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We provide a Hilbert space approach to quantum mechanics (QM) where space and time are
treated on an equal footing. Our approach replaces the standard dependence on an external classical
time parameter with a spacetime-symmetric algebraic structure, thereby unifying the axioms that
traditionally distinguish the treatment of spacelike and timelike separations. Standard quantum
evolution can be recovered from timelike correlators, defined by means of a quantum action operator,
a quantum version of the action of classical mechanics. The corresponding map also provides a
novel perspective on the path integral (PI) formulation, which, in the case of fermions, yields an
alternative to the use of Grassmann variables. In addition, the formalism can be interpreted in terms
of generalized quantum states, codifying both the conventional information of a quantum system at
a given time and its evolution. We show that these states are solutions to a quantum principle of
stationary action enabled by the novel notion of timelike correlations.

I. INTRODUCTION

One of the most fundamental assumptions involved
in the description of a given system in standard quan-
tum mechanics (QM) is the identification of each possible
state of the system with a vector belonging to a properly
defined Hilbert space. While usually implicit, this very
notion of state is linked to a definition of “present”: one
assumes that the configuration of the system is specified
at a given time such that the physical predictions that
one can extract from the state are those corresponding
to the same instant. Quantum evolution also enters the
picture with respect to a pre-established choice of refer-
ence frame with the vectors in Hilbert space parameter-
ized by classical time. By contrast, if two distinguishable
quantum systems are separated in space, one defines the
joint Hilbert space from a tensor product of the individ-
ual Hilbert spaces. General states appear then entangled
across space, a characteristic feature unequivocally sepa-
rating the quantum and classical worlds [1].

While for most applications these assumptions are nat-
ural, from a foundational perspective this is not entirely
satisfactory: firstly, Einstein’s relativity [2] suggests that
a fundamental description of nature needs to involve a
symmetric treatment between space and time. As we de-
pict in Figure 1, QM clearly violates this symmetry at the
axiomatic level [3, 4]. Secondly, if spacetime is not fun-
damental, as the discussion about space emerging from
quantum correlations suggests [5–8], one should not need
to introduce classical information within QM to describe
evolution.

In this manuscript, we provide a Hilbert space con-
struction describing general quantum systems in space-
time. Namely, we replace the dependence on an external
evolution parameter with the notion of spacetime sym-
metric algebras which for distinguishable systems unifies
the two axioms of Figure 1. The formalism builds upon
our recent works [3], where we considered a canonical
spacetime symmetric approach to classical and quantum

FIG. 1. Asymmetry in the axioms of standard QM in
the treatment of spacelike and timelike separations.
Panel a) depicts how QM assigns a Hilbert space h of pos-
sible states of the system at a given time. As time “flows”,
h remains the same while the quantum states change within
h according to a classical parameterization. Panel b) repre-
sents the scenario of two spacelike separated regions A, B (or
equivalently systems). QM assigns a different Hilbert space to
each region while the joint Hilbert space is constructed from
their tensor product, i.e. h = hA ⊗ hB .

field theories (QFTs), and [4], where we established a
deep connection between the formalism and the Path in-
tegral (PI) formulation of Feynman [9] for bosonic sys-
tems. Here, we focus on arbitrary quantum systems,
including finite dimensional ones, thus including non-
relativistic quantum systems. In particular, we describe
the case of fermions where a notion of tensor product in
space and standard PI do not apply, requiring a proper
generalization of our previous approach.

The manuscript is organized as follows. In section II
we review the bosonic case developed in [3, 4] but em-
phasizing finite dimensional systems. In II A we employ a
tensor-product-in-time approach, following our previous
work. One of the most important results presented in
this section, is a map between quantities in the extended
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formalism, where time is geometrically defined, and stan-
dard QM with classical time. This maps make use of a
quantum action (QA) operator [10], a quantum version of
the classical action codifying evolution through timelike
correlators. In II B we discuss an equivalent scheme based
on spacetime symmetric algebras. This change of per-
spective allows us to generalize the formalism to fermions
in the next section III. We develop the fermionic case in
detail, as many novelties with respect to bosons arise. In
particular, we introduce the fermionic spacetime Hilbert
space and fermionic QA. Then, through several Theo-
rems we establish a map to standard QM for discrete
time. Finally, we discuss the case of Dirac fermions and
continuum spacetime. Several remarks concerning the
fermionic PI and Grassman variables are also included
(with a full discussion given in the Appendix C).

In section IV we address additional aspects and con-
sequences of the formalism which apply to both bosons
and fermions. In IV A we introduce a notion of general-
ized quantum state applied to spacetime. This notion al-
lows one to interpret timelike correlations as arising from
generalized correlations with an environment. The ensu-
ing definition of entropy is then employed to introduce a
quantum principle of stationary action in IV B. We also
discuss in IV C the scenario in which both bosons and
fermions are present and can interact with each other. Fi-
nally, we provide a description on how our formalism can
be related to the Page and Wootters (PaW) mechanism
[11]. The latter has recently attracted wide interest [12–
21] as it can be used to replace time evolution with quan-
tum correlations between two quantum systems. While
the formalism cannot tackle the asymmetry we described
in Figure 1 [10, 15], in IV D we show a notable connection
with our proposal: if one applies our scheme to quantum
fields, the single particle states are precisely PaW states.
We show that this result, previously proposed for bosons
[3, 10], hold for both scalar and Dirac fields according
with the PaW approach to relativistic particles devel-
oped in [14, 15]. Moreover, in IV D we show that the
QAs, including the Dirac QA, are the second quantized
version of the universe operators of PaW.

In Section V, we provide a final discussion that high-
lights both the conceptual implications arising from our
formulation and the novel perspectives it opens to ex-
plore previously raised foundational questions. We also
discuss how our results lay the foundation for develop-
ing novel applications that lie beyond the direct reach of
standard QM.

II. BOSONIC SPACETIME FORMALISM

As an introduction to the recently defined spacetime
algebras and their relationship with conventional QM
and the Path Integral (PI) formulation, we begin by re-
viewing the bosonic-like scenario previously studied in
[3, 4, 10]. Here, we restate and deepen these results with
a treatment that makes the fermionic case alike. This

section also establishes the foundations necessary to de-
velop the novel implications discussed in Section IV, valid
for both bosons and fermions.

A. The tensor product-in-time approach

We begin our discussion with case of qudits (the infi-
nite dimensional case is included). We will refer to these
systems as boson-like because they share the composi-
tion rule of bosons: the state space of a global system
composed of bosons is the tensor product of the Hilbert
spaces of the components. In this section we describe
how one can generalize this tensor product structure from
spacelike separations to timelike ones.

Consider a d dimensional Hilbert space h = span{|i⟩}
with i = 1, . . . , d. We introduce a new Hilbert space
as the N -fold tensor product of N copies of h, namely,
H = ⊗Nt=1h = h⊗N . This space has a basis of the form

H = span{|i0i1 . . . iN−1⟩} , (1)

and dimension dN . Our aim is now to relate this con-
struction to quantum evolution by identifying the Hilbert
space label t with time. In order to do so, it is convenient
to recall that in quantum computation is quite common
to employ tensor copies of a Hilbert space to describe
quantities of the original Hilbert space [22–26]. The most
common example is the SWAP test [23] depicted in Fig-
ure 1 and which can be derived from the basic property

Tr
[
SWAP(A⊗B)

]
= tr[BA] , (2)

which follows from its definition SWAP|ij⟩ = |ji⟩ and
the linearity of the trace. Here BA is the conventional
matrix multiplication, i.e., ⟨i|BA|j⟩ =

∑
k⟨i|B|k⟩⟨k|A|i⟩,

while Tr is the trace in H and tr that in h. Interestingly,
equation (2) relates traces in h⊗h with traces in h, which
can then be related to physical quantities.

One can easily generalize this expression by defining a
time translation operator eiϵP such that

eiϵP |i0i1 . . . iN−1⟩ := |iN−1i0i1 . . . iN−2⟩ . (3)

Notice that eiϵP is unitary and that one can recast it as
eiϵP = SWAP10 . . . SWAPN−2,N−3SWAPN−1,N−2, with
eiϵP = SWAP for N = 2. Here ϵ is a scale indicating that
the generator P is going to translate a single step (see also
below). Then, one can prove the following Lemma [15]
which admits a clear diagrammatic representation shown
in Figure 2.

Lemma 1. Consider the time translation operator eiϵP

and general operators A(j). Then the following relation
between traces on H and h holds:

Tr
[
eiϵP ⊗N−1

t=0 A(t)
]

= tr
[
T̂

∏N−1

t=0 A(t)
]
. (4)

The product on the r.h.s. follows a temporal order,
namely, T̂ ΠN−1

t=0 A
(t) = A(N−1)A(N−2) . . . A(1)A(0).
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FIG. 2. Tensor network representation of the map be-
tween spacetime traces and conventional traces. The
operator eiϵP allows one to translate traces in H = ⊗tht to
traces in h, as easily seen in tensor network notation. The
notation is introduced in d) while the planes in a), b) and c)
have been added to emphasize that a Hilbert space is assigned
to each time slice. The panel a) corresponds to N = 2 and
Eq. (2) while b) is the case N = 3 of Lemma 1. In c) we show
the representation of the trace of just two operators with an
arbitrarily larger number of time-slices. This corresponds to
Lemma 1 with identities places in all but two slices.

Notice that the product of operators on the r.h.s. cor-
responds to the conventional composition of operators
in h (matrix multiplication) and that one might choose
A(i) = 1 if one is interested in a product of n < N oper-
ators. In other words, the identity holds if one replaces

⊗tA(t) → ⊗lA(tl)
tl

, for A
(tl)
tl

the operator A(tl) acting on

the tl-slice, and ΠtA
(t) → ΠlA

(tl) with now the (tensor)
products running over a subset of the N slices (see also
panel c) of Figure 2). For clarity, let us remark that in
our notation At acting on H corresponds to a standard
operator acting on the t + 1 copy of h, times identities
in the other copies, e.g. for N = 2 one has A0 = A⊗ 1,
A1 = 1⊗A.

