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In this letter, we show that the so-called matter ansatz at the basis of the three-dimensional model
of unconventional supersymmetry by Alvarez-Valenzuela-Zanelli (AVZ) is to be understood as an
instance of the Dressing Field Method. The latter is a systematic way to exhibit the gauge-invariant,
relational content of general-relativistic gauge field theories. It is shown here to be foundational to
(unconventional) supersymmetry: The spin-1/2 Dirac field of the AVZ model being obtained as a
supersymmetry invariant variable, encoding physical relational degrees of freedom.
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I. INTRODUCTION

Supersymmetry (susy) is commonly conceived as a
candidate unifying fundamental symmetry in particle
physics, relating bosons and fermions and packing them
in supermultiplets. This view implies the existence of su-
perpartners, which can be accommodated only through
the notion of Spontaneous Supersymmetry Breaking.
Yet, until now they fail to show up in colliders and prob-
ability is low for susy to be confirmed in the foreseeable
future.

Nonetheless, the framework of supersymmetric field
theory — which does not necessarily require the match-
ing of bosonic and fermionic degrees of freedom (d.o.f.)
@] — can be applied to established physics. One may
recall that Berezin pioneered the introduction of super-
geometry in physics to describe particles with half-integer
spin [2]. Supersymmetric field theory has also been ap-
plied to QCD [3] and Condensed Matter Physics (CMP)

]. Another, more recent, prominent application in
this direction is given by the so-called unconventional
supersymmetry (ususy) ﬂ%—@], originally called “super-
symmetry of a different kind” — see also [13] (and [14))
for its relation with supergravity. In ususy both the
bosonic and the fermionic fields are components of a (su-
per)connection — which is often phrased as “the fermions
transforming in the adjoint representation under susy”.

The first ususy model, presented in ﬂ] by Alvarez,
Valenzuela and Zanelli (AVZ model hereafter), is a
Chern-Simons (CS) theory in 2 + 1 dimensions for the
supergroup OSp(2|2). The only propagating field is a
spin-1/2 Dirac spinor x with a mass term given by the
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three-dimensional negative cosmological constant. The
Dirac field is minimally coupled to the background grav-
itational field and a U(1) gauge field. The model was
shown to have important applications in CMP. In par-
ticular, it was shown to describe graphene-like systems
near the Dirac points in a generic spatial lattice with
curvature and torsion M]

In the AVZ model, the fermionic 1-forms ¢, =
POy dat, @ = 1,2, A = 1,2, p = 0,1,2, in the bi-
fundamental of the Sp(2) x SO(2) group, are written in
terms of spin-1/2 fields x®, (0-forms) through of the
so-called matter ansatz ﬂﬂ] — here and in the following,
we frequently omit spinor and R-symmetry indices, to
lighten the notation:

= ivae"X, (1)

where e*, a = 0, 1, 2, are the soldering forms, whose com-
ponents are the dreinbein of the three-dimensional space-
time, and v* are the corresponding gamma matrices.

In é], the matter ansatz ([Il) was said to corre-
spond to a “projection” of the vector-spinor v, in which
its gamma-traceless component vanishes, while later, in
m], it was claimed to be the result of a gauge fixing —
more precisely, a BRST-covariant gauge fixing of the odd
symmetries.

In this work, we show that () is actually a case
of application of the so-called Dressing Field Method
(DFM) of “symmetry reduction” [29] to construct gauge-
invariant variables.

The DFM is best understood within the formalism
of the bundle differential geometry of field space %

].

3

@], but it also has a simple field-theoretic framing

For the conceptual and mathematical difference between
gauge fixing and dressing, we refer the reader to m, @]
The DFM has a natural relational interpretation, as
gauge-invariance is achieved by extracting the physi-
cal d.o.f. representing relations among field variables
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ﬂ&_ﬂ, 34, @] The pivotal role of relationality in super-
symmetric theories has been surprisingly overlooked in
the literature. In [33, [37] it was shown for the first time
that the DFM, together with its relational interpretation
(i.e., in terms of relational observables), is foundational
to general-relativistic Gauge Field Theory, including su-
persymmetric field theories. Here we show that it is foun-
dational also to ususy.
The goal of the present investigation is threefold:

1. To prove that the matter ansatz is a case of dress-
ing.

2. To elucidate the origin and meaning of the spin-1/2
field x, as a relational variable.

3. To clarify the (residual) symmetries and the phys-
ical d.o.f. of the AVZ model.

The first objective will be achieved via DFM. This result
can be extended to any number of spacetime dimensions,
in principle, beyond the AVZ model. Through the second
and third points it will be evident that in ususy models
supersymmetry is actually “reduced”, via dressing, by
creating relational variables. So, we give for the first time
a relational interpretation of ususy. This provides a new
first principle guide to properly study (u)susy theories.

