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I. INTRODUCTION

In various attempts to quantize gravity, the question of background independence (active
diffeomorphisms) is a key guiding principle. In non-perturbative quantizations such as loop
quantum gravity, causal dynamical triangulations, spin-foams and group field theory, only
the gravitational degrees of freedom, such as the connection, are elevated to quantization.
A criticism of these approaches is that they lack a principle that links the rest of the matter
fields in nature to the quantization of gravity.! Supergravity is an approach that was able to
link gravity to matter via supersymmetry [3]. Quantum gravitational approaches, such as
string/M-theory, place the graviton and matter-fields on the same footing since both arise
from excitations from the string vacua.

Another approach in the canonical quantization route is the procedure laid out by Dirac,
which quantizes a constrained Hamiltonian system. In the case of general relativity (GR),
this invariably leads to the ADM formalism [4], where the spacetime manifold M, is de-
composed into a family of spacelike 3-dimensional hypersurfaces »; which are parametrized
by a time coordinate t.?

This approach is also not without its problems. The Hamiltonian and momentum con-
jugate enter the action as constrained quantities. The resulting quantization of the Hamil-
tonian constraint gives the Wheeler-DeWitt equation, which is a second-order hyperbolic
functional differential equation, corresponding to an infinite number of degrees of freedom
at each spatial point. This makes any calculation cumbersome at best and ill-defined at
worse. The Ashtekar formulation of GR [5] provides one way to tame some of the issues
pertaining to this naive canonical quantization picture.

The Ashtekar formalism (for which we will delve into more detail in the next section)
recasts the dynamical variables in GR from the metric to a Yang-Mills gauge field over

the SU(2) gauge group. This reduces the Hamiltonian to a much simpler and far more

! The geometrization of matter, which posits that matter fields emerge from conical defects of geometry,

has been pursued by Crane, and cosmological applications have been explored [I} 2].
2 This approach introduces a set of functions made from the time-time and time-space components of the 4-

metric g,,: the lapse function N(x,t) and the shift function N®(x,t). The lapse function relates variations
in coordinate time t to those of the proper time as one follows a curve that lies normal to ¥;. The shift
vector, on the other hand, describes the variations in a spatial point as one moves along a curve that lies
tangential to X;.



manageable form where one is dealing with a polynomial in the gauge field and its canonical
partner. This allows the Wheeler-DeWitt equation to be solved exactly, amounting to finding
the ground state of the quantized theory; with the inclusion of a cosmological constant, the
solution is known as the Chern-Simons-Kodama (CSK) state. The fact that the CSK state is
an exact, non-perturbative solution makes it a promising candidate for describing quantum
gravity with a cosmological constant. More broadly, the Ashtekar variables also provide a
natural way to incorporate couplings to matter fields. This leads to a potentially auspicious
avenue of working within a universal, non-perturbative framework for treating both the
geometry and matter sectors on equal footing, as the general theory of relativity would have
us do.

Since all of the known matter in the Standard Model are fermions, we seek to find a new
CSK state that includes fermionic matter on the same footing as gravity (for inclusions of
bosonic matter see [0]). In this work, we explore a quantization of gravity with the inclusion
of fermionic matter by solving both the gravitational and fermionic Hamiltonian constraint.
We find an exact wave function that has interesting connections to the CSK state with the
inclusion of torsion. We then seek to make contact with the Hartle-Hawking/Vilenkin wave
functions of quantum cosmology from this exact wave function.

This paper is organized as follows: in Section [[I, we provide a brief overview of the
Ashtekar formalism and derive the Kodama state from the quantum Hamiltonian constraint.
In Section [[TT, we add fermions and find we can still solve the modified Hamiltonian con-
straint exactly. In Section we add torsion into the picture and find that the original
Hartle-Hawking (or Vilenkin) state is the leading term to the resulting wave function when
we expand around the fermion fields. We conclude with some remarks and directions for

future work.

