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Abstract

We shall here perform the canonical analysis of field equations of ABI
model in order to determine constraint equations. We shall show that
one can use algebraic constraints in the covariant framework to fix ki as
a function of the frame and obtain a model where (Ai

a, E
a
i ) is a pair of

independent fields which are also a pair of conjugated fields.
We shall not impose any relation on Immirzi parameter β and Holst pa-

rameter γ, still constraint equations will depend on β only and they agree
with standard result of LQG which are obtained by a suitable canonical
transformation on a leaf of the ADM foliation used to define a Hamiltonian
framework.

We eventually state the scheme for quantization that will be discussed
in the following lecture notes.

1 Introduction

In LN1 we discussed the Ashtekar-Barbero-Immirzi (ABI) model (see [1]). Here,
we want to discuss its canonical analysis along the lines described in LN2; see
[2].

The ABI model is based on a further bundle reduction
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(1)

and on (a 1-parameter family of) fields (eµI , A
i
µ, k

i
µ) defined on it. The field e

is a spin frame on P , Ai a SU(2)-connection, ki a 1-form valued in su(2), both
on [Σ → M ]. The connection Ai defines a covariant derivative which is denoted
by ∇ (for SU(2) objects), as well as a curvature 2-form F i. The dynamics is
described by the Lagrangian

LH = 1
κF

i ∧ Li +
1
κ∇ki ∧ (Ki − βLi)+

− 1
2κϵijkk

i ∧ kj ∧
((
β2 − 1

)
Lk − 2βKk

)
+ Λ

3κ
γ2

1−γ2K
k ∧ Lk

(2)
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where we set Kk := 1
2ϵkije

i ∧ ej − 1
γ e

0 ∧ ek and Lk := e0 ∧ ek + 1
2γ ϵkije

i ∧ ej ;

see [3].
This dynamics is 1st order with respect to the fields Ai and ki, it is 0th order

with respect to the spin frame (since ∇ki does not depend on the Levi Civita
connection). It depends on two parameters, the Holst parameter γ which enters
the action of the Holst model, and the Immirzi parameter β which parameterizes
the reductive splittings used to define the connection A. In the literature, one
often takes γ = β; we leave them distinct here to show what is left of them in
general; see [4], [5], [6], [7].

Let us point out for later convenience that conjugate momenta to 1st order fields
are given by

pµνi :=
∂LH

∂Ai
ν,µ

=
1

κ
(e0αeiβ + 1

2γ
ϵijke

j
αe

k
β)ϵ

µναβ

πµν
i :=

∂LH

∂kiν,µ
=

1

κ

(
γ−β
2γ

ϵijke
j
αe

k
β − 1+βγ

γ
e0αeiβ

)
ϵµναβ

(3)

from which we see that assuming β = γ would have quite an impact on the
structure of momenta especially when projecting on the spatial foliation.

That also shows there are algebraic relations between tetrads and momenta
which are a consequence of the fact that the tetrad enters the dynamics as a 0th
order field.

The first 2 equations can be recast as

∇(Lk + γKk) =ϵklm kl ∧ (Km − γLm)− βϵklm kl ∧ (Lm + γKm)

∇(Kk − γLk) =− ϵklm kl ∧ (Lm + γKm)− βϵklm kl ∧ (Km − γLm)
(4)

The frame eI induces a spin connection Γ̃IJ which can be split into (Ãi, k̃i) and
we can define the tensor objects

ziµ = Ai
µ − Ãi

µ hi
µ = kiµ − k̃iµ (5)

Since we know Γ̃IJ is a torsionless connection by construction, we can write the
first two equations as algebraic equations.

Field equations are

∇(Lk + γKk) = ϵklm kl ∧ (Km − γLm)− βϵklm kl ∧ (Lm + γKm)

∇(Kk − γLk) = −ϵklm kl ∧ (Lm + γKm)− βϵklm kl ∧ (Km − γLm)

F k ∧ ek − 1+βγ
γ ∇kk ∧ ek + γ−2β−γβ2

2γ ϵkijk
i ∧ kj ∧ ek + Λ

6 ϵijke
i ∧ ej ∧ ek = 0(

γFh − (1 + βγ)∇kh + γ−2β−γβ2

2 ϵhijk
i ∧ kj − Λ

2 ϵ
h
ije

i ∧ ej
)
∧ e0+

+
(
ϵhkjF

k ∧ ej + (γ − β)ϵhkj∇kk ∧ ej +
(
β2 − 1− 2βγ

)
kh ∧ kl ∧ el

)
= 0

(6)
The main reasons to discuss the canonical analysis are to find constraint

equations (which will later play a major role in LQG quantization) and which
also provide us with algebraic relations among spatial fields which in fact tra-
ditionally have been imposed as ad hoc definitions, while here can be derived
as a consequence of the spacetime action; see [8], [9], [10], [11]. Although the
computation is not too simple, we believe it is worth doing once and for all
to show what is a definition and what can be proven as a consequence of the
dynamics. As we already mentioned, eventually we will be simply interested in
the final constraint equations which are the basis of the following quantization
procedure.
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2 Canonical analysis

Let us fix an evolution bubble (D̄, ζ, i) and pull-back the configuration bundle
[C → M ] on D along the canonical embedding ı̂ : D → M , which is simply a
restriction on D ⊂ M . Let S be the spatial manifold (which is the set of all
integral curves of ζ) on which rest bundle [D → S] is defined; see [2].

Let us set it = Φt ◦ i : S → D for the space leaf at time t, where Φt is the
flow of the evolution field ζ, and St for the images of it, which in fact produce
a (regular) foliation of D.

We can choose coordinates (t, ka) adapted to the evolution field ζ which
hence in these coordinates reads as ζ = ∂t. Adapted coordinates also are
adapted to the spatial foliation St, i.e. the leaves read as t = t0.

Then eventually we have a pre-quantum configuration bundle [̂ı∗C → D →
S], its sections being pre-quantum configurations.

