P̂teφ(v,δe0

)
Ψγ)

∣∣∣Φγ′

〉
=
〈
φ̃

(e,v;δ)
0 ? (ĥ1(eφ, δe)P̂teφ(v,δe)

Ψγ)
∣∣∣Φγ′

〉
(4.79)

Combining (4.71), (4.73) and (4.79), we thus have ∑
φ∈Diffker(γ)/Diff0

γ

φ ?Ψγ

∣∣∣∣∣∣
∑
e at v

Φ̇γ̇′(e,v;δ)

〉
=

∑
e∈E0(ker(γ))

〈
φ̃

(e,v;δ)
0 ? (ĥ1(eφ, δe)P̂teφ(v,δe)

Ψγ)
∣∣∣Φγ′

〉
. (4.80)

It will be convenient to introduce the following notations to rewrite (4.80). At first, we generalize the notation
v0
F (eφ, v) and γ?(eφ) to arbitrary edge e. Define v0

F (e, v) ∈ {vF ∈ γF ∩ e, vF 6= te, vF 6= se} ⊂ V (γ) as the fermion
vertex closest to v , and define γ?(e) as the graph obtained by dropping v0

F (e, v) from γ. Second, let e(v) be the
segment of e from v to v0

F (e, v). Finally, let D(e, v) be the collection of φ ∈ Diffker(γ)/Diff0
γ?(e) satisfying

φ(γ?(e)) = γ′. (4.81)
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With these notations, we introduce the operator Ĥv(e)

Ĥv(e) = θ̂†(v)σih−1
e(v)θ̂(v

0
F (e, v))Ĵv,ei P̂v0F (e,v), (4.82)

and rewrite (4.80) as  ∑
φ∈Diffker(γ)/Diff0

γ

φ ?Ψγ

∣∣∣∣∣∣
∑
e at v

Φ̇γ̇′(e,v;δ)

〉

=
∑
e at v

∑
φ∈D(e,v)

〈
φ ? (Ĥv(e)Ψγ)

∣∣∣Φγ′

〉
=
∑
e at v

∑
φ∈Diffker(γ)/Diff0

γ?(e)

〈
φ ? (Ĥv(e)Ψγ)

∣∣∣Φγ′

〉
(4.83)

where in the first step we used that the terms corresponding to edges e with D(e, v) = ∅ vanish automatically, and
the second step employs 〈

φ ? (Ĥv(e)P̂te(v,δe)Ψγ)
∣∣∣Φγ′

〉
= 0, ∀φ /∈ D(e, v). (4.84)

Substituting this result (4.83) into (4.66), we have

lim
δ→0

(
ĥ1(δ)?η(Ψγ)

∣∣∣Φγ′

〉
=
∑
e at v

∑
φ∈Diffker(γ)/Diff0

γ?(e)

〈
φ ? (Ĥv(e)Ψγ)

∣∣∣Φγ′

〉
, (4.85)

due to the right hand side of (4.83) is independent of δ. Finally, releasing the assumption ker(γ) = ker(γ′), one has

lim
δ→0

(
(ĥ1(δ)†)?η(Ψγ)

∣∣∣Φγ′

〉
=
(
η(ĤvΨγ)

∣∣∣Φγ′

〉
(4.86)

where Ĥv is

Ĥv =
∑
e at v

Ĥv(e). (4.87)

Eq. (4.86) implies

lim
δ→0

ĥ1(δ)?η(Ψγ) = η(ĤvΨγ). (4.88)

Therefore, by (4.62) we have

lim
δ→0

( ̂H(1)(v; δ)†)?η(Ψγ) = −κ~βN(v)η

[(
(Ĥv −

∑
e at v

θ̂†(v)σiθ̂(v)Ĵv,ei

)
Ψγ

]
(4.89)

where we used the manifest fact that

lim
δ→0

ĥ?2η(Ψγ) = η(ĥ2Ψγ) (4.90)

Now let us consider the operator ̂H(2)(v; δ). An issue on defining lim
δ→0

̂H(2)(v; δ) is the operator ĤE,v comprising

̂H(2)(v; δ). In this paper, we will employ the the work [47] to define ĤE,v in Hvtx. A subtlety here is that the vertex
Hilbert space defined in [47] is a little different from ours. In [47], the authors defines the vertex Hilbert space with
diffeomorphisms preserving V (γ) while our work considers the diffeomorphisms preserving V (ker(γ)). Regardless of
this difference, the operator ĤE,v introduced in [47] , for v ∈ V (ker(γ)), is well-defined in our vertex Hilbert space

Hvtx. Indeed, due to the operator
√
V̂ −1
v in ̂H̃(2)(v; δ), we do not need to consider ĤE,v with v being the removable.