In order to introduce evolution one can define a quan-
tum action operator S as follows:

eiS := eiϵP ⊗N−1
t=0 e−iϵHt , (5)

with H a time-independent Hamiltonian and Ht indicat-
ing H acting on the copy t of h. Here ϵ is a time spacing
so that T = ϵN corresponds to the total length of time we
are considering. The following important result is thus
obtained

Lemma 2. Consider the quantum action operator S for
a given Hamiltonian H and general operators A(j). Then

Tr
[
eiS ⊗l A(tl)

tl

]
= tr

[
e−iTH T̂

∏
lA

(tl)(ϵtl)
]
, (6)

where A
(l)
tl

acts on the slice tl, A(t) := eiHtAe−iHtis

the operator A in the Heisenberg picture and T̂ denotes
the conventional time ordering operator (decreasing order
from left to right).

This relation, proven in [15] by using Lemma 1 and
a few properties of the action operator, shows that it is
indeed very natural to identify the index t with time.
In fact, on the r.h.s. one recognizes the conventional
propagators arising e.g. in perturbation theory and in the
connections between the PI formulation and canonical
QM. For example, for A(0) = |ψ⟩⟨ψ| and two additional
operators A,B one obtains

Tr
[
eiS |ψ⟩0⟨ψ|At1Bt2

]
= ⟨ψ, T |T̂A(ϵt1)B(ϵt2)|ψ⟩ (7)

with |ψ, T ⟩ ≡ eiHT |ψ⟩. The reason to denote S quantum
action becomes apparent when dealing with systems with
a classical analog, in which case the continuum limit of
S takes the form of the classical action in phase-space
(see also Eq. (14) below). Let us also mention that one
can easily define a quantum action for time-dependent
Hamiltonians (see [15] and the fermionic case). Finally,
we remark that this result does not use the hermiticity
of H, implying in particular that for a given hermitian
Hamiltonian one can freely multiply it by complex quan-
tities and then relate the previous to thermal correlators.

B. The spacetime algebras approach

Let us now comment on how the previous construction
defines a spacetime algebra. For simplicity, let us con-
sider a system composed of M qubits (e.g. a 1D spin
chain) so that

h = ⊗Mx=1hq = h⊗Mq = span{|i1i2 . . . iM ⟩}

with i = 0, 1. It is interesting to notice the spacelike
analogy with our timelike construction in H. Equiva-
lently, we can think of h as the M -fold tensor product
representation space of the fundamental representation
of the group SU(2) with algebra[σix

2
,
σjy
2

]
= iϵijk

σkx
2
δxy , (8)

with σix = Xx, Yx, Zx (i = 1, 2, 3) the Pauli matrices
acting on the site x (e.g. σ32 = Z2 ≡ 1 ⊗ Z ⊗ 1 · · · ⊗ 1

with 1 the identity matrix in two dimensions).
Consider now the same system and its description in

H. We can write H = ⊗t,xhq = h⊗MN
q showing the

symmetry between space and time. Moreover, we now
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have operators σitx, with t the index on the Hilbert space
on which the operator acts non-trivially, satisfying[σitx

2
,
σjt′y

2

]
= iϵijk

σktx
2
δxyδtt′ . (9)

We refer to this algebra as a spacetime algebra for obvious
reasons.

The previous idea of extending a given algebra to en-
compass time as a site index can be applied to any
bosonic-like system. As long as commutators are em-
ployed (and natural Hilbert space representations), this
can be regarded as equivalent to applying a tensor prod-
uct structure to time. On the other hand, in the treat-
ment for fermionic systems we aim to develop this is no
longer the case. For this reason, it is pertinent to con-
sider the case of bosonic particles from the algebraic per-
spective (as opposed to the equivalent point of view of
the previous Lemmas). According to the previous dis-
cussion, given a canonical algebra defining creation and

annihilation operators bi, b
†
j we extend it as

[bi, b
†
j ] = δij → [bti, b

†
t′j ] = δtt′δij , (10)

with other commutators vanishing. Equivalently, one
can impose [qi, pj ] = iδij (we take ℏ ≡ 1) instead,
with qi, pj position and momentum operators and define
extended position and momentum operators satisfying
[qti, pt′j ] = iδtt′δij . Once again, if i is a spatial index,
such as in a Quantum Field Theory (QFT) in d dimen-
sions, we have an algebra which is symmetric in space-
time and isomorphic to the algebra of a QFT in d + 1
dimensions. One can show that the evaluation of traces
of the form Tr

[
eiS · · ·

]
in the eigenbasis of qti leads to

the sum over histories of the PI formulation [4].
It is now interesting to rederive the previous Lemmas

from this perspective. Let us first introduce a useful def-
inition: we define Fourier modes in time as

bjn :=
1√
N

N−1∑
t=0

eiϵωntbjt , (11)

with ωn = 2πn/T and which is a unitary transformation,

namely [bin, b
†
jn′ ] = δijδnn′ . Let us remark that this def-

inition is possible only in the extended formalism as the
new modes create nonlocal excitations in time. Interest-
ingly, this elementary example shows that we can apply
techniques typically associated with “spacelike” proper-
ties in conventional condensed matter/QFT treatments
to time. We can now write an explicit representation of
the generator of time translations:

P :=

N−1∑
n=0

∑
j

ωnb
†
jnbjn . (12)

In fact, one can easily verify that

eiϵPbjte
−iϵP = bj,t+1 (13)

with periodic boundary conditions which is equivalent to
the definition (3). One can also show that

P ≈ ϵ
∑
t

pt(qt+1 − qt−1)/ϵ (14)

for small ϵ, which has the form of the Legendre transform
of the classical action. At the same time, for N = 2, and
restricting ourselves to a subspace spanned by Fock states
{|00⟩, |01⟩, |10⟩, |11⟩} one finds the matrix representation

eiϵP =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⊕ . . . , (15)

with ⊕ . . . indicating the action of the operator outside
of this subspace (on states like |20⟩, |12⟩, |30⟩, . . . for ex-
ample), with previous 4 × 4 block coinciding with the
two-qubit SWAP.

As an interesting example on how the previous Lem-
mas emerge from the bosonic algebra, consider a free

quadratic Hamiltonian of the form H =
∑
i,j b

†
iMijbj .

Let us recall first the expression for conventional two-
point spacelike correlators:

⟨bkb†l ⟩ : =
tr
[

exp(−
∑
i,j b

†
iMijbj)bkb

†
l

]
tr
[

exp(−
∑
i,j b

†
iMijbj)

]
=

[
1

1 − exp(−M)

]
kl

,

(16)

which has the form of the Bose-Einstein statistics for
⟨. . . ⟩ ≡ tr[ρ . . . ] with ρ ∝ e−H the thermal state, and

with tr
[

exp(−
∑
i,j b

†
iMijbj)

]
= det{1/(1 − exp(−M))}.

Notice that these relations are a consequence of the
canonical algebra and hold for H → λH with λ ∈ C

by replacing M → λM .
The corresponding quantum action operator acting on

H is

S := ϵP −
∑
t

ϵHt =
∑
n

∑
i,j

ϵ(ωnδij −Mij)b
†
nibnj , (17)

with
∑
tHt =

∑
t,i,jMijb

†
tibtj and where in the last

equality we used that
∑
t b

†
tibtj =

∑
n b

†
nibnj . Interest-

ingly, in H one can define correlators corresponding to
operators with arbitrary time-site positions. At the same
time, these can be computed in complete analogy with
(16) but applied in the extended Hilbert space as there
is no algebraic difference between space and time in H.
To provide a concrete example, let us also consider the
action after a Wick rotation. We can write

⟨bkt1b
†
lt2
⟩ :=

Tr
[

exp(−SE)bkt1b
†
lt2

]
Tr

[
exp(iS)

]
=

∑
n

[
e−iωn(t1−t2)

1 − exp[iϵ(ωn1+ iM)]

]
kl

,

(18)
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where we have defined an “Euclidean” quantum action

SE := −iϵP + ϵ
∑
t

Ht (19)

so that exp(−SE) = exp(iS) when S has undergone the
replacement H → −iH. In order to obtain the sum
in n we used that S is quadratic so that the contrac-
tion can be evaluated via (16) with the action replacing
the Hamiltonian. The additional sum in the index n
comes from inverting (11). Notice that for ϵ ≪ 1 the

expression ⟨bkt1b
†
lt2
⟩ ≈

∑
n ie

−iωn(t1−t2) [1/(ωn + iM)]kl
has the form of the thermal propagator obtained via co-
herent state path integrals (Matsubara expansion). One
can actually prove the exact result [4]:

⟨bkt1b
†
lt2
⟩ = ⟨T̂βbk(−iϵt1)b†l (−iϵt2)⟩β (20)

for ⟨. . . ⟩β := tr[e−βH . . . ]/tr[e−βH ] denoting a ther-
mal expectation value, and where the operators on the
r.h.s. are in Heisenberg picture with imaginary time i.e.

bk(−it) = etHbke
−tH , b†l (−it) = etHb†l e

−tH , with T̂β de-
noting the thermal order operator and where the inverse
temperature β = T = ϵN . Moreover, one can show the
following relation between the spacetime trace Tr of e−SE

and the conventional partition function,

Tr[e−SE ] = tr[e−βH ] , (21)

where we recall that tr is the standard trace. Let us make
a few comments about these results. First of all, notice
that while on the r.h.s. of (20) one needs to evolve the
operators, the l.h.s. correspond to a single contraction
of the form of (16) but defined in the extended Hilbert
space H. Secondly, notice that (20) is in agreement with
Lemma 2 as it corresponds to the case of two operators
and a Wick rotated Hamiltonian. Finally, one can extend
(20) to higher-order contraction by applying Wick’s the-
orem (for gaussian operators) on the extended Hilbert
space. One can show that this agrees with the time-
dependent Wick’s theorem in conventional QM. Thus one
can build arbitrary operators from a basic quadratic ac-
tion, thus recovering Lemma 2 completely via algebraic
means, i.e. without explicit reference to the underlying
product structure in time.

