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We propose a measurement theory for quantum fields based on measurements made with localized
non-relativistic systems that couple covariantly to quantum fields (like the Unruh-DeWitt detector).
Concretely, we analyze the positive operator-valued measure (POVM) induced on the field when
an idealized measurement is carried out on the detector after it coupled to the field. Using an
information-theoretic approach, we provide a relativistic analogue to the quantum mechanical Liiders
update rule to update the field state following the measurement on the detector. We argue that
this proposal has all the desirable characteristics of a proper measurement theory. In particular it
does not suffer from the “impossible measurements” problem pointed out by Rafael Sorkin in the
90s that discards the use of idealized measurements in quantum field theory.

I. INTRODUCTION

In any physical theory, it is necessary to describe the
mechanism that allows us to gather information about
the physical systems we are modelling, that is, it is neces-
sary to describe measurements. In classical theories, the
description of measurements is frequently not explicit, of-
ten hidden under the assumption that we can neglect the
effect of measurements on the state of the system of in-
terest. However, in quantum mechanics, describing mea-
surement processes has been problematic and a subject
of discussion since its very inception (see e.g., [1]). Nev-
ertheless, from an operational point of view the problem
can be bypassed in the context of non-relativistic quan-
tum mechanics by employing Liiders rule, also known as
the projection postulate [2]. This rule prescribes how to
update the state of the system after the measurement in a
way consistent with the measurement outcome, through
projection-valued measures (PVMs). This model of mea-
surement is called projective measurement or idealized
measurement.

However, projective measurements are not suitable to
describe measurements in quantum field theory, since
they are not compatible with relativistic causality, and
therefore they are not consistent with the very founda-
tional framework of quantum field theory (QFT). Specif-
ically, there are no local projectors of finite rank in
QFT [3-6]. Any finite rank projector in QFT, such as
a projector onto some single particle wave-packet state,
is inherently non-local, and so any attempt to general-
ize the projection postulate with such a projector leads
to spurious faster-than-light signalling [7—11]. It should
be clear from the beginning that when we talk about
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the causality issues of the projection postulate, we are
indeed referring to superluminal causation, and not the
non-locality that arises from entanglement, which can be
present even between non-relativistic systems [12]. The
latter is perfectly compatible with causality as long as
it does not enable signalling—it just tells us that quan-
tum theories are non-local in nature, and correlations can
be present between quantum systems that are spacelike
separated even in QFT [13, 14].

The impossibility of naively generalizing the projection
postulate to QFT has been addressed mainly in three
different ways.

First, one could consider localized ideal measurements’
(in the form of infinite rank projectors) and try to modify
the projection postulate in a covariant way, as in Hell-
wig and Kraus’s proposal [5, 15, 16]. This prescription
however suffers from the same faster-than-light signalling
that Sorkin pointed out in [7], as discussed in [10].

Second, another way consists of formulating a mea-
surement theory completely within quantum field the-
ory, such as Fewster and Verch’s framework [17-19]. By
giving a covariant update rule, they obtain a measure-
ment scheme consistent with QFT and therefore com-
pletely safe from any causality issues. In this framework,
however, being entirely within QFT, the localized mea-
surement probes are also quantum fields, and we are still
left with the problem of how to access the information
of that second ancillary field [20]. This is because low
energy measurement apparatuses (like atoms, photode-
tectors, photomultipliers, human retinas, etc.) are not
well described by a free field theory, and the treatment
of bound states in QFT is still very much an open prob-
lem [21].

I For a more thorough analysis where general CPTP maps (not
necessarily ideal measurements) on quantum fields are charac-
terized according to its causal behaviour, see [11].
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Finally, the third option relies on coupling so-called
particle detectors—localized non-relativistic quantum
systems—to quantum fields, such as the Unruh-DeWitt
(UDW) model [22, 23]. Although pointlike detector mod-
els are fully compatible with relativistic causality [24-20],
their singular nature leads, in certain contexts, to diver-
gences [27]. However, those divergences are not present
for detectors that are adiabatically switched on [28], or
that are spatially smeared [29, 30]. In the latter case,
even though the unitary evolution is perfectly compat-
ible with causality and does not allow faster-than-light
signalling with a second detector [24, 26], the use of
a (non-pointlike) spatial smearing along with the non-
relativistic approximation can indeed enable some degree
of faster-than-light signalling between two detectors with
the help of a third ancillary one in between [26]. How-
ever, unlike in the case of projective measurements, in
the smeared setups that show any degree of superluminal
signalling, its impact is bounded by the smearing length-
scale of the ancillary detector (which by approximating
it to be non-relativistic we already neglected in our frame
of reference, to start with) and moreover does not show
up at leading orders in perturbation theory [26]. These
results, together with the fact that detector models can
realistically represent the way fields are measured exper-
imentally [ ], make this option especially appealing
for modelling measurements in QFT.

In the particle detector approach, however, not ev-
ery step of the process is already well understood. We
still need to describe the mechanism through which we
go from a field state and a detector that are originally
decoupled and uncorrelated, to a measurement outcome
that an experimentalist can put in a plot or write in a
notepad. After the experiment is performed and some
classical information has been obtained about the field,
how does one take into account this information for the
description of future experiments involving the field?

This question is particularly relevant for the field of rel-
ativistic quantum information. Indeed, there are several
landmark protocols and experimental proposals in the
context of quantum information (e.g., the quantum Zeno
effect [34, 35], the delayed choice quantum eraser experi-
ment [36—40], or the Wigner’s friend experiment [11, 42],
among others) in which the ability to perform measure-
ments and using the information of the outcomes to up-
date the state is essential for their implementation. To be
able to formulate these scenarios in relativistic contexts,
it is necessary to have a well-understood measurement
theory that works in the context of quantum field theory
and that connects to experimentally measurable quanti-
ties.

In this paper we aim to formulate consistently a mea-
surement theory for QFT using detectors as measuring
tools. First, in Section II we present our working model.
In Section IIT we describe the measurement process (in-
cluding field-detector interaction and idealized measure-
ment of the detector) and obtain the field state update
according to the measurement outcome. In Section IV

we analyze this update in order to determine whether
this kind of measurement abides to relativistic causality.
In Section V we present a context-dependent update rule
consistent with QFT. In Section VI we explicitly formu-
late it in terms of n-point functions and in Section VII
we analyze the most general initial scenario. Section IX
is devoted to discussing how the framework presented in
this manuscript constitutes a valid measurement theory
for QFT. Finally we present our conclusions in Section X.

II. SETUP

In this work we consider a spatially smeared Unruh-
DeWitt model [22, 23] for a detector coupled to a real
scalar field in a (14+d)-dimensional flat spacetime. This
is a simplified model that is both covariant [25] and yet
captures the phenomenology of light-matter interaction
neglecting angular momentum exchange but without any
further common quantum optics approximations—such
as the rotating-wave or single (or few) mode approxima-
tion [31-33, 43]. For our purposes, let us consider that
the detector is inertial and at rest in the frame of coor-
dinates (¢, ) so that its proper time coincides with the
coordinate time ¢t. Then, in the interaction picture, the
interaction Hamiltonian is [30]

1 () = M (D)i(t) / dz F@)dte). (1)

In this equation, the scalar field ¢ can be expanded in
terms of plane-wave solutions in the quantization frame
(t,x) as
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where dL and ap are canonical creation and annihi-
lation operators satisfying the commutation relations
la,,al,] = 6(k — k'). The internal degree of freedom
(monopole moment) of the detector, which we choose to
have two levels (ground |g) and excited |e)) with an en-
ergy gap €2 between them is given by

Alt) = lg)lel e + [e){gl e . 3)

A is the coupling strength and x(¢) is the switching func-
tion controlling the time dependence of the coupling. The
interaction is on only for times in the support of x(t). For
simplicity we assume this to be a finite interval [ton, toff]
(i.e. x(t) is compactly supported). F(x) is the spatial
smearing function that models the localization of the de-
tector, and therefore the support of the product of x and
F7

D = supp{x(t) - F(z)} , (4)

is what we will call interaction region or, slightly abusing
nomenclature, detector. Its causal future/past J*(D) is



the union of the future/past light cones of all its points
and their interiors. In Minkowski spacetime? M,

J*(D):= —2%) >0} . (5)

The causal support of D is the union of both its causal
past and its causal future,

J(D):=J (D)uJ (D). (6)

{yeM:3IxeD,xy <0,+(y°

III. THE UPDATED STATE OF THE FIELD

In this section we will compute what is the update
on the field state after an observable of the detector is
measured by an experimenter through an idealized mea-
surement. In other words, we will compute what is the
POVM that is applied to update the field state if the de-
tector is updated by a projective measurement. Although
we will consider the most general case, a physical exam-
ple of this kind of situations could be an experiment in
the lab where we check whether the detector clicks (gets
excited) or not (stays in the ground state) after interact-
ing with an excited state of the electromagnetic field.

It is reasonable to consider that the detector and the
field are initially uncorrelated. That is, in the absence of
third parties®, the state of the system before the inter-
action is p = pg ® pg. At time ¢t =T, the experimenter
performs a rank-one projective measurement P = |s)(s]
of an arbitrary observable of the detector. One can think
of the idealized measurement as performing a measure-
ment of an observable of the detector, and of |s)(s| as
being the eigenprojector associated to the obtained mea-
surement outcome. For simplicity we assume that the
measurement takes place after the interaction between
the field and the detector has been switched off, that is,
T > tog. Then, after the projective measurement, the
updated state of the joint system is [14]

p_ (PR1UUNP®1)
= e P (7)
tr[(P ® 1)UpUT]

where the unitary evolution operator Uis given by

U=Texp <—i /_ Y ﬁ;(t’)) . (8)

The assumption that x(t) = 0 for all ¢ > t.g allows us to
safely extend the integration range to infinity. From now
on, we will use the integral sign without specifying limits
whenever the integral is carried out in the whole domain

2 The metric in a coordinate system associated with inertial ob-
servers is 1, = diag(—1,1,...,1), {z°,...,2%} are the coordi-
nates of the event x, and x -y = nu,xty".

3 We will generalize to cases where the field is entangled with third
parties in Section VII.

of the integrand. We thus have, for the updated state of
the field,

ph = tra(p”) o tra (P UHUT (P @ 1)],  (9)

where trq(-) stands for the partial trace over the Hilbert
space of the detector. We note that the matrix elements
of ,65 satisfy that

(1] p§ p2) oc (5,011 UpUT |3, 02) - (10)

where |s, ;) = [s) ® |p;) and |p;) is a vector in the field
Hilbert space. From now on, we will use the following
notation: if O is an operator acting on the detector-field
Hilbert space and |i1),|2) € Ha are detector states,
then we will understand (11| O [1)2) to be the field oper-
ator that satisfies

(1] (V1] O [1ha) [02) = (¥1, 01| O [1b2, 2) (11)

for any field states 1) , [p2) € Hy. Finally, let us assume
that the initial state of the detector is pure?, pq = [1) (9.
Thus, using the convention in (11),

(5,011 UpUT [5,02) = (s| U [0} ps (0| UT|s) . (12)

We can therefore write the updated state of the field for
the projection over the state |s) of the detector as

et
pyy = Pelon (13)
¢ try (g Es.y)

where

My = (s|U ) (14)

is an operator acting on the field Hilbert space, and the
POVM elements [11] are

For our system, we can get a tractable expression for the
M, operators proceeding perturbatively in A. First, the

unitary U in (8) can be written as

U=1+Y AU™ . (16)

n=1

For the first two orders, substituting (1), we have

o0 = / dt d" (D F(2)p()d(tx)  (17)

4 This simplification can be easily dropped, and the result straight-
forwardly generalized, in the same way that happens with
POVMs in non-relativistic quantum mechanics [14].



and

x®x()  (18)
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As a result, we can apply the same expansion to Ms,w,
My = MO+ M) + 3208 + ..., (19)

where we are denoting M (" = (5| U™ |4). In particular,

M) = (s[e) 1, (20)
W) = =i [ atdraxoF@ 60 ) o) . (@)
M) = —/dt at’ A"z dmx’ 0(t — ) x () x(t)

x F(@)F(@') (s| it alt') [0) o(t, @), @) . (22)

IV. CAUSAL BEHAVIOUR

Once the form of the POVM that updates the state
of the field (13) has been obtained, we want to analyze
whether this update respects relativistic causality. In this
section we will study whether the measurement defined
in the previous section influences the field state outside
of the causal future of the measurement.