2.1 Adapted fields

First thing is to adapt fields to the spatial foliation of the evolution bubble; see
[12]. To be precise we need a way to build covariant fields out of the spatial
fields we are defining, both for pulling back the covariant dynamics on spacetime
to space S as well as for eventually rebuilding covariant fields out of spatial
solutions. In general, for example for Ai and ki, we can define spatial fields by
pulling back the covariant fields on the spatial leaf (namely setting ∗zi := (it)

∗zi

and ∗hi := (it)
∗ki) or by first contracting them once along the transverse vector

e0 and then pulling back on the spatial leaf (namely setting ◦z
i := (it)

∗(e0 zi)
and ◦h

i := (it)
∗(e0 hi)).

Since we are using only fields which are locally described in terms of forms that
is all. Of course, the decomposition depends on the trivialization of the rest
bundle [D → S] even if the bundle is trivial. For a k-form θi valued in su(2),

we have
(4
k

)
× 3 components. When we split it, we have

(3
k

)
× 3 for ∗θi plus( 3

k−1

)
× 3 for ◦θi. Of course we have((3
k

)
+

( 3

k − 1

))
× 3 =

(
3!(3− k + 1)

k!(3− k + 1)!
+

3!k

k!(3− k + 1)!

)
× 3 =

=
3! (3− k + 1 + k)

k!(3− k + 1)!
× 3 =

4!

k!(4− k)!
× 3 =

(4
k

)
× 3

(7)

Hence the map θi 7→ (∗θi, ◦θi) can be (and in fact it is when the evolution field
is transverse to the leaves) one-to-one.

For the spin frame, that means we need a way to build a spacetime spin
frame (namely a tetrad) out of a spatial spin frame (namely a triad).

Let us define adapted tetrads eI = (e0, ei) which have ϵi := ∗ei tangent to
the leaves St on the evolution foliation, hence n := e0 transverse to it. We also
have ◦e

i = 0, while for the cotedrad, we have ∗e0 = 0 and ◦e
0 = 1.

Not all tetrads are adapted, however one can always apply a gauge transforma-
tion AutV (P ) to get an adapted tetrad. Since the original covariant dynamics
is Aut(P )-covariant that means that one can always find a gauge-equivalent
adapted tetrad. Of course, given an adapted tetrad, one is still free to act on it
by Aut(Σ) (which acts fixing the vector n = e0), to get tetrads which are still
adapted.

It should be noticed that we are refraining from calling e0 the normal vector,
since we have no metric defined on M although, given a tetrad, e0 is normal with
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respect to the metric induced by that tetrad. As a matter of fact, any transverse
vector e0 = N−1(ζ − βa∂a) is normal for a suitable configuration and e0, with
its 4 degrees of freedom, is what one needs to rebuild the tetrad eI (16 dof) out
of the triad ϵi (9 dof) plus the 3 dof representing the gauge freedom in AutV (P )
to adapt frames, namely 6 dof of SL(2,C) modulo the residual 3 dof in SU(2).

We parameterize e0 by a (non-vanishing) lapse function N and a shift vector
⇀

β = βa∂a on space S as well as the triad with ϵi = ϵai ∂a. Accordingly, we have
a map (N, βa, ϵai ) 7→ (eµI ) which is one-to-one on adapted tetrads, given by

|eµI | =
(
e00 e0i
ea0 eai

)
=

(
N−1 0

−N−1βa ϵai

)
|eIµ| =

(
ē00 ē0a
ēi0 ēia

)
=

(
N 0

βaϵia ϵia

)
(8)

A general tetrad is recovered if we add 3 pointwise boosts which are other 3
functions on space.

Let us remark that we have e = det(e) = Ndet(ϵ) = Nϵ. Let us finally stress
that by changing the lapse function or the shift vector one changes the foliation,
i.e. they are purely gauge dof, which in fact parameterize the conventions of an
observer.

For later convenience let us introduce the densitized triad Ei := ⋆ϵi = Ea
i dSa

Ei = ⋆(ϵi) = ϵia ⋆ (dk
a) = 1

2ϵϵ
a
i ϵabcdk

b ∧ dkc = ϵϵai dSa =: Ea
i dSa (9)

where ⋆ denotes the Hodge duality induced on S by the induced metric (or the
triad, which is the same thing) and ϵ is the determinant of the cotriad ϵia.

As a matter of fact, the field transformation ϵia 7→ Ea
i , although convenient, is

just a field transformation. There is also an equivalent and convenient way of
expressing the densitized triad Ei as a function of the triad, namely

Ei =
1
2
ϵϵai ϵabcdk

b ∧ dkc = 1
2
ϵijkϵ

j
bϵ

k
cdk

b ∧ dkc = 1
2
ϵijkϵ

j ∧ ϵk (10)

As far as momenta pµνi and πµν
i are concerned, we can split them with respect

to the evolution foliation to get

κpabi =Nϵicϵ
cab + 2

γ
E

[a
i βb]

κπab
i =2κ 1+γ2

γ2 p
0[a
i βb] − 1+βγ

γ
κp̂abi

κp0ai = 1
γ
Ea

i

κπ0a
i = γ−β

γ
Ea

i = κ(γ − β)p0ai

(11)

In view of the fact that ∗e0 = 0, when we pull-back on St, we also have

∗Kk = 1
2ϵkijϵ

i ∧ ϵj = γ ∗Lk =: γ ∗Lk = Ek (12)

Let us remark that projecting (co)frames (as projecting metrics) is a com-
plicated issue. Both the tetrad and the triad induce metrics g on M and γ on
S, which induce connections Γ̃ and γ̃, which induce covariant derivatives ∇̃ and
D̃ (as well as curvatures tensors and extrinsic curvatures). If there was a thing
we did not need is other sets of connections to deal with since we already have
ωIJ and Ai.

