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Abstract

Given a family of world-sheet superconformal field theories related by marginal deformation,
we can formulate superstring field theory based on any of these world-sheet theories. Back-
ground independence is the statement that these different superstring field theories are related
to each other by field redefinition. We prove background independence of closed superstring
field theory.
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Introduction

Dealing with the problem of mass renormalization and vacuum shift in superstring perturba-

tion theory requires formulation of quantum superstring field theory. We now have such a field

theory for heterotic and type II string theories (for a review see [1]) arising out of a generaliza-

tion of the bosonic closed string field theory constructed in [2H4] and tree level Neveu-Schwarz

(NS) sector superstring field theory described in [5]. However this field theory is apparently

background dependent. One starts with a specific world-sheet superconformal field theory



(SCFT) describing a specific string compactification, and uses the correlation functions of ver-
tex operators in this world-sheet theory to construct the interaction vertices of the superstring
field theory. Therefore two different world-sheet theories describing different string compacti-
fications will lead to apparently different superstring field theories. Background independence
is the statement that these apparently different superstring field theories are related to each
other by field redefinition. Our goal in this paper will be to prove background independence for
the case where the different world-sheet theories are related by marginal deformation. Besides
being of theoretical interest this also has ‘practical’ consequences — for example background
independence of superstring field theory is used implicitly in the proof of soft theorem (see
e.g. [6]) where it is assumed that the response of string field theory to an infinitesimal on-shell
graviton field is identical to that under a change in the target space metric in the underlying
world-sheet theory.

Background independence of bosonic string field theory was proved in [7,[8]. As in those
papers, we shall restrict our analysis to the case where the pair of world-sheet theories, for
which we want to establish the equivalence of the corresponding string field theories, are related
to each other by infinitesimal marginal deformation. Once the result is proved for infinitesi-
mal deformations, it also establishes the result for finite marginal deformations since a finite
marginal deformation can be built from successive application of infinitesimal deformations.
Of course, beyond a critical distance between the world-sheet theories the required field redef-
inition may diverge, but this is simply a reflection of the fact that the coordinate system in
the space of string fields formulated around one world-sheet theory may break down beyond a
certain distance.

Superstring field theory enjoys infinite parameter gauge invariance. Due to this gauge
invariance the field redefinition that relates a pair of superstring field theories is not unique —
given one such field redefinition we can find infinite number of other field redefinitions that differ
from the first one by gauge transformation with possibly field dependent gauge transformation
parameters. This will be seen explicitly in our analysis.

Our analysis will differ from that of [8] for bosonic string field theory in one important way.
The analysis of [§] focussed on the Batalin-Vilkovisky (BV) master action. For this reason
establishing equivalence of two superstring field theories required taking into account possible
change in the integration measure under the field redefinition. Here we shall work with the
one particle irreducible (1PI) effective action. Since the tree amplitudes computed from the

1PI effective action give the full amplitudes of string theory, we do not need to worry about



the change in the integration measure. In fact it is also not necessary to prove the equivalence
of the actions — it is sufficient to show that the equations of motion of the two theories get
related to each other by field redefinition. This is useful due to the fact that superstring field
theory, as formulated in [I], contains a set of additional free fields besides the interacting string
field. While these additional fields are needed for writing down the action, the interacting field
equations can be written in terms of the physical string fields, and contains full information
about the S-matrix. Therefore it will be enough to show that the interacting field equations
in the two theories are related to each other by field redefinition. This is the strategy we shall
follow.

Rest of the paper is organized as follows. In section 2] we review some of the details of the
superstring field theory and also introduce some new notations that will simplify our analysis.
In section Bl we discuss two ways of describing string field theory around a new background. The
first corresponds to deforming the world-sheet SCF'T by an infinitesimal marginal deformation
and formulating string field theory around the new background. The second approach is
to take the original string field theory action and expand it around an infinitesimal classical
solution to the linearized equations of motion corresponding to the same marginal deformation.
Background independence is the statement that these two string field theories are related by a
field redefinition. In section Ml we give geometric interpretations of the kinetic and interaction
terms of the superstring field theory around marginally deformed background that is needed
for our proof of background independence. Using these results, we give an explicit proof of the
background independence in section B by describing a systematic algorithm for constructing
the field redefinition that relates the two versions of superstring field theory. In section [6 we
describe extension of our analysis to type II string theories and also possible applications of

our method to other versions of open and closed superstring field theories.

2 Review of superstring field theory and some notations

In this section we shall first review the construction of superstring field theory described in [1]
and then introduce some new notations that will simplify our analysis.
2.1 Superstring field theory

We begin with a very brief review of superstring field theory — more details can be found

in [I]. For simplicity we shall consider heterotic string theory, but the analysis can be eas-



ily generalized to type II string theory. Our starting point is the matter-ghost world-sheet
superconformal field theory, describing string theory in a specific background. We denote
by by, ¢n, Ly and by, é,, L, the usual modes of the holomorphic and anti-holomorphic parts
of the anti-commuting ghost fields and the total stress tensor. We also denote by (3,7 the
superconformal ghosts and by &, n, ¢ the fields obtained via bosonization of these fields:

B=oge®, y=net (2.1)
satisfying the operator product expansion

() n(w) = (z — w)~" + non-singular terms,
q

e (2) e??(w) = (z — w) 17 e (w) + less singular terms . (2.2)

&n, M Will denote the modes of the &, n fields. We define the picture number of a state such
that & carries picture number 1, 1 carries picture number —1, e9® carries picture number ¢ and
other fields carry picture number 0. We shall denote by H,, the Hilbert space of the world-sheet

theory carrying picture number p and subject to the following constraints on the states

by W) =0, Lo |¥) =0, no|¥) =0,

by =by+by, LE=LoxLo, ci==(cotao). (2.3)

|~

States in ‘H, for p € Z are NS sector states and for p € Z + % are Ramond (R) sector states.
@p will denote the nilpotent BRST operator

Qp = %dng(z) + %dziB(z), (2.4)

where

78(2) = e(2)T,,(2) + b(2)e(2)0e(%), (2.5)

18(2) = c(2)(Tn(2) + Ts4(2)) +7(2)Tr(2) + b(2)c(2)dc(2) — iv(z)zb@) : (2.6)

and ¢ is normalized so that § dz/z =1, § dz/z = 1. T, denotes the stress tensor of the matter
SCFT, Tp ., denotes the stress tensor of the 3, system or equivalently the &, 7, ¢ system and
Tr denotes the supercurrent of the matter SCFT.

The picture changing operator (PCO) X is defined as [9,10]

X(2) = {Qu.E(2)) = 08 +PTp — 1o e b— 10 (ne®b) @7
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This is a BRST invariant primary operator of dimension zero carrying picture number 1. Xj

will denote the zero mode of X'(2):

Xy = % X(2). (2.8)

Also we define the operator G such that, acting on a state in #,,

1 if pe Z,
g:{ v

Xo if pe T+l (2.9)

Heterotic string field theory contains a pair of fields |¥) and |¥) which are taken to be
arbitrary states in

A~

H = H_l + H_l/g, and 7"2 = H_l + H_g/g s (2.10)

respectively. If {|¢,)} denote the basis states in H then we expand the string field |¥) as a
linear combination ) ,|¢,) and identify the coefficients of expansion 1, as the dynamical
variables of the theory. One of the key features of closed string field is that the coefficient ),
has the same grassmann parity as the vertex operator ¢, of the SCF'T so that ¥ is always
grassmann even. Similar remarks hold for |W).

The string field action S is a function of these variables 1, and Jr. For our purpose it will

be most convenient to work with the one particle irreducible (1PI) effective action which takes
the form
_ 1~ _ ~ ~ 1
S =g:" | =5 (Ul G Qul¥) + (V]cy Q) + Y - {¥"} - (2.11)
N>1
Here g, is the string coupling. The last term involving {¥™'} describes interaction term and is

defined as follows.

1. We denote by M,,, , the moduli space of genus g Riemann surfaces carrying m NS
punctures and n R punctures. We include in the definition of Mg, ,, the choice of spin

structure.

2. We define ﬁgmn to be a fiber bundle with base M, , , and fiber containing information
on the choice of local coordinates at each puncture and the locations of 2g —2+m +n/2
PCO’s on the Riemann surface. Therefore specifying a section of ﬁg,m,n corresponds to
making a specific choice of local coordinates at the punctures and choice of PCO locations

for every Riemann surface of genus g and m + n punctures.

!The genus zero contribution to {¥N} vanishes for N = 1, 2.
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3. We shall use the name generalized subspace to denote a formal weighed sum of sub-
spaces of ﬁgmn with the understanding that integration over such weighted subspaces
mean weighted sum of integrals over each of the subspaces that are being summed.
The generalized subspaces can include vertical segments along which the PCO locations
change from an initial configuration to a final configuration one at a time, keeping the
moduli and local coordinates at the punctures fixed. These vertical segments can pass
through spurious poles [T0H12] where the conformal field theory correlation functions on
the corresponding Riemann surfaces have singularities. However all the relevant integrals
along these vertical segments will be well defined [I3HI5] , and as a result we can continue

to treat the vertical segments as regular subspaces of ﬁg,m,n for various manipulations.

4. We shall use the name ‘section segment’ of ﬁg,m,n to denote a 6g—6+2m+2n dimensional
generalized subspace of ﬁ%mm, such that the projection of its boundary on the base of

Py.mn encloses a proper subspace of the moduli space M ;.