According to this discussion, for v ∈ V (ker(γ)), we have

lim
δ→0

̂H(2)(v; δ)η(Ψγ) =
κ1(v)

4iκ~β2
N(v)η

[(
ĤE,vV̂v − V̂vĤE,v

)
θ̂†(v)θ̂(v)Ψγ

]
, (4.91)
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where κ1(v) is introduced in [47] to remove the dependence on the partition. Here ĤE,v is defined as ĤE,v =

F̂vV̂
−1
v + V −1

v F̂ †v with

F̂v = −2
∑

e,e′ at v

ε(ė, ė′)εijk tr
(
hαee′ τk

)
Ĵv,ei Ĵv,e

′

k (4.92)

where αee′ is a loop tangent to the two edges e and e′ at the vertex v up to orders ke + 1 and ke′ + 1 respectively with
ke and ke′ being respectively the orders of tangentiality of e and e′ at v (see [47] for more details.) By this definition,
F̂v will change the graph by adding a loop at v and, thus, F̂ †v , by removing a loop. Finally, for the operator ̂H(3)(v; δ),
since ̂H(3)(v; δ) for v ∈ V (ker(γ)) is independent of δ and DiffV (ker(γ)) invariant. we have

lim
δ→0

(
̂H(3)(v; δ)?η(Ψγ)

∣∣∣ =
(
η(Ĥ

(3)
F (v)Ψγ)

∣∣∣ (4.93)

with

Ĥ
(3)
F (v) := κ~βN(v)

( ∑
e at vC

ĴvC ,ei

)
θ̂†(v)σiθ̂(v). (4.94)

Let us summarize our results. According to the above discussion, we have

ÂF η(Ψγ) := lim
δ→0

Ĥ1(δ)?η(Ψγ) =
∑

v∈V (γ)

η

(√
V̂ −1
v Ĥv

√
V̂ −1
v Ψγ

)
(4.95)

where Ĥv is defined as

Ĥv = −iĤ1(v)− β

2
Ĥ2(v)− 1 + β2

2β
Ĥ3(v)− βĤ1(v), (4.96)

with

Ĥ1(v) = −κ2(v)`2pβN(v)

(
Ĥv −

∑
e at v

θ̂†(v)σiθ̂(v)Ĵv,ei

)
,

Ĥ2(v) =
κ1(v)

4i`2pβ
2
N(v)

(
ĤE,vV̂v − V̂vĤE,v

)
θ̂†(v)θ̂(v),

Ĥ3(v) = κ3(v)`2pβN(v)

(∑
e at v

Ĵv,ei

)
θ̂†(v)σiθ̂(v),

(4.97)

according to (4.89), (4.91) and (4.93) respectively. Here we again introduce the parameters κ2 and κ3 as in [34] in
order to remove the dependence on the partition. Taking advantage of these results, we finally define the fermion
Hamiltonian operator ĤF on Hvtx as

ĤF = ÂF + Â†F . (4.98)

It is worth discussing the term in Â†F originating from the operator Ĥv. Let Ĥ′v on Hvtx be the operator defined by

Ĥ′vη(Ψγ) = η(ĤvΨγ). (4.99)

Then, we are concerned about the operator (Ĥ′v)
† in Â†F . By the definition (4.87), Ĥv is comprised of Ĥv(e) which

annihilates the fermion vertex contained in e and closet to v. Thus, the operator (Ĥ′v)
† will be comprised with some

operators, each of which is associated to an edge e at v and creates a fermion vertex vF ∈ e such that vF becomes
the closest vertex to v among the vertices contained in e. To be more precise, let us define the operator Ĥ+

v (e) (refer
to (4.82)) as

Ĥ+
v (e) = Ĵv,ei θ̂†(ve,v)he(ve,v)σ

iθ̂(v) (4.100)

where ve,v ∈ e is a point in e such that ve,v ∈ e is closest to v among (γF ∪ ve,v) ∩ e − {se, te}, and e(ve,v) ⊂ e is
the segment starting from v and ending at ve,v. It is noted that even though ve,v is not uniquely determined by the
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definition, the operator (Ĥ′v)
† on Hvtx defined via Ĥ+

v (e) will be independent of the precise position of ve,v, because
of the averaging operation η with respect to diffeomorphisms. Indeed, (Ĥ′v)