Concretely, in order to understand the causal be-
haviour of the update of the field state that arises from
performing a projective measurement on the detector, we
need to compare the updated state of the field [)g (post-
measurement) and the initial state of the field gy (pre-
measurement) and see that there is no influence on the
field state outside the causal future of the interaction
region. Since the state of the field is fully character-
ized by its n-point functions, the analysis can be reduced
to studying how the n-point functions change after the
measurement process (consisting of (i) interaction with
the detector, and—after switching off the interaction—
(ii) idealized measurement of the detector and corre-
sponding POVM update on the field) in the region that
is spacelike separated from the detector.

Regarding the updated field state Py, note that the up-
date given by Eqgs. (13) and (14) corresponds to a selective
measurement [2, 5]—the measurement is performed and
its outcome is checked, updating the state of the field
accordingly. However, if an observer is spacelike sepa-
rated from the detector, then they might know that the
measurement was prearranged to be performed, but they
cannot know the outcome of such measurement since in-
formation cannot be transmitted to them. Thus, from
that observer’s perspective, the update of the state has
to be the one associated with a non-selective measure-
ment [2, 5]—the state of the field is updated taking into
account that the measurement has been carried out, but

without knowing its outcome. This measurement model
respects causality if the spacelike separated observer can-
not tell with local operations whether the measurement
was carried out or not, i.e. if the non-selective update
does not impact the outcome of local operations per-
formed outside the causal support of the measurement.

A non-selective measurement has to be understood as
having made the projective measurement on the detector
when the outcome is not made concrete. Therefore, to
update the state we apply a convex mixture of all the
projectors over all the possible proper subspaces associ-
ated with every potential outcome of the measurement,
weighted by its associated probabilities given by Born’s
rule (see again [2, 5]).

Since we are considering a two-level Unruh-DeWitt de-
tector, the most general non-selective projective measure-
ment can be described by two complementary rank-one
projections, |s)(s| and |8)(s|, such that

La — |s)(s| = |5)(sl, (23)

where |s) and |5) are two orthonormal vectors in the de-
tector’s Hilbert space, Hq. The state of the field updated
by a non-selective measurement can then be written as
the mixture of the updates for each projection p“;’w and

pz’w given by (13), weighted by their respective probabil-
ities, <E5,¢>ﬁ¢ and <E§,w>ﬁ¢7

Y = (Bap)p, 5% + (Bsp)p, 5 (24)
= As,wﬁquJ,w + M§,¢ﬁ¢M;¢ .

By (14),
from (24),

recalling the notation described in (11),

P> = (s| U 19) o (0 U |5) + (5| U [9) ps (| U |5)
= tra [U([9) (¢ ® ps)UT] | (25)

where we have used (23) to reduce the sum to a trace
over the detector Hilbert space.

Let A be a field observable. Then we get that its ex-
pectation value for the non-selective update of the field
state is

(A)gys = tro [tralU (1) (4] @ po)UT)A] (26)
= te[U(|9) (] ® ps)UTA] = tr[(|9)(¥| @ pp)UTAT]

where (O), = tr ([)@) as usual. We have used the cyclic
property of trace and we have denoted the detector-field
operator 14 ® A simply as A, omitting the identity of
the detector. Now, taking into account the form of the
UDW interaction Hamiltonian (1) and the unitary evo-
lution operator (8), if A is a field observable supported
outside the causal support of the interaction region, then
microcausality ensures that

[4,d(t,2)] =0 (27)



for every (t,x) € D, and therefore
[A,U]=0. (28)
This means that Eq. (26) yields
(A)pss = trg (S A) = e[yl ® o) UTAT]  (29)
= tr[(|9)(¥| ® ps)UTUA] = try(ppA) = (A)5, -

We conclude that the non-selective POVM does not
affect the expectation value of any local observable
outside the causal influence region of the detector.
Qf pgrticular importance is the case when we take
A = d)(tla wl) e ¢(tn7mn)a Wlth au (t17w1)a ttt (tna xn)
outside the causal support of the interaction region, i.e.
spacelike separated from the interaction region. Then
Eq. (29) allows us to conclude that the corresponding
n-point functions do not change under the non-selective
update.

Therefore, if we are in the regimes where causality is re-
spected by the coupling between detector and field (e.g.,
pointlike detectors in any scenario or spatially smeared
detectors in the scales identified in [20]), the projective
measurement performed on the detector is safe from any
causality issues® of the kind exposed in “Impossible mea-
surements on quantum fields” [7]. Moreover, Eq. (26)
also shows that, for the non-selective update, expecta-
tion values of arbitrary observables only depend on the
joint state of the field and the detector after the interac-
tion, and not on the measurement performed on the de-
tector. Indeed, the non-selective measurement eliminates
the entanglement that the detector and the field acquired
through the interaction, but it does not change the par-
tial state of the field, as Eq. (25) explicitly shows. This
is of course a physically reasonable feature of the update:
we have specified that the measurement is performed af-
ter the interaction is switched off, but it could be some
arbitrary amount of time after this. The physical change
of the field state due to the measurement is due only to
the physical coupling between the detector and the field,
and not to the fact that we decide to do a projective
measurement on the detector after this interaction. This
is because the projective measurement acts only on the
detector once the interaction has been switched off, and
it does not provide additional information since being
non-selective the outcome is not known. This important
interpretational point will be revisited when we consider
the update rule for selective measurements, where the
state of the field has to be updated consistently with the
concrete outcome of the measurement.

5 For the sake of brevity, we will not restate the conditions un-
der which particle detector models behave causally and will just
state that the particle detector models are causal. The facts that
should be acknowledged throughout this manuscript are that a
pointlike detector is fully causal, that its quantum dynamics is
non-singular (when switched on carefully) and that the causality
violations (if any) of the model come through (well-controlled)
smearing scales.

V. THE UPDATE RULE

In the previous section we have shown that the process
of measuring a quantum field through locally coupling an
Unruh-DeWitt detector and then carrying out an ideal-
ized measurement on the detector—which corresponds to
a field state update with the appropriate (non-selective)
POVM-—does not introduce causality violations. We are
now in a position to build an update rule for the field
when we assume that the experimenter knows the con-
crete outcome of the idealized measurement carried out
on the detector, which is akin to considering what is the
field state update induced by a selective measurement on
the detector after the detector finished interacting with
the field.

A. [Issues of a non-contextual update

Prescribing an update rule for selective measurements
in a way that is compatible with the relativistic nature
of QFT requires more care than in regular quantum me-
chanics. An update rule for selective measurements based
on particle detectors should:

(1) Include the knowledge of the measurement out-
come in the description of the field and implement
the compatibility between measurements that are
sequentially applied to the field, in the spirit of
Liiders rule [2].

(2) Be compatible with relativity.

To guarantee that condition (1) is fulfilled, it is necessary
to use the update of the state of the field given by (13).
However, in Appendix A we show that this update can-
not be applied outside the causal future of the detec-
tor in a way consistent with relativity. Hence, we see
that any non-contextual update (i.e. an update where
one gives the density operator a global nature and its
change affects all observers regardless of whether they
are in causal contact with the detector or not) cannot
satisfy conditions (1) and (2) simultaneously. To by-
pass this difficulty, a first attempt that one could try
is to prescribe that the selective update given by (13)
should only be used in the causal future of the measure-
ment. This prescription, however, is ill-defined since the
density operator does not naturally depend on points of
the spacetime manifold. In particular, this kind of pre-
scription does not provide a way to calculate arbitrary
n-point functions, since naively looking at the formula
wp (%, X, ...) = try (&(bqg(x)(ﬁ(x’) -++)—where G4 is an ar-
bitrary field state—it is not clear what density matrix &4
should we use when considering points x,x’ in regions of
spacetime with different updates.

We conclude that a non-contextual update that in-
cludes the information obtained from a selective measure-
ment performed on the detector is at odds with relativis-
tic causality. Instead, in order to satisfy conditions (1)



and (2) we must partially give up on the physical signifi-
cance of density operators p, and g} as representatives of
observer-independent field states and simply treat them
as states of information about the field (much like it is
done in quantum informational approaches to the mea-
surement problem in quantum mechanics [45-50]). This
is precisely what the next subsection focuses on.

B. A contextual update rule

As we just concluded, to properly formulate an update
rule that is respectful with relativity we need to consider
the field density operators to be observer-dependent. In
particular, we propose that the update depends on the
context of the observer, i.e. the information available to
them according to their position in spacetime. Moreover,
because it depends on the observer, once they receive in-
formation about a measurement the update only takes
place inside their causal future. It is perhaps interesting
to remark here the distinction between the measurement,
that is performed by the experimenter, and the update,
that is performed by each observer according to the infor-
mation they have about the field. It is in this sense that
we say that the update is observer-dependent. As such,
when we write that a certain observer updates their field
state, we mean that they are updating their information
about the field and changing the field density operator
that describes the field state for them, without acting
upon the field in any way whatsoever. This operational
approach can be summarized as follows:

1. After an experimenter provided with a detector
performs a projective measurement on the detec-
tor, they can be aware or not of the outcome of
the measurement. If they are not, they apply the
non-selective update (24); if they are, they apply
the selective update (13). Both updates take place
in the causal future of the experimenter.

2. If an observer is spacelike separated from the inter-
action region, at most they can be aware of the
measurement being performed, but they do not
have access to the outcome of the measurement.
Their update, if anything, should be non-selective,
and we have already seen that it does not have any
effect on the outcome of spacelike separated oper-
ations. Roundly said, the spacelike separated ob-
server does not have to take into account at all that
a measurement has been performed. As it is desir-
able in a relativistic measurement theory, spacelike
operations do not affect each other.

3. If an observer becomes aware of the performance
of a measurement, not necessarily carried out by
them, they update their field state accordingly with
the same update rules (13) or (24), depending on
whether they have the information about the out-
come or not.

4. To update the n-point functions we need to take
into account whether the information of the mea-
surements is going to be accessible to future ob-
servers, and as such, the n-point functions will only
be non-trivially updated for observers in the causal
futures of the sets where the measurements have
spacetime support, as will be addressed in-depth in
Section VI.