5. For given g, m,n and a set of m different NS states Ky, --- K,, and n different R states
Ly,---L,, one can define a natural p-form Qég’m’")(Kl, <Ky, Ly,-++, Ly,) on 759”%“ for
any integer p. At a given point o in Py, the expression for QY™™ (K, Ko, Ly, -+, Ly)
involves correlation function of the vertex operators { K;}, {L;} inserted using the appro-
priate local coordinate system at the punctures corresponding to the point o, PCO’s
inserted at appropriate locations corresponding to the point o, and other insertions of
ghost fields.

6. We now define

{Ky-- KnLi-- Ly}, = /R QéZ’Téi)szrzn(Kl, oKy Ly, -+, Ly),

(K- Ky Ly Lo} = Y (9 {K1 - K L Ly} (2.12)
g=0

where R, is a section segment of ﬁg,m,n that never includes singular Riemann surfaces
corresponding to separating type degeneration but includes singular Riemann surfaces
corresponding to non-separating type degenerations. Ry, is taken to be symmetric
under the exchange of any pair of NS punctures or any pair of R punctures, and satisfies

some other constraints that we shall describe shortly.



7. Given the definition of {---} in (ZI2), the interaction term {¥V} in (2.II) just means
that the state U is inserted N times inside the curly bracket.

QI(,g’m’")(Kl, <+ K, Ly, -+, Ly,) satisfies the useful identity

Q](Dg’m’")(QB Ky, Ky, L, -, L)+ +Q}()g7m,n)(K1’ Ky, Ly, -+, QpLy)
= (_l)de;()g;Tm)(KlaKmaLbaLn) (213)

In writing this identity we have assumed that if any of the vertex operators K; or L; are grass-
mann odd, they have been multiplied by a grassmann odd c-number to make them grassmann
even. We can recover the correct sign of each term by pulling these grassmann odd c-numbers
in each term to the extreme rightid and then removing a common factor involving their product.
This is the convention we shall follow throughout.

While we shall not need the explicit form of Q™™ for our analysis, the following infor-
mation will be useful. The grassmann parity of Ql(,g’m’")(Kl, oo Ky Ly, -+ -, Ly) is (—1)P if the
states {K;} and {L;} are all grassmann even. This arises from the p number of additional
grassmann odd operators inserted in the correlator that defines €2,. These are inserted on the
left of all the states {K;} and {L,}. For even states it does not make any difference, but for
example this is needed for the correct interpretation of (Z.13) where the states QpK; and QpL;
are grassmann odd.

Given a pair of points a € ﬁghml,m and b € ﬁg%m%m, we define by {a, b} a one parameter
family of points in 7591+g27m1+m2_2,n1+n2 as follows. Let w; be the local coordinate at the last
NS puncture of the Riemann surface a and w; be the local coordinate at the first NS puncture
of the Riemann surface b. Then we construct a one parameter family of Riemann surfaces by
making the identiﬁcatiOhH

wy Wy = e, 0<6<2r. (2.14)

The resulting Riemann surfaces have genus g; + g2, mq + mo — 2 NS punctures and ny + ns

R punctures. The operation (2.I4]) will be called twist sewing. Similarly given a € ﬁgl,mlm

2The reason that it is more convenient to move the grassmann odd parameters to the extreme right instead of
extreme left is that in the definition of Q,(,g ) there are additional insertions of b-ghosts and other grassmann
odd operators besides the operators A;, and we choose the convention in which they are inserted to the left
of the A;’s in a correlation function. There are precisely p insertions of such grassmann odd operators in the
definition on £2,. Therefore if we want to move the grassmann odd c-numbers to the extreme left, we have to
take into account an extra factor of (—1)P for each such grassmann odd c-number.

3This differs from the convention used in [I] where we used e~% instead of €. Our § parameter is related
to that of [I] by a minus sign.



and b € 75g2,m27n2, we define by {a;b} a one parameter family of points in ﬁg1+g2,m1+m2,nl+n2_2
obtained by twist sewing at R punctures. This means that we identify the local coordinate z;
around the last R puncture of a and the local coordinate z; around the first R-puncture of b
via

nZh =69 0<6<2r. (2.15)
This time we also need to insert an extra PCO on the resulting Riemann surface. This is done
via the insertion of

dz dzi ., ~
1 1
|z1|=1 |z1]=1
Therefore {a;b} should viewed as a generalized subspace of 7391+g27m1+m27m+n2_2 in the sense
described below (ZI1)) since we are averaging over many subspaces of 7391+g27m1+m27m+n2_2,
differing by the location of the PCO.

We are now ready to state the consistency requirement on R, . It takes the form

ORgmn = _% Z Z Z SKRg1m1,m1s Ryzmana b

91,92 my,ma n1,Mn2
g1+g99=9g mi+mo=m+2 ny+ng=n

_% Z Z Z S[{Rglﬁm,m; Rgz,m2,n2 }] , (2.17)

9192 mip,m2 ny1.n2
g91tg92=g mit+mo=m nj+ng=n+2

where for example {Rgy, mi.nis Rgomam, ) 18 the result of twist sewing every Riemann surface
of Ry, min With every Riemann surface of Ry, m,n,- S denotes sum over all inequivalent
permutation of the external punctures so that the right hand side becomes symmetric under
the exchange of any pair of NS punctures and any pair of R punctures. Ry, denotes the
boundary of Ry ,.», excluding the boundaries associated with non-separating type degeneration
of Riemann surfaces. One important feature of the subspaces R, ,, is that they do not include
separating type degenerations

The amplitudes of string field theory are given by sum of tree level Feynman diagrams com-
puted from the 1PI effective action (2I1]). For any amplitude with external states K, - - - K,
Lq,--- L, there is one diagram that has a single vertex and no internal propagator — its contri-
bution is given by {K; -+ K,, L1 --- L,} (up to factor of 7). This involves integration over the
section segments R, ,, which cover only part of the moduli space M, ,,. The contributions
from other Feynman diagrams, involving one or more internal propagators, are given by inte-

gration over other section segments. Eq.(2.17) guarantees that together these section segments

4Possible choices of local coordinate systems satisfying these requirements can be found in [4[16].



constitute sections of ﬁgmn over the full moduli space Mg, ,,. In particular the regions of the
moduli space containing separating type degenerations arise from Feynman diagrams with one
or more propagators.

We end this review by describing the structure of classical equations of motion derived from
the action — this encodes information on the tree level amplitude computed from (2.I1]) which
is turn gives the loop amplitudes of string theory. The classical equations of motion take the

form

Qs(|) — G|W)) =0,
QBI‘T’HZ%[\I’N] =0, (2.18)

N>0

where for Ay,--- Ay € ﬁ, we define [A; -+ Ayn] € H via
(Pleg|[Ar -~ An]) = {@ Ar-+ Ax}, Vo) eH. (2.19)

Multiplying the second equation in (2.I8]) by G and adding it to the first equation we get
1
Qsl¥) + D 79 [¥"] =0 (2.20)
N

This can be regarded as the equation of motion of the interacting field |¥). For given |W)
satisfying (Z20), we can find |¥) by solving the second equation in ([ZIR). Given a particular
solution to this equation, the only left over freedom in the choice of |\AI}) is the addition of
a BRST invariant state to the solution. Therefore degrees of freedom associated with |\Tf>
describe non-interacting free fields. This can also be seen from the analysis of the Feynman
rules of the theory [IJ.

Note that in (220) we have dropped the summation range over N. In carrying out our
manipulations we shall often not specify the ranges in various sums with the understanding

that the sum ranges over the full set for which the summand does not vanish.

2.2 Some new notations

So far we have introduced interaction vertices {---} where each external state is an off-shell
string field represented by a state in H. However for our analysis we shall also need more
general interaction vertices where not all external states are in H. For this we introduce

the space ﬁg,m,nms whose base is the moduli space of genus g Riemann surface with m NS
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and n R punctures in 2, and r NS and s R punctures in H. The fiber of ﬁg,m,nms contains
information on the local coordinates at all the m +n + r 4+ s punctures and the locations of

the 2g — 2+ m +n/2 + r + 3s/2 PCO’s that are needed to get a non-vanishing correlation

QI()g7m7n;T7s)

function. We can introduce the p forms on these spaces by simple generalization of

the definition of QY™™ reviewed in [I]. This p-form satisfies the analog of (ZI3):
Qég,m,nms)(QB Ki,o- Ky, Ly, Ly Ky, -+~ Ky, Ly, - L) + - -
+ Q(gmlﬂl;T’,S)(Kl, U Km7 L17 Ty LTL; I?h e k?ﬂ Zl, U QBZS)
= (~DPAQ (K Koy Ly Ly Ky Ky Ly L) (2:21)

In order to avoid writing too many indices we shall now introduce a short-hand notation

ngM,R = Z Z ﬁg,m,n;r,sa (222)

m+n=M r+s=R

where the sum simply denotes union. Therefore Qg rs g is the union of all the spaces 75g7m7n;,,,5

with m+n = M and r+s = R. Consequently we also define w(g’ ) t0 be a p-form on Qg ar,r
such that
MR) 2 ,,M,N;T,8 1 D
W;(,g ) — (gs)* Qég ) when restricted to Py mnir,s - (2.23)

Now let us suppose that Ag, a, n, and By, a, N, are subspaces of Qg an v, and Qg, N,

respectively. We define
Agl,Ml,Nl * Bgz,MQ,NQ ) (224>

as the result of twist sewing Ay, a, n, and By, a, N, similar to the manner in which we defined
it in the paragraphs containing (ZI4)-(2ZI7), but with some difference:

1. The sewing is done by picking one of the M; punctures of A, M1y carrying states in
H and one of the M, punctures of By, .m,n, carrying states in H. Therefore the sewed
surfaces form a subspace of Qg 1g, My+My—2,N +N,- Since A and B are not necessarily
symmetric under the exchange of all the punctures, we need to specify which of the
punctures of A and B are sewed to each other. In what follows we shall see that some
of the subspaces A and/or B carry special punctures where we always insert a marginal
operator. The special punctures are never sewed. We shall follow the convention that
leaving aside the special puncture, in A x B we sew the last H puncture in A and first
H puncture in B. Most subspaces of interest will be symmetric under the exchange of
all the punctures other than the special puncture; so it will not make a difference which

puncture we use for sewing.
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2. Since A and B are not necessarily even dimensional subspaces, we need to specify the
orientation of the space after gluing. We use the convention that the volume form on the
sewed space is given by the wedge product of the volume form on A, df where 6 is the

sewing parameter and the volume form on B in this order. This gives

I(Ax*B) = (0A) x B+ (—1)mA A% 0B (2.25)

The symbol * describes the effect of sewing two punctures, each in H. As described below
(213), it involves insertion of the operator G. We shall now introduce two new symbols —
A - B that sews the last puncture in H from A to the first puncture in H in B and A < B
that sews the last puncture in H from A to the first puncture in H in B, without any insertion
of the operator G. The quick way to remember the notation is that the arrow points towards
the subspace that contributes the puncture in H. Both - and < satisfy identities similar to

that in (2.25]).

Given a p-dimensional subspace Ay arr of Qg ar,r, We shall define

Ag7M7R(A1,"'AM;zz{l,"'AVR) E/ wl()g’M;R)(Al,'"AM;gl,"'gR) fOl" Az 67/'2, 12{2 Eﬁ.
Ag MR
(2.26)

Furthermore if the k of the states Ay, --- Ay are equal to some state A, then we shall express
the argument as A* instead of k copies of A. Similar notation is follows for states in H. In
this notation (2Z.2I)) can be stated as:

Ay v r(QpAs, - - A Ay, Ag) + - “Agmr(Ay, - A Ay, QpAg)
= (=) 9 A 1 m(Ay, - Ay Ay, - - Ap). (2.27)

Let us now consider the quantity
Aguntiny * Boy v o (Avs - Anpy—1s Ay, -+~ Ay |Bry -+ Bugy—15 By, -+ By - (2.28)

In writing the arguments on the right hand side we have used the convention that all the states
inserted into the punctures of A are written first, followed by the states that are inserted at the
punctures of B, and within each group, the states that are in H are written first followed by the
states in H. We shall furthermore assume that A;’s, By’s, A}-’s and Ei’s have been made even,

possibly via multiplication by a grassmann odd c-number. In that case we can write down an
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expression for (2.28) in terms of the corresponding quantities for component Riemann surfaces

as follows. Let |p,) and |¢$) be a conjugate pair of basis states in H @ H satisfying
(@Elc lips) = 6ra = (slcglet), Z |0a) (05| = by = Z [0 (s - (2.29)

It is easy to check that ¢, and ¢¢ have opposite grassmann parities. We shall denote by (—1)""
the grassmann parity of (, with n, taking values 0 or 1. Then using the completeness relation

given in the last equation of (2.29) we have

Agl,Ml,Nl * ng,Mg,Ng(Ala e 'AM1—1§ gla e 'IZ(N1 |Bh e 'BM2—1§ El; e 'ENQ)
Z Agi vy (A Avy -1, 015 gla o 'gN1> By, 15,8 (955 Bis -+ Bagy—1; §17 " 'ENQ)

r,s

x (pfleg Glgl) x (=1 P

: (2.30)

where the last factor arises from having to move ¢, inside the argument of By, a, n, to the
extreme left through the dim B = dim By, r,,n, number of anti-commuting ghost insertions

present in the correlation function that defines By, us, n,. Similarly we have

Agl,Ml,Nl > Bgz,MQ,NQ(Alv o 'AM1—1§ 21, o '}INl‘Bla o 'BMQ; §1, o '§N2—1>
Z Agivn v (At - A1, 003 ;{1, e 'ZNl) By o, N (Biy -+ Banys s, §1> e '§N2—1)

r,s

x {pfleg e x (1) amB

(2.31)

)

and

Agl,Ml,Nl ke Bgz,MQ,NQ(Ah o A 111, e 'IZINl—l\Bl, < B Eh e 'ENQ)
Z Agy vy (Ars - Ay ;{1, o '2N1_1, ©r) By iz, N, (05, Bu,y -+ Bary-1; Eh o 'ENQ)

r,s

x {@rlegwg) x (=1)ndimb, (2.32)

Using these relations and ghost number conservation rules one can show that if Ay, a, n, and
Bg,.a,n, are symmetric under the exchange of the punctures in # and the exchange of the

punctures in 7:2, then,

Agl,Ml,Nl * ng,Mg,Nz (Ah . 'AM1—1; Ah e 'ANl |Bh T BM2—1; By, -- 'BNQ)

= Bg2,M2,N2 * Ag1,M1,N1 (Bh T BM2—1; Elu T §N2|A17 o 'AMl—l; gl? T A“Nl)
x (_1)dimAdimB+dimA+dimB’ (233)
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for even states {A;, B;, AVZ-, Ez} Similarly we have

Ag17M17N1 o Bgz,M2,N2(A1> T AM1§ A1> T AN1—1|Bb T BMz—l; By, - BN2)

= By, mo,ny # Agy vy n (B 'BMz—l;Ela o '§N2|A1a " 'AMl?Zl’ o 'ZNl—l)
% (_l)dimAdimB-i-dimA-i-dimB ] (234)

These relations can also be derived using the definition of the volume form on A % B (and
similar definitions for A <« B and A - B) given above (2.25)).

We shall streamline the notations even further by defining the formal sum

QuN = Z Qg MN - (2.35)

g=>0

Similarly given a family of subspaces Ay ar,n of Qg ar,n We shall define

AM,N = Z-Ag,M,N, (2-36)

920

so that Ay ny C Qumn. Therefore when we have a symbol with two subscripts it will be
understood that we have summed over g.

Let us now rewrite some of the old identities in the new notation. If we define

VQ,M7OE Z Rgnnma (237)

m,n
m+n=M

describing a subspace of Qg s, and

Vo= Vouo, (2.38)

920

then we have

(9s) 9 {A1- - A}y = Vorro(Ar, - Anp), {A1- - An} = VoA, - A (2.39)

In this notation, eq.(2.I7) may be expressed as

1 M!
MW (®M) = 9 Z M, IM,! Vit +1,0 % Vit 41,0(@ [12) (2.40)
foilléftjibl
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where the combinatorial factor arises from symmetrization operation S in (2.17]). To recover
[2I7) from here we need to take ® = Ay + - - -+ Ay and pick the coefficient of A; --- Ay from
both sides. Using (2.27) we can also express (2.40) as

1 M!
M Vo(Qp®, @M1 = 3 > SYAA Vit 11,0 % Vit 1,0(@1 [012) (2.41)
M;\/J{MA;IQI\/I

This is the form of the relation that is directly used to prove the invariance of the 1PI effective

action (2.I7]) under the infinitesimal gauge transformation:

~ ~ 1
3|W) = QplA) + > i AUM] . 6]T) = QplA) + Z id ATM] (2.42)
M
where A € H and A € H are infinitesimal grassmann odd gauge transformation parameters.

3 Statement of background independence

In this section we shall discuss the precise statement of background independence of superstring

field theory that we shall attempt to prove.

3.1 Marginal deformation of the superconformal field theory

Let us suppose that the matter sector of the world-sheet SCFT admits a supersymmetry
preserving marginal deformation. In the heterotic world-sheet theory this implies the existence
of a dimension (1,1/2) superconformal primary operator O of the matter theoryH We also
have an associated dimension (1,1) matter primary O defined through the operator product

expansion

Tp(2) O(w, @) ~ (z — w) "' O(w, @) + less singular terms

3
D
Qz
kS
=
[2

1 1
Z(Z —w) 20(w, w) + Z(Z —w) 0O (w, w) + less singular terms .
(3.1)

Oand O may be considered as the lower and the upper components of a superfield. We can now

consider a neighboring SCFT that is related to the original theory by marginal deformation

5We use the convention that left-movers are anti-holomorphic and right-movers are holomorphic fields on
the world-sheet.
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by the operator O. Without loss of generality we shall restrict our discussion to first order in
the deformation parameter since we can build a finite deformation by successive application
of infinitesimal deformations. In this case the correlation functions of the new theory on any
Riemann surface can be computed in terms of correlation functions of the original theory on
the same Riemann surface by making an additional insertion of the marginal operator and
integrating over the location of its insertion point. More precisely we deform every correlation
function by inserting into the correlation function an operator

~ 2 [ aznaz O(z,7), (3.2)

271

for some infinitesimal operator A. However this apparently suffers from divergences when the
locations of the marginal operator approach the locations of the other operators inserted in
the correlation function. It also suffers from an ambiguity since in principle the states of the
undeformed theory and the states of the deformed theory belong to different Hilbert spaces and
there is no canonical isomorphism between these Hilbert spaces. Therefore by state operator
correspondence, there is also no canonical isomorphism between the local operators in the two
theories, and there is no absolute notion of comparing correlation functions in the two theories.