III. FERMIONIC SPACETIME FORMALISM

A. Basic definitions and considerations

We now begin the development of the formalism for
fermions in spacetime. We want to describe, via a
spacetime symmetric formalism, fermions convention-

ally defined by the anticommutation relations {ai, a†j} =

δij , {ai, aj} = {a†i , a
†
j} = 0, inducing the standard

Hilbert space h = span{
∏
i(a

†
i )
ni |0⟩} with ai|0⟩ = 0. In

particular, if i, j take L values, the dimension of the con-
ventional Hilbert space is dim(h) = 2L. For this purpose,
we introduce the spacetime fermionic algebra

{ati, a†t′j} = δtt′δij (22a)

{ati, at′j} = {a†ti, a
†
t′j} = 0 . (22b)

It is well-known that a state |Ω⟩ satisfying ati|Ω⟩ = 0

exists, so that a Hilbert space H = span{
∏
t,i(a

†
ti)
nti |Ω⟩}

is obtained. We also assume a finite time window
of length T = ϵN with N the number of time-slices
(t = 0, . . . , N − 1) and ϵ the time spacing. As a con-
sequence, the dimension of the extended Hilbert space
is dim(H) = 2LN . Thus, H as a linear space is isomor-
phic to h⊗N just as in the bosonic case. However, the
extended operators ati cannot be obtained from the op-
erators ai via Kronecker product with identity matrices
of h for slices other than t. This is a consequence of the
intrinsic nonlocal features of a Hilbert space representing
fermions (these are evident e.g. when one maps fermions
to qubits, such as in the Jordan-Wigner transformation).
Let us also notice that while it is feasible to propose
ladder operators that anticommute for equal-times but
commute at different times (equivalent to writing e.g.

a′1i := 1⊗ ai for N = 2 with {a′0i, a
′†
1j} ≠ 0), this breaks

the spacetime symmetry we aim for.
Notably, and despite the fundamental differences with

the bosonic case, we can easily obtain a map from space-
time objects to conventional fermionic quantities involv-
ing evolution. In order to do so let us first define the
Fourier Transform (FT) in time as follows:

ani :=
1√
N

N−1∑
t=0

eiωnϵtati , (23)

with ωn = (2n + 1)π/T and which is a unitary trans-

formation, namely [ain, a
†
jn′ ] = δijδnn′ . Now, we can

introduce the hermitian operator

P :=

N−1∑
n=0

∑
j

ωna
†
jnajn , (24)

which is the generator of time translations for fermions.
In fact, one can easily verify that

eiϵPatie
−iϵP = at+1,i (25)

with antiperiodic periodic boundary conditions, i.e.
eiϵPaN−1,ie

−iϵP = −a0,i ≡ aN,i. The translations in
time are of a geometrical nature, and unrelated to Hamil-
tonian evolution so far.

It is interesting to compare this definition with the case
of qubits. As an elementary but illustrative example con-
sider a single spinless fermion and N = 2 such that h is
isomporphic to the space of a single qubit and H to h⊗h.
For the qubit we know that the time-translation operator
is the SWAP. Instead, the natural matrix representation
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for the fermion in spacetime for which |Ω⟩ ≡ (1, 0, 0, 0)t

leads to

eiϵP =

1 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 1

 , (26)

and PeiϵP = (eiϵP)t. Notice that there is a minus sign
which is not present in the matrix representation of the
standard SWAP. This subtle difference is important, as it
is well-known that gaussian operators together with ar-
bitrary SWAP operations allows for universal (fermionic)
unitary transformations (this result can be found in the
context of Matchgate circuits [27], i.e. quantum circuits
that can be mapped to free fermions). While SWAP
can be written as the exponential of a two-body operator
(an operator involving the product of up to 4 creation
(annihilation) operators) but not as that of a one-body
operator, eiϵP is clearly gaussian by definition [28], an
important fact that we exploit below.

B. Map to conventional fermions and the fermionic
quantum action

Having provided the basic definitions we are now in
a position to establish a map between our extended for-
malism and conventional fermions.

Before introducing a Hamiltonian and a quantum ac-
tion it is convenient to establish a few fundamental re-
sults involving just P. We begin with the case of two-
point contractions.

Theorem 1. Given Tr the trace in H and given tr that
in h, the following equalities hold:

Tr[PeiϵP ] = tr[1] (27)

Tr[PeiϵPat1ia
†
t2j

] = tr[T̂ ai(t1)a†j(t2)] :=

=

{
tr[aia

†
j ] t1 ≥ t2

−tr[a†jai] t1 < t2
, (28)

for P = eiπ
∑
ti a

†
tiati the parity operator and where we

have introduced the time-order operator T̂ defined with

respect to t1, t2 on the l.h.s. The other two-point contrac-
tions vanish, i.e. Tr[PeiϵPat1iat2j ] = tr[T̂ ai(t1)a(t2)] =

0 and Tr[PeiϵPa†t1ia
†
t2j

] = tr[T̂ a†i (t1)a†(t2)] = 0.

In the Appendix A we provide a proof and we show

that Tr[PeiϵPat1ia
†
t2j

] = δijtr[aia
†
j ] sgn(t1 − t2), which

agrees with our definition of T̂ . Let us notice that our no-
tation is consistent with regarding ai(t) as a Heisenberg
operator in the limit of a null Hamiltonian (see Theorem

4 below), with T̂ the usual time-ordering operator. The
proof of the Theorem, given in the Appendix A, relies
solely on the elementary properties of quadratic fermionic
operators, namely on tr[exp(

∑
k λka

†
kak)] =

∏
k(1 + eλk)

and on the two-point contraction

tr[exp(
∑
k′ λk′a

†
k′ak′)aka

†
l ]

tr[exp(
∑
k λk′a

†
k′ak′)]

=
δkl

1 + eλk
, (29)

as in the Fermi-Dirac statistics. Here k, l are just ar-
bitrary fermionic indices. To apply this in the current
case one can take k ≡ (t, i) or k ≡ (n, i) and use that

PeiϵP = exp{i
∑
n,i[ϵωn + π]a†niani}, with tr → Tr. In

the Appendix we show how this expressions leads to the
previous Lemma and its relation to the Matsubara ex-
pansions. Since our traces only involve quadratic opera-
tors, higher-order correlators are automatically obtained
through Wick’s theorem, leading to the following result.

Theorem 2. Consider operators defined “on a given

time slice”, meaning Ot ≡ O[ati, a
†
tj ]. Then

Tr[PeiϵP
∏
l

O
(l)
tl

] = tr[T̂
∏
l

O(l)(tl)] (30)

where the time ordering operator T̂ is defined as usual for
fermions (when interchanging two creation (annihilation)
operators, an additional minus sign must be added).

A full demonstration is provided in the Appendix. The
essential point is that PeiϵP is the exponent of a one-
body operator and hence gaussian so that Wick’s the-
orem holds, with two-point contractions determined by
Theorem 1. Let us provide a simple example that il-
lustrates this: if we introduce the notation ⟨. . . ⟩ :=
Tr[PeiϵP . . . ]/Tr[PeiϵP ] and ⟨. . . ⟩1 := tr[1 . . . ]/tr[1] we
can write

⟨at1i1at2i2a
†
t3i3

a†t4i4⟩ = ⟨at1i1a
†
t4i4

⟩⟨at2i2a
†
t3i3

⟩ − ⟨at1i1a
†
t3i3

⟩⟨at2i2a
†
t4i4

⟩

= ⟨T̂ ai1(t1)a†i4(t4)⟩1⟨T̂ ai2(t2)a†i3(t3)⟩1 − ⟨T̂ ai1(t1)a†i3(t3)⟩1⟨T̂ ai2(t2)a†i4(t4)⟩1
= ⟨T̂ ai1(t1)ai2(t2)a†i3(t3)a†i4(t4)⟩1 ,

(31)

where the first identity follows from Wick’s theorem (us-
ing the nonvanishing contractions), the second identity
from Theorem 1, and the last identity follows in princi-

ple from the standard thermal Wick’s theorem [29, 30],
but is also apparent if one time-orders the l.h.s. (see
Appendix). The identity (31) agrees with Theorem 2
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since Tr[PeiϵP ] = tr[1]. In each two-point contraction,
the temporal order follows the definition in Theorem 1.
We recall that here one can think of T̂ as the usual time-
ordering operator in the limit of a vanishing Hamiltonian
(as clear from Theorem 4 below). It is also interesting
to remark that in the standard thermal Wick’s theorem,
the time ordering operator is essentially behaving as a
gaussian-like operator. This behaviour can now be un-
derstood as a consequence of its explicit representation
in the extended Hilbert space H as an actual gaussian
operator. These observations also hold for bosons.

We are now in a position to introduce the fermionic
quantum actions so that the conventional unitary evolu-
tion also appears.