This update rule respects causality by fiat, and its con-
sistency for spacelike separated observers is guaranteed
by the fact that the non-selective update is causal. How-
ever, since it only updates the state in the causal future
of the detector, one could legitimately wonder if the mea-
surement prescription takes into account the correlations
present in spacelike separated regions of the field that are
well-known to exist [3, 6, 13, 14]. Condition 3 tells us how
to proceed in order to ensure that this is the case. Con-
sider two experimenters, Alba and Blanca, each provided
with their own detector. The initial state of Alba’s de-
tector is p, = |€) (€|, while Blanca’s is pg = |¢)(¢]. While
being spacelike separated, they perform measurements,
i.e. 1) they couple their detectors to the field and 2) af-
ter switching off the interaction they perform a projec-
tive measurement on the detectors and update their field
states selectively with the information obtained in their
local measurements. Alba gets a result associated to
state |a) of her detector, while Blanca gets another asso-
ciated to |b). Their corresponding updates are

N, oI Nty o VT
= a,£Pyp Mg ¢ and pﬂ;_ (P -

b= —— = — .
trg (0o ag) tr (g E.c)
In the future, they eventually meet and inform each other

of their results. Their final updates based on the ex-
changed information are as follows: for Alba,

(30)

_ M ¢ P My ¢ _ My, MacpoMo My (31)
T (0 Be)  tre(peBae)trg (03 Bnc)
while for Blanca
o — Ma,gﬁﬁ;{\ﬂ’g _ Ma,gﬂ%b,c%MJ,c]\@,g .
trg (P Bag) o (PsEbc)tre (0fEa)

~AB

(32)

Now, taking into account the form of the M opera-
tors (14), in terms of the unitary (8) and therefore the
Hamiltonian (1), it is straightforward to prove that if
Alba’s and Blanca’s measurements are carried out in
spacelike separated regions, then

[Mae, Myc] = [Mae, Mf ] =0, (33)

This means that the numerators in (31) and (32) are the
same. Since the denominators are normalization factors,
we first conclude that the updates are consistent. Once

they meet they have the same information, and indeed it
holds that

b= (34)



Moreover, by (33)

g (Myc Mo epo M M ) = trg(poLaeBic)  (35)
so that we can write
trg (Po Ba e Eb.c)

76 (Pg Ba.c)

For a POVM, the probability of getting an outcome r
from a generic state &, is the trace try(d4E,), where E,
is the POVM element associated to the outcome r [414].
This means that (36) displays the correlations between
the measurements due to the initial correlations in the

field state. Indeed, Eq. (36) can be read in terms of
probabilities as

tr (P)Ene) = £ty (s Ene) - (36)

Prob(Blanca gets b | Alba gets a)

_ Prob(Alba gets a and Blanca gets b)
N Prob(Alba gets a)
# Prob(Blanca gets b) ,

(37)

where the first equality is the formula for conditional
probability, and in particular shows that Alba’s and
Blanca’s outcomes are not independent.

We conclude that the proposed update rule respects
causality, is consistent for spacelike separated measure-
ments (and trivially for timelike separated measure-
ments), and accurately accounts for spacelike correla-
tions. Therefore it is a suitable contextual rule for updat-
ing the state of the field after measuring with detectors
in QFT.

It is remarkable that the proposed update rule, for a
particular observer, is somewhat similar in its structure
to that proposed by Hellwig and Kraus [5]. The for-
malism proposed in our work, however, relies on particle
detectors instead of on local projections, establishing a
direct connection with experiments [31-33, 43].

It should be noted that by giving up on density oper-
ators as global descriptions of the field state we are dis-
placing the focus from the Hilbert space description to
another based on what experimenters measure and the
correlations between the possible measurements. This
is precisely the approach adopted in algebraic quantum
field theory (see e.g. [ 1), where the algebraic state is
interpreted to be the complex linear form that associates
to each observable® its expectation value. Indeed, the
contextual update rule described above should be given
just in terms of updated n-point functions, as we will
show in the next section.

VI. UPDATE OF N-POINT FUNCTIONS

In a free quantum field theory, the state of the field
can be described in two interchangeable ways: either by

6 As an element of the direct limit of the net of local algebras [54].

a density operator in some particular Hilbert space rep-
resentation or, equivalently, by the set of the field n-point
functions. However, in Section V, we have argued that
there are serious difficulties to apply a selective update
to a field density operator because of the incompatibil-
ity with a context-independent description. Fortunately,
the formalism of n-point functions is still adequate for de-
scribing the contextual update rule proposed in the previ-
ous section. In the present section, we will formulate the
update rule proposed in the previous section explicitly
in terms of the n-point functions that fully characterize
the state of the field. The n-point functions directly ap-
pear in the most common expressions for the response
of particle detectors (see e.g. [28, 29, 55] among others),
so having an update rule for all the n-point functions is
not only fully characterizing the updated state but it is
also of practical interest for any calculations involving
particle detectors.

Notice that for the update after the measurement to
be given just as an update of n-point functions, we need
to initially assume that in our particular experiment the
only relevant systems are the field and the detector. If
the field is entangled with a third party in the past of the
detector, we will assume for now that this third party
will not be addressed in this measurement experiment,
leaving the more complicated case for future sections”’.

For this section, this simplifying constraint will allow
us to “forget” about the causal past of the measurement
and define the update only in the region of spacetime
outside of it. In the spirit of the discussion in the previ-
ous section, we will distinguish whether the measurement
performed on the detector is non-selective or selective.

A. Non-selective update

The non-selective update is straightforward to imple-
ment from the state update in Section IV. Since, as we
showed, non-selective updates do not affect the state in
regions spacelike separated from the measurement, there
is no need to prescribe different updates whether the ar-
guments are in the causal future of the detector or in the
spacelike separated region. Hence, the updated n-point
function is

NS

Wy (X1« -+ s Xny

) = trg (PLA(x1) - -~ D(xn))
:<MST71/,Q§(X1) QZ;( n) s¢>p¢ (38)
+ (M, 6(x1) -+~ B(xn) Ms,p) 5,

7 This initial assumption can indeed be relaxed: treated with some
care, the update rule for n-point functions which we are about to
formulate can also be used in arbitrarily general scenarios. The
reason is that the scheme given in Section V applies to arbitrary
states py that may be extended to include third-party systems
in addition to the field. We will show how this more general
scenario can be straightforwardly dealt with in Section VII.



for every xi,...,x, € R* outside the causal past of the
interaction region. This update can be given explicitly
in terms of the m-point functions of the initial state of
the field. In particular, for the one-point function and to
first order in A,

WS (tr, 1) = wi(t1, 1)
12 / dtdie (O F(z) (W A1) [¢)  (39)
x Im(ws(t1, 21, t, x))
+0(\?)

where w,, is the n-point function of the initial state of
the field ps. Analogously, for the two-point function,

szS(tlaxlyt2vm2) = wa(t1,x1,t2, T2)

Lin / dt d’a (1) F(x) (] (t) [) (40)

x (ws(t, @, t1, @1, t2, ®2) — w3(ty, T1,t2, T2, t, )

+0(\?) .
And in general,
wgs(tl,wl, coistny @) = wp(t1, T1, .o by, T)
+ix [ drdex()F (@) (0] a0) 10)
X (Wng1 (b, @, t1, @1, ., ) (41)
— Wpt1(t1, @1, .oy by Ty w))

+0(\).

The details of these calculations can be seen in Ap-
pendix B. The second order terms in A for the previous
perturbative expressions are also displayed in Eq. (B12)
of Appendix B. It is worth remarking that microcausality
ensures that Eqgs. (39), (40) and (41) reduce to the un-
changed n-point function whenever their arguments are
outside the causal future of the detector, since in that
case [¢(t,x), p(tj, x;)] = 0 for every j € {1,...,n} and
therefore

Sty Ty
= tI‘¢ (/3(15&(75, m)(&(tl, wl) e é(tnz wn)) (42)
= try (pA(p(%(tl, wl) te (Zg(tnv xn)(&(u IL’))

= wpt1(t1, @1, ..., tn, Tpy b, ) .

wn+1(t, (B,tl, ry,..

B. Selective update

For selective measurements, we will first present the
update for the one-point function. Second, we will con-
sider the two-point function, which involves a few sub-
tleties that deserve attention. And finally, with the one-
point and two-point functions as landmarks, we will gen-
eralize the update scheme to n-point functions. As be-
fore, the details of the calculations (as well as results at

higher orders in the coupling strength) can be found in
Appendix B.

1. One-point function

As shown in Appendix A, when dealing with selective
measurements the update cannot be applied outside the
causal future of the detector. Moreover, it should be
noticed that in full rigour, and unlike for non-selective
measurements, the selective update does depend on the
region of spacetime in which the projective measurement
on the detector is performed, whose future we shall de-
note P. Therefore we have to distinguish three cases de-
pending on the argument x; € M of the one-point func-
tion:

(a) If x; € P, then we should consider the state of the
field to be updated by the selective rule (13).

(b) If x; € JT(D) \ P, with J (D) being the causal
future of the interaction region® as defined in (5),
then we only have to take into account the interac-
tion, which as shown in (25) yields the same update
as the non-selective rule (24).

(c) If x; is spacelike separated from D (i.e. it is out-
side the causal support of the interaction region,
x1 ¢ J(D)), then we should use the initial state of
the field, or equivalently the non-selective update.

However, we saw in Subsection VIA that the non-
selective update can be safely applied to spacelike sep-
arated regions. Therefore, we can consider cases (b)
and (c) jointly when prescribing the update rule. All
together,

M d(x1) M,y 5
} < 5,¢¢A( 1) »¢>Pd> lf X1 e 7)7
wy(x1) = (Esp)ps (43)
w¥S(xy) otherwise.

Note that all expectation values are calculated for the ini-
tial state of the field, p,. For the case in which x; € P, we
have used (13) and the cyclic property of trace. There-
fore, the update can be given in terms of the m-point
functions of the initial state of the field. In particular, if
(s|y) # 0, to first order in A,

w?(tlvﬂh) =wi(t1, 1) + <S|22>|2/dtddm x(t)

x F(x) Im[ (]s) (s| a(t) [¥) (w2t @1, t, @) (44)
— w1 (tl, wl)wl (t, :c))} + O()\Z)

8 Note that, since the projective measurement on the detector
is performed in the causal future of the interaction region,
P CIT(D).



whenever (¢1,21) € P. The more cumbersome case in
which (s|i) = 0 is displayed in Eq. (B33) of Appendix B,
along with the case (s|t)) # 0 up to order 2 in A, that
can be seen in Eq. (B23).

2. Two-point function

For prescribing the update of the two-point function
we also need to distinguish different cases. Following
the same spirit of the prescription of the one-point func-
tion, when both arguments x;,xs € P are in the causal
future of the projective measurement, we consider the
field state to be updated by (13), while if both x;,xs are
outside P, the information of the measurement cannot
propagate to those points and therefore we should use
the non-selective update of the field state to calculate the
expectation value. However, what should we do when we
have a mixed situation (e.g. if x; € P and xo ¢ P)?
First, note that the two-point function is a non-local ob-
ject that is only relevant in non-local experiments (for
example, coordinating several labs around the world, or
an interaction that is extended in space). However, it is
only pertinent to ask about the result of a non-local ex-
periment if we assume that the information obtained by
the different measurements can be combined in a “pro-
cessing” region” that intersects the causal futures of all
the experiments. It is reasonable then that when the two-
point function has mixed arguments inside and outside
P, the information about the outcome of the selective
measurement is accessible to the processing region, as it
has to have a non-zero intersection with P. Hence, as
long as one of the points of the two-point function is in-
side P we must use the selective update of the field state.

This is consistent with treating the field state as a state
of information about the field. To update the field in
accordance with the outcome of a measurement we need
to look at where in spacetime the information obtained
in the measurement can be accessed. Conversely, if an
observer never accesses the causal future of a region in
spacetime, it does not make sense for them to ask about
the correlations between the field in that region and the
region they have access to'®. All this considered, we shall
prescribe the selective update for the two-point function
as

M d(x1)p(x2) My )5
M, 40 1A)¢( 2) M), if x; or xg € P,

<E3ﬂb>ﬁ¢»

wy® (x1,%2)

W (x1,%2) =

otherwise.
(45)

9 Notice the similarity with the notion of processing region intro-
duced in [56].

10 For example, if two observers never get to communicate, directly
or indirectly, it lacks physical meaning that they can ask any
question that involves the correlations between their operations.

Again, the update can be given in terms of the n-point
functions of the initial state of the field. In particular, if
(s|y) # 0, to first order in A,

wg(tl7wlat23 m2) == w2(t17 .'E17t27$132)

A dg -
+ i [ dteexOF@
x (i (sU) 1 4l |s) wa(t, @ 1y, @0, b, ) (46)
— i ([s)(s| a(t) [¥) wa(t1, 1, t2, T2, t, )

)
— 2Tm((W]s) (5] ) [¥))wa(tr, @1, o, @2)wn (¢, @) )
+0(N?)

whenever (t1,x1) € P or (ta,z2) € P (or both). As
before, the case in which (s|¢)) = 0 and the second order

term of the previous expression are left to be displayed
in Appendix B.