† is given by

(Ĥ′v)
†η(Ψγ) = η

(∑
e at v

Ĥ+
v (e)Ψγ

)
. (4.101)

Let us complete this section with a discussion on the intuitive picture led by the action of Ĥv(e) and Ĥ+
v (e). By

definition, Ĥ+
v (e) creates a fermion vertex vF ∈ e. vF is next to v and carries states a|1, 0〉+ b|0, 1〉. Simultaneously,

Ĥ+
v (e) changes the fermion state |i1, i2〉v at v in such a way that |1, 1〉v 7→ c|1, 0〉v +d|1, 0〉v for some constant c and d,

and α|1, 0〉v+β|0, 1〉v 7→ |0, 0〉 for arbitrary constants α and β. Moreover, because of the holonomy operator he(v) and
flux operator Ĵv,ei in Ĥ+

v (e), the spin on the segment e(v) ⊂ e and the intertwiner at v are changed. These results can
be summarized in one word that the operator Ĥ+

v (e) moves a fermion at v to vF , and changes the geometry around
v simultaneously. For the operator Ĥv(e), it reverses this procedure, that is, Ĥv(e) moves a fermion at the fermion
vertex in e and closet to v, to the vertex v, and changes the geometry around v simultaneously. Moreover, because of
the projection operator P̂vF in Ĥv(e) (see (4.82)), when the fermion vertex vF in e and closet to v carries a fermion
state |1, 1〉vF , the fermion at vF cannot be moved by the operator Ĥv(e). To see the consequence of this fact, let us
first imagine an edge e with the source se and middle point vF being the fermion vertices, where vF carries a fermion
state, saying, |1, 0〉vF . Then acted by Ĥ+

se(e), the fermion state at se will be moved to some point v′F between se

and vF . Then, acted by Ĥte(e) twice, the fermion at v′F will be moved to te. Now, imagine that vF carries the state
|1, 1〉vF . Then, acted by Ĥ+

se(e), the fermion state at se will be again moved to v′F . Then, no matter for how many
times the resulting state is acted by Ĥte(e), the fermion at v′F cannot be moved to te, due to the operator P̂vF in in
Ĥte(e). Intuitively, in the second situation, the fermion at se is confined around se by the fermion state |1, 1〉vF at
vF . This picture on how a fermion moves in LQG spacetime and influences the background geometry in the LQG
framework recovers somehow the classical picture that “spacetime tells matter how to move; matter tells spacetime
how to curve"-John Archibald Wheeler.

V. SUMMATION AND OUTLOOK

This work is concerned about the model of fermion field coupled to loop quantum gravity. The Gauss and Hamil-
tonian constraints in this model are studied in details. In the solution to the Gauss constraint, fermion spins and the
gravitational spin network intertwine with each other so that the fermion spins contribute to the volume of the spin
network at vertices. Consequently, the closure condition encoded in the Gauss constraint will no longer satisfied for
the gauge invariant state with non-vanishing fermion spin. In other words, the faces dual to the edges at a fermion
vertex with non-vanishing fermion spin could not form a closed polyhedron, and the area defect of this unclosed
polyhedron is filled by the fermion spin. Thus, a 3-valence gauge invariant vertex with non-vanishing fermion spin
does not have vanishing volume again. The volume of this type of vertices is computed in details.

For the Hamiltonian constraint, the regularization and quantization procedures are presented in detail. There are
several remarkable issues on the definition of the Hamiltonian constraint operator. At first, in order to take the
limit of the regularized expression as the regulator approaches 0 and define a diffeomorphism covariant Hamiltonian
constraint operator, we introduce the vertex Hilbert space. By definition, the vertex Hilbert space is comprised of the
cylindrical function group averaged with the diffeomorphisms preserving the unremovable vertices of graphs. Thus,
the states in vertex Hilbert space are partially diffeomorphism invariant. Due to this diffeomorphism invariant feature,
on the vertex Hilbert space, the regularized Hamiltonian operators Ĥ(δ) with different values of the regulator δ are
identical. Consequently, the limit of Ĥ(δ) as δ approaches 0 can be taken. Moreover, the operator Ĥ(δ) can be

divided into two parts Ĥ1(δ) and Ĥ1(δ)† where Ĥ1(δ)
†
is diffeomorphism covariant but Ĥ1(δ) is not. It is problematic

