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Abstract

Loop Quantum Gravity heavily relies on a connection formulation of General Relativity such
that 1. the connection Poisson commutes with itself and 2. the corresponding gauge group
is compact. This can be achieved starting from the Palatini or Holst action when imposing
the time gauge. Unfortunately, this method is restricted to D + 1 = 4 spacetime dimensions.
However, interesting String theories and Supergravity theories require higher dimensions and it
would therefore be desirable to have higher dimensional Supergravity loop quantisations at one's
disposal in order to compare these approaches.

In this series of papers we take first steps towards this goal. The present first paper develops
a classical canonical platform for a higher dimensional connection formulation of the purely
gravitational sector. The new ingredient is a different extension of the ADM phase space than
the one used in LQG which does not require the time gauge and which generalises to any dimension
D > 1. The result is a Yang — Mills theory phase space subject to GauB, spatial diffeomorphism
and Hamiltonian constraint as well as one additional constraint, called the simplicity constraint.
The structure group can be chosen to be SO(1, D) or SO(D+1) and the latter choice is preferred
for purposes of quantisation.
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1 Introduction

The quantisation of General Relativity remains one the most important open problems of con-
temporary physics. Early attempts to quantise the Hamiltonian formulation given by Arnowitt,
Deser and Misner [I] have failed due to non-renormalisability [2], 8] among other problems. Su-
pergravity in various dimensions entered the picture as a way to resolve these problems, however,
not all could be addressed [4, 5, [6]. Meanwhile, Superstring theory [7, 8] and M-Theory [9, [10]
have been proposed as theories of quantum gravity. They constrain the spacetime dimension to
D + 1 = 10 (Superstring theory) or D + 1 = 11 (M-Theory) and symmetry arguments suggest
that the respective Supergravities are their low energy limits [7, [§]. It is therefore interesting
to (loop)-quantise these Supergravities as a new approach to quantising the low-energy limit of
Superstring theory or M-theory.

However, the programme of loop quantisation (see e.g. [12] and references therein) requires
the theory to be formulated in terms of a gauge theory. The reason for that is that only for
theories based on connections and conjugate momenta background independent Hilbert space
representations have been found so far, which also support the constraints of the theory as
densely defined and closable operators. Of course, a connection formulation is also forced on us
if we want to treat fermionic matter as well. A connection formulation for gravity in D +1 > 4
that can be satisfactorily quantised, even in the vacuum case, has not been given so far. For
the case D 4+ 1 = 4, it was only in 1986 that Ashtekar discovered his new variables for General
Relativity [13]. The most important property of these variables is that the connection A used
has a canonically conjugate momentum FE such that (A, F) have standard canonical brackets,
in particular the connection Poisson commutes with itself. This is not trivial. Indeed, the
naive connection that one would expect from the first order Palatini formulation does not have
this crucial property, because the canonical formulation of Palatini gravity suffers from second
class constraints and the Palatini connection then has non trivial corresponding Dirac brackets.
This prohibited so far to find Hilbert space representations, in particular those of LQG type in
which the connection is represented as a multiplication operator, for these Palatini connection
formulations. The Ashtekar connection does not suffer from this problem because it is the



self-dual part of the Palatini connection (or spin connection in the absence of torsion terms).
Unfortunately, for the only physically interesting case of Lorentzian signature this Ashtekar
connection takes values in the non compact SL(2,C) rather than a compact group and again
it is very difficult to find Hilbert space representations of gauge theories with non compact
structure groups.

As observed by Barbero [14], a possible strategy to deal with this non compactness problem
is to use the time gauge and to gauge fix the boost part of SO(1,3). The resulting connection,
which can be seen as the self dual part of the spin connection for Euclidean signature, is then an
SU(2) connection. The price to pay is that the Hamiltonian constraint for Lorentzian signature in
terms of these variables is more complicated than in terms of the complex valued ones. However,
this does not pose any problems in its quantisation [I5]. Using these variables (which also allow
a one parameter freedom related to the Immirzi parameter [16]) a rigorous quantisation of
General Relativity with a unique Hilbert space representation could be derived [17, [I8], 19, 20].
A different way to arrive at the same formulation is to start from the geometrodynamics phase
space coordinatised by the ADM variables (three metric and extrinsic curvature) and to expand it
by introducing (densitised) triads E and conjugate momenta K (basically the extrinsic curvature
contracted with the triad). The connection is then the triad spin connection I' plus this conjugate
momentum, that is, A = '+~ K where ~ is the real valued Immirzi parameter. The first miracle
that happens in 3 spatial dimensions is that this is at all possible: While K transforms in the
defining representation of SO(3), I" transforms in the adjoint representation of SO(3). But for
the case of SO(3), these are isomorphic and enable to define the object A. The second miracle
that happens in 3 spatial dimensions is that this connection is Poisson self commuting which is
entirely non trivial. Notice that in three spatial dimensions, the expansion of the phase space
alters the number of configuration degrees of freedom from six per spatial point (described by
the three metric tensor) to nine (described by the co-triad). To get back to the original ADM
phase space, one therefore has to add three constraints and these turn out to comprise precisely
an SU(2) Gauf constraints just as in Yang Mills theory.

It is clear that this strategy can work only in D = 3 spatial dimensions: A metric in D spatial
dimensions has D(D + 1)/2 configuration degrees of freedom per spatial point while a D-bein
has D?. We therefore need D* — D(D + 1)/2 = D(D — 1)/2 constraints which is precisely the
dimensionality of SO(D). However, an SO(D) connection has D?(D — 1)/2 degrees of freedom.
Requiring that connection and triad have equal amount of degrees of freedom leads to the
unique solution D = 3. Thus in higher dimensions we need a generalisation of the procedure
that works in D = 3. Attempts to construct a higher dimensional connection formulation have
been undertaken, but few results are available [21], 22, 23]. Han et al. [24] have shown that the
higher dimensional Palatini action leads to geometrodynamics when the time gauge is imposed
before the canonical analysis.

In this paper, we will derive a connection formulation for higher dimensional General Rela-
tivity by using a different extension of the ADM phase space than the one employed in [13 [25]
and which generalises to arbitrary spacetime dimension D + 1 for D > 1. It is based in part
on Peldan’s seminal work [26] on the possibility of using higher dimensional gauge groups for
gravity as well as on his concept of a hybrid spin connection which naturally appears in the
connection formulation of 2 + 1 gravity [27]. More precisely, the idea is the following:

If one starts from the Palatini formulation in D+ 1 spacetime dimensions, then the natural gauge
group to consider is SO(1, D) or SO(D + 1) respectively for Lorentzian or Euclidean gravity re-
spectively. Both groups have dimension D(D + 1)/2. This motivates to look for a connection
formulation of the Hamiltonian framework with a connection A,;7, a =1,..,D; I,J =0,..,D.
Such a connection has D?(D + 1)/2 degrees of freedom. The corresponding Gauf constraint
removes D(D +1)/2 degrees of freedom, leaving us with (D —1)D(D + 1) /2 degrees of freedom.



However, a metric in D spatial dimensions has only D(D+1)/2 degrees of freedom, which means
that we need D?(D —1)/2 — D additional constraints which together with the ADM constraints
and the Gauf} constraint form a first class system. To discover this constraint, we need an object
that transforms in the defining representation of the gauge group. It is given by the “square root”
of the spatial metric g, = 11 Jegeg,] where n has Lorentzian or Euclidean signature respectively.
Since the D internal vectors el are linearly independent, we can complete them to a uniquely

a
defined (D + 1)-bein by the unit vector e} where nrjeled = 0. Now the momentum 7%/

conju-
gate to A,ry is supposed to be entirely determined by eé, that is, 77 det(q)qabe([)le;)]]. In
other words, 7 is “simple” and we call these constraints therefore simplicity constraints. Since
el has D(D + 1) degrees of freedom while 7%/ has D?(D + 1)/2 these present precisely the
required D?(D —1)/2 — D constraints. Furthermore, from e! one can construct the hybrid spin
connection I',7; which kills e and the idea, as for Ashtekar’s variables, is that A — I is related
to the extrinsic curvature. In order to show that the symplectic reduction of this extension of
the ADM phase is given by the ADM phase space, similar to what happens in case of Ashtekar’s
variables, we need that I' is integrable at least modulo the simplicity constraints which we show
to be the case.