8. n-point function

The arguments given to justify the prescription for the
two-point function immediately generalize to arbitrary
n-point functions, for which the selective update is

wg(xl,...,xn):w;\fs(xh...,xn) (47)
if all xq,...,x, are outside P, and
OO L 7 Ch R AL TR
<E8’ >ﬁ¢

otherwise. Once again, the update can be given in terms
of the n-point functions of the initial state of the field,
and in particular, if (s|¢)) # 0, to first order in A,

wrsl(th.’lll, e ,tn, :137,) = wn(tl, Liy... ,tn, CCn) (49)
A / d
+ ———5 [ dtd%z x(¢)F(x)
[(sl)I?
. atn;mn)

x (i) 6] lt) ) wasa (b @, b1, 2,
— i (wls) (s] 1)

= 2 ((@]s) (8] t) [9) wa (b2, @ b ) i (1, ))
+0(\?)

|'¢)> wn—&-l(tlaml, e 5tn;mn7tam)

whenever (t;,x;) € P for some i € {1,...,n}. Just as
before, the second order terms and the more tedious case
in which (s|t¢)) = 0 can be found in Appendix B.

VII. GENERALIZATION TO THE PRESENCE
OF ENTANGLED THIRD PARTIES

In the previous sections the analysis was performed
considering that the initial entanglement of the field



with systems other than the detector is not address-
able and hence irrelevant for the scenarios considered.
However, the update rule given in sections III and V
is not restricted to these situations. Generalizing be-
yond these situations is rather straightforward and con-
ceptually identical to the prescription given in previous
sections. For completeness, we will show here how the
prescribed update rule can be generalized to the case in
which there are other physical systems apart from the
field and the detector that are relevant for the experi-
ments under analysis.

First, note that in Section III we considered the initial
state of the system to be p = pgq ® py for the sake of sim-
plicity, since these two systems are the only ones involved
in the measurement. But it should be immediately real-
ized that we can consider general initial states of the form
p = pa ® pa, where pg is the joint state of the field and
all the other physical systems with which it might share
entanglement that may be relevant for our experiment.
For simplicity of the treatment, let us first assume that all
of them are non-relativistic, in the sense that their indi-
vidual dynamics can be dealt with using non-relativistic
quantum mechanics and in particular they are localized.
We will relax this assumption and allow for the presence
of other relativistic fields at the end of the section.

Let us denote the relevant physical systems that are
not the field or the detector by ¥ = {3y,3,,...}. The
derivation of the updated state for pg proceeds as shown
in Section ITI. The only difference that we need to take
into account is that now, if O is an operator acting on the
Hilbert space of the whole system Hilbert space (detector,
field and ) and |¢1),|12) are detector states, then we
should understand (11| O [1)2) to be an operator acting
on the Hilbert space Hg of the field and the systems in
Y., such that

(@1] (1] O [42) [2) = (¥1, 81| O [th2, D2) (50)

for any |®1),|P3) € He. Clearly, Eq. (50) is the general-
ization of Eq. (11). It is straightforward to check that all
the prescriptions given in Section V still apply after this
direct generalization has been made, taking into account
the extra systems when keeping track of the available in-
formation. However, in this more general setup, giving
the update solely in terms of n-point functions as in Sec-
tion VI would no longer be possible. Nevertheless, we
can consider “joint” extended m-point functions of the
joint system as follows: notice, first of all, that just as
any observable of the field can be expressed in terms of
the field operators, any observable of the systems in a
subset I' C ¥ can be expressed in terms of the rank-one
operators |;)(Vml|, as

Or =Y (m] Or [Ym) [11) (Ym| (51)
l,m

for an orthonormal basis {|y;)} of the Hilbert space of
I". Thus, any operator acting on the field aAnd I" can be
expressed in terms of the field operators ¢(x) and the
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rank-one operators |y;){(vm,|. We can therefore define the
extended n-point functions as

%) (52)
= tr(ﬁq>|’n><7m| (;g(xl) T Qg(xn))

Wr p(l,myxq, ..

for n > 0, where

wro(l,m) = tr(pa|y) (yml ) - (53)

The extended n-point functions characterize pg. The
update rule can now be given in terms of an update of
the extended n-point functions, which can be shown to
be just a modification of the update for n-point functions
given in Section VI.

a. Non-selective update. Since the non-selective up-
date (24) is trace-preserving and it acts non-trivially only
on the Hilbert space of the field, we can simply prescribe
the same update of Eq. (38) for each of the extended
n-point functions:

@Rsn(l,m;xl, cey X))
= (Mg po ML 1) (| (x1) -~ S(xn))  (54)
+ tr (Ms,ppo MLy 1) (vl 90x1) -+~ $xn)) -

As in Subsection VIA, this expression can be written
in terms of the non-updated extended n-point functions.
Note that, in particular, WXy (1, m) = wr o(l, m).

b. Selective update. Same as in Section VI, the pre-
scription of the update requires to keep track of where
the information is accessible. This leads to a piecewise
definition as in Eqgs. (47) and (48): let P be the causal
future of the region in which the projective measurement
on the detector is performed,

@lsﬂ’n(l,m;xl, ceyXp) = ﬁy}sn(hm;xl, ey Xn) (55)
if all xq,...,%x, and the systems of I are outside P, and
@%)n(l,m;xl, ey Xn)
(Mg pa ML) (| 6(x1) -+ d(x0)) (56)
tre (poEs.p)
otherwise. In particular,
@p o(l,m) = wr'g(l,m) (57)
if the systems of I' are outside P, and
= tr (Mg po My 1) (ym )
’LUF’O (l, m) = N ,A (58)
tre (po B,y
otherwise.

To end this section, we can address the case where
the third parties sharing entanglement with the probed
field are themselves relativistic fields. In that scenario,
Eq. (51) is not useful anymore, since for a basis of the
Hilbert space of a field, the rank-one operators |y;){ym|



are not local objects and the update to the extended
n-point function has to be defined over local regions of
spacetime. Fortunately, the field itself is defined in terms
of local observables. The local observables of a field o
in ¥ can be expressed in terms of its associated field
operators 6(x). Thus, for the simplest case in which the
only system in ¥ is a field o, we define the extended
n-point function as an (n’,n)-point function,

W, (Y15 -+ o5 Ynri X1y -« 5 Xn) (59)
=tr(po 6(y1) -+ 6 (yn) D(x1) - P1(xn)) -

This expression provides the extended m-point function
that substitutes Eq. (52) for the case in which ¥ is one
relativistic field. If there are more fields present, one
can build the extended n-point function in an analogous
fashion. Regarding the update rule, in the same spirit of
the prescriptions given in Eqgs. (54),(55) and (56),

~NS .
wn/,n(ylﬂ cee Y/ X1y e ,Xn)

= tr (M, ypo M ,5(y1) -+ 6 (yn)d(x1) - -
+ 1 (M ppa M 46 (y1) -+ 5 (yn)dlxa) -+

$(xn)) (60)
é(xn))

for the non-selective case, while for the selective case,

ﬁi/,n(yh RRVAVED ST
:ﬂ')gsn(yl,...,yn/;xh...,xn) (61)
if all xq,...,x, and y1,...,y, are outside P, and
@E,,n(yl, e Y XLy ey Xp)
_ el 6l1) - 0mb0) - d)
tre (ﬁ@Es,w)
otherwise.

Finally, for the mixed case in which ¥ contains both
localized non-relativistic systems and relativistic fields,
we just need to use the natural combination of both for-
malisms, that includes one-rank operators of the form
|71} {(ym| for the non-relativistic systems and field opera-
tors &(y) for the relativistic fields.

VIII. A PRACTICAL EXAMPLE WITH

DETECTORS

To further clarify how to use the formalism in a practi-
cal implementation we will consider an example involving
three stationary experimenters, Alba, Blanca and Clara,
each provided with a two-level Unruh-DeWitt detector.
The situation, depicted in Figure 1, is as follows'!:

Il This configuration is a pretty archetypal setup in Relativistic
Quantum Information in scenarios of entanglement harvesting,
see e.g. [57, 58] among many others.
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e Clara performs a measurement with her detector,
by first letting it interact with the field and then
performing a projective measurement on it, imme-
diately after the interaction is switched off.

e Blanca lets her detector interact with the field in
the causal future of the projective measurement
performed by Clara, P.

e Alba lets her detector interact with the field in a re-
gion that is spacelike separated from both Blanca’s
and Clara’s interaction regions.

FIG. 1. Configuration in a slice of spacetime of the interaction
regions of detectors A, B and C. In blue, the causal future of
the projective measurement performed on C, P; in pale blue,
the causal future of the measurement that is not already in
the future of the projective measurement, J* (D) \ P.

We consider an initial state
P = Pa® Ps @ pc @ pg (63)

for the array of detectors and the field. For simplicity we
have assumed that the detector that is measured starts
out in a pure state, pc = |¢)(¢0]. In the interaction pic-
ture, the interaction of the detectors with the field is
given by the Hamiltonian

Hl(t) = HA(t) + HB(t) + Hc(t) ) (64)

where
1,0 = A On0) [ 2@t (63

is the same Unruh-DeWitt Hamiltonian from Eq. (1), for
v € {A,B,C}. Now, since Clara’s operations causally
precede Blanca’s, and since Alba is spacelike separated
from both of them, the unitary operator that describes
the evolution of the three detectors and the field

U=Texp [—i /Oodt’ (fIA(t’) + Hy(t) + flc(t’))]

— 00

can in fact be written as [26]



where
0, = T exp <—i / Car fL,(t’)) (68)
for v € {A,B, C}. In particular, we have that
(U, Us) = [0, Uc] =0, (69)
and by Eq. (14),
U, M) = [0, M] ] =0 (70)

for any |¢) € He.

We are interested in studying how the measurement
performed by Clara affects the joint partial state of Alba
and Blanca, p,g, as well as their individual partial states
pa and pg. Along the lines of previous sections, we dis-
tinguish whether the measurement performed by Clara is
non-selective or selective. For the sake of clarity, in the
main body of this section we will use the approach that
uses a context-dependent density operator, as presented
in Section V, instead of the equivalent but more involved
formulation based on m-point functions and its exten-
sions, presented in Sections VI and VII. Nevertheless, we
have explicitly computed all the updates using the for-
mulation of extended m-point functions in Appendix C,
showing explicitly that both methods give the same re-
sults.

A. Non-selective measurement

Since it is less involved from the point of view of the
update rule, let us first address the case in which Clara
measures non-selectively. We will show that in the non-
selective case the updated partial states of Alba and
Blanca will coincide with the case where the three detec-
tors interact with the field and we trace out the state of
Clara’s detector. That is, the only influence that Clara’s
detector has on p,g is through its coupling to the field
since no information about the measurement is assumed
to be known by Alba and Blanca.

We already argued in Section I'V that all observers are
susceptible of being informed of the performance of the
measurement without knowing its outcome. Thus, we
can consider that both Alba and Blanca have access to
the non-selective update of the state'?. For our purposes,
it is simpler to consider the update of the measurement

12 Note that since Alba is spacelike separated from both Blanca and
Clara, it does not matter whether we carry out first the update
of Clara’s measurement or the evolution due to the interaction of
Alba’s detector, as we saw in Section IV and becomes apparent
in Eq. (70).
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in the first place. Thus, we obtain a final joint state
s = trg (U Us[ps ® pu ® Mepps M), |UTUT)
+trg [UAUB (P2 @ ps @ Ma,wﬁ¢Mg)w)UgU):] (71)
= tre,e [UAUBUC(ﬁA ® ps ® [P) (Y] ® ﬁtp)U;rUgUI] ,

where in the last step we used Eq. (25). As anticipated,
this is the same result obtained for p,z in the case in
which Clara does not perform a projective measurement
on the detector at all. The partial states are

ﬁ{; = tra(Pas) (72)
= tre,s [UsUc(ps @ [¥) (3] @ p) ULUS]

and
Py = trs(pas) = trg [0A(ﬁA ® /3¢)0,I] . (73)

where in order to trace out A and B we have used Eq. (69)
and the cyclic property of trace.