We already know that on-shell (i.e. along classical solutions) eventually the
spin connection ωIJ = Γ̃IJ will agree with the one induced by the tetrad,
however, we shall need to manipulate field equations before solving them. We
need to distinguish between identities that are general and identities which
are satisfied only on-shell. This is the core of quantum formalism, to treat
classical solutions as approximation of what happens at a quantum level. As
a consequence, unfortunately, we need to keep all connections distinct, which
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is pretty annoying and confusing even because some of them eventually will
disappear on shell. We need to do it, exactly because some will vanish because
of evolution equations, some in view of constrained equations. Later on in
quantum formalism the point will be that we impose constraint equations on
quantum states (because they are satisfied on physical states, the physical state
being defined as what in fact identifies a solution), while evolution equations
will be realized just by mean values, i.e. weakly up to quantum fluctuations.

Let us then be patient and denote by Γ̃IK
µ = eIα

(
{g}αβµe

Jβ + dµeJα
)

the spin

connection induced by the tedrad, which satifies the property ∇̃µeIν = 0. This is

pretty remarkable since it implies deI +Γ̃I
J ∧ eJ = 0, which in turn allows us to

get rid of derivatives of the frame (deI = eJ ∧ Γ̃IJ ) so to recast field equations

involving derivatives of the frame as algebraic constraints. Analogously, γ̃ij
a

denotes the connection induced by the triad. We can split and project

∗Γ0i =ē00

(
{g}0βae

iβ + dae
i0
)
dka = Nηik{g}0baϵ

b
kdk

a =

=− ηikχbaϵ
b
kdk

a

∗Γij =ei0{g}0bce
b
kη

kjdkc + eia

(
{g}abce

b
k + ∂ce

a
k

)
ηkjdkc =

=ϵia

(
{γ}abcϵ

b
k + ∂cϵ

a
k

)
ηkjdkc = γ̃ij

a dka = γ̃ij

◦Γ
0i :=Γ̃0i

µ eµ0 = ηij{g}0b0ϵ
b
j − ηij{g}0bcϵ

b
jβ

c =

=ηijN−1 (DbN − βaχba + βaχba) ϵ
b
j = N−1DbNϵib

◦Γ
ik :=Γ̃ik

µ eµ0 =
(
ϵi0{g}0bµϵ

kb + ϵia{g}abµϵ
kb + ϵiadµϵ

ka
)
eµ0 =

=N−1
(
ϵia

(
Dbβ

a −Nγadχdb

)
ϵkb + ϵiad0ϵ

ka − βcγ̃ik
c

)
=

=:ϵicδnϵ
c
k − ϵicγ

cdχdbϵ
b
k

(13)

where we used the identities

{g}0bc =: −N−1χbc {g}abc = {γ}abc +N−1βaχbc

{g}0b0 = N−1DbN −N−1βaχba {g}ab0 = −βa{g}0b0 +Dbβ
a −Nγadχdb

(14)
which are tedious, though elementary, to be obtained. Here χab := N−1

(
D(aβb) − 1

2
d0γab

)
is the extrinsic curvature of S in M , which is a symmetric bilinear form on S.
(In LN2 (see [2]) it was denoted by Kab but now we already used K or k for a
lot of other objects.) Notice that

∗Γ0i ∧ ϵi =− ηikχbaϵ
b
kϵicdk

a ∧ dkc = χac dk
a ∧ dkc = 0

ϵijk
∗Γ0j ∧ ϵk =− ϵijk(η

jnχbaϵ
a
l ϵ

b
n) ϵ

l ∧ ϵk = −ϵinkχnl ϵ
l ∧ ϵk =

=− ϵ̄ϵidϵ
dc

bχca dka ∧ dkb

(15)

Let us also remark that ∗Γij , ◦Γ0i, as well as ∗Γ
0[i
a ϵj]a, do not depend on time

derivatives of the triad fields.

Let us denote by ∇µ and Da the covariant derivatives induced by Ai
µ and

Ai
a on M and S, as well as by ∇̂ the covariant derivatives induced by ωIJ .
“ Let us remark that on M we can take covariant derivative ∇ only of SU(2)-objects

(i.e. sections of bundles associated to [Σ → M ]) and that we shall use ωIJ and its covariant

derivatives ∇̂ on M only. ”

We are now ready to project field equations along the evolution bubble. As
for the fields, equations E = 0 can be projected on the leaves ∗E = 0 or in the
normal direction ∗(e0 E) = 0). We decide to write equations in terms of the
projected fields (N, βa, ϵia,

∗hi, ◦h
i, ∗zi, Ai

a), which are [37] fields (plus 3 dof to
adapt the tetrads).
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The first two equations can be projected to obtain the tangent parts [3]+[3]
equations and the normal parts [9]+[9] to be further split in their symmetric
and skew parts [3+6]+[3+6]. We obtain

◦h
i = 0

∗z(ab) = 0
∗h[ab] = 0

[3]

[6]

[3]

◦z
k = 0

∗h(ab) = 0

DAE
A
i = 0

[3]

[6]

[3] (Gauss constraint)

(16)

The algebraic constraints fix the Immirzi form ki = k̃i and normal part of the
connection ◦A

i = ◦Ã
i to be function of the triad (as well as N and β). We are

left with the fields (Ai
a, E

a
i ) on the leaves and the Gauss constraint.

Then we are left with the other two field equations to be projected on S.
We have{
F k ∧ ϵk − 1+βγ

γ Dkk ∧ ϵk + −2β−γβ2+γ
2γ ϵkijk

i ∧ kj ∧ ϵk + Λ
6 ϵijkϵ

i ∧ ϵj ∧ ϵk = 0

ϵhkjF
k ∧ ϵj + (γ − β)ϵhkjDkk ∧ ϵj +

(
β2 − 1− 2βγ

)
kh ∧ kl ∧ ϵl = 0

(17)
From the first of these equation we have(

ϵijkF
k
ab + 2(β2 + 1)∗kia

∗kjb +
Λ
3 ϵ

ijkϵabcE
c
k

)
E

[a
i E

b]
j = 0 (18)

which is called the Hamiltonian constraint, see Appendix for details.
From the second equation we obtain

F k
abE

b
k = 0 (19)

which is called the momentum constraint, see Appendix for details.
The normal parts of these equations [3]+[6], of which [3] are identically

satisfied and the other [6] provide evolution equations, as in standard GR, for
the induced metric γAB . We could predict this since field equations cannot
determine the evolution of the triad which is in fact covariant with respect to
pointwise spatial rotations which produce their hole argument. Accordingly,
only 6 degrees of freedom described by the triad can evolve deterministically,
the other 3 are gauge freedom and subject to a hole argument.