It should be stressed that even in D + 1 = 4 this extension of the ADM phase space is dif-
ferent from the one employed in LQG: In LQG the Ashtekar-Barbero connection is given by

Ai‘]%G — Dyji o fjlefw i,5,k = 1,..., D, while in our case in the time gauge ¢} = §! we have
A?ﬁw — I'gjk is pure gauge. Here I'yj is the spin connection of the corresponding triad. Thus,

in the new formulation the information about the extrinsic curvature sits in the A,9; component
which is absent in the LQG formulation. We also emphasise that it is possible to have gauge
group SO(D + 1) even for the Lorentzian ADM phase space. While a Lagrangian formulation is
only available when spacetime and internal signature match as we will see in a companion paper
[28], this opens the possibility to quantise gravity in D + 1 spacetime dimensions using LQG
methods albeit with structure group SO(D + 1) and additional (simplicity) constraints [29, [30].

This paper is is organised as follows:

In section 2| we will define the required kinematical structure of a (D + 1)-dimensional connec-
tion formulation of General Relativity. We will study in detail the properties of the simplicity
constraint and the hybrid spin connection.

In section [3] we will postulate an extension of the ADM phase space in terms of a connection
and its conjugate momentum subject to the corresponding Gaufl constraint and the simplicity
constraint discussed before. We will then prove that the symplectic reduction of this extension
with respect to both constraints recovers the ADM phase space. There is a one parameter
freedom in this extension, similar to but different from the Immirzi parameter of standard LQG
[16].

In section[d] we express the spatial diffeomorphism constraint and the Hamiltonian constraint
in terms of the new variables and prove that the full set of four types of constraints, namely Gauf3,
simplicity, spatial diffeomorphism and Hamiltonian constraints, is of first class. This can be done
for either choice of SO(1, D) or SO(D + 1) independently of the spacetime signature. Similar
to the situation with standard LQG, the Hamiltonian simplifies when spacetime signature and
internal signature match if one chooses unit Immirzi like parameter. There is an additional
correction term present which accounts for the removal of the pure gauge degrees of freedom
affected by the gauge transformations generated by the simplicity constraint.

In section 5] we conclude and discuss future research directions partly already addressed in
our companion papers [28| 29] 30, 311 [32] 33].



The further organisation of this series is as follows:

In paper [28], we supplement the present paper by a Lagrangian, namely Palatini, formula-
tion in the case that internal and spacetime signature match. As is well known, the canonical
treatment of Palatini gravity, while leading to a connection formulation, is plagued by second
class constraints and a non trivial Dirac bracket prohibiting a connection representation in the
quantum theory [34]. This is in apparent contradiction to the first class structure found in the
present paper. The link between the two approaches is through the machinery of gauge unfixing
[351 1361, 137, [38], which transforms a second class system into an equivalent first class system sub-
ject to a modification of the Hamiltonian which in our case is precisely the additional correction
term in the Hamiltonian constraint found in this paper.

In paper [29] we quantise the constraints found in this paper using the standard machinery
developed for the D = 3 case. In paper [31], we consider coupling to fermionic matter and its
quantisation where we have to solve the problem of how to switch from Lorentzian to Euclidean
signature Clifford algebras. In paper [30], we quantise the simplicity constraint and show that
in D+ 1 = 4 the resulting Hilbert space and the representation of Gaufl and simplicity invariant
observables coincides with the standard LQG representation. In paper [32], we consider the
classical canonical formulation of higher dimensional Supergravity theories, in particular the
Rarita-Schwinger fields in terms of new canonical variables and formulate the corresponding
quantum theory. Finally, we treat the p-form sector of Supergravity theories in paper [33].

2 Kinematical Structure of (D +1)-dimensional Canonical Grav-
ity

This section is subdivided into three parts. In the first part we show that simple dimensional
counting and natural considerations lead to a unique candidate connection formulation that
works in any spacetime dimension D + 1 and has underlying structure group SO(D + 1) or
SO(1, D) respectively. We also identify the simplicity constraints additional to the Gaufl con-
straint that such a formulation requires and show that while there is no D-bein and no spin
connection in such a formulation, there is a generalised D-bein and a hybrid connection. The
latter is required in order to express the ADM variables in terms of the connection and its con-
jugate momentum. In the second part we formulate an equivalent expression for the simplicity
constraint and discuss its properties and some subtleties. Finally, in the third part we prove a
key property of the hybrid connection, namely its integrability modulo simplicity constraints.
This will be key to proving in the next section that the symplectic reduction of the extended
phase space by Gaufl and simplicity constraints recovers the ADM phase space.

2.1 Preliminaries

As is well known (see e.g. [12] and references therein), the ADM Hamiltonian formulation
of vacuum D + 1 General Relativity is based on a phase space coordinatised by a canonical
pair (qap, P) with non trivial Poisson brackets (we set the gravitational constant to unity for
convenience)

{aav(z), P(y)} = 8¢, o) 0P (z — ), (2.1)

where a, b, c,.. € {1,.., D} and x, y, .. are coordinates on a D-dimensional manifold o. The images
of o under one parameter families of embeddings of ¢ into a (D + 1)-dimensional manifold M
constitute a foliation of M. Here ¢, is a metric on ¢ of Euclidean signature. The phase space



defined by ([2.1)) is subject to spatial diffeomorphism constraints
Hy = —2qae Dy P (2.2)

and Hamiltonian constraint

QabQCd PabPCd \/ det R (23)

S 1
H = —m[%cqbd D_1
where R(P) is the Ricci scalar of qap and D, denotes the torsion free covariant derivative anni-
hilating q,». Here s is the signature of the spacetime geometry. Expression is problematic
for D =1 and in what follows we restrict to D > 1.
Similar to the formulation of standard LQG in D + 1 = 4, we would like to arrive at
a connection formulation of this system which then can be quantised using standard LQG
techniques. This requires the corresponding structure group to be compact. Let us recall and
sketch how this is done for D = 3, see [12] for all the details:
Following Peldan [26], the idea is to extend the ADM phase space by additional degrees of
freedom and then to impose additional first class constraints in such a way that the symplectic
reduction of the extended system with respect to these constraints coincides with the original
ADM phase space. In practical terms, this means that one considers a connection A§, ie. a
Lie algebra valued one form with a Lie algebra of dimension N and a conjugate momentum 7%

which is a Lie algebra valued vector density. Here o, 3,.. = 1,..,N. Such a Yang-Mills phase
space is subject to a Gauf} constraint
Go =Dl = 0ol + fap ' Al 72, (2.4)

where f,5 7 denote the structure constants of the corresponding gauge group. The requirement is
then that there is a reduction (A4, 7) > qup := qup|A, 7], P?® := P®[A, 7] such that the Poisson
brackets of the ADM phase space are reproduced modulo the Gauf3 constraint and possible
additional first class constraints that maybe necessary in order that the correct dimensionality
of the reduced phase space is achieved.

The question is of course which group should be chosen depending on D and how to express
qap, P in terms of A2, 7%. Furthermore, one may ask whether the Gaufl constraint is sufficient
in order to reduce to the correct number of degrees of freedom or whether there should be
additional constraints. Consider first the case that the Gaufl constraint is sufficient. Then the
extended phase space has DN configuration degrees of freedom of which the Gaul constraint
removes N. This has to agree with the dimension of the ADM configuration degrees of freedom
which in D spatial dimensions is D(D+1)/2. It follows N(D—1) = D(D+1)/2. Next we need to
relate (A2, 72) to (qap, P?). There may be many possibilities for doing so but here we will follow
a strategy that is similar to the strategy of standard LQG. We consider some representation
p of the corresponding Lie group G of dimension M > D and introduce generalised D-beins
e{l, I,J,K,...=1,.., M taking values in this representation with q,;, = efmueb‘]. The requirement
M > D is needed in order that g, can be chosen to be non degenerate and we furthermore
require that it is positive definite. Here 1 is a G-invariant tensor, i.e. p(g)knrip(9)? = nkr.
The existence of such a tensor already severely restricts the possible choices of G and typically
G is simply defined in this way whence p will typically be the defining representation of G.
We extend the covariant derivative D, to p valued objects by asking that D, annihilates the
co-D-bein

Doe} = 9,6l —T¢el + 12 [XP)! jeil =0, (2.5)

with the Levi-Civita connection I'(,. This equation defines the hybrid (or generalised) spin
connection I'?. Here the X/ denote the generators of the Lie algebra of G in the representation

p.