The same results of Egs. (71), (72) and (73) are ob-
tained by using the extended n-point function update
formalized in Section VII, as can be explicitly seen in
the calculations leading to Egs. (C6), (C8) and (C10) in
Appendix C.

Notice in particular that p, does not depend on the
operations performed by Blanca and Clara. In fact, as
we expected, this is the same result that we would have
obtained had we updated the state with the interaction of
Alba’s detector in the first place. Note that both partial
states satisfy

ﬁ; = trB(ﬁ;B) and ﬁ1l3 = trA(ij\B) . (74)
This is a consequence of the fact that for non-selective
measurements, as we saw in Section IV, there is no need
to make a distinction in the update for observers inside
‘P and outside P, since they may in principle have access
to the same information: that a measurement whose out-
come is unknown has potentially been performed. More
concretely, here both Alba and Blanca are ignorant about
the outcome of Clara’s measurement, and therefore all
three partial density operators, p,z, pa and pg are cal-
culated with the same amount of information about the
field and its interactions.

B. Selective measurement

The case in which Clara performs a selective measure-
ment requires slightly more care than the non-selective
one, since in this case the updated state after the mea-
surement depends on the observer and the information
that is available to them (in the language of n-point func-
tions, the update is defined piecewise, unlike the non-
selective case). As in the non-selective case, for the sake
of formal simplicity, in this derivation we will perform the
update due to Clara’s measurement in the first place. We



will check nevertheless that, as before and as should be
required, the results are the same if we evolve the state
due to Alba’s interaction in the first place.

To calculate the joint state p,s, we need to take into
account that the information in this state is only fully
accessible by an observer that eventually has access to the
information from both systems held by Alba and Blanca.
In particular, such an observer has access to the outcome
of Clara’s measurement, since Blanca does'®. Therefore

1 [UaUs(pa @ po ® Mooy po M ) OSUY]
7 (P Ee,y)

g [UaUMe o (pa ® po ® po) M, USUL]

- 26 (P Be,yp)

~/

Pas =

(75)
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where the last step is simply an abuse of notation. For
calculating pg, observe that since Blanca is in the causal
future of the measurement performed by Clara, she has
access to its outcome. Thus,

P tra¢ [UAUBMc,w(ﬁA ® éB ® PAcb)McT,qug[jI] (76)
trg (PpEep)
e [Us Moy (s ® po)M! U]
trg (P Fes)

Finally, if we want to obtain j,, we just need to take into
account that Alba does not have access to the outcome
of Clara’s measurement, and hence the state of the field
that she deals with is the one updated non-selectively or
directly the initial one (since both bring the same result,
as we saw in the previous section). The result is therefore
the same of Eq. (73) for the non-selective measurement,

= trA(ﬁfAB) .

ph = trg [Us(pa @ po) U] - (77)
Notice that

ﬁfx 7’é trB (ﬁixs) ’ (78)

since p, was calculated for an observer that, unlike Alba,
knows the outcome of Clara’s measurement. In fact, if
Alba eventually reaches the causal future of Clara’s mea-
surement and learns of its outcome, then the state should
be updated as

N trg, [UAUBMc,w(ﬁA ® pp ® PA¢)MJ,¢UJUI]
Pa = (79)

trg (g Le)
7 tr¢[UAMc,¢(ﬁA®ﬁ¢)MJwUH — tro(0)
= = = ' ;
tr (g Eew) v

13 This line of reasoning is completely analogous to the one carried
out in Section VIB2 to prescribe the piecewise update of two-
point functions.
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same as for pf,.

The same results of Eqgs. (75), (76), (77) and (79)
are obtained by using the extended n-point function up-
date formalized in Section VII, as can be explicitly seen
in the calculations leading to Egs. (C21), (C23), (C25)
and (C27) in Appendix C.

IX. A MEASUREMENT THEORY

We have proposed a measurement scheme where lo-
calized non-relativistic quantum systems that couple co-
variantly to the field gather information about its state.
We are now in position to argue that this measurement
framework has all the characteristics that one should
expect from a proper measurement theory for QFT.
Namely,

1. It is consistent with relativistic QFT. The measure-
ment process consists of two steps: the interac-
tion between the detector and the field, and the
projective measurement on the detector once the
interaction has been switched off in order to ac-
cess the information about the field stored in it.
From recently established results, we know that
UDW detectors can be coupled fully covariantly
to quantum fields [25], and that the interaction
with the field does not per se allow faster-than-
light signalling [24, 26]. Furthermore, when a de-
tector is smeared, the possible signalling appears
only in a restricted and controlled way if there is
a third, non-pointlike detector mediating between
them. Such a causality violation does not even
become apparent in leading orders of perturbation
theory [26]. As for the projective measurement on
the detector, in this work we have shown that the
effect of performing projective measurements on de-
tectors and updating the field state consistently is
as safe from causality violations as the interaction
with the field itself (Section IV).

2. It provides an update rule. As we have explicitly
described and discussed in Sections V, VI and VII,
we have given a consistent update rule for the
field state after the measurement that respects
causality—as explicitly manifested in the update
of the (extended) n-point functions—and includes
the information obtained from the outcome of the
measurement in the spirit of Liiders rule, enforcing
the compatibility of sequential measurements.

3. It produces definite values for the outcome of single-
shot measurements. Since the detectors are mea-
sured through projective measurements, the out-
come of a measurement is a real number that can
be written down in an experimenter’s notepad.

4. It is capable of reproducing experiments. Indeed,
particle detector models have been proven to cap-



ture the features of experimental setups in quan-
tum optics and the light-matter interaction [31-

, 43], as well as the phenomenology of the mea-
surement of other quantum fields such as, e.g., neu-
trinos [59, 60]. Particle detector models are there-
fore directly connected with experimentally realis-
tic setups where quantum fields are measured.

By satisfying these four characteristics, we conclude
that the measurement scheme proposed in this article
constitutes a measurement theory for QFT that can still
rely on the projection postulate of non-relativistic quan-
tum mechanics to access the information in the field.

X. CONCLUSIONS

Since Sorkin’s seminal paper in 1993, it has been ev-
ident that the measurement theory of non-relativistic
quantum mechanics cannot be directly imported to quan-
tum field theory due to relativistic considerations. As
Sorkin put it, “this problem leaves the Hilbert space for-
mulation of quantum field theory with no definite mea-
surement theory” [7]. In this paper we have proposed
a way to build a measurement theory for QFT based
on particle detectors that 1) has all the advantages of
the measurement theory of non-relativistic quantum me-
chanics, in that it provides the values of single-shot ex-
periments and there is a state update enforcing compat-
ibility with future measurements, 2) is compatible with
relativity and is safe from gross causality violations, and
3) can be easily connected to experiments.

In order to establish the consistency of the proposed
measurement scheme—consisting of 1) interaction of the
detector with the probed field and 2) performing an
idealized measurement on the detector and updating
accordingly—we have relied on previous results estab-
lishing the covariance of the UDW detector-field cou-
pling [25] and the compatibility of the interaction with
relativity [24, 26]. In addition, in this work we have
shown that the performance of the projective measure-
ment on the detector does not introduce any causality
violations, and we have provided a contextual update
rule for the state of the field after the measurement.
This update rule has been given in full detail in terms
of (extended) n-point functions of the field for both non-
selective and selective measurements on particle detec-
tors, and we have shown how it is implemented in a prac-
tical example.

These results provide a formal basis for a measurement
theory for QFT. Furthermore, they pave the way to fully
relativistic formulations of problems in the light-matter
interaction where the role of measurements is central,
such as the quantum Zeno effect [34, 35], the delayed
choice quantum eraser experiment [36—10], and many
other similar experiments that can be performed within,
e.g., the framework of the light-matter interaction.
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Appendix A: Causal behaviour of the selective
update

In this appendix we analyze the causal structure of the
selective update, confirming that it affects local opera-
tions outside the causal future of the interaction region
and therefore should not be applied as a global update
anywhere outside the causal support of the detector if we
want the update rule to be compatible with relativity.

Following a selective measurement, we consider the up-
dated state of the field to be

Py =iy (A1)

where [)Z)’w is given by (13) for a specific |s) coming from
the result of the measurement. For this update, we will
use the following estimator to evaluate where in space-
time the POVM alters the field:

An(tl’wh... n)
= (<¢E(t1,w1)"'</3(tmwn)>ﬁ;
—{p(tr, 1) Btn @) 5, ) (Es ) g
= <MJ,¢</3(t1, xy)-- (/;(tnvwn)Ms,w>ﬁ¢
(ML M) 5 (D1, 1) - Bty @) p, -

Jtnﬂw

(A2)

This estimator is the difference between the n-point func-
tion of the post-measurement and the pre-measurement
state of the field, but multiplied by the quantity
tr(pyLs,y) to make the evaluation simpler. Note that
this trace is finite and positive if the updated state is
well-defined. Studying where the estimator A,, is non-
zero gives us information about the spacetime domain of
the effect of the selective update.

We will first perform the analysis without making any
assumptions on the pure state of the detector [¢)) or the
initial state of the field pg. In this general case we will see
that already for the one-point function, A; (¢1, 1) can be



non-zero out of the causal future of the detector, to first
order in perturbation theory. In the next subsection, we
show this also happens for the updates associated with
eigenstates of the detector Hamiltonian, by going to order
A2 in the one-point function. We end the appendix by
showing that there are certain conditions under which the
update does not affect the one-point function out of the
causal support of the detector. In this last case we have
to use the two-point function to confirm that, as in the
rest of the cases, the selective update has an effect over
regions of spacetime that are spacelike separated from
the measurement.

1. The general case

In order to analyze the change in the one-point func-
tion, we use (A2) with n = 1 and the perturbative expan-
sions considered at the end of Section III. For the first
term in Eq. (A2),

Mi,wé(th $1)Ms,¢ = MLE} )¢(t1,:c1)M(0)
43 (3] Dbt @)L + 31 V(1,212
+0(\?) .