Theorem 3. Given a time-independent number parity

preserving Hamiltonian H[ai, a
†
j ] we define the corre-

sponding quantum action operator

eiS := eiϵP
N−1∏
t=0

e−iϵHt (32)

with Ht ≡ H[ati, a
†
tj ]. Then, given V =

∏N−1
t=0 eiϵtHt the

following result holds

eiS = e−iTH0V†eiϵPV . (33)

This important result shows how the time translation
operator is related to the quantum action. One can show
e.g. that S has the form of the classical action for Dirac
fermions (in the continuum limit; see section III C), hence
the name. Let us make a few additional remarks on Theo-
rem 3. First of all, as it is clear from the proof given in the
Appendix A, the Hamiltonian H does not need to be her-
mitian, meaning that one can replaceH → λH for λ ∈ C.
The only difference in the previous expressions is that V
is no longer unitary so that one must replace V† → V−1.
Moreover, the time dependent case follows by replacing

V →
∏
t U

†
t (ϵt) and eiS → eiϵP

∏
t U [ϵ(t + 1), ϵt] with

U(ϵt) = T̂ exp[i
∫ ϵt
0
dt′H(t′)] the conventional time evo-

lution operator. Let us also remark that we only consider
parity preserving evolutions, as it is proper for fermionic
systems. This implies in particular that evolution oper-
ators on different time slices commute, so that the order
of the products in time defining V and S is not important
and one can write e.g. eiS = eiϵPe−iϵ

∑
tHt .

The last piece of information one needs to establish the
fermionic version of the map 2 is the following.

Lemma 3. Fermionic parity preserving Hamiltonians H
satisfy

[Ht, Ht′ ] = 0 , (34)

implying

V
∏
t

O
(t)
t V† =

∏
t

eiϵtHtO
(t)
t e−iϵtHt ≡

∏
t

(O(t)(ϵt))t . (35)

The first equation is a direct consequence of the fact

that Ht = H[ati, a
†
tj ] must necessarily contain an even

number of creation (annihilation) operators for it to be
an admissible fermionic Hamiltonian. Since ladder oper-
ators of different time-slices anti-commute, an even num-
ber commutes. As a consequence, the action of V on a
product in time of operators is the product in time of the
same operators in the Heisenberg picture. The amount of
evolution of each operators matches its site index, namely
if the operator acts on the slice t, it is evolved to ϵt. All of
these considerations hold for H non-hermitian and time-
dependent evolution.

We are now in a position to state the main theorem of
this section.

Theorem 4. Given a time-independent number parity
preserving Hamiltonian H and its corresponding quan-
tum action S the following identity holds:

Tr[PeiS
∏
l

O
(l)
tl

] = tr[e−iTH T̂
∏
l

O(l)(ϵtl)] . (36)

Let us make a few remarks on this important result.
First of all notice that in the limit of H → 0 we recover
Theorem 2. In fact, Theorem 4 is a direct consequence
of the results of Theorem 2, Theorem 3 and of Lemma
3, with the operator V, whose action relates S with P,
yielding the unitarily evolved operators. Clearly, one can
also recover Theorem 1 by considering only two operators

given by O
(1)
t1 = at1i, O

(2)
t2 = a†t2j and H = 0. Instead,

by adding a density matrix in the initial slice such as

O
(0)
t0=0 = |ψ⟩0⟨ψ| one obtains

Tr[PeiSat1ia
†
t2j

|ψ⟩0⟨ψ|] = ⟨ψ, T |T̂ ai(ϵt1)a†j(ϵt2)|ψ⟩ , (37)

namely a two-point contraction for the state |ψ⟩ with
|ψ, T ⟩ = eiTH |ψ⟩, which is precisely what appears when
considering propagators in the PI formulation. One can
obtain arbitrary propagators by inserting more operators
on the l.h.s. as in Eq. (31). It is also apparent that by
considering operators all acting on the same slice one can
obtain standard expectation values of states (either pure
or mixed) at a given time. This is the content of the
following Corollary which can be compactly stated by
introducing the notation

eiS̃ := eiTH0eiS = V†eiϵPV . (38)

Notice that S̃ is unitarily related to P (as it follows from
Theorem 3) and in particular they share the same spec-
trum.

Corollary 1. The Heisenberg and Schrodinger pictures
are recovered by considering operators acting at a given
time and a proper insertion at the initial slice specifying
the initial state:

Tr[PeiS̃Ot|ψ⟩0⟨ψ|] = ⟨ψ|O(ϵt)|ψ⟩ = ⟨ψ(ϵt)|O|ψ(ϵt)⟩
(39)

with |ψ(ϵt)⟩ = e−iϵtH |ψ⟩ a pure state in the Schrodinger
picture.
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Notice that we have replaced S → S̃ so that the bra is
not evolved (otherwise we would be computing a propa-
gator rather than a direct mean value; see (33) and (37)).

Let us add some conceptual comments on our re-
sults. We started by defining a Hilbert space H through
fermionic algebras that treat space and time equally. In
particular, one is regarding fermions in different points
in time as independent and hence causally disconnected.
Then, in order to accommodate evolution, rather than
relying on an external “time” parameter, we defined eiS

and considered its correlators in spacetime (feasible only
through the extended construction). Remarkably, these
correlators are precisely equal to time-ordered correla-
tors where the operators involved are evolved according
to the unitary evolution of standard QM. In a very pre-
cise sense, we are replacing unitary evolution with corre-
lations, a point we discuss further in section IV A where
we introduce a notion of spacetime state.

Let us now remark that Theorem 4 results can be easily
applied to time-dependent and/or non hermitian Hamil-
tonians as explained in the Appendix A 3, and as stated
below Theorem 3. In particular, under the replacement
H → −iH one obtains

Tr[Pe−SE ] = tr[e−βH ] (40)

with β ≡ T , where we have introduced the Euclidean
fermionic action

SE := −iϵP + ϵ
∑
t

H (41)

so that e−SE = eiS after the replacement (con-
sistent with the standard conventions for the Wick
rotation). Similarly, if we introduce the notation
⟨. . . ⟩SE := Tr[Pe−SE . . . ]/Tr[Pe−SE ] and ⟨. . . ⟩β :=
tr[e−βH . . . ]/tr[e−βH ] we can write

⟨at1ia
†
t2j

⟩SE = ⟨T̂βai(−iϵt1)a†j(−iϵt2)⟩β (42)

which is a two-point ordered thermal correlator. Arbi-
trary thermal correlators are clearly obtained by insert-
ing more operators.

It is interesting to explicitly compute the traces on
the l.h.s. in the case of a quadratic Hamiltonian. Let
us notice first that for a number preserving quadratic
fermionic operator one has the general relation

tr[e−
∑
i,j a

†
iKijajaka

†
l ]

tr[e−
∑
i,j a

†
iKijaj ]

=

[
1

1 + exp(−K)

]
kl

. (43)

Hence, given a Hamiltonian H =
∑
i,jMija

†
iaj and the

corresponding Euclidean action

SE =
∑
n

∑
i,j

ϵ(−iωnδij +Mij) a
†
nianj , (44)

one can set Kni,n′j ≡ δnn′ [ϵ(−iωnδij + Mij) + iπδij ] in

(43) to obtain

⟨at1ia
†
t2j

⟩SE =
1

N

∑
n

e−iϵωn(t1−t2)×

×
[

1

1 − exp{iϵ(ωn1+ iM)}

]
ij

,

(45)

where we used the definition of the FT (yielding the sum
over n) and the definition of P . Remarkably, this is the
same expression that one obtains from the time-sliced
fermionic PI, with ωn precisely the Matsubara frequen-
cies (before considering the limit ϵ → 0). Notably, we
recovered it from a canonical-like formalism without the
need of introducing Grassman variables, typically used
to define a fermionic version of the “sum over histories”
of Feynman. This result is more than a coincidence:
one can show that the evaluation of traces of the form
Tr[Pe−SE . . . ] in product-in-time coherent basis (defined
through Grassman variables in H) are the PIs. We show
this explicitly in the Appendix C, which also clarifies the
presence of P . Nonetheless, let us emphasize that our for-
malism provides a treatment of PI-like expressions that
does not require the use of Grassmann variables, and
which, in particular, admits a matrix representation.

As an additional comment, let us notice that if all the
operators involved in Theorem 4 admit a certain symme-
try, the traces can be restricted to sum over states satisfy-

ing the symmetry. In fact, one can replace O
(t)
t → O

(t)
t Qt

(for all t), for Qt a projector leading to an overall pro-
jector ΠtQt on the left hand side. On the r.h.s. this
corresponds to adding QN−1 = Q (Q2 = Q) if all the op-
erators, in particular H, commute with it. For example,
one might be interested in working in the “canonical en-
samble”, i.e. evaluations of the trace in the r.h.s. which
correspond to a fixed number of particles M . This condi-
tion corresponds to evaluating the trace on the l.h.s. with
a fixed total number of particles MN . This holds in any
number preserving extended basis, e.g. in the Fourier
in time basis, as can be seen by noting that

∏
tQt ≡∏

t

∫
dϕ
2π e

iϕ
∑
i(a

†
tiati−M) =

∫
dϕ
2π e

iϕ
∑
t,i(a

†
tiati−M), with∑

t,i a
†
tiati =

∑
n,i a

†
niani the total number of (extended)

particles. We see that there is a one-to-one correspon-
dence between ensembles in H and h, with Theorem 4,
when stated without restictions, corresponding to the
grand canonical one.