The remains of this letter is organized as follows: In
Section [[Ilwe provide a dense streamlined presentation of
the AVZ model of ususy, stressing key conceptual points
regarding its geometric underpinning. In Section [[II] we
explain the DFM and show that the AVZ ansatz is a
case of dressing, highlighting its relational character. In
Section [[V] we discuss the residual gauge symmetries of
the AVZ model, also clarifying the status of the Nieh-
Yan-Weyl (NYW) symmetry [38 42]. In Section [V] we
conclude and discuss future developments.

II. THE AVZ MODEL OF USUSY

In the following, we shall first detail the kinematics
and then the dynamics of the AVZ model of unconven-
tional supersymmetry, highlighting the core points of its
geometric underpinning.

A. Kinematics of the model

The field-theoretic presentation of the AVZ model ﬂ]
is based on a supergeometric framework in three space-
time dimensions, with rigid supergroup H = OSp(2]2),
whose associated Lie superalgebra is b := osp(2]2). We
shall not exploit much of this supergeometric framework,
save to remind that the vertical automorphism group of
the superbundle induces, at the field-theoretic level — i.e.
on the base (bosonic) spacetime manifold M — the gauge
group H = OSp(2|2) := {9, : U C M — H|g¢"9 =
Conj(g 1) g = g 'g'g}, i.e. the gauge group acts on

its own elements via the conjugation action. Corre-
spondingly, the gauge algebra is LieH =LieOSp(2|2) :=
{AMN U = hloN = ad(=\)N = [N, )]}, ie. the
gauge algebra elements are ad-tensorial 0-forms. We have
g(x) = eM®). We shall use the compact matrix notation

B 25€
- (—is ag J |’ (2)
Nz
where 8 takes values in sp(2,R) ~ sl(2,R) ~ spin(1, 2),
e € C? is a spinor field with & := efyy = —£fiJ, a is

u(1l) = iR-valued and a®J is to be treated as a scalar in
the matrix A even though .J is the symplectic matrix (in
component J ~ e4p) acting on ¢ as Je and on & as &.J.
The defining transformation property of the infinitesimal
gauge parameters is then

s (7 3)
AT —ﬁ&k&ﬂ o' @J
_ (8.8l = % (e —e€') Z[(B —a' @)~ (B—a )]

* wTr(e'e—ed)®J ’

the factor % in the (2,2) entry being given by prescription.
This then encodes the commutators between generators
of h = 0sp(2]2), in terms of which a LieH element reads
@) = 189(@)Tap + Qe() — 2(2)Q + a(@)T, with J,
Q, Q, and T the generators of Lorentz, susy and U(1)
transformations, respectively.

The superconnection adopted in the AVZ model is the
1-form A = A, da* = %wabJab +iQyx+ixyQ+AT. In
the above compact matrix form,

A WX @
ﬁ)‘(”y A J)’

where yx is a spin-1/2 O-form field and v denotes the
gamma matrix 1-form v = y,da" = vy.e’,dxt = yqef,
with e* = e®,dz" the soldering form on M inducing a
metric with signature (4, —, —). Our convention for the
gamma matrices in 2 4+ 1 dimensions is y9 = g9 = —iJ,
v1 = —io1, y2 = —ios. The parameter 1/¢ is related
to the negative cosmological constant A by A = —1/¢2
The associated curvature 2-form is, by Cartan structure
equation, F = dA + %[A, A] = dA + A%, In matrix form,

*x FeJ

B (R —3XXY (T~ VVX)>
* (dA — Lxvvx) ® J ’

where R := dw+w? and T := de® + we? = T%.e’ A ef
are the spacetime curvature and torsion 2-forms, respec-
tively, and, in this notation, Vyx := dx + wxy — A ® Jx.
The curvature F satisfies the Bianchi identity DAF =
dF-+[A,F] = 0, where D* denotes the covariant derivative



with respect to the full A, here adapted to ad-tensorial
forms.