It turns out that both problems can be resolved by introducing the notion of a connection
on the Hilbert space of the family of SCFT’s related by marginal deformation. This estab-
lishes a (non-canonical) isomorphism between the Hilbert spaces of the original theory and the
deformed theory. Once such an isomorphism is established, it becomes meaningful to express
the correlation function of one theory in terms of the correlation function of the other theory.
It turns out that when we choose a non-singular connection it also eliminates the divergence
problems. We shall now state the result for the deformed correlation function for a partic-
ular choice of connection [I7-20]. In that case the correlation function of a set of operators

Aq, -+ Ay on a Riemann surface ¥, inserted using local coordinates wy, - - - wy, changes by

§(A;-- Ap)y = S dzANdz(O(z,2) Ay - An)s (3.3)

2mi Js_u,p,
where ¥ — U;D; denotes the whole Riemann surface sans unit disks |w;| < 1 around each
puncture. Since in (3.3]) the location z of the additional operator O never approaches any of
the punctures, there is no divergence of the type mentioned earlier. The fact that we have
to exclude disks of unit radius from around each puncture is dictated by the special choice of
connection we have taken. Excluding disks of radius a for any other number a will correspond

to a different choice of connection. a — 0 limit corresponds to the original prescription
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of integrating over the whole Riemann surface. In this limit we get back the divergences
mentioned earlier but this can now be attributed to the fact that the corresponding choice
of connection is singular. The particular choice of connection described in (3.3) preserves the
BPZ inner product.

Since the PCO’s are typically inserted on X —U; D;, we can get divergences when the location
zof O approaches the location w of the PCO. However since the divergent piece is proportional
to (2 — w) ™2, we can perform the integral by restricting the z integral to |z — w| > € for some
small number € and then taking the ¢ — 0 limit. This gives a finite integral and furthermore
the result of integration is not affected under a non-singular change of coordinates i.e. we get
the same result by performing the integral over the region |f(z) — f(w)| > € and then taking
the € — 0 limit. For this reason we shall not worry about collision of O with the PCO’s.

For the particular choice of connection that excludes disks of unit radius, we can calculate
the deformations of the standard SCF'T operators like the Virasoro generators and the modes
of the supercurrent. The modes of the ghost fields remain unchanged since the deformation is

only in the matter sector. The Virasoro generators L,, and L,, change by [17-20]

6L, = A 7{ dz2"" O(z,2), 0L, =\ 7{ dzz"7 O(z, 2), (3.4)
|z|=1 |z|=1
where the integral is performed over a circle at |z| = 1. § includes appropriate factors of

+(2mi) ! so that §dz/z =1, §dz/z = 1. The modes G,, of the matter supercurrent change

by [18]H
1
0Gh = 7 7{ dz "2 0(z, 7). (3.5)
|z|=1
As a result the BRST operator (g and the zero mode of the PCO A} change by

5Qp = A 7{ dz (=) O(2, %) + A 7{ d=(2) 6(z,2)—|—i)\ ]{ iz () O0(=5),  (3.6)
|z|=1 |z|=1 |z|=1
and )
0Xy = 2 A 7{ dzz"'e?(2) O(z,2) . (3.7)
|z|=1

It is straightforward (although somewhat tedious) to verify that

{Q5,0Qp} = O(N?), Q5. 0X)] + [6Q5, Xo] = O(N?), (3.8)

5The sign and normalization of the right hand side of ([3.5)) differs from that in [I8] due to a difference in
convention. The correct normalization can be derived using the procedure described in [I7] using (B)).
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so that Qg + 0@ p is nilpotent and commutes with X + 0 X, to first order in the perturbation
parameter A. The following argument also shows that the connection preserves the projection
into the L, = 0 states, i.e. 0Ly — 0Ly vanishes while acting on a state with Ly = L,. Let us
suppose that ¢ is a vertex operator with Ly = Ly = h. Then we have the operator product

expansion

O(2,2) p(0) =Y _ 272771 ¢,,(0) (3.9)

p.q

where ¢, , have dimension (p + h, ¢ + h). Therefore

(6Lo — 6Lo)|@) = A %dzz Zzp L2 g,,) — %dzz Zzp Lt g, ) (3.10)

|2|=1 P |2|=1

Since the contour integrals are performed over circles of unit radii around the origin, each of
these terms vanish unless p = ¢. On the other hand for p = ¢ the two terms gives identical
result |¢,,) and cancel. This shows that 0Ly — 6Ly vanishes while acting on a state with
Lo = L. Since the b,’s are not deformed at all, the by — by = 0 condition is also preserved by
this connection.
We can now consider the string field theory action S’(IL, IT) formulated in the new back-
ground. It is given by
S'(I1, 1) = S(IL, II) + 6S(IL, II) (3.11)

where
55 = g2 —%<ﬁ\cg(5g Qu + G 3Qu)|T) + (T]cs 5Qu[TT) + Z (5{HN} (3.12)

Here 0{A;---An} denotes the change in {A;--- Ay} due to the change in the correlation
function given in (B.3]).
The equations of motion for the interacting part of the theory is obtained by replacing the

kinetic and interaction terms in (Z20) by their counterpart in the new background. This gives
Qp|I) +Z—g [IY] + 6Q s 1) +Z—5g [IN] + Z—gaﬂN 0, (3.13)
where § [ITV] is defined via the equation
(Aleg |6 [TIV]) = 6 {ATI"} (3.14)
for any state A.
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3.2 Superstring field theory around shifted background

Given the superconformal primary operator O(z, z) of dimension (1,1/2), we can construct a
BRST invariant operator cce=?Q. Since the genus zero contribution {A; - - - Ay }o vanishes for

N < 3, the interaction terms begin at cubic order. Therefore
[Ty = [T) = A|[Wo), | Tg) =& ere?(0)]O), (3.15)

gives a solution to the classical equations of motion (2.I8)) of the undeformed theory to order
A. Note that since the solution carries picture number —1 and therefore describes an NS sector
state, G = 1 in this sector and we can take ¥ = W[] We shall not demand that A|Wy) remains a
solution to the quantum corrected equations of motion, just as we do not assume that |II) =0
is a solution to the deformed equation of motion (3.13)) after including the quantum effects in
the 1PI effective action.

We now define shifted fields

|B) = [W) = A[Wp), [®) =[T) — A|Wy), (3.16)
and expand the action in a power series expansion in |®). The action takes the form
S(WU, W) = (g, Uy) + 5"(D, P, (3.17)

where

S0.D) =7 | =056 Qul®) + (g Qal0) + 3 {0} +0 T 1 0V +OR).

(3.18)
The equations of motion derived from (3.I8]) takes the form
Qz(|P) — G|P)) =0
~ 1 1
QB|<I>>+Zm[<I>N]+)\ Zm[‘l’o@N] =0. (3.19)
N N

Multiplying the second equation in (3I9) by G and adding it to the first equation we get the

equation of motion for the interacting field |®):

Qp|P) +Z%g ([N + A[Te@V]) = 0. (3.20)

7§ince the equations of motion allow us to shift 0 by a BRST invariant state without affecting ¥, we could
set U = 0.
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For given |®) satisfying (3.20), the second equation of ([319) determines |®) up to addition of
BRST invariant states. Therefore as before, the degrees of freedom of ® are free fields, and

(B20) contains full information about the S-matrix of the interacting part of the theory.

3.3 Statement of the problem

We now have two potential descriptions of quantum corrected interacting field equations of
superstring field theory in a background related to the original background via marginal de-
formation. The first one, described by (B.I3]), uses the formulation of superstring field theory
around the deformed world-sheet SCFT. The second one, described by (B.20)) is the equation
of motion of superstring field theory formulated around the original background, but expanded
around a new solution to the equations of motion representing the marginal deformation. The
statement of background independence is that these two sets of equations are equivalent (to
order ). Therefore there must be a field redefinition relating IT to ® that makes the first set of
equations of motion into linear combinations of the second set (with possibly field dependent
coefﬁcients) Since the two sets of equations of motion differ by order A\, we can assume that
the (field dependent) matrix relating the two sets of equations differ from the identity matrix
by terms of order A. Denoting the original equations of motion by |Ey) = 0, and the equations
BI3) and B20) by |Eo) + A|Ey) = 0 and |Ep) + A|Ey) = 0 respectively, we can state the
requirement as

[Eo) + AlEy) = (1+ AM)(|Eo) + AlE3)) (3.21)

where M is some linear operator on H that could be field dependent. To order A this gives
|Ex) — |B2) = M |Ep) . (3.22)
We shall look for a field redefinition of the form
) = [®) +5[®), (3.23)

for some state  |®) of order A\, and analyze the difference between the equations of motion
[@I3) and (B20) to order A. The inner product between an arbitrary state A € H and this

8The advantage of working with the equations of motion derived from the 1PI effective action is that we do
not need to worry about the change in the integration measure over fields under a change in background, since
the effect of integration measure is included in the definition of the 1PI effective action. This avoids some of
the complications encountered in [g].
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difference may then be written as

A = (Alg (QB|6<I> +Z Q<I>N5<I>]+5QB|<I> +Z—5g (V] + Z;ga[qﬂv]

=3 ﬁg D @N]) . (3.24)

For definiteness we shall take A to be grassmann even — this can always be achieved by
multiplying the state by a grassmann odd c-number if needed. In that case (3.24) may be

written as

A = Qe 5% + 3 A(GAY 50} + (AlegoQol®) + Y 1 ((6G4) 2V

+;%5{<g A) eV} - ;%{(g@ TN} (3.25)

Eq.([322) now translates to the requirement that A vanishes to order A when |®) satisfies the

zeroth order equation of motion
Qp|P) +Z—Q N = (3.26)

Our goal will be to prove the existence of 5<I> satisfying this requirement.