C. The continuum case and Dirac fermions

All of the previous Theorems assume spacetime alge-
bras for discrete time. While in principle one could apply
those results and then consider the formal limit ϵ → 0
(at fixed ϵN = T , and eventually T → ∞) of the ensuing
expressions, the Hilbert space formalism suggest a new
approach. Namely, one can define a continuum version
of the spacetime algebras (equivalent to taking the limit
of Eq. (22)) and work directly in a continuum setting.
Here we develop this approach.
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As a concrete and relevant example, we focus our dis-
cussion by considering the case of Dirac fermions in a
4-dimensional spacetime. The case of general fermions
and spacetime dimensions can be developed in complete
analogy, as stressed at the end of this section. With the
aim of describing Dirac fermions in spacetime, we pro-
pose the spacetime algebra

{ψa(x), ψ†
b(y)} = δ(4)(x− y)δab (46a)

{ψa(x), ψb(y)} = {ψ†
a(x), ψ†

b(y)} = 0 , (46b)

with a, b = 0, 1, 2, 3 spinor indices. This is the continuum
version of Eq. (22) which might be obtained by consid-
ering the limit ϵ → 0. We are also assuming T → ∞.
We remark that in this QFT the extended algebra is in-
deed spacetime symmetric with time and space on equal
footing. Note the presence of an additional delta in
time with respect to the conventional algebra imposed at

equal times, namely {ψa(x), ψ†
b(y)} = δ(3)(x−y)δab while

{ψa(x), ψb(y)} = {ψ†
a(x), ψ†

b(y)} = 0. It is important to
remark that in the extended formalism x0, y0 are clearly
unrelated to evolution parameters, and ψ(x) ≡ ψ(t,x)
is a completely different operator from the conventional
evolved field ψH(t,x) in the Heisenberg picture. Since
the extended field operators at different times anticom-
mute, ψ(t′,x) is not a function of ψ(t,x) for t′ ̸= t, in con-
trast with ψH(t′,x), which is unitarily related to ψH(t,x)
(in order to distinguish a field in spacetime from a con-
ventionally evolved field, we specify that the latter is in
the Heisenberg picture).

Just as in the discrete time case we can introduce a
generator of time translations. In fact, we can write

eiτPµx
µ

ψa(z)e−iτPµx
µ

= ψa(z + τx) , (47)

with

Pµ :=

∫
d4xψ†(x)i∂µψ(x) =

∫
d4p

(2π)4
pµψ

†(p)ψ(p) ,

(48)
where we have introduced the spacetime Fourier Trans-
form (the continuum version of (23))

ψa(p) :=

∫
d4x eipxψa(x) , (49)

and ψ†(x)∂µψ(x) ≡
∑
a ψ

†
a(x)∂µψa(x), px = pµx

µ. We
use the metric convention gµν = diag(1,−1,−1,−1).
Note that these derivatives correspond to a “site deriva-
tive” namely λµ∂µψ(x) ≈ {ψ(x+ ϵ′λ) − ψ(x)}/ϵ′ with λ
a 4-vector, ϵ′ ≪ 1) and have purely geometrical meaning,
including ∂0. This means, in particular, that P0 is not
associated to any particular evolution. Notice also that
the Fourier fields satisfy the algebra

{ψa(p), ψ†
b(k)} = (2π)4δ(4)(p− k)δab , (50)

with other anti-commutators vanishing. This algebra is
clearly “off-shell’ and thus not accessible to conventional

QFT. With a slight change in notation ∂0ψ → ψ̇ and
d4x = dtd3x an important first result becomes manifest:

P0 =

∫
dt

∫
d3xψ†(t,x)iψ̇(t,x)

=

∫
d4x ψ̄(x)γ0i∂0ψ(x)

(51)

has the form of the classical Legendre transform for a
Dirac field. In fact, the conventional momentum conju-
gate to the Dirac Field ψ is precisely iψ†, while ψ̄ = ψ†γ0,
for γµ the Dirac matrices.

We now introduce the Dirac quantum action operator
in analogy with the discrete time case as follows:

Sτ := τ

∫
dt

[∫
d3xψ†(t,x)iψ̇(t,x) −HD(t)

]
(52a)

= τ

∫
d4x ψ̄(x)(γµi∂µ −m)ψ(x) , (52b)

for HD(t) =
∫
d3xψ†(t,x)(−iα·∇+βm)ψ(t,x) the Dirac

Hamiltonian (as a function of spacetime operators, at a
given time t) and τ an arbitrary time scale to be dis-
cussed below and which makes Sτ adimensional. We also
employed elementary properties of the Dirac’s matrices
to write (52b). This is an hermitian quantum operator
where the index t corresponds to time-sites with no ref-
erence to unitary evolution parameterized by an external
time. It is precisely the geometrical nature of time under-
lying (22) that allows this “off-shell” definition. Notice
also that Sτ = τP0 − τ

∫
dtHD(t) in agreement with the

discrete formalism.
We can now discuss how to recover conventional uni-

tary evolution. In analogy to the discrete case, we define

⟨O⟩τ :=
Tr[PeiSτO]

Tr[PeiSτ ]
, (53)

which can be regarded as a thermal-like expectation value
of O at inverse temperature β and Hamiltonian H with
βH → −iSτ + iπ

∫
d4xψ†(x)ψ(x). In addition, it is clear

that the FT of the field operators leads to

Sτ = τ

∫
d4p

(2π)4
ψ†(p)γ0(γµpµ −m)ψ(p) . (54)

Then, the elementary result (43) implies

⟨ψ(p)ψ̄(k)⟩τ =
δ(4)(p− k)

1− exp[iτγ0(γµpµ −m)/(2π)4]
γ0 (55)

=
1

τ

i

γµpµ −m
(2π)4δ(4)(p− k) +O(τ) , (56)

where we used the basic property γ0γ0 = 1 leading to
[γ0(γµpµ − m)]−1 = (γµpµ − m)−1γ0. We see that for
small τ the FT of the Dirac propagator is obtained, with
(55) an analytic function for any real τ taking m2 ≡
m2 − iϵ̃. As a result,

lim
τ→0

⟨
√
τψ(x)

√
τψ̄(y)⟩τ =

∫
d4p

(2π)4
i(γµpµ +m)

p2 −m2 + iϵ̃
e−ip(x−y)

(57)
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where we used (49) and the standard property
(γµpµ −m)−1 = (γµpµ +m)/(p2 −m2). Notice also
that

√
τψ(x) has the same units as the conventional

Dirac field ψ(x). One recognizes in the r.h.s. of (57)
the conventional Dirac propagator (with Feynman’s pre-
scription) allowing one to state the following theorem.

Theorem 5. Consider the free Dirac quantum action
Sτ = τ

∫
d4x ψ̄(x)(γµi∂µ −m)ψ(x). The two-point cor-

relator becomes the Feynman propagator in the small τ
limit:

lim
τ→0

⟨
√
τψ(x)

√
τψ̄(y)⟩τ = ⟨0|T̂ψH(x)ψ̄H(y)|0⟩ , (58)

with |0⟩ the ground state of the free Dirac Hamiltonian
HD.

Theorem 5 shows that the two-point correlators in
spacetime, computed with respect to the quantum ac-
tion and for small τ , yield the conventional Feyn-
man propagators which in conventional QM are asso-
ciated with unitary evolution and time ordering. The
definition of the temporal order operator T̂ is the
usual, i.e., T̂ψH(x)ψ̄H(y) := ψH(x)ψ̄H(y)θ(x0 − y0) −
ψ̄H(y)ψH(x)θ(y0 − x0) with ψ̄ψ ≡ (ψ̄tψt)t and θ the
Heaviside step function. Notice also that the other two-
point contractions vanish.

In addition, since the free action is a quadratic opera-
tor, Wick’s theorem implies a similar equality for higher
order correlations functions such as

lim
τ→0

τ2⟨ψa1(x1)ψa2(x2)ψ̄b1(y1)ψ̄b2(y2)⟩τ =

⟨0|T̂ψa1(x1)ψa2(x2)ψ̄b1(y1)ψ̄b2(x2)|0⟩ ,

as in the example for discrete time of Eq. (31). The
only difference is that one must take the limit τ → 0 in
the continuum time case. Nonetheless, since a 4-point
contraction can be written as a sum of products of 2-
point contractions one can apply the limit to each 2-point
contraction separately. We see that all the spacetime
correlators of the exponential of the action have a clear
meaning: for each field operators inserted in a spacetime
point x one obtains the time-ordered vacuum correlator
function with a time-evolved operator evolved an amount
tj = x0j . This can be used to introduce interacting terms,
as in the discrete case (see the example of section IV C 2).
We can state the following.

Theorem 6. The spacetime correlators of the free
Dirac action involving fields inserted at different space-
time points become equal to the corresponding free time-
ordered propagators in standard QFT in the limit τ → 0.

Let us make a few comments on these results. First of
all, one might wonder why we are obtaining correlation
functions corresponding to the ground state of Dirac’s
Hamiltonian. This can be easily explained by comparing
with Eq. (42) and thinking about the continuum case as
its limit. In fact, since we are working directly in the

unbounded time case, we are essentially working in the
limit β → ∞ (as evidenced by the continuum values of
p defining the FT; see Eq. (59) below). While we are
not working with an Euclidean action, we included a fac-
tor ≈ −iϵ̃m in order to obtain Feynman’s prescription,
which in the limit T → ∞ is indeed projecting onto the
vacuum (from the conventional perspective). Secondly,
it is natural to wonder about the interpretation of τ . On
one hand, one might regard this construction as a simple
mathematical means to consider the limit ϵ→ 0 of the ac-
tion operator (notice that P has a well-defined continuum
limit, but eiϵP does not as the notion of “translating a
single step” is no longer meaningful), and even study how
this is related to typical regularization techniques of the
PI formulation (see [4]). On the other hand, one might
want to develop an interpretation in terms of a canonical
formalism in a higher dimension, with Sτ taking the role
of a Hamiltonian and τ an evolution parameter. Then,
our results might be reinterpreted as an holographic cor-
respondence. However, developing this is not straightfor-
ward since one would have to deal with the fact that Sτ is
not a positive definite operator. Moreover, if one regards
τ as a genuine evolution parameter and consider those
evolutions which for finite τ map to the standard theory,
one finds that interacting theories are highly non-local,
as commented in [4, 18].

Let us also remark that we have derived these results
without the need of diagonalizing the quantum action.
The diagonalization of the action leads one to define a
notion of extended Dirac particle. The interested reader
in this can see the discussion of section IV D. Therein
this notion of particle is also related with the Page and
Wootters [11] mechanism and its extensions [14, 15]. See
also Appendix E.