that Ĥ1(δ) is not diffeomorphism covariant so that the diffeomorphism-equivalence feature of two states can not be
always kept by the action of Ĥ1(δ). To solve this problem, we also need to introduce the vertex Hilbert space. By
definition, the vertex Hilbert space is a dual space of the cylindrical function space. Thus the action of Ĥ1(δ)† can
be promoted to it by the duality. The operator in the vertex Hilbert space dual to Ĥ1(δ)† is denoted by ÂF . Since
Ĥ1(δ)† is diffeomorphism covariant, so do ÂF and Â†F . Then the operator referring to Ĥ1(δ) in the vertex Hilbert
space is proposed as Â†F rather than the dual operator to Ĥ1(δ), so that the diffeomorphism-covariance problem is
solved. Finally, in the Hamiltonian constraint operator, there are contained the concerning the operators Ĥ+

v (e) and
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Ĥv(e). These two operators tells how the fermion moves in LQG spacetime and influences the background geometry
in the LQG framework, which somehow recovers the classical picture that “spacetime tells matter how to move; matter
tells spacetime how to curve"-John Archibald Wheeler. According to our results, the operator Ĥ+

v (e) moves a fermion
at the vertex v to a vertex vF in e and next to v, and simultaneously changes the spin on the segment of e from v

to vF as well as the intertwiner at v. This procedure will be reversed by the operator Ĥv(e), which moves a fermion,
located at the fermion vertex vF in e and adjacent to v, to the vertex v, and simultaneously changes the spin on
the segment of e from v to vF as well as the intertwiner at v. In addition, Ĥv(e) is defined to contain a projection
operator P̂v0F (e,v). As a consequence of this operator, the fermion located at, says, se will be confined around se by
the state |1, 1〉vF located at vF ∈ e (see the discussion at the end of Sec. IVB).

Even though the current work is concerned about the graph changing feature, the framework can be easily adapted
to define a graph preserving version of the Hamiltonian constraint operator. Then one can apply this graph preserving
operator to the lattice model of fermion coupled to LQG. Then some open issues in lattice fermion field theory can
be employed and studied.
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Appendix A: Hamiltonian analysis for fermion field

Define P± = 1±γ5

2 , one has

P 2
± = P±, P+P− = P−P+ = 0, P±γ

µ = γµP∓. (A1)

Therefore, we have

ΨγIeµIP±∇µΨ = (Ψ±)†γ0γIeµIΨ± +
1

4
(Ψ±)†γ0γIeµIωµKLγ

KγLΨ± (A2)

with Ψ± := P±Ψ. Let us choose the Weyl basis of the γ matrices

γ0 =

(
0 i12

i12 0

)
, γk =

(
0 iσk

−iσk 0

)
, γ5 =

(
−I2 0

0 I2

)
. (A3)

Then Ψ± take the form Ψ− = (ψ, 0)T and Ψ+ = (0, η)T . We thus get

ΨγIeµI∇µΨ = −ψ†σIeµI ∂µψ +
1

4
ψ†σIeµIωµKLσ

KσLψ − η†σIeµI η +
1

4
η†σeµIωµKLσ

KσLη (A4)

with σI = (1,Pauli matraxi) and σI = (1,−Pauli matraxi).
Performing the 3+1-decompositionM = R× Σ, one has

eµI = eνI q
µ
ν − nµnI (A5)

where qµν is the projection to Σ and nµ = (tµ −Nµ)/N with N and Nµ being the lapse function and the shift vector
respectively, and tµ being some time evolution vector field given by tµ∂µt = 1. Substituting (A5) into (A4), we have

ΨeµI γ
I∇µΨ =

(
ψ†eai σ

iD+
a ψ − η†eaiD−a η

)
− 1

N
(tµ −Nµ)

(
ψ†D+

µ ψ + η†D−µ η
)
, (A6)

where we defined

D±a = ∂a + (Γma ∓Km
a )τm =: ∂a +A±a . (A7)

Defining

∇a = ∂a + Γma τm (A8)
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we can express the action of the fermion field in terms of Ki
a and ∇a explicitly, which reads

SF =− i

2

∫
M

d4x(ΨγIeµI∇µΨ− c.c)

=
i

2

∫
d4x
√
q

((
ψ†∂tψ + η†∂tη − c.c

)
+ 2Γtm

(
ψ†τmψ + η†τmη

)
−Na

(
ψ†∇aψ + η†∇aη − (∇aψ)†ψ − (∇aη)†η

)
− N
√
q

[
ψ†Eai σ

i∇aψ − (∇aψ)†Eai σ
iψ + 2ψ†[Ea,Ka]ψ − η†Eai σi∇aη + (∇aη)†Eai σ

iη + 2η†[Ea,Ka]η
])