One could have asked for more — demanding that the two actions S(IL, II) and S”(®, ®)
are equivalent. However it is easy to see that this cannot hold. Since the equations of motion
of II, IT use the deformed BRST operator )z and deformed interaction terms, it follows that
the free field degrees of freedom encoded in Il correspond to states annihilated by @5. On
the other hand it follows from (BI9) that the free field degrees of freedom encoded in ®
correspond to states annihilated by @p. Since Qp and @’z have different cohomologies (in
particular the mass spectrum computed from the two operators are different) there cannot be
a field redefinition that relates the two actions. However this is not necessary for the proof
of background dependence — it is enough to show that the 1PI equations of motion for the

interacting fields are related by field redefinition. This is what we shall attempt to do.
4 Geometric interpretation of the kinetic and interac-
tion terms of the deformed theory

In this section we shall give geometric interpretation of Qg, dG and §{®"} by associating to

each of them appropriate subspaces of Qg as v. This will be used in the next section to convert
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(3:29) into a geometric form.

4.1 Deformation of the BRST operator

Let us begin with 6Qp. For this we introduce a zero dimensional subspace V5 ; C Qo 21 of the
following form. If z denotes the standard coordinate on the complex plane used to parametrize
a genus 0 surface, then the second puncture in H and the puncture in H are taken to be at
z =0 and z = oo respectively, with z and 1/z as local coordinates around the two punctures.
The first puncture in H is inserted at z = 1. This is a special puncture where we always
insert the vertex operator Wy described in ([B.I5]) [7L8]. Since this is a dimension zero primary
we do not need to specify the choice of local coordinates at this puncture — all choices are
equivalent. Since the total picture number carried by the vertex operators Wy, and the two
vertex operators in H and H is —3, we need one PCO insertion. This is inserted at the special

puncture at z = 1, converting ¥ to a zero picture vertex operator

lim & (w)Wy(2) = e — ifyé(?, (4.1)

without generating any singular term. In this case in the notation of (2.26]),

V)1 (Wo, B; A) = <A

[cc6(1) - %70(9(1)} ‘ B> (4.2)

for grassmann even vertex operators A and B. Using the invariance of states in #H and H under
Ly and b, and standard identities for sphere three point function in conformal field theory,

we can bring this to the form

Vio1(Wo, B; A) = <E

iy [ 7{ dz c(2) O(z, %) + 7{ dze(2) O(z, %)
|2]=1 |2]=1
—l—%zi dz v(z)O(z,z)”B>

= A (4|5 oQs|B) . (4.3)

To see how this works, let us examine the second term on the right hand side of (4.2]). We first

write
1

o1) = Yt = g 3 (ew ) + 5o+ 20), (4.4)

n
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and note that since |A) and |B) are annihilated by by, the only term in (@) that contributes
to ([A.2) is the —(co — ¢9)/2 = —cy term. This reduces the second term on the right hand side

of (4.2) to
1

4
Denoting by (ha,ha) and (hp, hg) the conformal weights of |[A) and |B), and recalling that
~ O has conformal weight (1,0), we get

(Aleg(1) O(1)| B) . (4.5)

(Alcg1(2) O(z,2)|B) = Zahemtzhazhe(Aleio(1) O(1)|B) = 27 (Aleg (1) O(1)| B,
at |z| =1. (4.6)

Therefore we get

dz (Alegy(2) O(z,2)| B) = 7(Aley (1) O(1)[B) . (4.7)

|z|=1

] =
AN

This establishes the equality of the second term on the right hand side of (£.2)) and the term
in the second line of (A.3]). Similar manipulations can be carried out for the other terms [7,[8].

From (3] we have
(Aley0Qs|B) = AVi51(Vo, B A). (4.8)

Note that since V) ,, is a zero dimensional subspace, the right hand side of ([£8) corresponds
to simply evaluating w(()0,2;1)(\1,0’ B: AV) on a specific point in Q2 that represents Vj, ;. Also
MNVyo1 = 0. When A and B have general grassmann parities (—1)’X and (—1)Z, then this
equation will have an additional sign of (—1)’X B_ This can be seen by multiplying A and B by
grassmann odd c-numbers if needed to make them grassmann even, applying (4.8) and finally
stripping off the grassmann odd c-numbers by moving them to the extreme right or extreme
left.

4.2 Deformation of the picture changing operator

Next we turn to G. For this we define a one dimensional subspace Vy, 5 of Qq12 as follows.
If any of the punctures in # is NS puncture, we declare Vo1 to be zero, reflecting the fact
that 0G vanishes on NS sector state. When the two punctures in H are Ramond punctures,
Vi12 describes a one dimensional subspace of Q2 such that for each element of Vf, , the
choice of local coordinates at the punctures are fixed in the same way as for Vj,, at all the

punctures. In particular the puncture in His a special puncture at z = 1 where U is inserted,
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the first puncture in H is at z = 0 with local coordinate z and the second puncture in H is at
z = oo with local coordinate 1/z. Therefore the different elements of Vy, , differ only in the
choice of PCO locations, making this a ‘vertical segment’ in the language of [13[14]. This one
dimensional vertical segment interpolates between the following pair of PCO configurations.
In both configurations one PCO is inserted at the special puncture, converting ¥, into a zero
picture vertex operator given in (4.1]). The second PCO is inserted as X around the puncture
at oo in the initial configuration and A} around the puncture at 0 in the final configuration. In
the correlation function that defines V', o(Wo, A, B), this corresponds to the difference between
two terms — an insertion of £, around the puncture at co and the insertion of ¢y at the puncture

at 0 [13]H Therefore we have, for grassmann even A, B:

{50, <056(1) _ 2750(1))} ‘ E> _ —i (BletcOM)A) . (4.9)

Following the same logic described below (A3]) we can express this as

VI (0, 4. B) = <§

"~ 1/~ dz ~ - ~
Vira(Wo, A, B) = <B ¢ f Zero(z,2) A> = AU (Bl 0 A). (4.10)

|z|=1
Therefore we may write, for grassmann even states /T, Be ﬁ,
(Blcy 6G1A) = —A Vi, 5(Wi A, B). (4.11)

When A and B are NS sector states then both sides vanish and the equation holds identically.
When A and B are R sector states then this equation follows from the equality of (£.9) and
(#10). When ,21“7 B have general grassmann parities then this equation will have an additional
factor of (—1)]§+§g. This extra sign arises from the fact that when we convert A and B to
grassmann even operators by multiplying them by (possibly) grassmann odd c-numbers (4
and (p from the right so that (4I1]) holds, and try to strip off the {’s by moving them to
the extreme right on both sides in the combination (5(4, we get a factor of (—1)§+§‘Z on the
left hand side arising from the effect of passing (5 through ¢, and A. An identical result is
obtained by moving the (’s to the extreme left.

Since Vy; , interpolates between two configurations: 1y, ; with an extra factor of G inserted

around oo and V5 ; with an extra factor of G inserted around 0, we have

Vi1 2(To; A, B) = V5, (V0,GA; B) — V), 1 (Vo,GB; A), (4.12)

9Even though & is not a good operator in the small Hilbert space in which we are working, the difference
between two insertions of &y is in the small Hilbert space.
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for grassmann even A and B. Another useful property of Vi12(Wo; A, B) is that it is antisym-

metric under A <> B for grassmann even A and B ,
Vi 10(Wo: A, B) = =V, ,(Vo; B, A) . (4.13)

For this reason when we sew a puncture of V” to another puncture belonging to another
Riemann surface, it is important to specify which of the two H punctures of Vi1 1s being
used for sewing. Following the conventions given below (2.24]), if the first H puncture of Vo2
takes part in the sewing, then we shall write Vj, 5 to the right of the -+ symbol, whereas if
the second H puncture of Vi1 takes part in the sewing, then we shall write V', 5 to the left
of the <« symbol. Due to this antisymmetry property, the relations of the form (2.34]) acquire

extra minus sign when one of the subspaces is V5.

4.3 Deformation of the interaction terms

Finally we turn to the interpretation of 6{®"}. This may be expressed as@

SOV = A 3" V0T, @), (4.14)

g>0

where V; y. ;s a (69 +2N —4) dimensional subspace of Q, ny1,0 defined as follows. We begin
with the Riemann surfaces associated with the subspace V, yo C Qg v and insert a special
puncture at any point on the Riemann surface outside the unit disks: |w;| > 1 for 1 <i < N,
where w; is the local coordinate around the i-th puncture on the Riemann surfaces associated
with V, no. Since we shall always insert the conformally invariant vertex operator ¥, at the
special puncture, we do not need to specify the local coordinate at this puncture. Therefore
Vi, n11,0 corresponds to a subspace of Qg n11 modulo the choice of local coordinates at the
special puncture, and all relations involving V; v, , that we shall write below will be modulo
this choice. Note that for g = 0 this definition of V] v, , is valid for N > 3. We define V3
to be zero. We shall use the convention that the first puncture of V; ., , will be the special
puncture. From the symmetry of V, yo under the permutations of the punctures, it follows
that V; y., is symmetric under the permutations of all the punctures other than the special
puncture. Since V, y avoids regions of the moduli space with separating type degenerations,
and since in the definition of V N11,0 We always keep the special puncture away from the other

punctures, V) v, also avoids separating type degenerations.