The idea is now that K,’ := [A% — T'¢]x? is the expression for the ADM extrinsic curvature
Vdet(q) K., P,b = —sy/det(q)[K,’ — 6°K.], in terms of the new variables. However, there
are several caveats. First of all, it is not clear that has a non-trivial solution: These are
D?M equations for DN coefficients 'Y and thus the system could be overdetermined.
Secondly, even if a solution exists, I'? will be a function of ¢ while we need to express it in
terms of the momentum 7¢ conjugate to AS. If there is no other constraint than the Gaufl
constraint, then ¢ itself must be already determined in terms of £ which implies that M = N:
The representation p has the same dimension as the adjoint representation of the Lie group.
If one scans the classical Lie groups, then the only case where the defining representation and
the adjoint representation have the same dimension (and are in fact isomorphic) is SO(3) or
SO(1, 2) respectively, whence N = 3. In this case, the equation N(D —1) = D(D +1)/2 has the
solutions D = 2 and D = 3 which can be shown to be the only solutions to this equation on the
positive integers.

In order to go beyond D = 3, we therefore need more constraints. We consider now the case of
the choice G = SO(M +1) or G = SO(1, M) which is motivated by the fact that these Lie groups
underly the Palatini formulation of General Relativity in M + 1 spacetime dimensions. Following
Peldan’s programme, other choices may be leading, conceivably, to canonical formulations of
GUT theories. We will leave the investigation of such possibilities for future research. For this
choice we obtain N = M (M+1)/2 and thus presents D?(M+1) equations for DM (M +1) /2
coefficients. Explicitly

Oget =TS el + T ¢p; =0, (2.6)

where all internal indices are moved with 7. Since I';(77) = 0 we obtain the consistency condition
€(C]8a€£) — F(c|a|b) = 0, (27)

where qq, = elepr was used. It is not difficult to see that is in fact identically satisfied.
Therefore the D?(M +1) equations are not all independent, there are D?(D+1)/2 identities
among them, reducing the number of independent equations to D*[M + 1 — (D + 1)] for
DM (M+1)/2 coefficients I';7 ;. Equating the number of independent equations to the number of
equations yields a quadratic equation for M with the two possible roots M = D and M = D —1.
In the second case el is an ordinary D-bein and Ty its ordinary spin connection. In the former
case we obtain the hybrid spin connection mentioned before.

Let us discuss the cases SO(D) and SO(D + 1) separately (the discussion is analogous for
SO(1, D—1) and SO(1, D) except that SO(1, D—1) does not allow for a positive definite D metric
and therefore must be excluded anyway). In the case of SO(D) we have D?(D—1)/2 configuration
degrees of freedom and D(D — 1)/2 Gauf constraints. In order to match the number of ADM
degrees of freedom, we therefore need S = D?(D—1)/2—D(D—1)/2—D(D+1)/2 = D*(D-3)/2
additional constraints. These must be imposed on the momentum 7%/7 conjugate to A,7; and
require that 77/ is already determined by el. Now el has D? degrees of freedom while 7%/
has D?(D — 1)/2 so that exactly S degrees of freedom are superfluous. However, there is no
way to to build an object 7%/Y with 7%/) = 0 from el In order to match the density weight
we can consider B = det(q)q“beg , but we cannot algebraically build another object v from
el without tensor index in order to define 7%/ = v/ E4l/l. The only solution is that there
are no superfluous degrees of freedom, which leads back to D = 3. Now consider SO(D + 1).
In this case we have D?(D + 1)/2 configuration degrees of freedom and D(D + 1)/2 Gauf
constraints requiring S = D*(D + 1)/2 — D(D + 1)/2 — D(D + 1)/2 = D*(D — 1)/2 — D
additional constraints. The number of superfluous degrees of freedom in 77 as compared to
el is now also precisely S = D*(D+1)/2— D(D+1). In contrast to the previous case, however,
now it is possible to construct an object without tensor indices: If we assume that the D internal



1

vectors e,, a = 1,.., D are linearly independent then we construct the common normal
1 1
— . J J
np = ————=c"""Per; gpenl .. b, (2.8)

D! \/det(q)

which satisfies eln; = 0, nyn! = ¢ where ¢ = 1 for SO(D + 1) and ¢ = —1 for SO(1, D). Notice
that n; is uniquely (up to sign) determined by ef. We may now require that

7l =2 det(q)q“bn[le;)ﬂ =: 2pll gl (2.9)

These are the searched for constraints on 7% and constitutes our candidate connection for-

mulation for General Relativity in arbitrary spacetime dimensions D + 1 > 3. Since they
require m to come from a generalised D-bein, we call them simplicity constraints. Notice that
D*(D —1)/2— D =0 for D = 2. Indeed, 2 + 1 gravity is naturally defined as an SO(1,2) or
SO(3) gauge theory.

2.2 Properties of the Simplicity Constraints

The form of the constraint (2.9)) is not yet satisfactory because the constraint should be formu-
lated purely in terms of 7%/, The same requirement applies to the hybrid connection to which
we will turn in the next subsection.

Given 7/ and any unit vector n; we may define E%[r,n] := —(7*/n;. This object then
automatically satisfies E*n; = 0. Furthermore we may define the transversal projector

ihn] =0 —¢tniny = 7hn? =0 (2.10)

and define
7 = nic[n] 77 [n] 7O (2.11)

In what follows, all tensors with purely transversal components will carry an overbar. We obtain
the decomposition
rold = gl o opll gald], (2.12)

It appears that the simplicity constraint now is equivalent to 7/ = 0. However, there are two
subtleties: First, at this point n! is an extra structure next to #** which is required to define
. Therefore the decomposition is not intrinsic and n! appears as an extra degree of
freedom. It is therefore necessary to give an intrinsic definition of n!. Next, suppose that we
have achieved to do so, then 7% constitute D?(D — 1)/2 degrees of freedom rather than the
required D?(D —1)/2 — D while due to E¢n! = 0 the EY constitute only D? degrees of freedom
rather than D(D + 1).
To remove these subtleties, it is cleaner to adopt the following point of view:

We consider D+1 vector densities Ef to begin with such that the corresponding D (D + 1)-matrix
has maximal rank. From these we can construct the densitised inverse metric

Q® .= EYEtY, (2.13)

which we require to have Euclidean signature as well as their common normal

1
TL[[E] ‘= 77— €aj..ap 6IJl,.JDE‘alJl-'E/WCLDJD, (214)

D! \/det(Q)

which is now considered as a function of E. Notice that nyn! = ¢. Therefore also 7} = 7 [E] is
a function of E. We can again apply the decomposition (2.12)) and now have cleanly deposited



the searched for degrees of freedom into E{. However, while n! is now intrinsically defined via
E¢, the constraints 77 = 0 are still D to many. We should remove D additional degrees of
freedom from 77, To do so we impose a tracefree condition. Consider the object

El' = QuE", QuQ®:=03". (2.15)
It follows easily from the definitions that
E,E} =6, E,Ej =1} (2.16)

Consider the tracefree, transverse projector

o 2 _J
Py E) = 83ty — ﬁEaU Eyx UL}- (2.17)
Then for any tensor 77 we have with 7?%[ J = Pf}dﬂal 7 that
7l = Bynd =0 (2.18)

and 7 7n; = 0. Notice that 747 has only D?(D —1)/2 — D degrees of freedom independent of
£

We therefore consider in what follows tensors 7

of the following form
(B, S7] .= 8¢ 4 20l [E] EV), (2.19)

where Sp and E are considered as independent parameters for w. Notice that Sy can be
constructed as P - S from an arbitrary tensor S*7. Such tensors can be intrinsically described

as follows:
Given 7, there exists a normal n/[r] such that the following holds: Define E¢[r,n] = —(7%/n;
and 7%/ [7,n] as above. Then automatically

7w, n] == 74 [, n]Qup[r, n) EL[r, n] = 0. (2.20)

This is a set of D independent (since automatically 7/n; = 0 whatever n'! is), non-linear equa-
tions for the D independent (due to the normalisation nyn! = ¢) components of n!. In the
appendix, we study this non trivial system of equations further and show that it can possibly be
solved by fixed point methods. At present we do not know whether at least tensors 7®/7 subject
to the condition that (7% W? 7/2 is positive definite always allow for such a solution n!, however,
we know that the number of possible solutions is always finite because we can transform
into a system of polynomial equations. In what follows, we will assume that the solution n![x]
is in fact unique by suitably restricting the set of allowed tensors 7¢//. This could imply that
the set of such tensors no longer has the structure of a vector space which however does not
pose any problems for what follows.