The OSp(2|2)-transformations of the connection is
A9 = g7'Ag + g~ 'dg, which infinitesimally restricts as
SaA = DAX :=d\ + [A, \]. In matrix form,

5w —6x(7x)
A=,
W(&(x’y) HhA®J

(6)
B (dﬂ+[w,6]—é(7><a+ax7) 77 Ve = (B~ a @ Jivx] )
- * (do+ 4 Tr(yxe+exy))®J)

The curvature transforms tensorially: F9 = g~ 'Fg, so
O\F = [F, ).

B. Dynamics of the model

The Lagrangian of the theory is a CS 3-form, which is
the simplest Lagrangian one can think of for the connec-
tion A in 2 4+ 1 dimensions. It reads

L(A) = sTr (AdA + %A?’) =sTr (AIF - %A?’) . (7

It is not OSp(2|2)-invariant, nor quasi-invariant (CS
forms never are under gauge group transformations, see
[30)), and is merely quasi-invariant (transforms via a d-
exact term) under LieOSp(2|2). The latter still suffices
to ensure that the field equations are OSp(2|2)-covariant:
indeed they are, since — as is well-known in CS theories
— given by the flatness condition F = 0, which unfolds in
an obvious way as field equations for w, A and x by (&l).
In components they read, explicitly:

2
Q%= R + Z)ZAXAe“ Aeb =0,

F:=dA— é){AvcheABeabcea Aneb =0, (8)
YaT x4 —7Vxa =0

= '-YaTa,quA - 'Y[HVU]XA =0.

Contracting the last equation with v := 1 [v*,7"], we
get the massive Dirac equation

Vxa = (T" — 3i7) xa, 9)

where we used *yabc = je? and defined T°, := ”be"ab
and 7 := %e“bcTabc. One could further simplify (@) by
expressing w in terms of the torsion.

What makes the AVZ model “unconventional”, from
a supersymmetric standpoint, is that the spinor-valued
1-form v, gauge potential of supersymmetry that should
feature (in the most general case) in A as Qy — ¥Q, is
replaced by a composite ivy = iy,e*x of the soldering
form e® and a spin-1/2 (Dirac) field x. This substitu-
tion 1 — iyx was dubbed the “matter ansatz” in ]
The latter was declared to be a gauge fixing in m] (see

3

also HE]), implemented via a BRST-covariant procedure
which, in turn, implies the introduction of scalar ghost
and anti-ghost fields. We show here that it is actually a
special case of the DFM, which we describe next.

III. AVZ MATTER ANSATZ VIA THE DFM

We first briefly describe the Dressing Field Method,
and then show that the ususy AVZ matter ansatz is a
special application.

A. The DFM and its infinitesimal version

The DFM M, M] is a systematic tool to pro-
duce gauge-invariants out of the field space ® = {¢} of
a gauge theory with gauge group H whose action on @
defines gauge transformations: ¢ — ¢9.

Suppose K C H is a gauge subgroup, corresponding to
the rigid subgroup K C H. The DFM relies on identify-
ing a ®-dependent K-dressing field, i.e. a map

u:® — Dr[K, K],
¢ = u=ulg], (10)
o = uF = u[of] = k" tul¢], Vk e K,
where Dr[K,K] := {u: U C M — K |u* = k~1u} is the
space of (®-independent) dressing fields. From it, one can

systematically build the KC-invariant dressed fields by the
surjective map

d — oY,
¢ — " =g, (11)
o ()= () = gl

If one is interested, as we shall be in this work, in invari-
ance at first order, i.e. under infinitesimal gauge trans-
formations Lie?, one may linearise the above: Defining
a Lie/C-dressing field as

v=uv[¢] : U C M — & = LieK,

(12)
s.t. O\ = U[(s)\(b] ~ —A, Ve LieK,

where in the defining transformation law one is to neglect

higher-order terms polynomial in A and v. Then, one
defines the perturbatively dressed fields
(bv = ¢+5’U¢7 (13)

where 0,,¢ mimics the functional expression of the LieH
gauge transformation ¢, substituting the gauge param-
eter by the infinitesimal dressing, A\ — v. The perturba-
tively dressed fields are K-invariant at first order:

SA(4Y) = Ox0 + O(5,0)® = Ox + 6_x0

14
:5>\¢—5)\¢EO, ( )



neglecting higher-order terms in A and wv.
Considering a quasi-invariant Lagrangian, i.e.
that dxL(¢) = dB(¢; \), its perturbative dressing is

L(¢") := L(¢) + dB(¢; v). (15)

The field equations E(¢V) = 0 are thus K-invariant at
first order (in both A and v).