0The (—2ni)~! factor in (32) arises in ([@I4) from a (—2mi)~! factor included in the definition of Q™™
for every additional puncture (see e.g. [1]).
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Let us define

Vivsro = ZV;,N—i-LO' (4.15)
920
Then (4.14) may be expressed as
5{(I)N} - AV§V+1,O(\II07 (I)N) : (4.16)

The result for 6{A;--- Ay} can be found from (@I6]) by taking & = A; + --- + Ay and
keeping terms proportional to A; - -- Ay on both sides. For example replacing ® by A+ ® and
keeping terms linear in A on both sides of ([£I6) we get

S{ADY 1Y = AV o(Wo, A, @Y. (4.17)

In the following analysis we shall make use of various relations involving the %, <4 and
> product of the subspaces V51, Vi1 and V) v . Since these vertices are not symmetric
in all the punctures, we need to carefully specify which of the punctures are sewed. In this
we shall use the convention that the special puncture carried by the corresponding Riemann
surfaces never takes part in sewing. Therefore for example when we we have a subspace of the
form A x V) y. g, it is the left-most puncture of V' other than the special puncture that takes
part in the sewing. Similar convention will be used for V;,; and Vy, 5.

The boundary of Vi, will play a special role in the subsequent analysis. This can be

determined as follows. Since
V™ (@) = Vno(@Y) + AV o(Wo, 27Y) (4.18)
gives the interaction vertex of the deformed theory, it satisfies an identity similar to (2.41):

MVERT(Qp +0Qu)®, 0 ) = 3 ST I Vi Vi @0 0,
Ml]vJIrlMA;iM

(4.19)

where *’ is defined in the same way as * except that for Ramond sector sewing we insert G 490G
instead of G around one of the punctures that are sewed. Now, using (£11]), (2.30)-(2.32)) and

the anti-symmetry property (£I13), we can write

Vin 410 * Vary41,0(@M1|0M2)

V41,0 * VM2+1,0((I)M1 |(I)M2) + AV 110 V(/)/,1,2 ke VM2+1,0((I)M1 ‘\IIO|(I)M2> - (4.20)
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While applying (2.30)-([2.32)), (£.I1) and (4£I3) to arrive at (£20), we have to keep in mind that

not all the arguments that appear in the intermediate steps of the analysis are grassmann even,
and therefore there will be extra signs that have to be computed carefully using the procedure

explained earlier. Expanding (AI9) in powers of A using (LI8), (£20), and collecting the
coefficients of the order A\ term, we get

_ M!
MViri10(Wo, Qp, oM = - Z My Ms! V41,0 * V]'\/[2+270(<I>M1|\110, M)
]\/I]\il]\y/fl\/12]\/f g z
1 2=
1 M! Y My My
_5 Z M1'M2' VM1+170 B VO,l,2 <k VM2+1,0(<I> |\IIO|<I> )
YRR
—M X! Vo (0Q 5P, M1y, (4.21)

As already mentioned, this relation holds up to the choice of local coordinates at the special

puncture. Using (Z32)) and (4.8)) we can express this as
M!

Vi1V, @Y) = — M;@ SRR Vari1.0 * Vigy,0(®" [ Wo, H2)
M1 +My=M
1 sk 0 MW | M2
D) Z W V41,0 % Vo,lg ok VM2+1,0( | Wy )
Mll\/ilﬂ;ll\;jiﬂ/[
—M V51 4 Varo(Vo, @[V (4.22)

An equivalent relation, that will be useful later, is obtained by replacing ® by ® + A and

keeping terms linear in A on both sides:

M!

M1Ni11\7/11;2M
Y Viag (A Yy, )
My, Mo (Ml - 1)!M2! 1+1,0 Mo+2,0\4% 0
My+Mo=M
M! ) .
=2 Gh g Vo Ve o Vano(A, @1 g @)
M1Ni11\7/11;2M

—M Vo4 ¢+ Varo(Vo, AlOM=Y — M(M —1) Voo ¢ Varo(Po, P|A, PM=2),
(4.23)
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5 Proof of background independence

In this section we shall show the existence of d® satisfying the A ~ 0 equation, where ~
denotes equality up to terms that vanish by leading order equations of motion (3.26). We shall

seek a solution for 0® such that for any grassmann even state BeH:

(Bley 10%) = X 3" < B (W, #Y: B). (5.1)
N>0
BN+1,1 = Z Bg,N+1,1 ) (5-2)
g=>0

where By ny1,1 1s a 6g + 2N — 1 dimensional subspace of Qg y41,1 that is to be determined.
The dimension of By y11,1 is fixed by the requirement that the total ghost number carried by
the arguments minus the dimension of B, n1,1 should be equal to 6 — 6g due to ghost number
conservation. The first H puncture of By y411 is taken to be the special puncture where we
insert the state Wy. This puncture never takes part in the sewing operation, and we leave
unspecified the choice of local coordinate at this puncture. By ny1,1 is taken to be symmetric
under the permutations of the rest of the N punctures in H where ®’s are inserted. B is
inserted at the only H puncture of By ny+1,1. We shall look for solutions for B, 1,1 that avoid
separating type degenerations.

If B is grassmann odd then there is an addition minus sign in (5.]) arising as follows. When
we convert a grassmann odd operator to a grassmann even operator by multiplication by a
grassmann odd c-number (, and try to strip off ( by moving it to the extreme right or left
on both sides, we get an extra minus sign arising from the effect of passing ¢ through ¢, on
the left hand side of (5.1]) when we move ( to the right, or from having to pass ¢ through the
6g + 2N — 1 grassmann odd operators on the right hand side of (5.0J), implicit in the definition
of By ny1.1(Wo, DV; B), when we move ¢ to the left.

5.1 Geometrization of the problem of background independence

In this section we shall describe the geometric interpretation of different terms appearing in

.23).
First term: We begin with the first term on the right hand side of (8.25]). Since QpA is
grassmann odd, we have, from (5.1)), (M) and the BRST invariance of |Uy), that

(QpA|cy |6D) = —\ Z B Wo, V; QpA)
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> 7 OB (o, @A)+ A > ﬁ Buors (0, 2V, Qud; A) . (53)
Using the leading order equations of motion (3.26]) this may be rewritten as
A S B (B, @ )~ ) > i Bvena (0.0 e D)l Gl el [2)
N
= A Z % OBn41.1(Vo, PV X) —A Z W Bnio1 * Var10(Wo, @V AjpMy | (5.4)
N N,M

where in the second step we have used ([2.19), (Z.30) and (Z.39) .

Second term: In order to give a geometric interpretation of the second term on the right
hand side of ([B.25)), we express this as

1 ~ ol —
> N (GA)PY o, } {5l [0®)
— N!
= A) > ~1 3 D" Vn120((GA), @, @) (5leq |95) Bargra(To, M5 0,) . (5.5)
N M ) )
Using (2.31)) and the fact that dim By 41,1 = 69 +2M — 1, we can express this as
1 1 ~
A Z Z ﬁ M VN+270 o BM+1,1((QA), ®N|\Ifo, (I)M) . (56)
N M

Note that since Vyo is fully symmetric in all the punctures we need not specify the puncture
that participates in the sewing. Bjsi21 is not fully symmetric, but since it has only one H
puncture, there is no ambiguity in which puncture takes part in the sewing.
Third term: It follows from (48]) that the third term on the right hand side of (3.25) may
be written as

(Al 0Qu|®) = AV (W, 05 A) (5.7)

Fourth term: Using (£11)) the fourth term on the right hand side of (8:25) may be expressed

as
1 e o~
Z m{chsor}«oﬂco [95){alcq 061 A)
= A Z N' netl VN+1 O(q)Nu()07‘><(pﬁ‘ca‘(p§>v(/]/,l,2(\1]07ga 903)

_= )\ ZMVN_FLO -l V012((I)N‘\I]0,g) (58)
N

29



Fifth term: We shall now consider the fifth term on the right hand side of (3.25). Using
(#I17) this may be expressed as

1 ~
A Vi, (6 4), @Y). (5.9)
~ NI
Sixth term: Finally the sixth term on the right hand side of (B.25) may be written as
-\ Z  Vis20(Po, (G4), @) (5.10)
Using (5.4), (5.6), (1), (E.8), (5.9) and (5.I0) we can now express (3.25) as
1 ~ 1 ~
A = A Z ﬁ 83N+1,1(‘I’07 (I)N; A) —A Z W BN+2,1 * VM+1,0(\II07 (I)N§ A|(I>M)
N ) NM ™~ T
1 1 ~ ~
AN ~7 77 V2o # B (GA), OV, M) + AV 51 (W, D, A)
— <= NI M!
1 ~ 1 ~
+A Z MVN+1,O 0 V1o (@N [ Wo; A) + X ) N Vivio0(Wo, (G A), oY)
! ~ NI
-\ Z  Vie20 (o, (GA), ®N). (5.11)

Demanding the vanishing of A now gives
OB 1.1 (T, OV A)

N
= Z Bar 21 % Vaty11,0(Vo, M A|(I’M2)

My, My Ml'MQ
My+My=N
N‘ M M-
- > MG V20 Bap 11,1 ((GA), @MW, M) — 651V 51 (o, &5 A)
Mﬁl&ZZ:N
~Vni10 # V(@ [To, A) = Vi o0(Po, (G A), &) + Vivioo(¥o, (GA), D).

(5.12)

Since W is inserted at the special puncture, this equation needs to hold as a relation between

subspaces of Qny1,1 up to choice of local coordinates at the special puncture.