On the other hand, we can prove the following for general 7!/:



Theorem.

Let D >3 anﬂ )
Saﬁb = ZEUKLHwaUﬂbKL, (2.21)

where M is any totally skew (D — 3)-tuple of indices in {0,1,..,D}. Then

S8 =0V M, a, b < Piplmn =0 (2.22)
for any unit vector n where PAL [w,n] := [PE] B p=pirn and EY[m,n] = —(x*n; and
where P[E] is defined in . Here we assume that Q%[w,n] := 7Kg0 Ly ngny is non
degenerate for any (timelike for ( = —1) vector ny.

This result implies that although S“Mb are D(D+1)/2 (D Il) equations which exceeds D?(D —
1)/2—D for D > 3 only D?(D —1)/2 of them are independent. The constraint S“Mb = 0 does not

fix n! and makes no statement about the trace part @/ [r, n] = 7/ [, n]Eyr[r,n]. Given that the
theorem holds for any n it is natural to fix n such that the trace part vanishes simultaneously as
otherwise we would have only that 7%/ = 2E77] /(D—-1) and not 7%/ = 0 or 7%/ = 2nl! Eal/]
on the constraint surface of the simplicity constraint.

Proof.

Obviously
¢

S® =0 o /KLMgu S (D — 3)! woll zbKLI — . (2.23)

Given 7, consider any unit vector n and decompose as in ([2.12))

7 = 7[5 n] + 20l BN [x ). (2.24)
Inserting into , we obtain
qollJ KL _ zallJ2bKL] g0 (1 p(ald 2b)KL] _ (2.25)
Contracting with n yields
Bz KL — ¢, (2.26)

Contracting further with E,; yields

2

(D - 1) [PRE - =

BRIl p ) = (D —1) PPRE[x, nxo!d = 0. (2.27)
We conclude 77 = 29U paldl I = (nt — ﬁﬁ'bJIEb(]) and inserting back into (2.23) we see
that it is identically satisfied.

The theorem therefore says that on the constraint surface 7%/ = 20/ E47] for some vector

v which is not necessarily normalised and not necessarily normal to E%/ but such that £/, v/
constitute D + 1 linearly independent internal vectors. We can however draw, for ( = —1,
some additional conclusion from the requirement that Q% = 7%/77%,/(2(¢) should have Eu-
clidean signature. First of all, v/ cannot be null since otherwise Q% oc (E¢v!)(E%v”) would
be degenerate. If v/ would be spacelike then consider E¢ = E¢ — E%7vr/(vEvk). Tt follows
ol = oyl BalV) and Q0 E“IE?. Since v!, E}” constitutes a (D + 1)-bein and v/ is spacelike
while 7 is Lorentzian, also Q® would need to be Lorentzian. Hence v! must in fact be timelike
for ( = —1.

'For D = 2 no simplicity constraints are needed since D*(D —1)/2 — D = 0.
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We may therefore absorb for either signature the normalisation of v into EY and define
ny :=vr/v/Cuyv’ as well as Fol = \/CvaKE“Jﬁﬁ. Then 20 B4Vl = opll Ball with Foln, =
0, nfn; = ¢.

Therefore, the constraint surface defined via is the same as the one given by 7‘7%] 7 above,
where we assumed that 7 is of the form and constitutes the unique decomposition of 7%/
with no trace part. In what follows, we will use the simplicity constraint in the form .
However, it will be convenient to have the presentation at one’s disposal when we work
off the constraint surface.

Notice that the proof given above also in the case D = 3 does not allow for a “topological
sector” 7/ = JKLpKpal o “degenerate sector” due to the non degeneracy assumption.
This assumption is dropped in the alternative proof in [28] which is based on [39] which is why
the topological sector does appear there.

2.3 Integrability of the Hybrid Connection Modulo Simplicity Constraint

The hybrid connection is defined via (i on the constraint surface Saﬁb = 0. We want to define
an extension off the constraint surface such that the resulting expression is integrable, i.e. is the
functional derivative I'y7; = 6F /077 of a generating functional ' = F[r]. To that end, we
need the explicit expression of 'y in terms of e!.

To begin with, we notice that D,n! = 0. To see this we consider its D + 1 independent
components nyDan! = %Da(nlnj) =0 and el{DanI = —nIDaei = 0. We decompose

Targ = Carg + 20T, Tar = —(Tarsn’ (2.28)

and further
Targ = Capeehe, Tar = Tapel, (2.29)

with el} = q“bebj, q“qeb = 07y Qap = eéeb[. We find
Tup = —Cnrduel, Tape = Thac — eprdael, (2.30)

where ['ppe = qbdellc is the Levi-Civita connection. Combining these formulae, we obtain

Parg[E] = —[ngp + (i nylelydaey + Theesel,
= (nyOang + eb[laaef’,] + Fgceb[lef}], (2.31)
where we used here and will also use frequently later ng 0, E*% = —E )9 nk, n®d,nx = 0 and

n[[ﬁf]{] = n[ﬂ?ff]-

To write ',z in terms of 7%/

, we notice the following weak identities modulo the simplicity
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constraint, that is 797/ ~ 2nll palJl,
nrhy ~ BV n B = 2BV B} = 20Q”,
Qabﬂ'aKIﬂ'lI)(J [ [nKEaI - nIEaK] [nKEaJ - nJEaK}
Dn'ny+ ¢y = (D = )n'ny + ¢,
Ea[InJ] — _Cﬂ_a[ﬂL nJ]TLL,
Quam™ [ 7~ N By — Effny] [ESnk —npEi] = ¢ ByrEg = ¢ epred),
chﬂbK [[aaﬂ%u] ~ [nKEC[I — Eg(nu] 811 [ELC]}TLK — TLJ]E%]
= _nKEc[I [nJ] (0uE%) — (aaEﬁ])”K]
+ESny [(9ang) B — B (9ani)]
= (D= Dny(0any) + Equnyy B (0an™) + (Boyr (8. E5))
= (D —=2)n(9any) + CE1(0a EYy)
= (D =2)n1(9an) + Cer(0ac),

T 0fQuam™ (i Oamivry ~ CfyhesircOaeh

== Ceb[lﬁaebj] - n[IBGnJ]. (232)
Consider the quantities
Turs = mpr0am™ g, Tiry = morm™ g, (2.33)
where m,77 = Qabwﬁj. Then
(D = Vnydany) = Tars — Targ, (D = 1)Ceyr0aely = Tars + (D — 2)Tur . (2.34)
Inserting (2.33]) and (2.34)) into (2.31)) then leads to the explicit expression
2 D—-3) -
Lorglm] = DiElTaIJ + C(D—l)TaIJ + CFZCT(,CIJ. (2.35)

Together with Q% =: det(q)q® which expresses I'%, in terms of Q% = 7%/ 77? ;/(2¢), this deter-
mines I'yq7; completely in terms of 7%/ if we simply replace the ~ signs in (2.32)) by = signs
and take the left hand sides as definitions for the right hand sides.

It transpires that I',;; is a rational, homogeneous function of 7 and its first derivatives which
vanishes at m = 0. Therefore, if I'y77[7] has a generating functional, then it is given byE|

Flr] = / P 710 Ty ], (2.36)
Variation of F’ with respect to 7%/ yields

OF = / dPz (67 Topg(n] + 77601 [7])
- / dPx (71 Topg[n] + 7 [6Tars [E] + 6S01,])
— 4 / dPrr7 Sl ]+ / d"x (cw” Tarslr] + 2nl B 5rau[E])

+ / dPz (S 6Ta14[E) — 07" Sy ), (2.37)

2If a one form TI'; is exact, i.e. has potential U with I'y; = U then U(w) — U(mo) = fv T" for any path
-

Ymo,n between mg and 7. If I' is defined at mp = 0 to vanish then choosing the straight path t — ¢r yields
U(rm) = const. + fol dtm™ T p (t).
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where S .= 7/ — opll EalJl and S, := Turs[n] — Tars[E] both vanish on the constraint
surface of the simplicity constraint. We see that F” itself cannot be a generating functional but
rather

F=F - / dPxn7 8!, (2.38)

i.e. F’ has to be corrected by a term that vanishes on the constraint surface of the simplicity
constraint, however, its variation does not necessarily vanish on that constraint surface. It
follows that 6 F/ o7 = Ty17 + Sars for some S,z which vanishes on the constraint surface of
the simplicity constraint provided that

/den[IE“|J](5F 1J|E dPz+/det(q)nl 1T 1 s [E] = (2.39)

This is the key identity that one has to prove. It is the counterpart to the key identity that is
responsible for the fact that the Ashtekar connection is Poisson commuting in D + 1 = 4. The
reason for the correction F' — F is that I'yr (7] is not strictly integrable but only modulo terms
that vanish on the constraint surface of the simplicity constraint.