We stress that, despite a superficial formal similarity,
dressed fields ¢" are nmot gauge transformed fields ¢9.
This is clear from the definition of a dressing field, which
implies u ¢ H. The dressing operation is not a map-
ping from field space ® to itself, but a mapping from
field space to another mathematical space: the space of
dressed fields ®*. A fortiori, a dressing operation is not
a gauge fixing. See [34] and [37] for more on this point.

such

B. Matter ansatz via dressing

The DFM was shown to be foundational to supersym-
metric gauge field theories in @], where the Rarita-
Schwinger and the gravitino 1-form fields were proved
to be dressed fields. We now establish that the DFM is
at the core of ususy too, showing that the spin-1/2 field
appearing in the matter ansatz (Il is actually a partially
invariant variable obtained via dressing.

To this aim, we start with the most general osp(2|2)
superconnection Aggqp = %w“bJab +Qu —¢YQ+ AT, with
curvature Fosp = dAosp + 5[Aosp, Aosp] = dAosp + A,
In our compact notation it reads

1
Aasp: ( t} - ﬂd]); (16)
~LP A®

and it gauge-transforms as

5,\w Lé}(l/)
5)\A05p = 1 — v = DA/\ (17)

_ (dBH[w Bl - t(WE—ey) HIVe—(B-a® )y]
- * (doo+ f;Tr(pe—ev)) ® J '
We first notice that the components of the general 1-form

field ¢ = v, dz* have the following (reducible) “gamma-
trace” decomposition:

%(pa C) = pu+ iVuCa (18)

where p,,, satisfying v*p, = 0, contains both a “longitu-
dinal” (divergence-free) mode and a “transverse” mode,
and ¢ := —%”y“d)u is a spin-1/2 field. This decomplosition
generalises to n spacetime dimensions as ¢ := —-y"1,,.
By (@), the susy transformation of ¢ is 0.9 = Ve, in
components .1, = Ve, and given (I8 it splits as

6.0 = —Lye,
3 (19)

)
Oepp = §7HV5 + Ve = =by(e),

where we define the (spin(1,2)@®u(1))-covariant operator
by = —£7.Y — V., whose formal left inverse is [b~']~.
We now aim to build the susy-invariant dressed field
Y5 = b, + Vv, where v = v[y] is a spinorial susy
dressing field. Its gamma-trace decomposition is a priori

Y =P+ i7"

=) i (¢~ vy P

The dressing field is found by solving explicitly the con-
straint pj; = 0, so that, indeed,

v[g] == [b~""(pu) and (21)
dev = v[detf] & (b7 (Bepp) = b7 (=bule)) = —,

as expected by definition (I2)) of an infinitesimal dressing
field. We therefore end up, as intended, with the susy-
invariant dressed field

Uy =17, =X, (22)

where we defined the susy-invariant dressed spinor x :=
Vi=(— %WU We thus obtain the matter ansatz () of
the AVZ model via the DFM (22)), producing its spin-1/2
field x as a susy-invariant dressed variable.

Let us now make a few important observations.

First, since v = v[¢] in (I is non-local — involving
the formal inverse of a differential operator — so is the
dressed field @2). In the terminology of [37, [44], we
might thus say that susy is a “substantive” symmetry, as
it is reduced via dressing at the cost of locality.

Second, the condition pj;; = 0 is susy-invariant, and
is not a gauge fixing of ¢,. As per the usual caveat
expressed in the DFM, ¥" is not a gauge-fixed version of
1: being susy-invariant, the former does not even belong
to the same mathematical space as the latter.