2.2 Constraint equations

Let us summarize the constraints, since LQG deals then with how to quantize
these constraint equations, rather than with their classical origin. We have [18]
fields (Ai

a, E
a
k) and [7] (Gauss, Momentum, and Hamiltonian) constraints
DEk = 0

F i
abE

b
i = 0(

ϵijkF
k
ab + 2(β2 + 1)k̂iak̂

j
b +

Λ
3 ϵ

ijkϵabcE
c
k

)
E

[a
i E

b]
j = 0

(20)

where we fix k̂i := kiadk
a = ∗ki = ∗Γ0i. Notice that in order to be completely

consistent, constraints cannot be saparated by evolution equations.
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2.3 Evolution equations

Let us here count for evolution equations. We started with [40] fields (namely
Ai

µ, k
i
µ, e

I
µ) and equations. Then we eliminated [12] fields (namely hk) using

[12] algebraic equations (namely ∗hk = 0 and ◦h
k = 0), as well as other [3] fields

(namely ◦z
k) by using other [3] algebraic constraints (namely ◦z

k = 0). We
have [4] gauge fields (N , βa) to parameterize the foliations and 3 dof to adapt
tetrads to the foliation.

We are then left with [18] fields (namely Ai
a and Ea

k) and [40−12−3] = [25]
equations. However, we have [7] differential constraints ([3] Gauss constraint, [3]
momentum constraint, [1] Hamiltonian constraint). Among these [18] equations,
[6] are identically satisfied and the others [12] are evolution equations.

Let us also remark that we have [7] constraints, as we have [4] gauge fields (N ,
βa) plus [3] boosts to adapt frames to the foliation. Accordingly, the constraint
equations balance the fields with are left undetermined by evolution equations,
which hence parameterize the pre-quantum state.

By the way, the evolution equations we obtain are the same equations one
obtains in standard GR, namely

χ̇ab =
3Rab + χχab − 2χacχ

c
b − Λγab (21)

As usual in standard GR, these equations are symmetric hyperbolic on the
spatial leaves in harmonic coordinates and accordingly they uniquely determine
the evolution of the induced metric up to spatial diffeomorphisms.

For initial conditions satisfying the constraints, one determines covariant
solutions of the original Holst equations. Uniqueness is lost because of covari-
ance, existence is lost for constraint equation. Accordingly, Holst model is at
the same time over-determined and under-determined as far as one considers
Cauchy problems, as usual.

Hence we expect the state of the system to be related to initial conditions
satisfying constraint equations, up to Aut(Σ)-gauge transformations.

3 Hamilton-Jacobi equations

In view of the canonical analysis, we have a theory in which the dynamical
variables are (Ai

a, E
a
i ) which, by the way, are a pair of conjugate fields on S.

In view of quantization, it would be natural to consider a Hilbert space built
from functionals of the connection and we want here to further support this
assumption.

We have to stress that quantization procedure is always ill defined, it always
requires a quantum leap to jump from a classical to a quantum viewpoint. As
a matter of fact, one should define a quantum theory axiomatically and then
investigate its classical limit. However, we consider quantization as a list of
motivations for the axiomatic definition of the quantum theory that we shall do.

Moreover, we started from an action which is manifestly covariant with re-
spect to Aut(Σ) and, by the standard hole argument, we know that, if we want
the (classical) physical state to be deterministic, then we are forced to identify
the physical state with equivalence classes of sections modulo gauge transforma-
tions rather than with sections. That is why in standard GR the gravitational
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field is not a single Riemannian manifold (M, g) but better any diffeomorphic
pair [(M ′, g′)] with M ′ = ϕ(M) and g = ϕ∗(g′). In other words, the grav-
itational field is not a Lorentzian metric, it is rather an equivalence class of
Lorentzian metrics up to diffeomorphisms.

Similarly, here we have to investigate how gauge transformations in Aut(Σ)
act on connections.

Let us remark that the bundle [Σ → S] is a principal bundle with the gauge
group SU(2). It hence has fibered coordinates (ka, U) with U ∈ SU(2); see [13],
[14], [15], [16]. When we change coordinates, we have

k′a = k′a(k) U ′ = λ(k) · U (22)

for some local transition function λ : Uαβ → SU(2). On Σ, we have a canonical
right action which is free, vertical, and transitive along the fibers, given by
RS : Σ → Σ : (k, U) 7→ (k, U · S), which is well defined and independent of
fibered coordinates.

Accordingly, we can define a right-invariant pointwise basis

ρi = ϵij
kUj

n

∂

∂Uk
n

(TRS (ρi(p)) = ρi(p · S)) (23)

of vertical vectors on Σ.

Let us consider a general flow of automorphisms Φs ∈ Aut(Σ) on Σ projecting
on a flow of diffeomorphisms φs : S → S on the base manifold S, generated by
a vector field

Ξ = ξa(x)∂a + ξi(x)ρi = ξa(x)
(
∂a −Ai

aρi
)
+ ξi(V )(x)ρi (24)

where we set ξi
(V )

:= ξi +Ai
aξ

a.