We proceed with the proof of - It is easiest to use — (2.30). We have, using
ngon® =0, nKéeg{ = —e K6ng and that T a(be) = 0,

n[Ie“mé(Qn[lfam) = 2lle?ln; (6T ,5) + Tasony)]
= (e (6T 41) = —e5(ny(Daei )eh)

e5(ef (Bany)eh) = e (7] Dany)
eV, (6ny),
nle®1§T,; = nled §(Tpeebe’)

Te@IT o€ (6€8) = q*T el (onh)
—[e5(Duei)) — Taplef(on”)
= —[eg[aa(el}ebj) — 6 (3a€1) bel] (5” )
= —[e50u(7]) — (VaeD)](0n") = [Vaeq] [on], (2.40)

where V,, is the torsion free covariant differential annihilating g, (it acts only on tensor indices,
not on internal ones). We conclude

/ dPz BN 60,15 E] dPz \/det(q) V4| / dPzd,(E¢ont) =0 (2.41)

for suitable boundary conditions on Ef and its Variationsﬂ

We therefore have established:

Theorem.
There exists a functional F[r] such that for dn! vanishing sufficiently fast at spatial infinity, we
have

Flx] /o™ (2) = Tarslm; @) + Sarslm; z), (2.42)

where S,r7 vanishes on the constraint surface of the simplicity constraint, depending at most on
its first partial derivatives and T oy y|m] is the hybrid connection .

3For instance one could impose that n; deviates from a constant by a function of rapid decrease at spatial
infinity.
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3 New Variables and Equivalence with ADM Formulation

We consider an G = SO(D +1) or G = SO(1, D) canonical gauge theory over ¢ with connection
A,z and conjugate momentum 7%/, These variables are subject to the canonical brackets

{Aars(@), 7 ()} = 2885515560 (2 — y), {Aars(@), A ()} = (77 (@), 75 ()} = 0,

as well as to the Gaufl constraint &y
Gl = Dl = g7l 4 214([11 s oK1l (3.2)

and the simplicity constraint
S“Mb = ielJKLﬁﬂ-aIJﬂ-bKL' (3.3)

Internal indices as before are moved by the internal metric n which is just the Euclidean met-
ric for SO(D + 1) (¢ = 1) and the Minkowski metric for SO(1,D) (( = —1). We have for
g € SO(¢, D) that ¢!/ g% Inkr = n'/, det((¢g'’)) = 1. The covariant differential D, of A acts
only on internal indices. This does not affect the tensorial character of because 77 is
a Lie algebra valued vector density of weight one and is its covariant divergence which is
independent of the Levi-Civita connection. The real parameter § # 0 in is similar to, but
structurally different from the Immirzi parameter in D = 3.

Let I'yr7[m] be the hybrid connection (2.35) constructed from w. We define a map from this
Yang-Mills theory phase space with coordinates (Aqry, 77) to the coordinates (qqp, P®) of the
ADM phase space by the following formulas

1
det(q)g® = —n*7xb (3.4)
2¢
1
PP = 13 (qa[c [Acrg — Der)nM7 + Ple[A .y — FCIJ]WGHJ>
_ i d(a . [b)1J sl
= 3¢ [Acry — Lepg)m™7748 .

The central result of this section is:

Theorem.

i. Gauf$ and simplicity constraints obey a first class constraint algebra.

ii. The symplectic reduction of the Yang-Mills phase space defined above with respect to Gaufl
and simplicity constraints coincides with the ADM phase space. More in detail, the functions
qup[7], P™[A, 7] defined in are Dirac observables with respect to Gauf8 and simplicity
constraints and obey the standard Poisson brackets

{4 (@), P*y)} = 53,53 6 (2 — ), {awn(), qea(y)} = {P(2), P*y)} =0 (3.5)
on the constraint surface defined by simplicity and Gaufl constraints.

Proof.
i.
Since Saﬁb only depends on 7*'*, it Poisson commutes with itself. The Gaufl constraint of course
generates G gauge transformations under which A transforms as a connection and 7 as a section
in an associated vector bundle under the adjoint representation of G. The Poisson algebra of
the smeared Gauf constraints is therefore (anti-)isomorphic with the Lie algebra of G

alJ

{GUf. G} = -BGI[f, 1], Glf] = / "z %fIJGIJa [f, £y = 2 X flgun- (3.6)

14



Under finite Gauf} transformations we have
AR [gﬂag_l][‘]. (3.7)

Since G = SO((, D) is unimodular we obtain

L L D—-3
S Con 52 o™ =TT o™ 39
=1

It follows the first class structure {G,G} x G, {G,S} xS, {S,5} =0.

ii.

The hybrid spin connection 'y 7[E] is a G connection by construction. Its extension Iy s[n] off
the simplicity constraint surface therefore transforms as a G connection modulo the simplicity
constraint. Since both 77/ K 7 := %(Aa 17 — Lary) transform in the adjoint representation of

G it is clear that Q oc Tr(7o7%), K? o Tr(K,n?) are in fact Gauf invariant, possibly modulo

the simplicity constraint, and thus are g,,, P®. Since Saﬁb and ¢, are both constructed from

77 alone it is clear that they strictly Poisson commute. As for P* we notice that it is a linear

combination of the objects

Ka b = [Aa[J — Fa[J]ﬂbIJ, (39)

s
4p
with coefficients that depend only on qgp. It is therefore sufficient to show that {K, ?, S;/I—d} ~ 0.

We compute with the smeared simplicity constraint and using that I, s[7] depends only on ol

(Kb @)1} = [ Py 5 (K @), S50}

= 155 ] v W T @) capopi (@), 7 W) )
= —s fi (@) S (@), (3.10)

It follows that P® Poisson commutes with the simplicity constraint on its constraint surface.

It remains to verify the ADM Poisson brackets.
Since gup(z) depends only on 7%/(x) we have trivially {g.s(z),qea(y)} = 0. Next, using
¢* = Q™/ det(q), det(q) = [det(Q)]"/P~ V), we find

{gab(2), PU(y)} = 25ue(@) aup(@) {g° (@), (¢ K V55 (1)}
1

= —550ec wsl(@) [q? a5 (y) x
1 1
ef _ - ef mn
[det(q){Q (@), Anrs(y)} = 5= @mn(2)d” (@){Q (x),Ahu(y)}]
1
= —%5([)) (= Y) qae @y @D M %
i — 46 (e f) i ef sm_n
% { det(q) " "0+ -1 e (RO
€ 2 e n| ¢|m
= 0PN —y) que ary ¢ |d 8+ g VIG — T gl '] 3
= 00 —u)os) (3.11)
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by carefully contracting all indices and keeping track of the (anti)symmetrisations.
The last bracket is the most complicated. We write

1

abel J a _[b)IJ ge
P :iqé]( n17 gel (3.12)

b bel J
Pa — Pa & KEIJ

and compute

{P(2), P y)y = PN (@) {Kers(x), PV ()} Ky (y)
—PCdeL(y){KfKL(y), Pabd‘](l')}Ke[J(l‘)
+PabeIJ($) PCdeL(y){KeIJ(J:)v KfKL(y)}