Let us now consider the case of a finite time window T .
In this case, the algebra (46) is not modified but the FT

is, with ψn(p) :=
∫ T
0

dt√
T

∫
d3x eitωne−ipxψ(x) , so that

{ψn(p), ψ†
n′(p

′)} = δnn′(2π)3δ(3)(p− p′) . (59)

We see that the Fourier in time modes have a discrete
index. Notice that if one considers a FT only in the
spatial components instead ψ(t,p) =

∫
d3x e−ipxψ(t,x)

the ensuing algebra has the form

{ψ(t,p), ψ†(t,p′)} = δ(t− t′)(2π)3δ(3)(p− p′) .

Let us now focus in the Euclidean Dirac action defined
by a Wick rotation on the Hamiltonian such that SE =
−iSτ = −iτP0 + τ

∫
dtHD. The FT now leads to

SE = τ
∑
n

∫
d3p

(2π)3

{
ψ†
n(p)

[
−iωn+(α ·p+βm)

]
ψn(p)

}
.

(60)
In this basis one can easily compute correlators such

as ⟨ψn(p)ψ†
n′(k)⟩τ = δnn′

δ(3)(p−k)
1−exp[iτ{ωn+i(α·p+βm)}/(2π)3] =

1
τ

−1
iωn−(α·p+βm) (2π)3δ(3)(p−k)+O(τ) . This can be used

to show that one is indeed obtaining thermal correlators,
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in analogy with the discussion of section III B. A partic-
ular case corresponds to the expectation number of par-
ticles at a given time. In the spacetime formalism this is
computed by inserting operators on the same time-slice
as follows:

lim
τ→0

⟨√τψ(t,p)√τψ†(t,k)⟩τ =
V

T

∑
n

−1

iωn − (α · p+ βm)

=V
1

1 + exp{T (α · p+ βm)} ,

(61)

with V = (2π)3δ(3)(0) = (2π)3
∫

d3x
(2π)3 the volume of

space and with the first equality a direct consequence
of (60) as stated above. The second equality holds since
the series is precisely the Matsubara expansion [31] of the
Fermi-Dirac statistic at inverse temperature β ≡ T with
ωn the Matsubara frequencies.

Let us notice that all previous results hold for general

fermions with a standard algebra {ai, a†j} = δij , for i, j
indices which are either discrete, continuum or a combi-
nation of both (here we are using the notation of section
III A). The corresponding spacetime algebra is

{ai(t), a†j(t
′)} = δ(t− t′)δij , (62)

with the Dirac algebra of Eq. (46) a particular case (with
ai → ψa(x)). The spacetime algebra allows one to define
a continuum FT in time and the generator of time trans-

lations P =
∑
i

∫
dt a†i (t)iȧi(t). Then, given a Hamilto-

nian H[ai, a
†
j ], the ensuing quantum action is simply

Sτ =

∫
dt

[
τ
∑
i

a†i (t)iȧi(t) −H(
√
τai(t),

√
τa†j(t))

]
.

(63)
The map to conventional QM is obtained by considering
the small τ limit of the spacetime correlators of eiSτ ,
just as in the Dirac’s case. As a final remark, we notice
that one can recover the continuum operators from the
discrete operators ati of section III A by defining ai(ϵt) ≡
ati/

√
ϵ. It is also feasible to introduce the parameter τ

at the discrete level.

IV. ADDITIONAL ASPECTS AND
IMPLICATIONS

In this section we address additional aspects of the for-
malism which apply to both bosons and fermions. In par-
ticular, we show how it allows one to introduce a quantum
principle of stationary action related to a generalized no-
tion of state. We also discuss the scenario in which both
bosons and fermions are considered at the same time and
can interact with each other. We finally address the con-
nection between the Page and Wootters mechanism and
the quantum action introduced in section III C.

A. Spacetime states

We have successfully defined Hilbert spaces in space-
time and established a map to conventional QM both for
bosons and fermions. It is natural to consider the possi-
bility of reinterpreting this map in terms of a notion of
state generalized to spacetime. In this section we show
how this can be done extending the preliminary results
presented in [3].

Let us consider the bosonic-like case first. As in the
fermionic case (see Eq. (38)) we introduce the notation

eiS̃ := eiTH0eiS = V†eiϵPV . (64)

We can now write an interesting Theorem.

Theorem 7. Consider an “environment” E isomorphic
with the system so that HE = H and the states

|Ψ⟩ :=
[
(ρ0e

iS̃/2 ⊗ 1E)
]
|Φ+⟩ (65)

|Ψ⟩ :=
[
(eiS̃/2 ⊗ 1E)†

]
|Φ+⟩ , (66)

where 1E indicates the identity in HE and |Φ+⟩ =∑
i |i⟩|i⟩E is a maximally entangled state (unnormalized)

in the partition system-environment. Then, we can de-
fine a generalized state

R :=
|Ψ⟩⟨Ψ|
⟨Ψ|Ψ⟩

(67)

satisfying R2 = R, Tr[R] = 1, and

TrE [R] =
1

tr[ρ]
ρ0e

iS̃ (68)

Trt′ ̸=t,E [R] =
ρ(t)

tr[ρ]
, (69)

with ρ(t) = eiϵtHρe−iϵtH .

Notably, the formalism led us to a generalized notion
of pure state as those satisfying R2 = R in analogy with
ρ2 = ρ but without the hermiticity condition that sep-
arates orthogonal from non-orthogonal projectors. In
this sense, the operator TrE [R] can be interpreted as a
mixed generalized state arising from the pure but cor-
related R. In the spacetime approach the correlations
between the system and the environment are thus re-
sponsible for the causal structure and evolution of phys-
ical theories (see also Corollary below). Notice that we
can think of this construction as a generalized purifica-
tion of the action. In fact, let us recall that a conven-
tional purification of a density matrix ρ can be obtained
as |√ρ⟩ := (

√
ρ ⊗ 1)|ϕ+⟩ so that ρ = tr2

[
|√ρ⟩⟨√ρ|

]
for

|ϕ+⟩ =
∑
i |ii⟩ a maximally entangled state in h⊗ h.

Theorem 7 allows us to restate the map of Lemma 2
in a new interesting form that provides spacetime corre-
lators new operational meaning. In fact, by using

Tr[ρ0e
iS̃ ⊗t O(t)

t ]

Tr[ρ0eiS̃ ]
= Tr[R (⊗tO(t)

t ) ⊗ 1E ] , (70)
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which a direct consequence of Theorem 7, one obtains
the following Corollary of Theorems 7 and 4.

Corollary 2. Spacetime correlators are weak values de-
fined in H⊗H ≡ h2N :

Tr[R (⊗tO(t)
t ) ⊗ 1E ] =

⟨Ψ|(⊗tO(t)
t ) ⊗ 1E |Ψ⟩
⟨Ψ|Ψ⟩

=
tr[ρ T̂

∏
tO

(t)(ϵt)]

tr[ρ]
.

(71)

Notably, one can think of spacetime correlators in
terms of weak values, a measurable quantity of founda-
tional interest [32, 33]. Notice that we require a pair of
two different states in order to purify the non-hermitian
operators involved in Theorem 7. Thus rather than a con-
ventional mean value, as those associated with space-like
properties, a more general setting is needed to accom-
modate time-like properties. It is also clear that if all
the operators act on a given time-slice, one can replace
the weak value with a traditional pure mean values as it
follows from (69). These result generalizes those already
presented for free bosonic QFTs in [3].

Let us also mention the recent interest in this kind of
generalization of the traditional purification in conven-
tional non-extended QM where it appears associated to
the dS/CFT correspondence and holographic time-like
entanglement [34–37].

The purification of Theorem 7 is clearly not unique and
in particular one can make the replacement

|Ψ⟩ → |Ψ′⟩ = (ρ0e
iS̃ ⊗ 1E) |Φ+⟩,

|Ψ⟩ → |Φ+⟩ (72)

in the definition of R and all the statements of the The-
orem hold. One can then write

Tr[Oρ0eiS̃ ] = ⟨Φ+|O ⊗ 1E |Ψ′⟩ ≡ ⟨O†|ρ0e
iS̃⟩ (73)

where we introduced the notation |A⟩ := (A ⊗ 1E)|Φ+⟩
indicating the Choi–Jamio lkowski isomorphism of the op-
erator A. We then obtain yet another interpretation of
the map.

Corollary 3. Spacetime correlators are equal to the in-

ner product between the Choi state representing ρ0e
iS̃ in

H ⊗ H ≡ h2N and a product-in-time Choi state repre-
senting the operators:

⟨⊗t(O(t)
t )†|ρ0e

iS̃⟩ = tr[ρ T̂
∏
t

O(t)(ϵt)] . (74)

Notice that | ⊗t (O
(t)
t )†⟩ is a product-in-time state

as the extended Choi state is also separable-in-time.
In fact, we can write in general |Φ+⟩ = ⊗t|ϕ+⟩t so

that | ⊗t A(t)
t ⟩ = ⊗t[(A(t) ⊗ 1)|ϕ+⟩t]. Instead, |ρ0e

iS̃⟩ is
clearly entangled-in-time and contains all the time-like
correlations which are, in principle, dependent on both

the initial state and on the particular physical theory
described by the action.

Let us also notice that the previous results hold un-
der Wick rotations. In particular, for ρ = e−TH and

H → −iH we obtain ρ0e
iS̃ = e−SE meaning that one

can replace

|ρ0e
iS̃⟩ → |e−SE ⟩

in Corollary 3 and rewrite Theorem 7 without ρ and with
iS̃ → −SE . It is now interesting to consider a few exam-
ples. For simplicity and ease of notation we focus on the
Euclidean action case which describes thermal propaga-
tors of the state e−TH (see section II B).