Term by term, for the zeroth order,

= (sl d(tr, 21) -

M;( Pt 1) M, (Ad)

For the first order in A,

Nt Dy, )N =i (sy) / dt Az (1) F(z)

X (s A(t) [9)" S(t, ®)d(tr, 1) (A5)

and
Nt Oty w81 ) = —i (s])" /dtddmx 1 ()

X (s| fi(t) [v) S(tr, ®1)d(t, ) (A6)
which add up to

(Mg,wé(tl, ml)Mw) v
—2 [ dtdle x(OF (@) In((v]s) (] (0 |4)
< o(t, x)p(t1, 1)
~i [ dtdtex(F @) (01s) (61 (0) 10)

X [b(tr, 1), o(t, )] .
On the other hand, for the second term in (A2) we have

(A7)

A 8t = <0>M<°1; (A8)
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with
N N (0) N N
(W11 W) = ML DN = (s )P (49)
and
(3] W) =2 / dt d%e x(t)F(x) (A10)

x Im((yls) (s| alt) [9))o(t, ) -

We are now set to examine Aq(t1,x1). At zeroth order
it is trivial that there is no difference. Up to first order
in A,

Ayt @) = AA (1, 21)M + O(A?)
=2\ [ dtde x(OP (@) Tn((]s) 5] (1) )
X (p(t, x)P(t1,21))p,
~ix [ dtdla () F(e) (wls) (s i(0) )
< (6(t.2). 312, 21),
~ 2 [ drdla (P (@) () (o (1))
< (9lt, ), (9(t1,0))g, + OO?)
=2\ [ dtde x(OP (@) Tn((Wls) (5] (0) )
x Covy, [b(t, ), (1, 1))
~ix [ drdta (0P (@) (wls) (5] (0) )
< (6(t2). 312,215, + OO?)

where Cov;[A, B] = (AB); — (A);(B);. The term in
the last line, depending on the commutator, is definitely
not contributing to Ay when (¢1, 1) is out of the causal
future of the interaction region. However, the term in
the penultimate line will contribute in general to A; not
being zero in that same case. Indeed, (v|s) (s|i(t) |¢)
is not real in general, and the correlations of the field
Covp, [é(t, x), d(t1, x1)| will not vanish in general if (¢, =)
and (t1, 1) are spacelike separated. The reason why A
does not vanish everywhere outside the causal support of
the detector is that once the detector starts interacting
with the field, it gets entangled with it (in a way that re-
spects causality [24, 26]). As the state of the field will in
general show spacelike correlations [3, 6, 13, 14, G1], the
projection operator destroys some of these correlations.
The entanglement between the detector and the field gen-
erated by their interaction thus hinders the possibility of
applying the selective update outside the causal future
of the detector in a way consistent with the relativistic
framework of QFT. Not even in the—singular but gen-
erally less problematic in causality-related issues—case
in which the detector is considered to be pointlike and
the interaction sudden, that is, with x(¢) = (¢) and

(A11)



F(x) = §(x), is the update safe from being non-causal.
Indeed, choosing

) = %( ilg) +le)) sy =le) po=10)(0] (A12)
we have ($(t,x)) = 0 for every (¢,x) € R* and therefore
Ai(ty,21) =M(0,0)9(t1, 21))5, (A13)

50,0
+508(0,0),8(0, 21)])5, + O0?)

For spacelike (t1, 1), this gives

Ai(t, 1) = )‘<(/B<Oa0)$<t17$1)>ﬁ¢ +0(N) (A14)
which in general does not vanish.
2. The ground and excited states
By examining (A1ll) one observes that Agl) cancels

out of the causal future of the interaction region if both
the initial state |¢) and the state associated with the
projection |s) are eigenstates of the free Hamiltonian of
the detector, that is, if |¢),|s) € {|g),le)}. These are
important states, and one could wonder if for these states
the selective update could be safe from showing the non-
causal features we saw in the previous subsection. The
answer is no, as can be checked by simply analyzing the
next order of A; in perturbation theory. Proceeding as
before,

NP SN . .
(le(b(tl, ml)Ms’w) = M;Lﬂ(f)(,b(tla ml)Mb(,Od))
~rt(0) 2 (2 ot (1) 5 ~r(1
+ ML DGt m) ME) + ML D b, )M (A15)

—/dt dt’ d%e d%'x (t)x(t' ) F(x)F(x') - C

where

C=0(t—-1t)
x ((slv) (¥l
+ (ls) (s| o
— (Wl a(t) |s) (s

Now,

(A16)
A |s) ot @) (t, ) b(tr, 1)
(DAE) [1) P(tr, 1) d(t, )(t, @)
| A(t) )

( /) W) ds(tvm)é(tlaml) (t/aml) .

Ot —t")+60t —t)=1 (A17)
almost everywhere, as the diagonal set {t = ¢’} C R? in
which the equality does not hold has zero Lebesgue mea-
sure. Therefore, for a smooth switching function x or, in
general, one switching not involving delta functions, we
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can write
=0(t' —1)
x o(t,@) ((slv) (Y] AAE) |s) (1, 2" )(t1, 1)
— (W1 Alt) |s) (s| 4(t)) [¥) d(t1, 21)o(t' )
+0(t—1t) (A18)
x ((Wls) (s M)A [4) S(t1, T1)d(t, @)
— (W] (1) [s) (s| (1) [) D(t, ) P11, 1)) (1, @)
and in particular
(s9) (W] 6)a(t') |s) (1 ') d(tr, 1)
— (@1 t) |s) (s] f(t') [10) D1, @1)(¢, ')
= (s|o) (@A) [s) [t '), G(tr, @1)]  (A19)
+ ((slv) (Wl ia(t) (') |s)
— (@1 At [s) (s| ) [))S(tr, 1) (' ')
and
(Wls) (s| p(E)AE) [8) d(tr, 1) (1, )
= (Wl At |s) (sl At [@) S(t, 2)o(tr, 1)
| (A20)

s| A(E) [9)d(t, 2)d(tr, z1) .

Now, since the factors accompanying C in the integral of
Eq. (A15) are symmetric in ¢ and ¢, we can safely ex-
change both time parameters in the 6(¢' —t) term, hence
rewriting

(slw) (Wl at)ialt) |s) o(t', @)
(tr, @) + ((s |1/’>< | A(t)a(t) [s)
ot ") p(tr, x1)o(t, x)
Lt @)t @)

(A21)

<

)
> )&(tﬂ m)qg(tla ml)(i(tla :13/) .

We still have to compute

@
1 (2) 1770 0) (2
(W] 0y ) = a] PG + 1] PN (a22)

We proceed exactly as above, the difference being that
we do not have the field operator ¢(¢;,21) in between
anymore. In the same spirit, we get

D
(M;ers,w) S / dtdt’ dle dla’ v (t)x(t) (A23)
x F(x)F(z')-Z



where
=00t — ¢)[(((sle) 0l e )ilt) |s)
— (LA [s) (s] lt) [9) ) (¥, )t @)
+ ((Wls) (sl AOAE) 1)
= W) ]s) (s 4t [))(t @)t @)

We realize that the terms that are not included in the
commutators in (A21) are conjugate of each other, and
that the same happens with the terms in (A24). Putting
everything together, we get

(A24)

AP = - / dtdt’ d'zd'a’ x(x(t)  (A25)

x F(x)F(xo(t—t') - R
) é(tlawl)bpqs

ot @)t @),
(A26)

<8|¢> (¥l ﬂ( i(t) |s) (St &) [(t,
t ) );

= ((Wls) (s A&)a(t') 1)
— (Wl () Is) (s| a(t') [4) )
x ((6(t, @)t @), ') p,
— (D, )(t' )5, (D(t1,21))p,) -

Now, the first two terms of R are proportional to com-
mutators, so that if (¢;,21) is spacelike separated from
the interaction region, they become zero. However, S is
not zero in general in that case, nor purely imaginary.
In fact, this is the term that allows us to confirm that
even for the ground and excited states the selective up-
date should not be applied outside the causal future of
the detector. For example, consider the case in which
the field is initially in a coherent state py = |¢)(p|. For
these states, the correlation functions of one, two and
three points are

(A27)

)>p¢ o(x)
)A(Y)) 5y = L(X)P(Y) + Wae(x,Y) |
< ()D(Y)0(2))5, = p(x)(y)e(z) (A30)
O(X)Wyac (¥, 2) + ©(Y) Wyac (X, 2) + ©(2) Wyac (X, y) -
¢(x)

where x,y,z € R*,
herent state at x and

is the field amplitude of the co-

Wvac (X, Y)

(016()d(y) [0)

is the two-point Wightman function. If we additionally
consider |¢) = |g) and |s) = |e), then

(@ls) (s m(O)p(t) [v) = (W] u(t) [s) (s] p(t') )

_ _e—iQ(t—t’)

(A31)

(A32)
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and

(B(t, ) p(t1, 21)B(, z'))p,
— (¢t @)t @) (B(t1, 1)) 5,
= o(t, ) Wyac(t1, 1, ', )
+ ot 2N wyac(t, x, t1, x1) .

(A33)

The product of both terms is not always purely imag-
inary, as the sum of it and its conjugate is non-zero
in general. We conclude that, under these conditions,
A:(LQ)(tl, 21) does not cancel out for every (¢;, 1) space-
like separated from the interaction region.

3. Gaussian states

Observation of (A27) reveals that still, if the initial
state of the field is the vacuum, or a thermal state, the
selective update does not affect the one-point function
outside the causal support of the detector. What these
states share that makes S in (A27) cancel out are its van-
ishing one-point and three-point functions. In particular,
we can prove the following.

In the previous setting, if |s) and |¢) are in {|g),|e)}
and py is a Gaussian state with <¢3(x)>,;¢ = 0 for every
x € R, then the selective POVM update does not affect
the one-point function outside the causal future of the
interaction region.

To prove this claim, we proceed simply by examination
of the general term

Agp,q) :<MT (p)qg(tl ml)M‘S(:Zqz>ﬁ¢

—(N1F POV Gt 1)),

where the second term vanishes because of the assump-
tion (¢(x))s, = 0. The exact same kind of calculation
carried out before yields

(A34)

A(lp#l) — ipt3q / dty ... dt, dt) ... dt; diz,...d%,

xd¥2) .. d% 0t —to) - O(tpm1 — )
x Bty — o) -0ty — tg)x(t) - x(tg)
X F(z1) - Fzg) (Y| fi(tp) - fi(t1) |s)
X (s] () -+ fulty) [} (D, 2p) -+~ B(t1, 21)
X ¢(t1, $1)¢(t1a zy) - gb(tq, 2q))ps (A35)

In order to analyze this expression, we first calculate the
general form of the operator fi(t1) ... i(ty): let us define

N
T=> (-1t (A36)
n=1
then if N is odd, in the ordered basis {|g),|e)},
R R 0 eleT
) io) = (e ©g ) (4



while if V is even,

)it = (7 i (A3
Thus, if |s) and [¢) are in {|g),]e >}, the term
(W altp) - -~ f(ta) [s) (s[ a(t1) - - A(tg) [¢) in (A35) only

survives if

(1) |s) # |) and both p and g are odd, or
(2) Is) =

Now, the last factor of the integral in (A35) is the
(p + q + 1)-point correlation function

(Bt 2p) -+~ Db, 20)B(t1, 1) (8, 2]) - -

|1} and both p and ¢ are even.

D(tg, 2¢))p, -
(A39)
But for both cases (1) and (2), the parity of p and ¢ is
the same, so that p + g + 1 is odd, and therefore the
correlation function above is zero, since the state pg is

Gaussian [51, 52]. We conclude that under the stated
hypotheses,
Agp,q) (tl, a:l) =0 (A40)
for every (p,q) and therefore
Al(fl, 331) =0 (A41)

for every point (t1,x1).

Observe that rather than showing that the conditions
of the claim guarantee that the selective update does not
affect the one-point function outside the causal support
of the interaction region, we have proven that it does not
affect it at all. As a consequence, to show that the selec-
tive update alters the state of the field outside the causal
future of the detector under the hypotheses of the claim’s
statement, we need to consider the two-point function of
the updated state.

First, we have by (A2) for n = 2 that

Ag(x1,%2) = A;rwqg(xl)g’( 2)Ms,w>;§¢ (A42)
— (M} M )5, (6x1)(x2)) 5, -

Following the same calculations as in Subsection A1 of
this appendix, but with two field operators instead of
one, it is straightforward to see that, up to second order
in A,

Ag(ty, 1, ta, o)
:2)\/dtdd$ X () F () Im((b|s) (s] fu(t) |10))
x Covy, [o(t, ), o(t1, T1)P(ta, T2)]
- i)\/dt d%e x()F (=) (¥ls) (s| p(t) [¢)
< ([p(t, ), d(t1, T1)P(ta, T2)]) 5,
—\? / dt dt’ d%x d%a’ x(t)x(t')
X F(z)F(x")0(t —1t") - Ro

(A43)

+0O(\%)
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where
= (s[v) (W[ at")a()|s) (A44)
x (ot @) [@(t, @), d(t1, 1) d(t2, T2]) 5,
+ (Y]s) (s] p(t)a(t’) 1)
<[ (tlﬂwl) (tQ’wQa ( m)]é(tlvm/)>ﬁ¢
+2Re(82)
with
Sa = ((¥ls) (sl at)i(t’) [4) (A45)

— (@l a(t) Is) (s| a(t") 1))
< ((p(t, @) d(t1, 1) (L2, T2)B(t ")) 5,
_<¢(t’w ( )> < (t17m1)¢(t27$2)>ﬁ¢)'

When we consider |s),|¥) € {|g), |e)}, the first order in
A becomes zero. Moreover, when (t1,x1) and (t2,x2)
are spacelike separated from the detector, the first two
terms of Ro, that depend on commutators, are zero, and
only the real part of Sy remains. When |s) and |¢) are
eigenstates of the detector’s Hamiltonian, then it can be
checked that the first factor in Sy is ZeFi2(—t)  where
the signs depend on whether we take the ground or the
excited state for each of |s) and |¢). For the second
factor, because the field state is Gaussian, it holds that

w4(X7 X1, X2, X/) — W2 (Xv X/)w2 (Xla X2)

= wa(x, X1 )wa (X2, X) + w2 (X, X2)wa (x1,x’) .