II. THE ASHTEKAR FORMALISM AND KODAMA STATE

In pursuit of a Wheeler-DeWitt quantization of gravity, it is instructive to understand
how the Ashtekar connection and the resulting Hamiltonian, Diffeomorphism, a Gauge con-
straints emerge from a manifestly covariant 4D theory of gravity. In the Ashtekar for-

malism [5], gravitational dynamics on a four-dimensional manifold M, is not described



by a metric g, but®, rather, a real-valued gravitational field e/ (x), mapping a vector v*
in the tangent space of M, at the point x into Minkowski spacetime M, (with metric
ni; = diag(—1,1,1,1)). Locally, the metric on My is g, = n;€,¢],

The Lorentz connection wm-j is w! = J da*, dw/ = dw,;” de* A da” is the exterior
derivative, and the curvature of w is Rij = dwi + w;® Aw,?. The action of self-dual gravity

is (up to the gravitational constant G)

A . )
327TG [ e Nel) /\Rm+ze /\ej/\RU 6eijkgez/\ej/\ek/\e€ , (1)

where * is the Hodge dual, the first term is the Hilbert—Palatini action and the second is
the Holst term (proportional to the first Bianchi identities in the absence of torsion).

Here we are interested in the Hamiltonian formulation in Ashtekar variables [3, §]. In the
gauge choice €, = 0, it is convenient to define the densitized triad Ef = e;,e"e; Jek which

is conjugate to the self-dual connection
Ap(@) = =57 w,," — iwg'. (2)

As the Lorentz connection (and, in particular, the spin connection I'; = — 1€ kwajk) is real,

A is complex-valued and obeys the reality conditions (for a discussion, see e.g. [9])
Ao+ A7 = 2T [, (3)

where * denotes complex conjugation and the spin connection solves the equation de+T'[E]A
e=20.

The Poisson bracket of the elementary variables A and E is

{4l (x), E;’(y)} = z'87rG525;5(x -y). (4)

3 We use the mostly plus metric signature, i.e. N = (—,+,+,+) in units of ¢ = 1. We use boldface letters
x to indicate 3-vectors, and we use z to denote 4-vectors. Conventions for curvature tensors, covariant
and Lie derivatives are all taken from Carroll [7]. Greek indices (p, v, ...) denote spacetime indices, Latin

indices (a,b,...) denote spatial indices, and Latin indices (3, j, . ..) denote indices for the internal space.



Introducing the "magnetic” field and the gauge field strength

BY = —¢"Fy,, (5)

QD N =

WA — 0, AL + (87G)e, F ALATL (6)
one can show that the Hamiltonian scalar constraint following from Eq. is
— ai bj A ck
H f— G’L]kE E J F ab + 3 EabcE ey 07 (7)

where A is a cosmological constant (of any sign) and x is the vector spatial product defined
as (uxv)?® = €%, ulv°. In exterior algebra notation, the gauge field is A = A, dz® = Al1; dz®
(7; being an su(2) generator), the covariant derivative is D = d + (87G)A A, and Eq. @
can be compactly recast as F' = dA + (87G)A A A. Under a local gauge transformation, the

Ashtekar connection transforms as
A= A =gAgt —gldyg, (8)

where g(x) is an element of the gauge group of gravity G = SU(2). Let Gy be the subgroup
of small gauge transformations, i.e., local transformations continuously connected to the
identity. Its elements are of the form gy = exp[—i6'(x)7;], where 6'(x) are some functions
on a spatial slice of My. Pure gauge configurations ¢g~! dg are equivalent to the flat gauge
A=0.

The full invariance group of the theory is the semidirect product of the diffeomorphism
and gauge groups. Invariance under small gauge transformations is guaranteed by the Gauss
constraint

Gi = D B = 0,E% + (87G)eijp AL E™F = 0, (9)

while spatial diffeomorphism invariance is imposed by the vector constraint
V,=(E; x BY), = E'F', =0. (10)

The total Hamiltonian is a linear combination of the constraints; up to constants, H =

(87G)~ fM d®z (NH + N*V, + N G;), where Mj is the spatial submanifold and N, M, and



N@ are Lagrange multipliers (in particular, M is a generator of su(2)).
Now, let us construct the CSK state by following the example of [10] to solve the Wheeler-
DeWitt equation. We have the Hamiltonian
ai 7bj k A ck
Hwpw = € E“EY | Iy, + 3 CabeE™ ), (11)

which acts on some wave function ©[A], and we want to find the form of ¥[A] that is

annihilated by . Applying the regular canonical quantization procedure, i.e.