Since we know how connections transform with respect to transformations in
Aut(Σ), namely

A′i
a = J̄

b
a

(
λi
jA

j
b + 1

2
ϵij

lλj
mdbλ̄

m
l

)
(25)

then the (right invariant) vector field Ξ induces a vector field Ξ̂ on the bundle
of connections

Ξ̂ = ξa(x)∂a −
(
daξ

bAi
b − ϵijkA

j
aξ

k + daξ
i
) ∂

∂Ai
a

(26)

On any bundle, we have a definition for the Lie derivative £Ξσ = Tσ(ξ)−Ξ ◦ σ
of a section σ along a vector field Ξ (projecting over ξ) which measures how
much the section changes when dragged along the transformation Φs. By simply
specializing to connections, we obtain directly

£ΞA
i
a := £Ξ̂A

i
a = ξbF i

ab +Daξ
i
(V ) (27)

The Lie derivative of a functional Ψ[A] is

£ΞΨ[A] =
δΨ

δAi
a

£ΞA
i
a =

δΨ

δAi
a

(ξbF i
ab +Daξ

i
(V )) =

=
δΨ

δAi
a

ξbF i
ab +Da

(
δΨ

δAi
a

ξi(V )

)
+Da

(
δΨ

δAi
a

)
ξi(V )

(28)

Accordingly, a functional Ψ[A] is invariant with respect to Aut(Σ) iff£ΞΨ[A] =
0 for any (compactly supported) generator of automorphisms Ξ, i.e. iff

δΨ

δAi
a

F i
ab = 0 Da

(
δΨ

δAi
a

)
= 0 (29)
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These conditions are similar to the Gauss and momentum constraints. To
obtain a precise correspondence, we need Hamilton-Jacobi (HJ) formulation of
dynamics. HJ equations can be derived within Hamiltonian formalism and are
in fact (also in mechanics) equivalent to Hamilton, hence Lagrangian, dynamics.
However, the original insights was directly to show that the action functional
along solutions can be written as a functional (or a function in mechanics) of
the pre-quantum configuration only.

This is the foundation of HJ formalism, it solves the control problem for
a general Hamiltonian system (given the initial and final positions, it finds
the initial and final momenta to single out a classical solution starting from
the initial position and arriving at the final position), which is the classical
propagator. It is the basis of path integral quantization and it gives HJ equation
which is the eikonal approximation of Schrödinger equation. Thus, let us go this
way which does not use directly all the symplectic machinery of Hamiltonian
formalism (see [18]), which is very beautiful, simple (after all the definitions),
canonical in mechanics, unfortunately not too canonical in field theory.

3.1 Hamilton-Jacobi framework in a gauge natural field
theory

In mechanics the boundary of pre-quantum states is of dimension m − 1 = 0,
it is made of discrete points and functionals on pre-quantum states are in fact
functions; see [17]. That cannot be the case in field theories in which the
Hamilton principal function is expected still to be in fact a functional of the
pre-quantum states, as we shall show below.

Let us consider a compact region D̄ ⊂ M , a solution of field equations
σ : M → C : x 7→ (x, y(x)) as well as an infinitesimal symmetry Ξ = ξµ(x)∂µ +
ξi(x, y)∂i which drags solutions into solutions so that we can define the symme-
try flow Φϵ : (x

µ, yi) 7→ (xµ
ϵ (x), Y

i
ϵ (x, y)) and a 1-parameter family of solutions

σϵ = Φϵ ◦ σ ◦ φ−ϵ : M → C : x 7→
(
x, yiϵ(x) = Y i

ϵ (x−ϵ(x), y
i(x−ϵ(x)))

)
(30)

The symmetry flow Φϵ projects onto a flow φϵ : M → M : xµ 7→ xµ
ϵ (x) on

spacetime. We can drag the region D̄ along the flow to define a 1-parameter
family of embeddings ιϵ = φϵ : D̄ → M : xµ 7→ xµ

ϵ = φµ
ϵ (x) and let us set

D̄ϵ = iϵ(D̄) ⊂ M .

By taking derivatives with respect to the parameter ϵ, we have

ξµ(x) :=
dxµ

ϵ

dϵ

∣∣∣
ϵ=0
(x) =: δxµ(x) ξi(x, y) :=

dY i
ϵ

dϵ

∣∣∣
ϵ=0
(x, y) δyi(x) := ξi(x, y(x))

(31)
which just set the relation between the flow and its infinitesimal generator. We
can also consider the infinitesimal generator of the family of solutions

dyiϵ
dϵ

∣∣∣
ϵ=0
(x) = −

(
−ξi(x, y(x)) + dµy

i(x)ξµ(x)
)
=: −£Ξy

i (32)

This generator can be prolonged to derivatives

d(yiµ)ϵ

dϵ

∣∣∣
ϵ=0
(x) = −dµ£Ξy

i (33)

When we write the change in the action functional, we can proceed by a
change of integration variables which essentially means pulling back on D̄ along

9



ιϵ : D̄ → D̄ϵ ⊂ M : x 7→ xϵ(x)

δS[σ] =
d

dϵ

∫
D̄ϵ=ιϵ(D̄)

L(x, yϵ(x), dyϵ(x))dσ
∣∣∣
ϵ=0
=

∫
D̄

d

dϵ
((ιϵ)

∗L (x, yϵ(x), dyϵ(x)) dσ)
∣∣∣
ϵ=0
=

=

∫
D̄

d

dϵ
(L(xϵ, yϵ(xϵ), dyϵ(xϵ))Jdσ)

∣∣∣
ϵ=0
=

=

∫
D̄

(
∂ξλ

∂xλ
L+

∂L

∂xλ
ξλ +

∂L

∂yi
(yiλξ

λ −£Ξy
i) +

∂L

∂yiα

(
yiαλξ

λ − dα£Ξy
i
))

dσ =

=

∫
D̄

(
dλ(ξ

λL)− ∂L

∂yi
£Ξy

i − ∂L

∂yiα
dα£Ξy

i

)
dσ =

=

∫
D̄

(
dα

(
ξαL− ∂L

∂yiα
£Ξy

i

)
−
(
∂L

∂yi
− dα

∂L

∂yiα

)
£Ξy

i

)
dσ =

=

∫
∂D

(
Lξα − ∂L

∂yiα
£Ξy

i

)
dσα =

=

∫
∂D

(
−
(
pαi y

i
β − Lδαβ

)
ξβ + pαi δy

i
)
dσα =

=

∫
∂D

(
−
(
pαi y

i
β − Lδαβ

)
ξβ + pαi δy

i
)
uα dS

(34)
where J is the determinant of the Jacobian ∂αx

µ
ϵ , uα is the canonical covector

associated to ∂D ⊂ M and dS the local volume form on ∂D. We already get
that, in general, the Hamilton functional is a boundary functional and that

δS

δyi
= pαi uα (35)

defines the conjugate momenta which, in adapted coordinates, read as p0i . The
Hamilton boundary functional may depend on all fields at the boundary or just
some combinations, depending on the symmetries of the system.