Finally, and relatedly, we stress that for field-
dependent dressing fields v = v[g], dressed fields ¢V
have a natural interpretation as relational variables: they
encode the gauge-invariant relations among physical de-
grees of freedom. Relationality, such understood, is the
conceptual core of general-relativistic gauge field theory,
and thus of supersymmetric field theory. See m, @ﬁ
The dressed spinor y = (v is such a relational variable,
encoding the susy-invariant physical relations among the
d.o.f. embedded in the bare field .

To fully exploit the power of the DFM, we can now
dress the full osp(2]2) superconnection ([I6)). Writing the
dressing field in matrix form as

0 1y
v:( L VO? ) (23)
~1o



by (3], the susy-invariant dressing of A,y is
A'U

osp -

= Aasp + SUAOEP
= Aasp + Dhesvy

_ w? ﬁ ’t/JU
_ @U

A* @ J
B <%)ny A J

E@ §|“

7 wx)

_ <w;<wuvw> 7 [+ V] >
* (A+ &£Tr(wo —vy)) @ J

which is none other than a susy-invariant version of the
AV7Z connection ). The associated invariant dressed
curvature is Fo., = Fosp + 0uFosp = Fosp + [Fosp, v].
Observe how the invariant spin(1,2)-connection w® and
u(1l)-connection AV are dressed with d.o.f. from ¢ via
v, and therefore encode the relational d.o.f. between the
bare fields w, A, and .

The dressing of the CS Lagrangian L(A,sp) for Ay

is, by (I3,
L( zsp) = L(Aoﬁp) + d/B(AOEP;U)

v v 1 v (25)
=sTr ( osptosp g(Aasp)B) :

It is the (u)susy-invariant version of the AVZ Lagrangian
[@. The (u)susy-invariant dressed field equations are
then Fj,,, = 0, which unfold as dressed versions of (8).
We stress again that, since a dressing is not a gauge
fixing, the dressed Lagrangian (23] is not a gauge-fixed
version of L(A,sp). Rather, L(Af,) is the relational
rewriting of the theory, its field equations Fg,, = 0 are
the relational version of the bare ones o5, = 0, and they
differ only by a boundary term — a general feature proven

in full generality in [37).

IV. RESIDUAL SYMMETRIES OF THE MODEL

We analyse the gauge transformations remaining af-
ter dressing. First, the we focus on the natural residual
Lorentz and U(1) symmetries of the model. Then we
comment on the so-called Nieh-Yan-Weyl symmetry @7
] that has been associated to the matter ansatz.

A. Residual Lorentz and /(1) transformations

Since the odd, susy, part of the gauge superalgebra
LieOSp(2]2) has been reduced via dressing, one expects
that the dressed fields Ag,,, and Fg,,, exhibit residual
transformations under the remaining even gauge subal-

gebra LieSpin(1,2) @ Lield(1), with parameter

9:<§ ou;J>' (26)

A basic result of the DFM is that if one proves

dov = [v, 0], (27)
0 %691) B 0 —%(B—CM@J)’U
—Z00 0 ) \x 0 ’

then it follows that

SoA L, = D0 = do + [AL,,. 0], 8)
and 0gF s, = [Foup 0.

That is, the susy-invariant fields have standard residual
Lorentz and U(1) gauge transformations. Which im-
plies that the field equations have the required resid-
ual covariance. To secure the result, one needs only
to prove (Z17): The dressing has been found by solv-
ing p, = 0, ie. p, = by(v). And by [ID)-(8) we
have that dgp, = —(8 — a ® J)p,. Now, since b, is a
(spin(1,2)®u(l))-covariant operator, the latter holds if v
has the same covariance as p,; so dpv = —(f —a ® J)v,
as required in ([27). So, indeed, (28)) holds.

B. NYW invariance as an artificial symmetry

The AVZ matter ansatz () is invariant under local
scale transformations associated with the so-called NYW
symmetry . In n spacetime dimensions, in terms
of the scaling parameter A(z), under the NYW transfor-
mation we have:

s eA(w)eZ,
no1, (29)
xX+e 2 (@) X-

In the AVZ model of ususy, the NYW symmetry is iden-
tified as the Weyl symmetry associated with a conformal
rescaling of the metric on the base space. In n = 3,

X = e My, (30)

and the NYW transformation (29)- 30 clearly leaves ¢ in
) invariant, or ¢ in ([22). So, since w and A are NYW
singlets, A and A{;, are NYW invariant, and therefore
so is the model.