= P, IS Kpieny) — S (P), ¢ (@) Koy (o)
+21ﬂpabew<x> ¢"C(y){Acrs (@), @KL ()] K prcr ()
~ 5P M) @ Asrenl) 7 (@)} Kens(a)
— P @) PUREG) A (@), s )} = {Asea(0),Ters (o))

a (& d C a (&
— 25 {qh( ! })gj — oleg K!’)ég}] 5D (z —y)

b b
9 [qh(c(géd)(g}fl"} qg(aK][c)(g;] prlC 5;)5;] g ‘Ld)(;]{]} 5P (z — )
1
B2
By carefully carrying out the contractions, it is not difficult to see that the first two square

brackets in the last equality are each proportional to

PabeIJ(x) PcdeL(y) [{Aejj($),FfKL(y)} — {AfKL(y),FeIJ(l‘)}]-(&l?))

qadK[bc] + qbdK[ac] + qacK[bd] + qbcl(—[ad}7 Kab . K, b (314)

We claim that K% is constrained to vanish by the GauB constraint. To see this, let D!, be the
covariant differential of A which acts also on tensor indices and let D, the covariant differential
that kills the generalised D-bein. Then the Gauf3 constraint reads

GIJ —_ rDaﬂ_aIJ — D:I,]TaIJ — [,sz _ Da]’iTaIJ —I—Daﬂ'aIJ ~ [(A— F)a,’ira]l‘] — ﬁ[Ka,ﬂa]IJ, (3'15)

where we used that on the constraint surface of the simplicity constraint we have D,m?(L =
2Dan[KE“|L] = 0. With the convention K,; := —(K,ryn’ we obtain for the Gauf constraint
_ a L al a L
Gry = 2BK.m* g~ = 2BK.pr(ngE* — Egn”)
= —QCﬁKa[[ES] + 2,8K[I”J] =Gy + Qn[IGJ], (3.16)

where K; = E“F' K, is the trace part of K,r;. It follows that K; = 0 and Ka[IEf}] =0 on the
Gauf3 constraint surface. Now

S S
K[ab] ECLIEbJ ~ _?ch[aKCLEb]LEaIEbJ — _?cha CLEbLEa[[EbJ]
s¢ ) 5¢
2 det (q) LMyt 2 det (q) allH ) ( )

Therefore K0 = [K d B E. 7JE¥ E% vanishes on the Gauf8 constraint surface.
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We now turn to the last square bracket in (3.13)). It is a linear combination, with coefficients
M depending on g, of expressions of the form

M () My (y)r ! (@) e (y) { Aers (@), Torr (v)} = {Agrr(®), Ters(@)}] - (3.18)

We now invoke the key result of the previous section and write I'qr7 = JF/ omJ 4 S, ;17 where
S,rs vanishes on the constraint surface of the simplicity constraint and depends at most on its
first partial derivatives. It is therefore given by an expression of the form

Sy = AN Lgmn ST + Mgﬁfmnaps%" (3.19)

for certain coefficients A, . First of all, we notice that due to the commutativity of partial
functional derivatives

{Acrs (@), 6F /6 (y)} = {Agier (), 0F /6m*! ()} = 0. (3.20)

Next, due to the derivatives involved, the Poisson bracket is not ultralocal, however, what we
intend to prove is that {P[f], P[f']} ~ 0 with the smeared functions P[f] = [ dPzf,;,P®. Let
M§ = fabM}‘}be, M;Lg = Mzdgféd, then the contribution from Syx in the first term of 1'
becomes after smearing

e M mn
/dD /dDyM Y/ 1 (2 )(Mfg WELAM o — (M} hKLuglg’Lmn],p) {Aers(2), S57" ()}
e M m qQn
_ 48 / aPw Myl (2) (MPmRENTE = MO E e 1) 80msmd (@)
<o (3.21)

where (3.10]) was used. The calculation for the second term is similar. In conclusion, { P%(z), P*!(y)}
vanishes on the joint constraint surface of the Gaufl and the simplicity constraint. 0

4 ADM Constraints in Terms of the New Variables

It remains to express the ADM constraints in terms of the new variables. Of course we could
just substitute for the expressions , however, this is not the most convenient form for the
ADM constraints because they involve the hybrid connection which is a complicated expression
in terms of m. We will therefore adopt the strategy familiar from D + 1 = 4 and invoke the
curvature F of A. In the end, we will arrive at expressions H,, H for spatial diffeomorphism and
Hamiltonian constraint which differ from their counterparts ., H', obtained by naive substitu-
tion of qup, P by in , , by terms proportional to Gaufl and simplicity constraints.
This guarantees that the algebra of Gauf}, simplicity, spatial diffeomorphism an Hamiltonian con-
straints is of first class:

To see this, let us write H, = H,+Z,, H = H'+Z where Z,, Z vanish on the constraint surface of
the simplicity and GauB} constraint. We have seen already that {S, S} = 0,{G,S} x S, {G,G} x
G. We also have shown that are weak Dirac observables with respect to S and invariant
under G. Since H,,H' are defined in terms of it follows that {S,H,} « S,{S,H'} « S.
Altogether therefore {S,H,}, {S,H}, {G,Ha}, {G,H} x S,G thus S,G form an ideal. Next
we have {H,H;} x H.,S,G, {H,, H'} « H',S,G, {H,H'} x H,,S,G because the algebra of
the variables is the same as that of the ADM variables modulo .S, G terms and therefore the
algebra of the ADM constraints is reproduced modulo S, G terms. Together with what was al-
ready said, this implies that H,, H reproduce the ADM algebra of constraints modulo S, G terms.
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We begin by deriving the relation between the hybrid curvature
Raprs = 20 Toyry + Larx s 7 = TasxTs © (4.1)

and the Riemann curvature of qg,. Let V be the covariant derivative compatible with ¢g,;. Then
we have by definition Daei = Vae£ +I, 1 Jel{ = 0. Expanding out D = V41T in the commutator
relation [Dg, Dylel = 0 and using [V, Vi]el = Rape deé we find

R d@é + Rap I Je‘c] =0 = Ruiped = Rabjjeieg. (4.2)

This relation looks familiar from the spin connection, but we stress I',;; is not the spin connec-
tion because e is not a D-bein. We obtain modulo S for the Ricci scalar

a
RaprymEnb i 7~ Ry sn! EYE — nX EY)[ng EY — n/ EY.] = —( det(q)R. (4.3)

Next, using (4.2)
Rupr g7t ~ 2Ry EY = 2qbc\/det(q)Rab1JnIec‘] = —2qbcx/det(q)Rabc degn’ =0, (4.4)

which is the analog of the algebraic Bianchi identity.

We now expand the curvature

Fapry =20, Ayrg + Aark A ™ 7 — Aase 4 5 1 (4.5)
of A=T+ BK in terms of I', K and obtain

Faprs = Raprs + 28D Kyj15 + 28°Korre Ky ™ 1, (4.6)

where torsion freeness of V.= D — T' was employed. Contracting (4.6) with 7°/7 we find using

3
FabIJﬂ-bIJ ~ 2ﬁ(D[a-[{b]IJ)T‘-MJ - BQTI([KLU Kb}ﬂ-b)' (47)

The second term is proportional to the Gaul constraint because Tr([K,, Kp|7°) = Tr(K4[Kp, 7°])
and remembering (3.15)). In the first term we notice that D, 7%’/ ~ 0 so that

Foprym! ~ —SS,BD[GKI?] = 453Dy Ky ® — 0° K, €] = —48DyP, * = 26H, (4.8)

is proportional to the spatial diffeomorphism constraint modulo S, G.

Next, using (4.3))
al K __b J o~ a _b 2 a_b
Foprgn® 2 nm’ g 7 =~ —(det(q)R + 26D, Tr(Ky[n?, 7°]) — BTr([Kq, Kp|mn”). (4.9)

The second term is again proportional to the Gauf constraint, since Tr(Kp[r?, 7°]) = —Tr(7[Kp, ©°)).
So far all the steps were similar to the 3 + 1 situation. The difference comes in when looking at

the third term in (4.9))

— Tr([Ka, Kynn®) ~ [KarxEKy™ j — Ky Ko )0 B — n*EY][n"E* — n’/E})
= —([~(KuxEY)(Ky; KEY)) + (Kyg EY) (K, BEY)]. (4.10)

By the Gauf} constraint ([3.16) we have K; = Ko7 E* = ([Kn’In; and Kyn' ~ —K,pyn97 /2 =
25K¢. Thus the first term in (4.10)) is given by 4[K2]?. However, the second term cannot be
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written in terms of K°. To explore the structure of the disturbing term we notice that from
K1 = 0 we have the decomposition

Koty = KLy + 20Ky 5y, Kar = —CKarn” . (4.11)
Hence
(Ko BY)(Koy KEY) = ~((Kfj i B — Ky E“'ng ) (K1 KEY — Koy E*nX)
= (KB (Kgy MEY) - AKQKY, (4.12)
where K, EY = —CK,17E"'n’ ~ Kq7 ;7% /(2¢) was used. Altogether
— Tr([Ka, Kp]mn") = —4[Ko K — (K)?] = By B (Kq; MEY). (4.13)

The first term in has the structure that appears in the Hamiltonian constraint and can
be written in terms of P, g, however, the second term does not appear in the Hamiltonian
constraint and must be removed. Also notice that the Ricci term has sign —(¢ while the first
term has negative sign. If we are interested in Lorentzian Gravity then the relative sign between
these two terms should be negative which is not the case for the choice of a compact gauge group
¢ = 1. Therefore the expression fails to yield the Hamiltonian constraint for several reasons.