rai Y
B — —87TG715AM_, (12)
the annihilation of the quantum state becomes
~ o 0 8TtGhA )
Hwpw[A] = (SWGh)2€ijkmm <F¢fb — g Cake 5Ack)¢[A] = 0. (13)
If we assume that the field strength is self-dual, then F [fb = —%eabcEd€ SO
op 3 K
Cwcay = seonal VAl (14)
Contracting both sides with €% gives us
0 3 0 3 ,
256[ — daka A — achz A 1
CéACk E%IAG abw[ ] < 5Azzz' 261231/\6 bcw[ ]7 ( 5)

where (3, = 87GHh is the Planck length. Recognizing the term multiplying the wave function
to be the Chern-Simons functional, we can write down the exact solution to the Wheeler-

DeWitt equation as being

YA = Nexp(—ﬁ / YCS[A]), (16)

where N is some normalization constant independent of the gauge field and

Yes[A] = Tr|AAdA + §A AAN A} = —% (Ai dA’ + %ez-jkAiAjAk) (17)

is the Chern-Simons functional, with the trace taken in the Lie algebra. It can be said that



the WKB semiclassical limit of the CSK state is de Sitter spacetime [I1]?, with
i A Vi tsi a _ 2\/3tsa
Al =i g€ 5900, El = eV is'of. (18)

Now that we have the CSK state solely in terms of the gravitational connection and
the cosmological constant, we would like to explore a full non-perturbative state that also

includes the fermionic Hamiltonian.

III. THE FERMIONIC CSK SOLUTION

To find the Hamlitonian constraint associated with fermions covarianlty coupled to gravity

we start with the covariant ferimonic Lagrangian [13], [14]:
L= ee“ACebBc]-"abAB — 2el\ + ﬂee“ABEBDafA, (19)

@4B is the spinorial representation of the tetrads, Aq,4p is the 4D gauge field with

where e
curvature tensor Fuap, £ is a 2-component spinor, and the covariant derivative acting on
spinors is

Doba = 0éa + (87G) A LEB. (20)

Next, we employ the ADM variables by first decomposing the full 4D manifold M, = ¥ x R.

We define a scalar function ¢ (that acts as our time coordinate) and vector field ¢* such that

OVt =1, (21)

@AB_compatible connection. We also pick ¢ under the constraint

where V is the torsion free e
that hypersurfaces of constant 3J; are spacelike and ¢ is timelike. We define a new timelike

unit vector n® such that nn, = —1 at each point on ¥;. We can define a unit spinor by

nA8 = n,etB. (22)

4 See [12] for criticisms of this view.



The induced metric on ¥; is then given by

Yab = YGab + N Tp, (23)

and so every tensor field can be decomposed into a part that is orthogonal to ; and a

component that is parallel to it. In particular, we have
t* = Nn® + N, (24)

where N, N are the previously mentioned lapse and shift vector respectively, and n®/N, = 0.

Now, the object —iv/2n4P defines a Hermitian metric with the property
AB Loa
n““nep = 550, (25)

which has the action of mapping spinors to their Hermitian conjugate, i.e. SL = —iv/2n,5¢p.

Next, we can extract the spatial part of e*4? by defining
FaAB — i\/ﬁeaC(AnB)c, (26)
and we then have the identity
4B = papAB | j\/IEeACyB (27)

From these definitions, we get n,E*8 = 0 and E%4* = 0, where we raise and lower the
spinorial indices using the 2D Levi-Civita symbol €45, which acts as a metric on the vector

space of spinors. Now we need only to plug these definitions into the action to get
1
Spn = - / dt /E d*z NE [z’\@n“EbABFabAB — EAYE"8  Fyap — 2A], (28)
t

where we’ve introduced the notation x = 877G, E*®P projects out the timelike component

of Fapap, leaving only the spatial components F,ap5. Next, we write n® = (t* — N*) /N, and



replug it into the action to find
Spy = — / d'z [iv2 Tr Ebt“ ab} — V2N Ty [E Fab] N Tr [EaEbFab] + QNEA],
(29)

where overhead tildes denote densitized quantities, the trace is taken in the su(2) and the

t*F 4 term is found to be
t"Fapap = LAvap — DyAias, (30)

where Ajap = t*Aqap, Ly is the Lie derivative along t* (which we will henceforth denote as
overhead dots), and Dj, is the covariant derivative with connection A,45. We are then left

with

Spn = — / dt / Az [ivV2(Tr A E® + Tr A/D,E* — N* Tr EYF,;,) — N(Tr E°E°F,, — QEA)],
B (31)

where we integrated by parts on the covariant derivative term. For a discussion on the

neglected boundary terms, see 4.4 in [I5]. Next, we focus on the matter sector for which