(A9)
Define ξA = 4

√
qψA and νA = 4

√
qηA with A = 1, 2. Eq. (A9) implies the following non-vanishing anti-Poisson bracket,

{ξA(x), ξ†B(y)}+ = −iδABδ(x, y)

{νA(x), ν†B(y)}+ = −iδABδ(x, y)
(A10)

For the gravitational parts, the action is

SH =
1

κ

∫
d4x (Eai LtKi

a +
1

2
√
q
NEai E

b
jΩ

ij
ab + (t · Γ)mε

klmKakE
a
l + 2N bEai ∇[aK

i
b]) (A11)

Substituting the expression (A9) and (A11) into the total action S = SH+SF , one can obtain the constraints governing
the classical dynamics which are expressed in terms of ∇a = ∂a + Γma τm. Then taking advantage of Aia = Γia + βKi

a,
one can simplify these constraints in terms of the derivative Da = ∂a + Aiaτi. The results are listed as follows. The
total action reads

S = SG + SF =

∫
d4x(simplytic structure terms − λmGm −NaHa −

1

2
NH). (A12)

The Gaussian constraint is

Gm =
1

κβ
DaE

a
l +

1

2

√
q(ψ†σmψ + η†σmη) (A13)

The vector constraints is

Ha =
1

κβ
EbiF

i
ab +

i

2

√
q
{
ψ†Daψ − (Daψ)†ψ + η†Daη − (Daη)†η

}
+ βKm

a Gm. (A14)

The scalar constraint is

H =HG +
[
i(ψ†Eai σ

iDaψ − (Daψ)†Eai σ
iψ)− βEai Ki

aψ
†ψ − 1

β
(1 + β2)DaE

a
i ψ
†σiψ − β 1

√
q
Eai Da

(√
qψ†σiψ

)
− i(η†Eai σiDaη − (∇aη)†Eai σ

iη) + βEai K
i
aη
†η − 1

β
(1 + β2)DaE

a
i η
†σiη − β 1

√
q
Eai Da

(√
qη†σiη

)] (A15)

where HG denote the scalar constraint of pure gravity

HG =
1

κ
√
q
Eai E

b
j

(
Fmabεm

ij − 2(1 + β2)Ki
[aK

j
b]

)
. (A16)

Appendix B: graded vector space and graded algebra

We follow the notions given in [49]. A vector space V over R or C is graded (over Z2) if there are fixed subspaces
V0 and V1 such that V = V0 ⊕ V1. An element v ∈ V is homogeneous if v is either in V0 or in Vi. For all v ∈ Vi with
v 6= 0, we define their degree as

d(v) = i. (B1)
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Given two graded vector space V andW , the space Hom(V,W ) of homomorphism from V toW is graded. An element
α ∈ Hom(V,W ) is said to be homogeneous and of d(α) provided

α[Vi] ⊂Wi+d(α) mod 2. (B2)

with α[Vi] denotes the image of α acting on Vi.
An algebra (A, ·) is a graded algebra if A is a graded vector space and Ai · Aj ⊂ Ai+jmod 2 where Ai · Aj denotes

the space of elements ai · aj for all ai ∈ Ai and aj ∈ Aj . A graded algebra A is a graded commutative algebra if the
product satisfies

x · y = (−1)d(x)d(y)y · x (B3)

where x, y ∈ A are homogeneous. Any commutative algebra A is a graded commutative algebra with the grade A1 = A
and A0 = {0}. An example of the graded commutative algebra is the exterior algebra of some finite vector space V ,
i.e.

A = R⊕ V ⊕ (V ∧ V )⊕ (V ∧ V ∧ V )⊕ · · · ⊕
n∧
V. (B4)

A is graded as

A0 =
⊕
k=0

2k∧
V, A0 =

⊕
k=0

2k+1∧
V. (B5)

A graded algebra (a, [·, ·]) is a graded Lie algebra if the Lie bracket satisfies

(1) [x, y] = (−1)1+d(x)d(y)[y, x];

(2) (−1)d(x)d(z)[[x, y], z] + (−1)d(y)d(x)[[y, z], x] + (−1)d(z)d(y)[[z, x], y] = 0.

An operation ∂ on a graded algebra A is called a derivative if it satisfies

∂(xy) = (∂x)y + (−1)d(∂)d(x)x(∂y) (B6)

where d(∂) is defined by thinking of it as a homomorphism on A. It can be checked that the operator [x, ·] on a graded
Lie algebra A for all x ∈ A is a derivative.
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