In mechanics, with a regular Lagrangian, there is not much to discuss. There is
only one independent coordinate t, so Greek indices “range” on a single value 0.
Fields are identified with positions, first derivatives with velocities, and together
with momenta are denoted by (qi, ui, pi). Moreover, the boundary of the the
region D is discrete {t1, t0} (or t1 − t0 keeping orientation under account).

Hence we have

δS[σ] =
(
−

(
piu

i − L
)
δt+ piδq

i
) ∣∣∣t=t1

t=t0
=

(
−Hδt+ piδq

i
) ∣∣∣t=t1

t=t0
(36)

where H = piu
i − L is precisely the total energy, which is just the Hamiltonian

written in terms of velocities rather than momenta.

Therefore, we learned that, in mechanics, the Hamilton function can be written
as a function S(t0, q0; t1, q1) of the initial and final positions, namely q0 = q(t0)
and q1 = q(t1), the initial and final momenta are given by

p0 = − ∂S
∂q0

(t0, q0; t1, q1) p1 = ∂S
∂q1

(t0, q0; t1, q1) (37)

as prescribed by the theory of generating functions of canonical flows, and

∂S
∂t

+H
(
t, q, ∂S

∂q

)
= 0 (38)

which is Hamilton-Jacobi equation, for both the initial and final position.
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In field theory, the Hamilton functional is a functional of the fields at the bound-

ary. For example, for the Klein-Gordon case, we have L = −
√
g

2

(
φµφµ + µ2φ2

)
and consequently

pµ :=
∂L

∂φµ
= −√

gφµ T̂α
β =

√
gφαφβ −

√
g

2

(
φµφµ + µ2φ2

)
δαβ (39)

Let us decompose the covariant momenta pµ =:
√
g (πa∂axµ + πuµ) into their

normal and tangent parts and set φa := φµ∂axµ, so that we have

√
gφµφµ = −pµφµ = −√

g (πa∂ax
µφµ + πuµφµ) = −√

g
(
π2 + πaφa

)
(40)

and, consequently,

uαT̂
α
β = π

√
gφβ +

√
g

2

(
π2 + πaφa − µ2φ2

)
uβ (41)

From the Hamilton principal functional, we get

δS

δxβ
= uαT̂

α
β

δS

δφ
= uαp

α = −√
gπ (42)

While the second equation defines the conjugate momentum, the first can be
split into the normal and tangential directions

δS

δxβ
uβ =

√
g

2

(
π2 − πaφa + µ2φ2

)
δS

δxβ
∂ax

β = π
√
gφa = −

δS

δφ
φa

(43)

which are Hamilton-Jacobi equations for a Klein-Gordon field. The second
Hamilton-Jacobi equation shows that the Hamilton funcional does not depend
on the parameterization of the boundary, only on the boundary itself, as well
as, of course, on the boundary field φ.

Let us consider, as a further example, Maxwell electromagnetism with the La-
grangian

L = −
√
g

4
FµνFµν pαβ :=

∂L

∂dβAα
=

√
gFαβ (44)

We can expand the variation of the Hamilton functional as

δS

δAβ
= −√

guαF
αβ δS

δxβ
=

√
guα

(
FαµFβµ − 1

4
FµνFµνδ

α
β

)
(45)

In adapted coordinates, we see that δS
δA0

= 0, i.e. the Hamilton functional does

not depend on the field A0, namely A0 is a gauge field. As for the second
equation is concerned, we can split it into its normal and tangent component
obtaining (in adapted coordinates)

δS

δxϵ
uϵ =

√
g
(
F 0bF0b +

2
4
F 0bF0b +

1
4
F bcFbc

)
=

√
g

2
(EaEa +BaBa)

δS

δxϵ
∂ax

ϵ =
√
gF 0bFab =

√
g(E ×B)a

(46)

These are the energy density and the Poynting vector and they are again invari-
ant with respect to changes of parameterizations on the boundary.

In the examples, we see that, depending on the symmetries of the system, the
Hamilton functional can be independent of some of the fields at the boundary.

Our ABI model is basically a generally covariant gauge theory for the group
SU(2), just with extra constraints. Luckily enough, this kind of models have
been studied extensively and many techniques have been developed to deal
with them and their quantization. Ironically, some of these techniques do not
really work (the Hilbert space of quantum states turns out to be not separable).
However, they work in LQG due to an extra symmetry group the Hilbert space
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of quantum states turns out to be separable, producing a well defined and
meaningful quantum model.

In adapted coordinates u = dt, we have for ABI model

δS

δAi
a

= paαi uα =
1

κγ
Ea

i ⇒ κγ pa0i = Ea
i (47)

since along ∂D the only non-zero differential is dσ0.
As a matter of fact, we shall consider the space of functionals Ψ[A] of SU(2)-

connections on the principal bundle [Σ → ∂D] and we shall ask them to obey
constraint equations, namely to satisfy

∇a

(
δΨ

δAi
a

)
= 0

F i
ab

δΨ

δAi
a

= 0

ϵi
jk

(
F i
ab + 2(β2 + 1)kj[ak

k
b] +

Λ
3 ϵ

jknϵabcE
c
n

) δΨ

δAj
a

δΨ

δAk
b

= 0

(48)

where kia = γ̃0i
a are written in terms of Ea

i .
We shall study bases of these Hilbert spaces and operators on them. We

shall also discuss operators which will be interpreted as observables of quantum
geometry.