(after some tedious algebra) the action is
Sy = / Az [ﬁAng + A, PIIA¢s — NTIAD, 64 + i\/ﬁNEaABHBDagA} . (32)
This brings the total action to the form

/chf/E d*z
V2

+N (_2_ <Tr (E“EbFab> - 2EA> +iV2 EaABHBDa§A> + N* (—2— Tr (EbFab) + HADafA)] ;

iv/2
2K

(A B°) + T + Am3< D, EA7 + §<BﬁA>>
K

(33)

where N = N/E. We shall henceforth drop all overhead tildes with the understanding that
all quantities are densitized. Finally, the sympletic structure for the spinor field and its

conjugate partner is

{€'(x), Us(y)} = 056°(x — ¥). (34)
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The introduction of the fermionic fields has resulted in modifications to the scalar, vector,
and Gauss constraints that we saw earlier. Given the fact that N (or in this case N/E),
N and A;sp all enter into the action as Lagrange multipliers, we are again inspired to find
quantum states that can be simultaneously annihilated by all three new constraints. First

we start off with the scalar constraint but with the addition of a new Hamiltonian

Hy = iv/2(Dof) AE“ P g, (35)
with
B (x) =~ B ()0 AP(x) = Ay(o)7ia”. (36)
V2
where o; are the Pauli matrices, and 7; = —io; /2 are the su(2) generators. We are interested

in finding a state vector W[A, £] such that
(Fwow + Hy) W[4, =0, (37)

i.e. it is simultaneously annihilated by the Wheeler-DeWitt and fermionic Hamiltonian

constraints. Next we write
1 nony f A A ~ — .. ~
{%eijkE‘”Ebj (Fjb + 5eabcEck) +2(Dué) (B 0Pl | V[A, €] = 0, (38)

where we used F = %eijkeabCE‘“'Ebj E° and we have suppressed the Dirac indices. Assuming
non-degeneracy of the triads, we can factor out a triad, which leads to a Hamiltonian that

is a little simpler:

1 N A — N
{%qjkﬁjbﬂ (Ffb + §eabCECk) +2(Dyé) 4o Pl | U[A, €] = 0. (39)

We then apply the usual canonical quantization scheme

. 5 ~
B — —&%lm, My — —ih—. (40)

Taking our ansatz for the wave function to be W[A, €] = Q[A]x [Ale®¢” | as well as neglect-

ing higher-order derivative terms because the wave function is occupying its ground state,
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reduces us to the following constraint

- 00 .

- eiijij + 22<Da§)AUz’ABOéBQ[A] =0, (41)
bk

where a4 is a constant spinor. Next, we employ symmetry reduction arguments, i.e. we

restrict our solution space to only include gauge fields which are homogeneous and isotropic,

ie.

Agi = iA(t)0, = FI) = —kA% . (42)
This brings our constraint equation to the form

1 0Q 1
2—— ;= — AB

where we used the fact that

5Q 00
(SAm- = —2(5 ﬁ (44)

From here, we can solve the constraint equation exactly by simply integrating our result.

Doing so after taking the trace on both sides, we get

1 A Da /O'éVBOé ,
Q[A] :QOeXp<127TG/ ( 01/2 BdA), (45)

where the £ in the exponential is said to be fixed, and we use the notational index A’ to

communicate that we are using the A’ gauge field. The exact wave function solution for the

combined gravity and fermion system is®

A'B
Daf A’Ua ap

)
3A/2

V14,6 = 014, Gonlaler s’ = oexp( g [ A Jurlajes. ()

We see that our wave function has the structure of a product wave function of

the pure CSK state and an integral part Q[A,¢], which is suppressed for large values of

> We can replug this term into the (symmetry-reduced) constraint in order to see if our original justification
to ignore the third derivative term was valid. Doing so yields

530 %
A = 0(,43>

meaning for a fixed value for £, in the limit of small /& and large A, this term is indeed negligible.
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the gravitational connection. In order to make connection with cosmology, we will pursue
studying this exact state in a mini-superspace (FRW) background, assuming non-vanishing

torsion.