To assemble the Hamiltonian constraint without making use of I', the idea is to consider covari-
ant derivatives which give access to A. Using suitable algebraic combinations then yields the
desired expressions. To that end, let again D, be the covariant differential of A acting only on
internal indices and let D/, be its extension by the Levi-Civita connection. Consider

Dy ¢ = 7K, (DbWCJL) mexr = 7K (D{,WCJL) mexr — 27 wokr Fgfiﬂ'd]JL. (4.14)
The second term equals modulo S
— 2 EY% — nyEIng Eep, — npEcxTn Wt = —2¢ BY B, T n T ~ 0 (4.15)

and thus vanishes modulo S. Writing D!, = [D!, — D,] + D, and noticing D,m/" ~ 0 we obtain

7_[_CLK 7 (DbTI'CJL) TeKL &~ Q,BEJ CL[Kb MT('CML + K L cJM]
~ C/BEJ CL[Kb ECL M Kb EanM]
= —B(D-1)EY Ky; =2s¢3(D — 1)K *. (4.16)
It follows that
;[Db Dy’ — (D, 9)? ~ 482Ky ¢ K, ° — (K9] (4.17)
(D —1)? ‘

and thus linear combinations of (4.9) and (4.17) can be used in order to produce the correct
factor in front of the term quadratic in the extrinsic curvature.

In analogy to (4.14)), consider
DU o bl gl K1) — bl Klel)ﬂ_a\K\J] _ o bl KFI[;Zﬂ_c]\K\J]. (4.18)
The second term equals modulo S

2¢ BT B = (—¢T, B B (4.19)
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and thus is pure trace. Since we intend to cancel KaTI 7 we therefore consider instead of (4.18)
its transverse tracefree projection

a a a = 2
D¢ = [Prp - DI [Prrligdy = 5b77[1;<77“L7] D= 1E ol n[]](EbL]a (4.20)

under which (4.19)) drops out. The projector Ppy can be expressed purely in terms of 7%/7 using

[£32) and

B By ~ —C ( U mbgar + ognl! 5[)(%) . (4.21)

We continue using again D,m ~ 0

%

D%IJ BPpr <7Tb[I|K| [KbKLWa|L|J] + K ot LD

JIL

~ —BC Prp (EbUKbJ] LE“L> —B¢ BV R RS, (4.22)

Notice that the last line is indeed tracefree and transverse. We write (4.22]) as

B

pall — : D pel oKL g palJbKL _ 4¢ B gak] (4.23)

The tensor F*/PKEL can be seen as bilinear form on transverse tensors of type K,7s and has
the following inverse

_ ¢ _ _
(FarspxL = Z[Qabn[KHITUHL] — 2By iy Eary), (4.24)
that is [F - F~]3i7 = 07k 77). Using (2.32) and
EarEyy ~ ([marnmps™ — (Qapniny), (4.25)

F~1is completely expressed in terms of 7%/, The quadratic combination of K7 to be removed
from (4.13)) can now be compactly written as

EM KT, B KT M — R ENIM pa] KL KT

gFaIN’bJMKaINKbJM = 452( Yarsprr DG DL (4.26)

We now have all the pieces we need. The appropriate Hamiltonian constraint for spacetime
signature s is displayed in (2.3]). We find

Vdet(q)H =C ( Euprym B 7 4 ADF (F~Yarsprcr, DYE +
1 1
"R D12

This expression simplifies for s = ( and 8 = 1 in which case the terms quadratic in Dj ¢ precisely

cancel. This is again similar to the situation in 3+ 1 dimensions. This special situation can also
be obtained more directly starting from the Palatini formulation as we will see in [2§].

Dol Da’ - (DJ)%)

S[Dy* Do ® — (D). (4.27)
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5 Conclusion

In this paper, we succeeded to construct a Hamiltonian connection formulation of General Rela-
tivity in all spacetime dimensions D+1 > 3 based on the gauge group SO(D+1) or SO(1, D). In
addition to the usual Gauf, spatial diffeomorphism and Hamiltonian constraints, there are sim-
plicity constraints that dictate that the momentum conjugate to the connection is determined
by a generalised D-bein. The theory can be constructed for all four possible combinations of
the internal (¢) and spacetime (s) signature. This is especially attractive with an eye towards
quantisation because unique [19] background independent representations of spatially diffeomor-
phism invariant theories of connections with compact structure group exist in any dimension
and have been studied in great detail (see e.g. [I12] and references therein).

The techniques for quantising Gauf, spatial diffeomorphism and Hamiltonian constraint
that have been developed in 3+ 1 dimensions generalise to arbitrary dimensions as we will show
in [29]. The simplicity constraint provides a challenge. A similar kind of constraint plays a
prominent role in Spin Foam models [40], 4], 42] and various proposals for its quantisation have
been made. The problem is that the quantum simplicity constraints tend to be anomalous. This
is due to the fact that the classically commuting 7%/ become non commuting operators in the
quantum theory. In [30] we propose some new strategies for how to make progress on this issue.
Eventually, the solution of the simplicity constraint will consist in a restriction on the set of
labels for spin network functions.

The application of interest of the present work is of course in higher dimensional Supergravity
theories. Here we have to face two new technical challenges: For Lorentzian Supergravity the
action is formulated in terms of a Lorentzian internal metric which would naturally imply the
choice SO(1, D). Hence, in order to keep SO(D + 1) we must carefully disassemble the SO(1, D)
Clifford algebra and reassemble it into an SO(D + 1) Clifford algebra which turns out to be
possible. The second challenge is that higher dimensional Supergravity theories depend next
to the Rarita-Schwinger field also on higher p-form fields for which background independent
Hilbert space representations first need to be developed.

While many interesting technical issues are not settled by our analysis, the present work
and its continuation in the companion papers hopefully contribute to the development of a non
perturbative definition of quantum (Super)gravity in any dimension.
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A Independent Set of Simplicity Constraints

The result that one would like to prove is as follows:

Theorem.
Let 717 be a tensor antisymmetric in I,J and a = 1,..,D; I,J = 1,..,D + 1 subject to the
condition that for any non zero vector the D wectors m%; m .= —(x® jn’ are linearly indepen-

dent. Then it is possible to construct a tensor E} = E{[r] with the following properties:

Let n! = nl[r] be the unique normal satisfying E}‘nl =0, n'n/nr; = ¢ where ¢ corresponds to

the signature of . Let 77 = f]f{ ﬁiﬂ'“KL with the transversal projectors 77§ = 55 —(nl ny.

Then 77 = 7?%” is automatically tracefree with respect to E, that is, 7/ E,; = 0 where E,r
is uniquely defined by E* E,; = ﬁf}, EYE, = 0y Furthermore mold = galJ 4 opll palJ],

In what follows we describe some ideas towards a possible proof.