3.2 Quantization scheme

We are now ready to state our quantization scheme for LQG. We shall start
introducing the rigged Hilbert spaces (K,K′,K) of kinematical states. These are
made of functionals Ψ[A] of SU(2)-connections on the principal bundle [Σ →
∂D].

Then we shall impose constraints to single out invariant states. This will
define SU(2)-invariant states (G,G′,G) first (which satisfy Gauss constraint) and
then Diff(S)-invariant states in (D,D′,D) which satisfy momentum constraint.
Bases of these rigged spaces will be spin networks and spin knots.

As a matter of fact, spin knots will span a separable Hilbert space and we
are able to discuss a number of operators to represent a number of observables
of space geometry, which are observables of the gravitational fields. This will
give us a definition of quantum geometry.

Then one should implement the Hamiltonian constraint as well to define a
further rigged Hilbert space (P,P′,P) of physical states. However, for this last
step, one quantizes directly the covariant action on spacetime to define spin
foams.

Although eventually, spin foams are the fundamental description of space-
time geometries, namely of the gravitational field, defining in details spin net-
works and spin knots as well as the geometry operators on space is a good
exercise and motivation to get ready for the final quantum framework.
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4 Conclusions and perspectives

Starting from a covariant variational principle on spacetime for the ABI model,
we provided a covariant setting for gravity which is dynamically equivalent to
standard GR in dimension 4. In this setting, we have an SU(2)-connection
Ai well defined on the spacetime M that, when later restricted to space S,
becomes the usual real Barbero-Immirzi connection used in LQG. Usually, the
spatial connection is obtained by a canonical transformation on a spatial leaf S
within a Hamiltonian framework. Here instead we have a spacetime counterpart
that can be simply restricted to the spatial leaf.

Let us stress that the covariant SU(2)-connection Ai (which is defined on
Σ) is not the restriction of the spin connection ωIJ (defined on P ) to a sub-
bundle Σ ⊂ P . If it had to be, we could restrict only some spin connections
ωIJ , namely the ones which happen to be already tangent to the subbundle.
As a consequence, we would have restrictions on the holonomy group (to be
discussed). Here, we are instead projecting the spin connection ωIJ on the
SU(2)-bundle, to a different Barbero-Immirzi projection Ai, the difference be-
ing parameterized by the SU(2)-valued 1-form ki. As a result, we can project
any spin connection, the map ωIJ 7→ (Ai, ki) is one-to-one, the holonomy of ωIJ

is encoded into the holonomy of Ai, although the holomomies are not the same.
In the original framework we proposed, (ea, Ai, ki) are independent funda-

mental fields and there is not much of a choice if one wants to define a generally
covariant framework. The generally covariant framework allowed us to analyse
the canonical structure of the model on a purely Lagrangian viewpoint which,
at least formally, is more homogeneous with what one would like to do later
when discussing spin foams and path integral-like quantization.

As a matter of fact, in this model, we found both differential and algebraic
constraint equations. As a first result, the covariant setting determines ki (as
well as the normal part ◦A

i) as a function of the densitized triad, so that we
are not required to assume it by definition. The field ki is determined by the
algebraic constraint in the covariant ABI model.

We showed that what is traditionally done in LQG corresponds to consid-
ering the Holst model as a dynamical equivalent formulation of standard GR
in dimension 4, using the algebraic constraints to freeze the su(2) 1-form ki in
it as a function of the frame and regarding the model as a functional of the
connection. The canonical analysis of this model provides constraint equations
to be quantized for LQG.

Another result here is that we did not impose a relation between the Im-
mirzi parameter β and the Holst parameter γ. These parameters have differ-
ent origin. Immirzi parameter is kinematical, it parameterizes reductive pairs
(SU(2),SL(2,C)) which are used to define the projection of the spin connections
ωIJ to the SU(2) connections Ai. The Holst parameter instead is dynamical,
it parameterizes classically equivalent action principles. We proved that even
without fixing them, the constraint equations eventually depend only on the
Immirzi parameter β. Let us remark that in a general dimension m ̸= 4 we
have no Immirzi parameter, or better we are force to set β = 0. On the other
hand, in dimension different from m ̸= 4, we have no freedom in adding a Holst
term to the standard action. For example, in dimension m = 3, one has the
Lagrangian L = RIJ ∧ eKϵIJK , with no Holst parameter.

Although we agree that our physical spacetime is in fact of dimension 4,
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it may be interesting to explore what can be done in a general dimension, at
least from a mathematical perspective. Let us also mention that, for a physical
theory we need experiments that, at this stage, we do not have. However, we
can regard LQG at least as a proposal for how a general covariant field theory
should look like when quantized, mathematically speaking.

Before proceeding to quantization, we still need to discretize connection
kinematical functional. As a matter of fact using the connection components as
variables is not a good idea. Connection fields transform oddly with respect to
gauge transformations and we eventually need to parameterize gauge classes of
connection which, in view of the hole argument, are a better representation of
physical states.

For these reasons, we need to introduce holonomies and show that they are
in one-to-one correspondence with gauge classes of connections. Moreover, they
transform reasonably with respect to gauge transformations. Discretisation of
connections will be instead done by introducing film bundles and their connec-
tions. Both these issues should be understood in general, based on the theory
of principal bundles, which is the natural arena for understanding these struc-
tures in full generality, including the old cases of differential geometries and
holonomies of connections on a manifold.

We also need to review some basic facts about the gauge group SU(2), its
irreducible representations, and the Haar measure on it which will play a major
role in the definition of the scalar product of the Hilbert space of quantum states.
This is also a key issue since we need to define the scalar product without using
a metric on spacetime. For that, Haar measure is perfect since it is a canonical
group structure; it exists on all compact groups (although we shall discuss it
only on SU(2)) and it is the reason why it was originally essential to define
reduction from SL(2,C) (which is not compact) to SU(2) (which is).