(A46)

This makes apparent that if we exchange t and t', the
modified Ss is the complex conjugate of the original. Tak-
ing advantage of the fact that only the real part of Sy
contributes, and proceeding as in Subsection A 2 to get
rid of the Heaviside step functions €, we conclude that
under the conditions of the claim above,

Ag(tl,fﬂl,tQ,mg) = ﬂ:/\z/dtdt/ dd:tddili/

X X ()X (t')F (@) F(a') )
X (’LUQ(t, x, t17 $1)w2(t2, o, t/, :13/)

+ wa(t, @, ta, mo)wo(t1, 1, ¢, ') + oN%),

(A47)

which as a distribution is non-zero in general. Consider
for example the case in which the initial state of the field
is the vacuum. In that case the last factor of the inte-
grand involving the two-point functions is

d d
)\2/ d’k / d?k’ (e—i[wk(t—tl)—k-(m—mﬂ]
2(2m)%wy J 2(27)%wpy

X e,i[wk,(t27t’)7k’.(m27w’)] 4 67i[wk(t7t2)7k§~($7$2)]

y e—i[wk/(tl—t’)—k/~(w1—w/)]) . (A48)

Particularizing for [¢)) = |g) and |s) = |e) and using
(A4T7), we get that if (¢1,21) and (t2, x2) are spacelike



separated from the detector,

Y /ddk /ddk’
S 42m)dt ) wg W

“F(k)*F(K')

A2(t17w13t23 5E2)

X X(wk + Q)X (wer + Q) (A49)

% (ei(wktl—wk/tz—k-m1+k'-:‘c2)
+ efi(wkbfwk/tl7k~w2+k'-m1)) + O(Af}) .

This expression does not cancel out in general, as can be
checked considering for example Gaussian smearings and
switchings.

With these calculations we have discarded the last of
the cases that remained open to the possibility of ap-
plying the selective update globally in a way compatible
with causality. We thus conclude that the selective up-
date cannot be applied outside the causal future of the
interaction region if we want the update to be consistent
with the relativistic nature of QFT.

Appendix B: Update rules for n-point functions

In this appendix we give some of the details behind
the perturbative results of sections VI A and VI B, where
we formulated the update rule for the n-point functions
explicitly in terms of the initial n-point functions to first
order in A\. We will reuse some of the calculations already
performed in Appendix A.

1. Non-selective case

After a non-selective measurement, we consider the up-
date wX® given in (38) for the n-point function. By (A4),
we have that

(Mliwﬁg(h, 1) ... é(tm mn)Ml 1/})(0) (B1)
= (W[1) (1Y) p(t1, @1) ... P(tn, Tn)

for | = s,8. Since |s)(s| + |3)(5| = 14 and |¢)) is normal-
ized, the zeroth order of w,,” is
oty @)

<¢(tlawl) Qg(tn7$n)> P (B2)
wn(

cotn, T

NS
w,, (tl,.’.Ul, ..

t1,xq,..

For the first order, by (A5) we have
M Pty @)
=il [ dedla () F(@) @) )"

X O(t, )(tr, 1) -~ Hltn, Tn)

Ot ) M)

(B3)
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and by (A6)
3 Ot ar)
“iul) [ draex@F(@) 1A |)
X 911, @) Bl )1, )

é(tm mn)Ml(ip)

(B4)

for [ = s,5. Taking the expectation values and taking
into account again that {|s),|3)} form an orthonormal
basis of the Hilbert space of the detector,

whS(t1, @1, .ty )P
—i [ dtate x(OF (@) (0] i) |4)
< (Bt @)t @1) -t 20,
(Bt 1) - Bt 20 2),)

(B5)

This equation, along with the zeroth order and the def-
inition of n-point functions, yields (41). The particular-

ization to n = 2 leads immediately to (40). For n = 1,
we can use the property
wa(t, @, t1, 21)" = wa(ty, x1,t, ) . (B6)
Thence,
iwg(t, @, t1,@1) — lws(ty, x1,t, ) (B7)

— Im [w2(t1,-’1317ta m)] )

which yields (39).
In a completely analogous way, we can perform the
somewhat more tedious calculations leading to the ex-

pression for w)S to second order in \. Using the expan-
sion in (A15) and Egs. (20), (21) and (22),

Mlmz)é(th 131) co é(tru wn)Ml(ﬁ)g

= —<q/)\l>*/dtdt’ dlxdix’ 0(t —t')x(t)x(t) (BS)
x F(z)F (') (s| p(t)a(t’) [4)"
X é(t/> :B/)(;;(t, x)é(tla .’1}1) e Qg(tnv mn) )

N (b, @) - Bt ) M)

— (1) / dtdt’ d?x d%a’ 6(t —t')x(t)x(t')  (B9)

x F(x)F (') (s| p(t)a(t) 1)
X é(th wl) e ¢(tn7 mn)¢( ,:I))(%(t/, w/) ;

NSVt @) - Gt ) M)

= (y|1) / dtdt’ d%x d%a’ x(t)x(t')F(z)F(x')  (B10)

< (] a(t) |s) (s| a(t') )
X ¢(t x) (t1,831) é(tnvwn)é(tlvw/) )



for I = s,s.
arrive at the second order contribution to w,,

Taking again the expectation values, we
NS,

wn (thwl, oot :cn)(Q)

— / dtdt’ d%z da’ x(t)x(t')F(x)F(z')  (B11)

x (60t —t) (] at)adt) 1)

/ !/
X wn+2(t )y & at7aj7t17mla"'

+ @ At i(t) i)
b, @y, t, @, b, ')

7tn7 mn)

X wn+2(t1,w1, ey
— (@A) A") 1)

X Wpao(t, @, b1, ®1,. .., L, wmt’,w/)] .
All together,

WS (ty, 1, sty X)) = Wy (t1, @1, ..ty @) (B12)

+ix [ dtdlex(OF @) 01 4(0) )
X (w'n+1(t7w;t1; L1, - 7tn7wn)
- wn+1(tla L1y atna $n7t7 33))

-2 / dtdt’ de d%a’ x(t)x(t')F(z)F (z')
x (6t =) ( (] t) () )
X wpio(t, @'t 2, b, 21, . ..
+ (W] () ult) [)
X wn+2(t1; Lly--ey

— (@l A at) 1)

X Wyt (t, @, 1, T, - -

+O0(\%) .

7tn7mn)
tnawnvtvwat/a 213,))

7tn7 mn7t/’ m,):|

2. Selective case

For the selective update w?, we consider the update
corresponding to the case in which not all the points
in the argument are outside the causal future of the re-
gion in which the projective measurement on the detector
is performed, P (otherwise the update is just the non-
selective one). Recalling (48), we need to consider two
expansions. First, by (A3),

<MJ,1/,¢A>(7517 ) é(tm xn)Ms,1p>[)¢
= (V] Dt 1) - Btn, ) M) 5,
A Db, @) Dt ) VL)) 5,

Qg(tn7wn)Ms(11z>ﬁ¢)

(B13)

+ <M;f,1(/;0)é(tlaxl)
+0(\?) .
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And second, by (AS),
<Es,d>>A = <MT M ﬂ/’>ﬁ¢

— (1! O8O0, + /\(<

(B14)
)M(0)>
1
(N N5, )+ O0R) |
If the zeroth order term is not zero,

= (slv)|* # 0,

we can give an expansion for the inverse

(<E8¢w>l3¢) -

(0 0
! 510,

s, s, (B15)

. . ) »
= (] 0N 0)y,) T = A w5, (B16)
’r(l) (0) ~rt (0) 15r(1)
<<Ms o M), + (M Ms,wm)
+0(\?).
Thus, by (A4) and (A9), if (s|¢)) # 0, the zeroth order of
wd is
wi(ty, @y, ..t an) @ = (1O N0,
X (VL Dbt ay) -+ Dtn, ) ML), (BIT)
= wn(tl’wlv cee 7tn7mn) .

Also, for the first order,

wysl<t17x1)"'atn?mn)( ) (<MJ1§)O)MS('¢))> )
(0)

x (V] Pt @1) - b(tns @) M)

Gty @) ML)

+ (M D (1, @) - ( w>p¢) (B18)

= (@ N E)y,,)
x (f SN 5, + (1 N1 0)5,)
< (M Dt @) Db, @) ML),
y (A7) and (A10),

wi(t17w1, ey tn, wn)(l)

o dede P (@) (i{s1v) (010 |5

~ (slw)
X <(£(t w)(i(tla 1111) T é(tna wn)>ﬁ¢ - 1<’(/)|5>
X (s| 1(8) |¥) ((t1, ®1) - - D(tn, ) O(L, ) 5,

— 2Tm((¢ls) {s] (t) [¥))
X (Bt 1) Bltn ), (08 2)), )

(B19)

This equation, along with the one for the zeroth order,
yields (49). Particularization for n = 2 gives (46) imme-
diately. For the one-point function, it only remains to
use

wa(t, @, t1,21)" = wa(ty, x1,t, ) (B20)



as for the non-selective case, to get the final expression
n (44).

We can get involved into more cumbersome calcula-
tions in order to arrive at the second order terms of the
expression for w5 when (s|y) # 0. First, by (A15),

<Mi,w¢2(tl7 331) e (ﬁ(tnv xn)Msﬁ))(?)

Po
= (! P oty @) Gt ) ML), (B21)
1 (0) 5 7 (2
(N DOt @) bty ) ML) 5,
(N DOty @) bty ) ML) 5,

Removing the field operators in this last equation we get
the expansion to second order of (E4)s,, and thus for
its inverse the second order contribution is

(Bap)y )@ = (1! Parf)) -2

0 ~ (1 2
x [ D05, + (! P NE)) )

(B22)

0 0 2 0
— (LN 5, (T M) 5,

ot (0) (2 1
LN, + LN )5,) |

Taking also into account the first order contributions in
Egs. (B13) and (B16), and proceeding along the lines of

the calculations for wTS,(O) and ws( ) we get that
WS (ty, 1, .ty )P (B23)
o]
= ———— [ dtdt' d%xd%a’ x(t)x(t')
[(s]¥)[2
L
x F(x)F(z) <0(t -t"T +K - ) ,
(8]} 2
where
J = (s|v) (@l a(t")u(t) |s) (B24)
X (wn-‘rQ(tla ml7 ta T, tlv Li,..- atna CCn)
- w2(t/7 w/7 t, w)wn(th L1y ln, mn))

+ (Uls) (s at)a(t) [¥)
X (Wny2(tr, @1, .o o, Tyt 2, 8, @)

- wn(tlvwly e 7tn7 mn)UIQ(t, m7t/7w/)) )

also

K = (] ft) 1) (s ) 1)

X (wn+2(t,m,t1,:c1, e

(B25)
vty @, t ')
—wi(t,®)wpg1(t1, T1, - by, Ty ', )
tn, Tn)w (', x")
stns Tn)

+ 211)1 (t, m)wl (t/, w')wn(tl, LT1,... ,tn, .’Bn))

_wn+1(t7w7tlvw17" ]

—wa(t,x, t', 2w, (t1, T1, . ..
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and

£ = 2Re({s|0)? (W] (1) s) (W 4¢) |$))  (B26)

)
II:)U)l(t/ m/)wn(tlv Ti,--- atna mn)

(t,
+ (s19)° (] Alt) |s) (] () |s)
)

X w1y

X wl( s )wn+1(t’,m',t1,m1, . ,tn,:cn)

(s] @(t) ) (sl a(t") [¥)

A !
b, T, t', ') .