Given 7% let n! be any unit vector to begin with and construct 7;; as above. Define
E[r,n] := —(n* jn’. Notice that automatically E4n; = 0. Then we obtain the decom-
position

rold = zolJ 4 opll palJl, (A.1)

It is interesting to note that the non zero vector (due to the assumed linear independence)
Nrlm,n] := erg,.gp€ar.ap B 1, n]. . EP7P 1 n] (A.2)
coincides up to normalisation with n; whatever 7 is. Furthermore
" NiNy = ¢ [DI? det(Q); Q™ := 0"’ E{E}, (A.3)

where ¢ = +1 if n has Euclidean or Lorentzian signature respectively. In particular, we verify
that for ( = —1, the vector Ny is timelike, null or spacelike if and only if ny is.
The tensor E,r[m, n] is given, up to normalisation, by

Ea[ X —€1J;..Jp €aasz..ap TLJI Ea2J2 .- EaDJD. (A4)
The condition that 7% be tracefree with respect to E becomes
7 By = (77 — ol BV Byp = 7Y B+ D’ =0 (A.5)

We can reformulate this as the condition that 7®/7 E,; is longitudinal, the coefficient of propor-
tionality then follows from the normalisations. We define the tensor

K1y 0p |7 = €1k Kp €ayoapm Y gy o wPED (A.6)

which is totally symmetric in J1, .., Jp and only depends on 7, not on n. In terms of this tensor
the tracefree condition becomes

!
7B ok’ Jadp n! n’2.n'P & n’. (A7)

Using the normalisation condition we can write this as the equality

J J. J J J
K 1Js.dps, ' 078 on?Pt = (np kg gp,,n’t .o n P (A.8)

This is a system of D independent non-polynomial equations of order D+2 for the D independent

unknowns n!, I =1,..,D; nPtl = j:\/l - CZ?:I(nI)Q. We can turn this into an equivalent
system of D + 1 homogeneous, polynomial equations of order D + 2 by

J J _ J J
HJ1[J3..JD+1 nJ2 n’t .. n’b+1 =Ny K]JL_JD+17’L . n D+1, (A9)
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which leaves the normalisation of n! undetermined.

Up to this point, n was just an extra structure independent of and next to w. The idea is
now to fix n! in terms of 7 by solving the system . Having determined n! = n![7] would
then yield the desired tensor E*[r] := E%[r,n[r]]. However, it is far from clear whether a
solution exists, nor that it is unique, although the number of independent equations matches
with the number of degrees of freedom to be fixed. Being polynomial, it is clear that complex
solutions of exist, but the system of equations is far too complex in order to see whether
real solutions exist. Hence to secure at least existence, we must resort to different methods.

Since the polynomial formulation is of no help, we stick with . We write it in the

form s
I fi(n) I S, J J
n' =(——+, fin)=ky " 5.Jr. 0t 03 . nPH, A.10
ny f J(n) ( ) 1 3..JD41 ( )
This equation takes the form of a fixed point equation x = f(x). In order to apply established
theorems, ([A.10) is not useful because fixed point theorems typically are for compact sets and
the right hand side of (A.10]) has not manifestly bounded range, especially for signature { = —1.
Consider instead the function

1 n
Fl(n) = [ln]| [2 — [Jnlf) L2 (A11)

Notice that we use the Euclidean metric in both numerator and denominator also for the case
¢ =—1,ie. ||n||? := 6ryn'n’. Let us now restrict n! to the compact (closed and bounded) and
convex{]] (D + 1)-ball

Bpi1 = {n e RPTL; §mind <1}. (A.12)

The map (A.11)) is a continuous map from Bpy; to itself. To see this, notice that ||f(n)|| # 0
except at ||n|| = 0. This follows from the identity

fr(n)n" = Ni(n)n', (A.13)

which for ¢ = 1 and for ( = —1 and n not null shows that ||f|| # 0 unless ||n|| = 0. For
¢ = —1 and n null we have in fact f; = yn; with v # 0. To see this, notice that the span
of the E*| a = 1,.., D contains n!. Introduce some basis of the orthogonal complement, say
bl, a =2,..,D and let bl = n! so that mjbébé = da8, o, = 2,..,D and blber = 0. Then
we have an expansion E¥ = r®*p! with det(r) # 0 due to linear independence by assumption.
Next, there exists v # 0 such that

61J1--JDbi11"big =YNI€ay..ap> (A.14)

since the b, are linearly independent and the left hand side of (A.14) is orthogonal to all of

“Suppose that ||ul,||v|| < 1 then
llsu+ (1= s)oll* = s*[[ull* + (1 = 8)*[Jv]|* +25(1 — 8) < w0 >< % [[ul|* + (1 = 8)*|[ol|* + 25(1 — 8)|Jul| [Jv]| <1

for any s € [0,1] due to the Cauchy Schwarz inequality.
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them, hence it must be null. We can therefore compute
a1, J K K K
fr = 0"by enk . Kp€ay apm™ "t (BT EIPED

a1 K1 1Kp arJ aq2 ,.apop
—(51 [GJKanDbal ”baD ]eal..apﬂ' T ..

_ a1 J asae .apap
= —’y€1a2._aDnJ6a1_.aD7T T ..r

ai a0 ap&p
- 7€1a2.4aD€a1..aDE[ r ..r

= 7Y€las..ap bﬁleal..ap ,r,alﬂrazocz .rpap

= Y€las.apbpr€pas.ap_, det(r)
= (D — 1)l det(r)n;. (A.15)

It follows that (A.11]) is everywhere well defined except possibly at ||n|| = 0 where the
fraction f(n)/||f(n)|| is ill defined. However, due to the prefactor ||n|| we see that F(n) := 0 at
[|n]| = 0 is a continuous extension. Next

1E@)[| =2 = [Inl)) = 1= [1 = [[=]l]* € [0, 1], (A.16)

hence F maps Bp1 to itself. By the Brouwer Fized Point Theorem [43] applicable to compact
convex subsets of Euclidean space, it has a fixed point, that is, the equation n! = F’ (n) has
at least one solution, a fixed point n! = nl[x]. Unfortunately, this is not very helpful because
n = 0 is a trivial fixed point and the Brouwer fixed point theorem does not tell us anything
about the number of fixed points, hence it could be that n = 0 is the only one. However, notice
that |[|F(n)|| > ||n|| and ||F'(n)|| = ||n|| & ||n|| = 1. This suggests that if a fixed point can be
found by iteration ng,q := F(ny) then it will lie on the sphere SP. Indeed for ||n|| = 1 the map
F maps SP to itself.

In order to see whether a fixed point can be obtained by using iteration methods we estimate
for ni,ny € SP

—Fn)2 =  <Jufo>
o) =l = R A

= [(fr = Sl = [lLAl = 1 f2107)

(Al f]] H /2]
s — folP i
AT .
Now
Dy = af[/anj = [K/JIJQ_.JD + (D — 1)H[JJ2.'JD]TLJ2..TLJD. (A.18)

It follows D;yn’ = Df;. For ng sufficiently close to ni, we obtain with the Cauchy Schwarz
inequality
1f2 = AP = [|D(n1)[n2 — ma]l[* < Te(D* (1) D(n1)) |[ng — na (A.19)

and for ||n|| = 1 again due to the Cauchy Schwarz inequality

Tr(D"D) = Z{ Z Drj]|Inl|*} > Z ZDIJn > D?|| £ (A.20)

Thus the right hand side of is given by q(n1,n2)||ng — n1||?, where g(n,n) > D?. Hence
F fails to be a contraction map and we cannot invoke techniques familiar from the Banach
Fized Point Theorem [43] in order to prove existence of a fixed point as this would need
SUP,, p, ¢(n1,12) < 1. Either sharper bounds are needed or we have to use a different iter-
ation function (recall that fixed point equations can be written in many different but equivalent
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ways and for some of them the iteration map maybe contractible, for others not). Notice that
as long as we are only interested in obtaining f(n) o n we may rescale f by a sufficiently large
constant such that f itself becomes a contraction map and maps Bp to itself. This is possible
because f and the matrix defined by f(ng2) — f(n1) = D(ng,n1) - (n2 —ny) are continuous maps
on the compact sets Bpy1 and Bpyi X Bpyi respectively and thus are uniformly bounded.
However, due to the required constant would turn f into a strictly norm decreasing map
and thus can only have n = 0 as a fixed point.

Remark:
In contrast to D odd, for D even there are two natural vectors that one construct purely from

7 namely

Jid2 ,Jp-1Jp
. M

Jids Jp_1d
Ur = KrJ,..Jp"M n VI = Ky 1 Js..dpT 2. PP, (A.21)

These are the only independent contractions that exist because ky,..j,, is completely symmetric
in its J indices. It is natural to assume that the fixed point vector is a linear combination of
u,v and indeed in D = 2 it is easy to see that n oc u. For D > 4 we were not able to verify this
by direct calculation or any other means due to the complexity of the fixed point equation.
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