Example 1 (Bosons-Euclidean). Consider bosons in
spacetime as those defined in section II B. Analogously,

we introduce the environment operators [b̃tj , b̃
†
t′j′ ] =

δtt′δjj′ and their vacuum |Ω⟩E . The Choi state asso-
ciated with this Fock basis can be written as

|Φ+⟩ = exp
{ ∑

t,j

b†tj b̃
†
tj

}
|Ω⟩⟩ (75)

with |Ω⟩⟩ := |Ω⟩ ⊗ |Ω⟩E . Then, one can immediately
show that

|Ψ⟩ = | e−SE/2 ⟩ = exp
{∑

t,j

b†t+1/2,j(iϵ/2) b̃†tj

}
|Ω⟩⟩

|Ψ⟩ = |(e−SE/2)†⟩= exp
{∑

t,j

b†t−1/2,j(iϵ/2) b̃†tj

}
|Ω⟩⟩

(76)

where we used that

e−SE/2 b†tj e
SE/2 = b†t+1/2, j(iϵ/2) , (77)

with bt+1/2,j a well-defined (via FT) annihilation opera-
tor. We also assumed for simplicity that the action SE
preserves the vacuum.

It is clear that for quadratic Hamiltonians both |Ψ⟩
and |Ψ⟩ are Bogoliuvob vacua having the form of thermo-
field dynamics states. In this case, one can easily verify
that ⟨Ψ|Ψ⟩ = tr[e−TH ] by using that the overlap of two
gaussian states [38] or by direct inspection.
Example 2 (Qubits-Euclidean). Consider qubits in

spacetime as defined by Eq. (9). We introduce rising
(lowering) operators

s±tx :=
(σ1)tx ± i(σ2)tx

2
. (78)

The lowest weight state is |Ω⟩ ≡ |0⟩⊗N so that s−tx|Ω⟩ = 0
for all spacetime sites. Analogously, we have operators
σ̃itx, s̃±tx and the environment state |Ω⟩E . Then, it is easy
to see that

|Φ+⟩ = exp
{∑

t,x

s+txs̃
+
tx

}
|Ω⟩⟩ . (79)
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Considering now an Euclidean action we have

|Ψ⟩ = |e−SE/2⟩ = exp
{∑

t,x

s+t+1,x(iϵ)s̃+tx

}
|Ω⟩⟩

|Ψ⟩ = |1⟩ = exp
{∑

t

s+t,xs̃
+
tx

}
|Ω⟩⟩ = |Φ+⟩ .

(80)

Notice that we have slightly modify the puritication of R
to avoid translating “a half-step” in time (see comments
below Theorem 7).

It is interesting to notice the similarities between the
two previous examples, namely between Eqs. (76) and
(80). Notice also that these expressions are particularly
adequate for approximating R at small ϵ, e.g. by simpli-
fying the evaluation of evolved creation (rising) operators
by Trotterization. Let us remark in addition that these
states are correlated both in space and time. As a matter
of fact, the evolution operator is generating spacelike cor-
relations while the time translations generating timelike
correlations.

The bosons and qubits examples suggests an imme-
diate generalization to fermions. Consider an enlarged

fermionic system so that {ãti, ã†t′j} = δtt′δij with other

anticommutators vanishing, including e.g. {ati, ã†t′j} =
0. We can define the fermionic state

|Φ+⟩ := exp
{∑

t,j

a†tj ã
†
tj

}
|Ω⟩⟩ (81)

for |Ω⟩⟩ the global vacuum. Notice that for a single site
one has |Φ+⟩ = (1 + a†ã†)|00⟩ = |00⟩ + |11⟩ in anal-
ogy with the case of a qubit. Then one can define the
fermionic version of a generalized spacetime state.

Theorem 8. Consider the states

|Ψ⟩ := (ρ0e
iS̃/2) |Φ+⟩ (82)

|Ψ⟩ := (PeiS̃/2)† |Φ+⟩ , (83)

defined in the Hilbert space which includes an environ-
ment. We define a fermionic generalized state

R :=
|Ψ⟩⟨Ψ|
⟨Ψ|Ψ⟩

(84)

satisfying R2 = R, Tr[R] = 1 and

Tr[ρ0e
iS̃ ∏

tO
(t)
t ]

Tr[ρ0eiS̃ ]
= Tr[R

∏
t

O
(t)
t ] , (85)

where all the operators are a function of ati (i.e. they act
trivially on the Environment).

The only difference with the bosonic case is the pres-
ence of the additional parity operator in |Ψ⟩ which act
trivially in the environment. Notice also that the Hilbert
space is not of the form HS ⊗HE as in the bosonic case
(that construction is also feasible for fermions). We show

in the Appendix B that the statements in the Theo-
rem can be interpreted in terms of a fermionic version
of the partial trace and purification, with standard par-
tial trace properties holding. As a consequence, we see
that fermionic spacetime correlators are weak values:

Tr[R
∏
t

O
(t)
t ] =

⟨Ψ|
∏
tO

(t)
t |Ψ⟩

⟨Ψ|Ψ⟩

=
tr[ρ T̂

∏
tO

(t)(ϵt)]

tr[ρ]
,

(86)

where all operators act trivially in the environment. Sim-
ilarly, one can reinterpret spacetime correlators as an
overlap between Choi states as in Corollary 3. We in-
clude a discussion about a fermionic version of the Choi
isomorphism in the Appendix B where these comments
are also expanded.

As for the bosonic case, we now provide a couple of
illustrative examples.
Example 3 (Fermions-Euclidean). Consider an Eu-

clidean fermionic action which, for simplicity, preserves
the vacuum. We obtain

|Ψ⟩ = | e−SE/2 ⟩ = exp
{ ∑

t,j

a†
t+1/2,j

(iϵ/2)ã†tj

}
|Ω⟩⟩

|Ψ⟩ = |P (e−SE/2)†⟩= exp
{
−
∑
t,j

a†
t−1/2,j

(iϵ/2)ã†tj

}
|Ω⟩⟩ .

(87)

Notice that while the expression is almost identical to the
bosonic case of (76), the parity operator P add a minus
sign in the exponent which defined |Ψ⟩.

Notably the previous results can be easily applied to
the continuum case. In particular, this was shown for a
free Klein-Gordon field in [3]. We consider the example
of a free Dirac field below.
Example (Dirac Fermions-continuum formalism). In

analogy with the discrete case, we define the Choi state

|Φ+⟩ := exp
{∫

d4p
(2π)4

∑
σ ψ

†
σ(p)ψ̃†

σ(p)
}
|Ω⟩⟩. Then, by us-

ing the expression (54) of the Dirac quantum action in
momentum space we obtain

|Ψ⟩= |eiSτ/2⟩

=exp
{∫

d4p

(2π)4

∑
σ,σ′

[
eiτ(γ

µpµ+m)/2 ]
σσ′ ψ

†
σ′(p)ψ̃

†
σ(p)

}
|Ω⟩⟩

(88)

with a similar expression for |Ψ⟩ = |P (eiSτ/2)†⟩ with an
overall minus sign in the exponent and with τ → −τ .
One can then directly recover Eq. (56) from the weak
value

⟨ψ(p)ψ̄(k)⟩τ =
⟨Ψ|ψ(p)ψ̄(k)|Ψ⟩

⟨Ψ|Ψ⟩
. (89)

One can show this explicitly, for example by expanding
the exponentials that define the states and contracting
the ensuing field operators with the operators ψ(p)ψ̄(k),
thus obtaining a geometric series converging to (56).
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B. Stationary quantum action principle

As is well known, classical mechanics can be formu-
lated from the principle of “minimal” action. Notably,
the formalism presented in this manuscript allows one to
introduce a quantum action stationary principle, in which
the generalized notion of state introduced in section IV A
plays a central role. In this section, we briefly illustrate
this point, emphasizing the need for the formalism to
introduce this principle.

Let us focus on the thermal case. We have seen that
e−SE/ℏ

Z can be essentially regarded as a non-pure gener-
alized state (we reintroduce the Planck constant ℏ here;
in the fermionic case the parity operator is implicitly ab-
sorbed in the action). Considering its exponential form
we can state the following Theorem.

Theorem 9. Consider the functional

F [Γ] := ⟨SE⟩Γ + ℏTr[Γ log(Γ)] , (90)

with ⟨. . . ⟩Γ := Tr[Γ . . . ]. Under variations of normalized
operators Tr[Γ] = 1 acting on H, one finds the extremal
condition

δF [Γ∗] = 0 , (91)

for Γ∗ = e−SE/ℏ/Tr[e−SE/ℏ].

Remarkably, since all thermal correlators can be ob-
tained from the action, the proper (thermal) dynam-
ics emerge by extremizing the generalized entropy [39]
−Tr[Γ log(Γ)] at a fixed quantum action mean value, with
ℏ−1 the corresponding Lagrange multiplier. One can in-
terpret the entropy as a measure of correlations between
the system and an environment, which at the solution

Γ = e−SE/ℏ

Z are globally in the state R discussed in the
previous section (Γ = TrER for bosons).