+ (Ys
xwl( )’Ll)n+1(t1,£151,...,

We finish this appendix by addressing the selective up-
date when (s|t)) = 0. In this case, M( ) =0, and there-

fore, by (B13) and (B14), the zeroth order and first order
contributions of both the numerator and the denomina-
tor in (48) cancel out. Hence,

<M;¢(&(t17 wl) T é(tna wn)Ms,1b> p
= >\2<M5T,1(¢,1)<5(t1,w1) e pltn, wn)Mﬁlq/i)pd,
N (] Pt 1) - ks 2a) ML),

(B27)

+0(\Y),
and in particular,
(Eag)py = (MI M, )5,
_ )\2<M‘L 1)Ms(1w>p¢ +A3<<Mi,fu2)M£1$>
+(1F <1>M§2>%) oMY .

Since the update depends on the quotient of both expres-
sions, we can drop the factor A2 and proceed as we did
formerly with the case (s|t)) # 0. For the zeroth order,
as in (B17),

(1) pr) -1
tnvmn)(O) = (<M Ms(¢>p¢)

1
(tny ) M) 5,

w (ty, 1, ..., (B29)
X (ML D (b)) ot
And for the first order, as in (B18),
wi(tl,wl,...,tn,wn (MT(DM 2}),%) !
x (<MJ,$><£(t1, 1) Htn, 20) M),
+ (] Dt @) bt ) VE))5,)  (B30)

= (PN,

% (<MJ,£02)M( )> + (MT (I)M(2$>,3¢)

< (M Dot @) - St ) M),
For the sake of clarity, let us denote

Fn = / dtdt’ d%x d%’ x(t)x(t')F(z)F(x')  (B31)

X (W] u(t) |s) (s] f1(t) [)

/ /
X wn+2(taw7t1;$17~-~7tn7wnat , L )



and
gn::{/dtdﬂdﬂ%ﬂmdﬁmuﬁm”xayxaqxa”)(Bsm
x F(x)F(z')F(z")0(t — ')
(@mn><w>wm>
X wpis(t', @'tz t, @, ...
(s

— (WIat”) |s) (sl a()A) [¢)

X wn+3(t 7‘73 7t17m1a o tn, mnat7w7t/7m/)) .
Thus, by (B29) and (B30), when (s|¢)) = 0 we have
(B33)

1 1
atnawrut y L )

wi(tl,ml, ceistn, Ty)

Fo  Fo  F2

+0(\?).

Appendix C: A practical example using n-point
functions

In this appendix we study the practical example con-
sidered in Section VIII using the approach based on n-
point functions to implement the update rule. In partic-
ular, we will calculate the joint partial state p,5, and the
partial states p, and pg, using n-point functions and its
extensions as presented in Sections VI and VII. As we
will show, the results are the same as those obtained in
Section VIII using a context-dependent density operator.

1. Non-selective case

We consider the case in which Clara performs a non-
selective measurement in the first place. For an initial
state of the field pg, the initial n-point functions are

Xn) = trg (Ped(x1) - G(xn)) - (C1)

After the measurement, we update w, to w)> following
the prescription in Eq. (38),

’U)n(Xl,...7

wgs(xl, cey Xp)
= trg (Mc,zp%leg(Xl) e (xn)) (C2)
+trg (Mo po MY, d(x1) - d(xn))

= tro,¢ [Ue([9) (0] @ pg)USd(x1) - d(xn)]

where M, is the M operator as defined in (14), for |c)
and [¢) states of the Hilbert space of Clara’s detector.
Now, we need to include the knowledge about the initial
states of detectors A and B in the n-point functions using
the extended formalism described in Section VII,

@pm(k,l;xl,.. Xn)
= tr[Uc(ps ® pu ® ) (] ® )0 (CB)
X k)1 D(x1) - Pxa)]
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where I' C {A, B} and |k),|l) are elements of an or-
thonormal basis of the Hilbert space of I'. We now up-
date wr , taking into account the time evolution of the
detectors A and B coupled to the field as

W, (B lxa, o Xn)
=t [UaUaUc(ps ® pu @ [0)(] @ pg)  (C4)
x USUTOT (k) (U (1) -+~ 6xa)] -
Once we have obtained the extended n-point func-

tion (C4), we are in position to calculate the different
partial states we are interested in. In particular,

(Ias bl s [Ras Ki) = sy 0 ((Ras ) (1as 1))
= tr[U,UsUc(pr @ s @ ) (4] @ py)
x ULOJO [ka ka) (L, 1l ] (CB)
= (I lo] tre, [U U
X (pa © o @ [V} @ po)ULUSUL] [Ras )
where |k,),|l,) € {|9.),]e.)} for v € {A,B}. Therefore,

ﬁfm = tre,¢ [U/\UBﬁc (06)
X (pr ® o @ [1) (| ® po) ULUTUT]
as we obtained in Section VIII. For the partial state pf,
<lB| ﬁ:g |kB> = w}g,o(kB, ZB) (07)
= tr[UnUsUc(pa © s @ [9) (0] @ po)
x ULULUT [ks) (1] ]
so that, proceeding as for p,, above,

Py = trac.6 [UaUUg
X (pa ® po ® [¥) (Y] ® po)ULUIUT] (C8)
= tre,p [UnUc(Pa ® 19) (9] ® po) ULU] -
Analogously,

(Ll Py Vea) = W) o (R, 1) (C9)
= tr[U,UsUc(pa ® s @ [$) (4] @ py)
x UUSUT [ka) (1ul ]
thus getting

ﬁ;\ = trp,c,¢ [UAUBUC
X (pa @ pu @ |¥) (1] @ pg)USUL U]
= try [Us(pr ® pg)U}] -

(C10)

We see that the results obtained for the density operators
associated with the partial states p, ,, pa and py using the
n-point function formalism for implementing the update
rule are the same as those obtained with the context-
dependent density operator formalism.



2. Selective case

Let us now analyze the case in which the measure-
ment performed by Clara is selective. In this case, the
approach based on n-point functions has the advantage
that the analysis of where the information is accessible is
already contained in the piecewise definition of the selec-
tive update, so the calculations are more systematic. As
a downside, it is more cumbersome than the density op-
erator approach. Starting from the same initial n-point
functions of Eq. (C1), after the measurement we update
wy, to ws following the prescription of Eqs. (47) and (48):

wfb(xl, cesXp)

= tre,6 [Uo( [9) (4] @ pg)Uld(x1) -+~ d(xn)] (C11)

if all xq,...,x, are outside P, and
trMC b M T B(x -~-Axn
W (X1, .y Xn) = (Mewpo C’Zp¢A( 1) $bxn) (C12)
trg (PoLep)
otherwise. Now, to include detectors A and B in the

picture we use the extended formalism we introduced in
Section VII. Since B is in the causal future of the mea-
surement, we have

w?A,B},n((kA’ kB)7 (lAa lB);xh v ,Xn)
= 00,6 [ Mo (pa @ po ® pg) M, (C13)
. . PN
X [kay ko) (la, ls| @(x1) - - ¢(xn)]tr¢ (P¢EC,¢)

and

@ (ki L) X1+, Xn)
=t .6 [ Me,y(pa @ pu ® pg) M,
X k) (L] S0x1) - -~ S 016 (Ps Bery)

= trpg [ Mo (pn @ po) M,
X [k ) (Ia] @(x1) - - S(xn) [t (Pg Bers)

Now, because A is not in the causal future of the mea-
surement,

af,n((kAa lA);Xla v ,Xn)
= t0[Uc(pr ® s @ [0) (0] @ pg) UL
X |ka) (La] @(x1) -+ D(xn)]

(C14)

1

(C15)

if x1,...,%, ¢ P, and
f[DEm((kA, 1a); X1y e v s Xn)
= tr g [Me,p(pa ® po) M,
X [k ) (1] (xa) - - Gi;(xn)]t% (ﬁd)EC,w)il
otherwise.

After taking into account the interaction of the field
with A and B, we update the extended n-point functions
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accordingly: for the n-point functions involving both de-
tectors A and B,

@/{A,B},n<(kjl\7 kB)? (lAa lB);Xla s 7Xn)

= a0 [U 06 Moy (s ® pu ® )M, (C16)
x O3] [k, b (las bl 1) - (%)
x tr (poBey)
and for the ones involving only B,
Wy, (ks ls)i X1, -0 o5 %n)
= trp.0 [UnUn Moy (b ® p @ )M, (C17)

x ULUT k) (I (1) - - (xn)]
% trg (o Bew)
For the extended n-point functions involving A, however,
we get
@;,n((k,\, IA); X1y« vy Xn)
= tr[0.00c (5 @ o @ [9)(6] @ o)
X U(TUIIUI |kA><ZA‘ (ZB(Xl) T d;(xn)]

(C18)

if x1,...,%, and Alba are outside P, and
Wy (ks 1a); X1, Xn)
=trap,4 [UAUBMc,w(ﬁA ® pg @ /3¢)MCT,¢ (C19)
x USUL [ka) (1] $(x1) - - $(xn)]
xtrg (ps Ees)
otherwise. This is a complete account of the relevant

extended n-point functions for the practical example we
are dealing with, so that now we can calculate the partial
states. In particular,

(L ls| Py |Ka, ki) = w/{A,B},O((kA’ k), (Las 1s))

= tran.g [UnUn Moy (pr ® pn ® po) M/, (C20)
x UBTUI |keas Ke) (L, L ]tr¢ (ﬁ¢Ec,w) B
giving
o= 61 [UaUs M (pa ® Pr ® po) M, UU] ~(con)
trg (o Le,v)
Analogously,
(Is] Al k) = Wy o (Ko, 1)
=1rape [UA[}BMc,w(FA’A ® pp ® ﬁ¢>)McT,¢ (C22)
x U0 (k)b Jtrs (o Eey) ™
gives
i = trg [Un Mo (pn @ po) M, U] (C23)

trg (pAdJ Ec,w)



On the other hand, since A stays spacelike separated from
the causal future of Clara’s measurement P,

(l,\| ﬁ;\ |kA> = @5\70(1@\,1/\) (024)
= <lA| tI‘B_’c,¢ [UAUBUC
X (pa @ po @ |9) (0| @ pg)USULTUT] [kes)

= (L] trg [Un(pa ® ps)UL] ky)
yielding
(C25)

ﬁ; = tr(b [UA(ﬁA ® ﬁ(b) AZ] 7é trB(ﬁfxB) )

as expected. Finally, if Alba eventually reaches P, then
following the prescribed update rule for the case when A
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is inside P,

(L] /32’ k) = @:\,O(km Iy)
(U]t [UUs Me s (pa ® s ® ﬁ¢)Ml¢UJUﬂ |ka)

tr (Po Bers)
_ {laltre [@Mc,w(ﬁ? ® o) M, U] k) c26)
trg (o Ee,y)

yielding

N
A

_tr (Un Moy [pa ® pol 01}, UY)
trg (PpLe,y)

= trg (Par) - (C27)

These results are again identical to those obtained in Sec-
tion VIII, giving some insight to the equivalence of both
formalisms, while showing a practical example of how to
perform the calculations in each of them.
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