5.2 Absence of obstruction

We can solve eq.(5.12) for Byi11 =D, 450 Bg,n+1,1 teratively by carrying out genus expansion
on both sides. Using that fact that Vy yo vanishes for N < 2, it is easy to verify that the
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expression for 0By y11,1 obtained from (5.I2) contains on the right hand side By nv41:1 for
g < g,and / or By ni411 for N < N. In particular the equation for Bj 21 does not involve any
By.n1 on the right hand side. Once this is determined we can solve for By 31 since its equation
involves only Byo1 on the right hand side. Proceeding this was we can first determine all the
Bo,n,1 iteratively, then determine all the By n; and so on.

There is however a possible obstruction to solving these equations. Since d(9B, n+1.1) = 0,
in order that the equation for B, y11,1 obtained from (5.I2) has a solution, we need to show

that the 0 annihilates the right hand side of the equation. This gives

NI
0 = oB x Y Wy, PM1: A|pM
MleQ Ml'MQ Mi1+2,1 Ma+1, 0( 0 | )
M +Mo=N
+ Z N BM +2,1 * 8VM +1 0(\:[’0 (I)Ml A|(I)M2)
My, My Ml'M ! 1 ’
My+My=N
N! M M
- > Tan V20 % Basy, 1((GA), &M, D)
My, My 1244220
M +Mo=N
+ Z ak V42,0 % OBag41, 1((914) (I)Ml“I’ (I)M2)
My, My Ml'M ! 1 i
My+My=N
—OVnNy10 # Vo 1 2((I)N|\I’Oa ) + Vni10 aVo 1 2(<I>N|\I’0§ Z)
—0Vy120(Po, (G A), ®N) + OV y00(Wo, (GA), DY) . (5.13)

Since in the iterative scheme described above the right hand side involves By nv; for lower
values of ¢’ or N which already satisty (5.12)), we need to prove (5.13) for Bys411’s appearing
on the right hand side satisfying (5.12)). This allows us to simplify the different terms on the
right hand side of (5.13) as follows.

The first term on the right hand side of (513) is given by

N!

_ M M.
h= 3 T OBz * Varys1,0(Wo, @7 L Alo™2)
oy 11 M!
M1+M2:N
! M;! ~
— Z 78]\4 QI*VM *V (lI] ¢M3A|®M4|¢M2)
| Z | | 3+2, 1+2,0 Mo+1,00* 0, )
L M1 VAR VAN
My +Mgy= Mg+ My=M;
Z Z ﬂVM 110 * Basgasa * Vi t1.0(@Y4 0 <I>]\/[3'/T|(I)Mz)
' | | 4 s 3 3 2 ; ? )
oyt M1 M2 v M3 My!
My +My=N Mg+ My=M;
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N! M;!
- —_ Viz+2,0 * Bar+2,1 * Vo +10((QA) MW, M| DM2)
MlZ:Mz M, M,! M:;Z:M; Mg'M' 3 * 2

Mi+My=N Ms3+My=M;

N! M,
' i Baren % Varrao * Vanrio(Wo, 2|(GA), 0|2
w;MZ Ml‘M2 Z M\ M, My+1,1 M3+3,0 M2+10( 0 I( ) | )

Mj+My=N M3+My=M;

Vo1 * Vnsro(To; Al@N)

N _
- > V12 ¢ Vans2.0 * Vi 10(Wo; A @M DY)

MM,
My, M,
My+Ma=N
N Z il Vintso * Var+1,0(Yo GA, M| pM2)
+ 2 )
My, Mo Ml'M' '
My+Ma=N
+ D il Vani30 % Vay41.0(Wo, GA, @M1 @M2). (5.14)
1 2 ) .
My, My Ml'M?
My+Ma=N

Since this manipulation is somewhat involved, we shall illustrate how the first two terms on
the right hand side of (5.14)) arise by picking, in the expression for OBy, 12,1 (¥, 111 A), the
first term on the right hand side of (5.12)):

M; +1)! ~
> W Baty2,1 % Var41,0(Wo, ;5 A|@M) (5.15)
3! My

Mg, My
Msz+My=Mq1+1

We need to sew this to Vas,410. This is done by picking a puncture other than the special
puncture in 0By, 421 and a puncture of V110 and sewing them. Now since 0By, 421 and
V41,0 are symmetric under the permutations of the punctures in H (other than the special
puncture), it does not matter which puncture we choose for sewing. However when we pick the
term given in (5.15]) in the expression for OBy, 12,1, then we have to allow for the puncture to
come either from By, 421 or from Vy, 410 with appropriate weight factors given by M;/(M;s +
My) and M,/(M; + M,) respectively. Thus for example the net contribution to I; from the

term where we choose the sewing puncture of 0By, 120 from Vy, 11,0 will be given by

(My+1)! M, Ms. T Ma—1|q,M:
MZM Mlsz MZM MG 3y 1 30, DMV 0V o(Wo, @7 AJ@TETIRTE)
1 2 3-44

My +My= M3+My=Mp+1

(5.16)
By making a change of variable My — M, + 1 we recover the first term on the right hand

side of (5.14). Similarly the result of choosing the sewing puncture in 0By 121 from By, o1
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is given by the second term on the right hand side of (5.14]), with the extra minus sign arising
from switching the order of Byg, 121 and Va1 (see (2.33)).
The second term on the right hand side of (5.13) is given by
NI
]2 = Z 'M T BM1+21 *8VM2+1 0(\1107(1)1\/[1 A|(I)M2)

My, My 1
M +My=N

M, My Ml'M MZ Mg'M'BM1+21*VM3+20*VM4+10(\I]07(I) Y A|(I) 3‘(:[) 4)

M +My=N Mg+ M= My
(5.17)
The third term on the right hand side of (5.13)) is given by

Nl
1,2

Mq+Mo=N

N! My!
= Z MMy Z MM, |VM3+20*VM4+20 0 Bury11((GA), DY | DM |Wy, M2)

M3, M,
M{+My=N M3+My=M;

N! M;! M. N &M M.
+ D MM, N;l AL Mstr0 ¥ Variso % By 1 (RTR(GA), @7, 7).

My +Mo=N My My =My
(5.18)
The fourth term on the right hand side of (5.13)) is given by

NI
= zv;/I M\ M,! Vani20 % OBup11((GA), @M1 T, @2)
1 2

M +My=N

N! M,!
= Z W Z M3'M | V2,0 % Barggo1 * V11, 0((QA) (I)Ml‘\I’ (I)MS‘(I)M4>

My, Mo M3, My
M +My=N M3+My=My

Z My! ~
M 'M M 'M | VM1+2,0 * VM3+270 _*) BM4+171((QA)7 q) 1|(I) 3|\IIO7 q) 4)
My, Mo 1 2 M3, M, 3ravtas

My +My=N Mg+My=Moy

—NVni10 Vé 2,1((911), SNy, @)

Z Ml'M 1 V42,0 Vo2 VM2+1,0((QE), PM || DM2)

My, My

My +Mgy=N
N!
- Vit 12,0 * Vi 20((QA) (I)M1|‘I’0 (I)MQ)
A{lzl;jz Ml'M ‘ 1 2+
My +Mgy=N
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NI
+ Z Ml'M ! VM1+20 * VM2+2 O((gA) q)M1|\I]0 q)Mz) .

My, My
Mi+My=N

The fifth term on the right hand side of (5.13)) is given by
Is = —8VN+10 B Vo12(q>N|\I’0?Z)

- Z MllM | VM1+1,0 * VM2+2,0 >k V(] 1 2((1)1\/[1 |(I)M2‘\I]0; zz() .

My, My
Mi+My=N

Using (4.12), the sixth term on the right hand side of (5.13) is given by

Is = V10 # OV (0| Wg; A)
= VN-‘rl,O * V6’271(¢N|\I]0; ) - V672’1 ke VN-‘,—l,O(\IIO) gﬁ|®N) .

Using ([£23), the seventh term on the right hand side of (5.13)) is given by
I; = —8V§V+2 o(Vo, (G Z% o)

N
- Vin 410 * Vigy15,0(@M [Wo, GA, D)
MlZMZ MllMl 1 2

M +My=N

NI
p> MllMlVM1+20*VM2+20(gA , M Do, D)

My, My
Mi+My=N

* Z Ml'M I Vin 420 # Vi1 ¢ Vans1,0(GA, @M [Wo| D)

My, My
Mi+My=N

Va1 ¢ Vniro(Wo, GAI®N) + N Vi 51 4 Vivgro(Wo, ®[GA, V7).

The eighth term on the right hand side of (B.13)) is given by

Is = OVnN2,0( o, (QZ) dN)

N
= = X rmg Vot Vo, GA 2 [82%)
1

My, My
M{+My=N

N! N
> WVM”?’O*VM2+270(‘1’0,<1>M1|QA,<I>M2).
11 Mo!

My, My
My+My=N

We can simplify some of the expressions by using

N! M,
MM M, My, Ms. M
1\;1\:12 M1'M2‘ Z Mg'M4 f( 1, {2, V13, 4)

Mq+Mo=N M3+My=M;

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)



N
i S (Ms + My, Mo, M3, M 594
MZ AL, ] s M, Mo, My, M), (5.24)
5, Mg, My
Mg+M3+My=N

etc. With such rearrangements we can easily see that the terms on the right hand side of (£.13))

cancel pairwise. In particular:

1.

2.

10.

11.

12.

13.

14.

The first term in I; cancels Is.

The second term in [; is anti-symmetric under the exchange M <+ M, due to (2:33]) and

vanishes after we sum over My, M.