IV. MINI-SUPERSPACE REDUCTION OF THE FERMIONIC STATE WITH
TORSION

It is well known [I3] that in the first-order and Ashtekar formalism, fermions source
torsion. We are interested in exploring the relationship between fermions and a symmetry-
reduced torsion at the level of our full wave function, similar to what was considered in
[16] (see [I7HIO] for other treatments of torsion and fermions). We relax the torsion-free
condition on the spin connection while keeping the metric compatibility constraint (thus the
spin connection is still anti-symmetric in its internal indices). Recall the definition of the
torsion

T'=de' +w'; N, (47)

where we have suppressed the spacetime index for the time being. On a homogeneous and

isotropic spacetime, the vierbein, torsion, and spin connection become

60 = dt7 ei = adxi , (48)
T'=0, T'=-T(t)e"e + P(t)e';e’e", (49)

where we have defined ¢(t) = (% + T). We note here that g(t) is a real-valued function that
plays the role of the Hubble parameter. Upon plugging the spin-connection to , we get
the particularly simple form for the gauge field

Al = a(P —ig)d = (ib+ ¢)d., (51)

where —b = a+aT and ¢ = aP. The new form of the symmetry-reduced gauge field amounts

to a field redefinition of the original scalar degree of freedom with A = —i(ib + ¢). As a
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FIG. 1: The real (solid blue) and imaginary (dashed orange) parts of the full wave function
for a 464 = 1. The plot on the left is for ¢ = 0, while on the right ¢ = 0.05.

result, we can just plug this into :

1 dQ__ 1 DagAafBozB (52)
Q) db 127G (ib+c)?

Now we take the spinor field to be homogeneous®, & = £(t), which enables us to solve for

the exact form of the wave function,

Q(b) = Qo(ib + )48, (53)
where we used ¢4 = e4B¢p = —¢4 and Qp is a normalization constant. The full wave
function is then

(b, ¢, ) = Q(ib + ) A e (D)1, (54)

where the symmetry-reduced Kodama State becomes

YK (b) = \/%_7'(' exp (—iTVQ;(ib + 0)3) ; (55)

where we have chosen the normalization constant v/2m = N ™! because we require the wave
function to be delta-function normalizable, and V, is the volume of the 3D hypersurface.

The fact that we have obtained an exact solution for the full wave function in the form of

(54)) is intriguing, and it is plotted in Figs. |1| and .

6 See [20-22] for further exploration of spinor fields on a cosmological background.
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FIG. 2: The real (solid blue) and imaginary (dashed orange) parts of the full wave function
for axé4 = 2. The plot on the left is for ¢ = 0, while on the right ¢ = 0.05. For even
values of the spinor product a4 and when ¢ = 0, the real part of the wave function
diverges as —b — 0 while the imaginary part remains finite; this phenomenon is switched
for odd values (see Fig. [1)).

Recently, Magueijo discovered [23] that with different choices of contours, the Kodama
State is the Fourier dual to the Hartle-Hawking wave function and Vilenkin (or tunneling)
states. In [24], this analysis was extended to include both torsion as well as beyond mini-
superspace solutions to the Wheeler-DeWitt equation. We would like see if our full fermionic
wave function can make contact with these previous results in order to better interpret the
solution we have. Reducing our full wave function to mini-superspace, we are able to
read off the commutation relations between the connection and its electric field:

92
[6, a2] - % (56)

In the numerical plots of the wave function above, we see an interesting generic
behavior due to the presence of fermions and torsion. First, we find that, in general, the
wave function has divergences as we approach vanishing scale factor, signaling that this form
of the wave function is ill-defined at the classical Big Bang singularity. These divergences
occur when torsion is vanishing and the fermion amplitude is non-vanishing. However, this
divergence in the wave function is dynamically regulated when we have both non-vanishing
torsion and fermion amplitudes. This is suggestive of a quantum version of the classical
statement that fermion currents source torsion [13] 25]. The fact that the wave function has

non-vanishing probability at the classical Big Bang suggests that it can realize a quantum
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bounce, which was explored by Geilen and Magueijo [26]. We now study the wave function
analytically.