Let us remark that although Lie algebras are a key technique to investigate
group representations, we here need to deal with group representations, not
Lie algebra representations. In fact, we are going to apply the techniques to
SU(2)-connections which cannot be defined if not on a principal bundle, and
principal bundles deal with group transformations, not to mention that gauge
transformations are primarly group transformations.

The techniques presented in the following lecture notes are often borrowed
from gauge lattice theories. Moreover, we know a great deal about specifically
SU(2) since that is SU(2) ≃ Spin(3), i.e. the group one uses when dealing with
angular momentum and spin.

Appendix A: Derivation of constraint equations

Since we used the first two equations to express ki (and ◦A
i) as a function of

the triad we can express the (projections of the) curvature and the covariant
derivatives of ki as

∗F i = 1
2F

i
ab dx

a ∧ dkb ◦F
i = F i

a dk
a

∗(∇ki) = ∗(∇k)iba dk
b ∧ dka ◦(∇ki) = ◦(∇k)ia dk

a
(49)
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where we set

F̃ i
ab =

1
2ϵ

i
jkϵ

j
cϵ

kd 3Rc
dab + βϵic (Dbχca −Daχcb)− β2ϵijkϵ

jcϵkdχcaχdb

F i
a := N̄

(
d0A

i
a − βcF i

ca +
1
2ϵ

i
jkDa

(
d0ϵ

j
cϵ

kc − βbDbϵ
j
cϵ

kc −Dcβ
bϵjbϵ

kc
)
− βDa(ϵ

ibDbN)
)

∗(∇k)iab = Db

(
ϵicχca

)
◦(∇k)ia = −ϵid

(
£nχda + χabχ

b
a

)
+ N̄

(
ϵidβ

cDcχ
d
a −Da

(
ϵlcDcN

)
− βϵ̄ϵicϵ

cdbχdaDBbN
)

(50)
Here £nχda denotes the Lie derivative of the extrinsic curvature in the direction
of n⃗.

We can check the identities

kiak
j
bE

a
[iE

b
j] =

1
2ϵ

2χi
mχj

n(ϵ
m
a ϵai ϵ

n
b ϵ

b
j − ϵma ϵaj ϵ

n
b ϵ

b
i ) =

= 1
2ϵ

2χi
mχj

n(δ
m
i δnj − δmj δni ) =

1
2ϵ

2(χ2 − χi
jχ

j
i)

(51)

as well as

ϵijkϵabcE
c
kE

[a
i E

b]
j = ϵ3ϵijkϵabcϵ

c
kϵ

a
i ϵ

b
j = ϵ3ϵijk ϵ̄ϵijk = 6ϵ2 (52)

We can write down the Hamiltonian constraint in terms of the extrinsic
curvature as

ϵk
ijF k

abϵ
a
i ϵ

b
j + (β2 + 1)(χi

aχ
j
b − χi

bχ
j
a)ϵ

a
i ϵ

b
j − Λ

3 ϵϵ
ijkϵabcϵ

c
kϵ

a
i ϵ

b
j =

= ϵeab
(
1
2ϵecd

3Rcd
ab + 2βϵ̄Dbχea − β2ϵecdχ

c
aχ

d
b

)
+ (β2 + 1)

(
χ2 − χabχ

ab
)
− 2Λ =

= 3R− β2(χ2 − χabχ
ab) + (β2 + 1)

(
χ2 − χabχ

ab
)
− 2Λ =

= 3R+ χ2 − χabχ
ab − 2Λ = 0

(53)

4.1 The Hamiltonian constraint

The we can project the third equation

∗Fk ∧ ϵk − βγ+1
γ

∗(∇kk
)
∧ ϵk − γβ2+2β−γ

2γ ϵkij
∗ki ∧ ∗kj ∧ ϵk = Λ

6 ϵijkϵ
i ∧ ϵj ∧ ϵk

1
2ϵk

ijF k
abϵϵ

a
i ϵ

b
j +

βγ+1
γ

(
Dbϵ

kdϵkcχda +Dbχca

)
ϵbac − γβ2+2β−γ

γ ϵkiak
j
bϵ

a
[iϵ

b
j] = Λϵ

1
2 ϵ̄ϵk

ijF k
abE

a
i E

b
j +

β2γ+β
γ ϵ̄ϵ2

(
χ2 − χdaχ

ad
)
− γβ2+2β−γ

γ ϵ̄kiak
j
bE

a
[iE

b
j] =

Λ
6 ϵ̄ϵ

ijkϵabcE
c
kE

[a
i E

b]
j

1
2ϵk

ijF k
abE

a
i E

b
j +

γ(β2+1)
γ kiak

j
bE

a
[iE

b
j] − Λ

6 ϵ
ijkϵabcE

c
kE

[a
i E

b]
j = 0(

ϵk
ijF k

ab + 2(β2 + 1)kiak
j
b −

Λ
3 ϵ

ijkϵabcE
c
k

)
E

[a
i E

b]
j = 0

(54)

4.2 Momentum constraint

We can check the identities

ϵikpF
p ∧ ϵk = 1

2ϵ
i
kpF

p
abϵ

k
c ϵ

abcdσ = 1
2F

p
abϵϵ

ieϵfpϵcfeϵ
abcdσ =

=(F p
abE

a
p )ϵ

ibdσ = −βϵDd

(
χde − γdeχ

)
γbeϵ

ibdσ
(55)

hence
F p
abE

a
p = −βϵDd

(
χde − γdeχ

)
γbe (56)
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We can project the forth equation as

◦Fk ∧ ϵk = βγ+1
γ ◦∇kk ∧ ϵk + γβ2+2β−γ

γ ϵkij ◦k
i ∧ ∗kj ∧ ϵk

⇒ F k
a ϵkbϵ

abc = −βγ+1
γ (d0χba + χbeχ

e
a) ϵ

abc = 0

⇒ ϵkBF
k
a ϵ

abc = −β
(
d0χba + χbfχ

f
a

)
ϵabc = 0

(57)
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