Yet, the transformations (29)-(@B0) are external to the
0Sp(2|2) supergeometry underlying the model, they are
imposed on it by fiat and therefore carries little relevant
information about its kinematics. Furthermore, since it
is a symmetry that can be “reduced” without losing the
locality of the theory — via dressing, considering e?, as a
dressing field for x — in the terminology of ﬂﬁ, @] it is an
“artificial” symmetry, or “fake” symmetry in the terms
of [47]. So, if the NYW transformations (29)-(30) can be
thought of as a residual symmetry of the dressed theory
L(AYp), it is and artificial residual symmetry.



V. CONCLUSIONS

In this letter, we have presented a susy-invariant ver-
sion of the OSp(2|2) AVZ model of unconventional super-
symmetry, obtained through the Dressing Field Method
(DFM) of gauge symmetry reduction. To do so efficiently,
we have first clarified the structure of the gauge super-
group and superalgebra, relying on the supergeometry
underlying the model, and then exploited a new com-
pact matrix notation, greatly streamlining the presenta-
tion of the model and clarifying the conceptual picture.
In particular, it allows a straightforward analysis of the
residual gauge Lorentz and U(1) transformations of the
susy-invariant fields. We have also commented that the
NYW transformations, externally imposed on the fields,
are to be understood as an “artificial” residual symmetry
of the model, not part of the underlying geometry.

Crucially, the so-called matter ansatz has been shown
to be the result, not of a gauge fixing as claimed in an-
tecedent literature, e.g. |, but of a dressing opera-
tion, implemented via the DFM. The mathematical dif-
ference between gauge fixing and dressing as been argued
at length in @, @], where many instances of popular
“gauges” (Coulomb, Lorentz gauges in electromagnetism,
the unitary gauges in the electroweak model) have been
shown to actually be cases of dressings @]

An essential conceptual aspect of the DFM, distin-
guishing gauge-fixed fields from invariant dressed fields,
is that only the latter have a relational interpretation:
i.e. they encode the invariant physical relations among
bare field-theoretic degrees of freedom. Our findings thus
entail that the spin-1/2 field of the AVZ ususy matter
ansatz () is actually a (non-local) (u)susy-invariant re-
lational field variable.

This adds to, and reinforces, the results of M], where
the DFM was shown, for the first time, to be pivotal
to supersymmetric field theory, as the Rarita-Schwinger
and gravitino field were obtained as dressed, relational
variables. Together, the present work and M] establish
the DFM as foundational to both supersymmetric field
theories and unconventional supersymmetry.

All of this was unknown to, or essentially overlooked
by, the susy community and becomes of fundamental im-
portance either if one wants to maintain a clear phe-
nomenological interpretation of supersymmetry, in high
energy physics, or if one wants to exploit the superge-
ometric setup to describe particles of half-integer spin
within a superconnection. In both cases, the DFM al-
lows to systematically identify the physical, relational,
d.o.f. postulated in the models, which is essential their
development and comparison with experiments. Indeed,
it should be reminded that what is measured and con-
fronted to experiments are the dressed variables, or “re-
lational observables”, of a theory ﬂﬂ]

Regarding the second scenario just mentioned, which
goes back to one of the original motivations for the intro-
duction of supersymmetry E], the present work is ground
for further developing a (principal) super-bundle geomet-
ric description of spinorial Dirac matter fields as arising
as part of a superconnection after (super)symmetry re-
duction via the DFM, unifying matter and gauge fields
(possibly including also gravity). At the dynamical level,
this also allows to use spinor-valued 1-form fields, and
higher half-integer spin fields as well, to write down La-
grangians that actually describe propagating spin-1/2
particles, in the spirit of, e.g., ﬂﬁi This would build
a bridge with non-commutative geometric approaches to
Yang-Mills-Higgs models @—Li_lﬂ, where the gauge and
Higgs fields are unified in a single connection.

The technical and conceptual lens of the DFM applied
in such a supergeometric framework thus opens a new in-
triguing research path for applications of supersymmetric
field theory to established (high energy and/or condensed
matter) physics.
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