Because the action is manifestly real-valued, we can replace f Yos — iIm f Ycs, which
brings the Kodama state to the form

Y (b) = Nexp (%‘;(b?’ — 3b02)). (57)

Moving into the a? representation, and taking our contour to be the real number line, the

Fourier transform of our fermionic wave function (54| becomes:

W2 (CLQ, Cy f) =

V3V, db ( 3iV,
——exp | —
ler Jr V21 P 2
— @eaf db 6—3%%%
lpi R V2T
= N,Ai(—z)eaAgA _N//[g] / db 6_?\2‘%/’01 (b3_3b02)_%a2b

R

aQb) Uy(b, c, &) (58)

[1—aa&?In(ib+c) + .. Jox(b) (59)

In(ib+c)+..., (60)

where we expanded W, (b, ¢, ) about the spinor product a4 using the fact that 7?7 =

ZZO:OIW7W1th
9V, \ /3 ,  Aa?
_ Aad” 1
= (xg) (%) o)

2\ 1/3
N :N—Vzvc (%) | (62)
11 N 3Ve a-
N[€] = o 5 € Sa e, (63)

Evaluation of the corrections to the zeroth order term in shows that all higher terms
are much smaller than the previous one if a 6% < 1. We find this also holds when we
instead select our contour of integration to be the negative imaginary number line and the
positive real number line; in this case, the zeroth order term of is the Vilenkin wave
function instead of the Hartle-Hawking wave function [23]. The convergence of using
this complex contour is in line with what is argued in [27-29], where the functional integral
over the matter fields describing the wave function of the universe is closely related to
describing quantum field theory in curved spacetime.

Equation (60]) shows that the inclusion of fermions can be interpreted as corrections to
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the Hartle-Hawking (or Vilenkin) wave function, at least when restricting to homogeneous

and isotropic metrics, provided the scalar product & is sufficiently small.

V. DISCUSSION

We have found an exact solution to the quantized Wheeler-DeWitt equation when one
introduces matter fields by working in the Ashtekar formalism. This approach replaces the
traditional second-order hyperbolic functional differential equation with a cubic polynomial
equation. Our wave function can be generalized to include all fermionic species of the
Standard Model by replacing £8D,64 — Y f é}gl)aé}“ in the action, where f labels the
fermionic species.

A striking feature of this new wave function is that it cannot be written solely as
a product of gravity and fermion wave functions, even though the Hamiltonian is a sum of
the gravity and fermion sectors. Instead, the wave function requires an integration of the
fermionic configuration convolved with the connection. It will be interesting to numerically
simulate this state in the presence of a propagating fermion field. In order to make progress
and make contact with cosmology, we find that the mini-superspace approximation of our
fermionic wave function gives back the Hartle-Hawking and Vilenkin wave functions of the
universe of quantum cosmology, with perturbative corrections that depend on the spinor
and torsion.

The cosmological realization of our wave function provides new solutions that has no
divergences at what would be a classical Big Bang curvature singularity, suggesting a quan-
tum gravitational resolution to that singularity. It has been expected for some time that
fermions sourced by torsion can semi-classically resolve the Big Bang singularity, and we
plan to explore how our wave function might be related to these results [30, [31]. These new
cosmological solutions are reminiscent of quantizing fermions in a Bunch-Davies vacuum
during inflation. It would be interesting to see how this exact solution we have obtained
above compares to quantum field theory results of fermions in curved backgrounds. Such a
comparison may demonstrate that fermions enjoy a preferential status in any background

independent formulation of quantum gravity.
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Appendices

Appendix A: Vector and Diffeomorphism Constraints

Here we apply the (symmetry-reduced) constraints to act on the new state we have
derived. Recall the vector and diffeomorphism constraints in the presence of fermionic

martter:

2

%E,’;Ffb + 14Dy =0, D E“cP + P11V = 0. (A1)

When we plug our state in these constraints, we find

{%EZFQ + ﬁAIDagA:| U[A, €] = iha Dot 4Q[ Al i [A]e™4E” (A2)

[Daﬁaia;‘f‘ + §<BﬁA>] W[A, €]

_ DyécotPa 9iV,.A? D, DyécosPa
_ AB E bSCYy D c abSCVy D (B, A) U[A
Zh[aa <O‘Ea‘1§ ( 24nG A2 AE )T amaar ) TEe [4,€];

(A3)

where V. is the volume of the 3D hypersurface.
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