. The third term in I; cancels the first term in I,.
. The fourth term in I; cancels the second term in I3 after using (2.33) and [2.34)).
. The fifth term in /; cancels the first term in I after using (2.33]).

. The sixth term in [; cancels I5 after using (2.33), (2.34)) and (E.13).

The seventh term in I; cancels the first term in I, after using (Z33)).

. The eighth term in I; cancels the first term in Ig.

. The first term in I3 cancels the second term in Iy.

The third term in I cancels the fifth term in I; after using (2.34]).
The fourth term in I, cancels the third term in 1.

The fifth term in I, cancels the second term in I.

The sixth term in I, cancels the second term in Ig after using (2:33]).

The second term in Ig cancels the fourth term in I5.

This shows that the right hand side of (5.12)) has no boundary.
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5.3 Proof of background independence

Once we have shown that the right hand side of (5.12)) has no boundary, one can argue for the
existence of By, satisfying (5.12) as follows. Let us write (5.12) as

OBn41,1 (Yo, (I)N§ AV) = T}N+1,1(‘I’07 (I)N§ AV) - f}]/\f—l—l,l(‘l]o’ (I)N§ E) ) (5.25)
where

Vni11(¥, V5 Z) = Vnt2,0(Yo, GA, M),

_ - NI -
ng 1 1(‘110, q)N; A) = - EVEEVE BM1+2,1 * Vi +1,0(‘I’0, (I)Ml; A|®M2)
+ 1”121;42 MllMQ' 2
My +My=N
N! e M Mo / )
D T Yuezo ® Bura((GA), O o, @) Vi (o, €3 A)
Myt N
+VNy10 # V611,2(®N|\I’0> A) + V1/V+2,0(‘I’0> (GA), oV). (5.26)

Both Vyi1,1 and Vj,, ; are appropriate subspaces of Qn411 modulo the choice of local coor-
dinates at the special puncture where U is inserted. Vanishing of the right hand side of (5.13)
implies that Vy, 1, and Vy 41,1 have common boundary. Furthermore since by assumption the
B, ma's appearing on the right hand side of (5.26]) do not contain any separating type degen-
erations, Vi +1,0 also does not contain any separating type degeneration. Now noting that the
dimensions of V, y;11 and f};,Nm are both given by 6g — 2 + 2N, their projections on to
the base of Q, y4+11 Will generically be 6g — 2 + 2N dimensional — the same as the dimension
of the base given by the moduli space of Riemann surfaces of genus g with N + 2 punctures.
Therefore the interiors of V, yy11 and )7;7 n+1,1 either both have the same projection into the
moduli space, or they are complements of each other and have opposite orientation. It is easy
to argue that the former is true — since neither Vg 41,1 nor V) ., contain any Riemann
surface with separating type degenerations, they cannot be complements of each other. This
shows that we can regard Vi, and Vjy 111 as two different section segments with the same
boundary. Therefore if we can show that Vy,11 and Vi 41,1 are in the same ‘homology class’ of
Qg n+1, it will establish the existence of a By, that has ]_/N+171 — T}]/\H—l,l as its boundary. If
we forget the fiber coordinates associated with PCO locations, then it follows from an analysis
described in [7] that Vi1 and Vi, are deformable to each other and are therefore in the
same homology class. Therefore we need to focus on the part of the fiber parametrized by the

choice of PCO locations. Strictly speaking this does not describe a regular manifold since we
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need to exclude codimension two subspaces to avoid spurious poles. Nevertheless the rules for
integration along these fiber directions — called vertical integration [13,14] — are such that they
behave as if these fiber directions describe a homologically trivial space — any closed submani-
fold may be regarded as the boundary of another manifold. This may seem counterintuitive —
for example given two possible locations of a PCO on a Riemann surface, one could have mul-
tiple curves that interpolate between these two points which differ by non-contractible cycles
of the Riemann surface and are therefore not deformable to each other. However the integrals
of €2, along all of these curves give the same result since the result of vertical integration only
depends on the end-points and not on the details of the path. Therefore these paths are equiv-
alent. This may give the impression that the integral of €2, along any closed vertical subspace
vanishes, but this is not quite true. For example if we have a pair of PCO’s and consider the

one dimensional vertical cycle in which their locations are moved as
(21,22) = (21, 22) = (21, 259) = (21, 25) — (21, 22) (5.27)

then integral of §2; along this cycle does not vanish. Nevertheless we can effectively reexpress
this as an integral of d2; along a two dimensional vertical cycle (or more precisely a similar
integral where d€; is replaced by s with modified argument using (2.21)). The net result
is that one can regard the fiber directions of ﬁg,m,n labelled by the PCO locations to be
homologically trivial [I4]. This in turn establishes the existence of By satisfying (5.25]).
This analysis also gives an iterative proof that the subspaces By nyy1,1 do not include sep-
arating type degenerations. Assuming that the B, j/11,1’s appearing on the right hand side
of (5:26]) do not involve separating type degenerations, and using the knowledge that none of
the subspaces Vo, Vo, Voo and Vy, , contain separating type degenerations, we see that
Vi1 and Vi 11,1 defined in (5.26) do not contain separating type degenerations. Therefore
Bx 11 computed from (5.28) can also be chosen to avoid separating type degenerations.
Finally, we note that the choice of By satisfying (5.25]) is not unique. Since Qg ny11 1S
an infinite dimensional space while B, x4 is finite dimensional, there are in general infinite
families of subspaces of Qn411 with the same boundary given by the right hand side of (5.25).
Therefore the field redefinition relating the two string field theories is not unique. This is
simply a reflection of the infinite parameter gauge invariance of the theory as mentioned in the

introduction.

37



6 Generalizations to other theories

The extension of the analysis given above to type II superstring field theory is straightforward.
The 1PI equations of motion of the interacting fields still take the form given in (2.:20), with
the only difference that now the string field contains four different sectors: NSNS, NSR, RNS
and RR. The operator G in these four sectors take the form 1, &y, Xy and XX, respectively,
where now X represents the zero mode of the PCO in the left-moving sector of the world-sheet
theory. The analog of (B.I]) now takes the form

Tr(z) O(w, W) ~ —(z —w) " O(w,w) + less singular terms
['0(2) O(w, @) ~ (2 —w) " O(w, W) + less singular terms
Tr(2) O(w, @) ~ (z — w) ™" O(w, @) + less singular terms
[r(2) O(w, @) ~ (z — @) O(w, w) + less singular terms

— 1 1
Tr(z) O(w,w) =~ —Z(z —w)20(w, w) — Z(z —w) 0O (w, w) + less singular terms
Te(z) O(w, w) ~ i(z w) 20 (w, W) + i(i — @) 0O (w, w) + less singular terms
Tp(2) O(w, W) ~ %(z — w)20(w, W) + i( —w)'00(w,w) + less singular terms
Tr(2) O(w, @) ~ i(z — ) 20(w, w) + i(i — @) '00(w, w) + less singular terms

(6.1)

Y

where O is a dimension (1/2,1/2) operator. The perturbation (3.2]) retains the same form

A N
~57 dzNdzO(z,2). (6.2)

Eqgs.(3.6) and (B.7)) are replaced by

_ N o 1 _ Aoy, L N -
0Qp =\ %dz c(2) O(z, 2)+A %dz c(2) O(z, Z>+1)\ %dz v(2) O(z, Z>+1)\ %dz 7(2) O((zéz)),

and
0Xy, =

60X = -\ pdzz'e?(2)0(z,7) . (6.4)

= ] =

A %dzz_le‘b(z) O(z,2),
y
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Besides the identities (3.8)), we now also have
[Qp,0X] + [0Q5, Xo]) = ON?), [Xy, X)) = O(\?), [X,0X)] = O(N\?). (6.5)

The proof of background independence of the equations of motion proceeds as in the case
of heterotic string theory with the only difference that we need to pay a little more attention
to the definition of Vy, ,. It is defined to be zero in the NSNS sector as for the NS sector of
the heterotic string theory, whereas its definition in the NSR and RNS sectors is similar to
that for the R sector of the heterotic string theory. The definition of V§;, C Q12 in the RR
sector involves a vertical segment in which the PCO arrangement moves from XX, around oo
to XX, around 0. We can do this either by first moving &j from oo to 0 and then X, from
0o to 0 or vice versa. Since &, and X, commute and X, and 64X, commute, the two ways
of moving the PCO’s from oo to 0 give identical results for V, ,. The rest of the analysis is
identical to that for the heterotic string theory.

One could also explore the possibility of extending the analysis to other versions of su-
perstring field theory. There are various other versions of open and closed superstring field
theories at tree level. These theories may be broadly divided into two classes — those based
on A, algebra (for open string) or L, algebra (for closed string), and those that do not have
manifest underlying A, or L., algebra. The former class of theories have the property that the
sum of the Feynman diagrams of the theory produces in a straightforward manner the string
amplitudes computed from the first quantized formalism. The tree level open and closed super-
string field theories constructed in [21H26]. provide sample examples of theories in this class.
In the second class of theories, which include for example the theories described in [27H30],
the Feynman diagrams do not produce the expected string amplitudes in a straightforward
manner, and so far this has been checked either by explicit computation in a case by case
basis (see e.g. [31H33]), or by showing its equivalence to another version of the theory that uses
A/ Lo algebra after suitable gauge fixing and field redefinition [34-36]. We expect that the
method described in this paper can be used to prove the background independence of the first
class of theories in a straightforward manner. However proving background independence of

other versions of string field theory may require developing new techniques.
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