One of the most notable features of this variational
principle is that it allows one to explore many more op-
erators than in standard QM. To explain this point let us
consider operators of the form (we set ℏ = 1 once again
as it can be easily restored) Γ = eiϵPe−K with [P,K] = 0
so that time translation invariance is preserved. Here Γ is
unnormalized so it must be divided by ZΓ ≡ Tr[Γ] when
considering the associated F . One can easily obtain

F [Γ] =
1

ZΓ
Tr

[
Γ
(∑

t

ϵHt −K
)]

− log(ZΓ) . (92)

For K hermitian one can immediately prove that F [Γ] ∈
R (up to a possible constant factor iπ arising from neg-
ative ZΓ). Now, in the particular case of a separable-in-
time K =

∑
tH

′
t, Eq. (92) leads directly to

F [Γ] = T tr[ρH′ (H −H ′)] − log(ZH′) , (93)

which is T times the standard Helmholtz free energy
[40, 41] computed for the thermal state ρH′ = e−TH

′
/ZH′

with T = ϵN ≡ β. The free-energy, ∝ tr[ρH′ H] −
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FIG. 3. Numerical results for the functional F [Γ]. In
all three panels H = λZ and N = 2, ϵ ≡ 1 for different test
quantum actions. a) F [Γ] for a qubit system with λ = 1, K1 =
α(σ1⊗1+1⊗σ1)+γ(σ1⊗σ2+σ2⊗σ1). In both directions (α, γ)
the functional F [Γ] increases when we part from the quantum
action (the plane corresponds to F [e−SE ]). b) F [Γ] for a qubit
system with λ = 1, K2 = α(σ1⊗1+1⊗σ1)+γ(σ1⊗σ1+σ2⊗
σ2+σ3⊗σ3). In this case, the entangling direction γ provides a
way to decrease F [Γ] showing that Γ = e−SE is a saddle point
of F . c) Difference F [e−SE ]−F [Γ] for a spinless fermion. We
plot it for 3×103 random values of the parameters defining Γ,
taking possible values α13, α14, α24 ∈ (−0.2, 0.2), λ ∈ (−2, 2)
and α12 = 0 (chosen such that K = K† defined in Eq. (95)).
In this case, all the test quantum actions yield smaller values
of F than the solution.

β−1tr[ρH′ log(ρH′)] is of course minimized for H ′ = H
in agreement with our statement. However, Theorem 9
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allows one to consider far more general operators, includ-
ing those for which K is entangled-in-time.

To provide a concrete example, consider the case of a
single qubit and N = 2. Then H = h ⊗ h is isomorphic
to the standard Hilbert space of two qubits. This allows
one to write a general K as

K =

3∑
i=1

αiσi⊗1+

3∑
j=1

βj1⊗ σj +

3∑
i,j=1

γijσi⊗ σj , (94)

for σi the Pauli matrices. Those operators with γij = 0
lead to separable-in-time Hamiltonians and thus stan-
dard quantum theories. The corresponding variations
are those of the free energy (93) (for αi = βi with
H =

∑
i αiσi). Instead, for at least one γij ̸= 0, the

formalism is exploring novel kind of theories not ac-
cessible to canonical QM and associated with general-
ized states being, in principle, more entangled across
time. As a matter of fact, in analogy with standard
QM, where these terms correspond to interacting sys-
tems, one might interpret these terms as interactions
across time. If we also impose αi, βj , γi,j ∈ R and
αi = βi, γij = γji, namely K hermitian and homoge-
neous in time ([K,SWAP] = 0), the functional F is a
function of 9 parameters, 3 correspond to standard QM
and 6 to novel “directions”. At Γ ∝ e−SE the functional
F reaches a stationary point, a property that holds for
variation along the novel “entangling” directions (see Fig-
ure 3). One can show that it is possible to move along
particular (entangled) directions in operator space that
decrease F around the solution. An example is given by
H ∝ Z and the maximal Schmidt’s rank operator [42]
K = H + α(σ1 ⊗ 1+ 1⊗ σ1) + γ

∑
i σi ⊗ σi as shown in

panel b) of Fig. 3. This timelike entanglement is a neces-
sary but not sufficient condition for decreasing F below
F [e−SE ] as shown in panel a) of Fig. 3.

A similar discussion holds for fermionic systems. As
an example analogous to the qubit one, consider a single
spinless fermion and N = 2. We recall that this is also
the example we considered in Eq. (26). For a variation
of the form Γ = PeiϵPe−K with [K,P ] = [K,P] = 0 the
expression (92) for F [Γ] holds. A simple way to char-
acterize all possible hermitian K operators is by using
Majorana operators [26] (in spacetime) cµ defined to be
hermitian operators satisfying at = (c2t−1 + ic2t)/2. The
corresponding spacetime algebra is {cµ, cν} = 2δµν with
µ, ν = 1, . . . , 2N for N time-slices. Then, we can expand

K =

4∑
µ<ν=1

αµν icµcν + δ c1c2c3c4 , (95)

for a total of 7 real parameters (we assume K = K†)
In addition, we impose time invariance leading to only 5
independent parameters α12 = α34, α13, α14 = α32, α24

and δ (the difference with the qubit case comes from
the parity restriction). Notice that the α-terms corre-
sponds to gaussian evolution while the last term is the
fermionic parity and does not affect F (non-gaussian

quantum actions, that allow for fermionic entanglement
across time [43], require a larger N). Notice now that
given the Hamiltonian H = Z = −ic1c2 (for a single
spinless fermion one has two Majorana operators), the
quantum action is SE = −iϵP − ic1c2 − ic3c4 so that
all the available local-in-time variations correspond to a
rescaling of the Hamiltonian (c1, c2 corresponds to the
first time site while c3, c4 to the second). Instead, all the
other terms of K correspond to interactions across time
sites. The latter lead to a local maximum of F for fixed
Hamiltonian and α12 as one can verify by noting that all
the eigenvalues but one (the separable α12-direction) of
the corresponding Hessian are negative for any H = λZ.
This is illustrated numerically in Fig. 3 c). It is interest-
ing to remark the difference with the qubit case, where
it is possible to choose timelike interactions that increase
F . This different behavior can be associated with the
subtle but fundamental differences between bosons and
fermions stressed at the end of section III A.

Let us add a few remarks on this novel emerging
scheme. We have seen that one can explore more pos-
sible “test” quantum actions than those that are directly
linked to standard QM. Beside being interesting from a
foundational perspective, these types of theories natu-
rally appear when developing the operator equivalent to
semiclassical approximations [44–46]. As a matter of fact,
the latter corresponds to neglecting some of the Fourier
modes of Eq. (11) leading to non-local-in-time features
that make use of the full Hilbert space H [4]. Other sub-
tleties appear when considering non-translationally (in
time) invariant and/or real-time evolution: on the one
hand, one needs to deal with complex entropies (see also
[35, 47]), with a stationary condition holding for both real
and imaginary parts of the corresponding functional. On
the other hand, imposing an initial (or final) condition,
such as those described in section IV A is subtle, and can
in principle be associated with additional constraints on
F , at least as long as a proper continuum time limit is
considered. These latter subtleties need to be rigorously
addressed before one can discuss the relation between the
corresponding functional F , classical entropies, and the
classical action Scl in the limit ℏ → 0. Such subtle anal-
ysis lies beyond the scope of the present work and is left
for future investigation.

C. Fermion-boson interactions

Having developed the spacetime formalism for bosonic
and fermionic systems separately, it is natural to consider
the scenario in which both bosons (or bosonic-like finite
dimensional systems, as in section II) and fermions are
present. This is the subject of this section.
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1. Discrete time formalism

Let us first discuss the discrete time case, following
the formalism we presented in Sections II and III A-III B.
Since bosons and fermions are independent physical sys-
tems we consider a total Hilbert space H = HB ⊗ HF

with HB the spacetime Hilbert space for bosons, defined
e.g. by HB = ⊗th as in section II, and HF defined by
the algebra (22). It is clear that bosonic and fermionic
operators commute with each other, meaning e.g. (for ac-

tual bosons) [bt1i, b
†
t2j

] = [bt1i, at2j ] = 0 with the ladder

operators defined in Eqs. (10) and (22).
It is now very simple to generalize Theorem 4 to in-

clude bosons (using also the results of section II proved
in [4]). Consider first a product operator O = OB ⊗OF .
It is clear that

Tr
[
Pei(SB+SF )OB ⊗OF

]
= Tr

[
eiSBOB

]
Tr

[
PeiSFOF

]
,

(96)
with SB (SF ) the bosonic (fermionic) quantum action so
that SB +SF ≡ SB ⊗1F +1B ⊗SF . Now one can apply
Lemma 2 and Theorem 4 to each term separately of (96)
which yields

Tr
[
Pei(SB+SF )

∏
l

O
(l)
Btl

⊗O
(l)
Ftl

]
=

= tr
[
e−iT (HB+HF )T̂

∏
l

O
(tl)
B (ϵtl)O

(tl)
F (ϵtl)

]
,

(97)

where we already rewrote the result as a single trace in
h = hB ⊗ hF . Notice that the time ordering is not rel-
evant when comparing bosonic and fermionic operators
since they commute with each other. Now, given a more
general operator acting on HB ⊗HF one can expand it
as a sum over product operators (in the boson-fermion
partition). This leads directly to

Tr
[
Pei(SB+SF ) ∏

l

O
(l)
tl

]
= tr

[
e−iT (HB+HF )T̂

∏
l

O(tl)(ϵtl)
]
,

(98)

which is the generalization of Theorem 4 to the case in
which bosons are present but they do not interact with
fermions.

We can now discuss the case of interacting bosons-
fermions, defined by a Hamiltonian H = HB ⊗ 1F +
1B ⊗HF +Hint. The corresponding quantum action is

eiS = eiϵ(PB+PF )
∏
t

e−iϵ(HB+HF+Hint) . (99)

Now, assuming e−iϵ(HB+HF+Hint) = e−iϵ(HB+HF )Oint,
with Oint having the formal Dyson’s expansion Oint =
T̂ e−i

∫ ϵ
0
dt′HI(t

′), one can write

eiS = ei(SB+SF )
∏
t

(Oint)t , (100)

allowing us to apply Eq. (98). As a result,

Tr[PeiS ] = tr
[
e−iT (HB+HF )T̂ e−i

∫ T
0
dt′HI(t

′)
]

= tr[e−iTH ] ,
(101)

which is the natural generalization of Theorem 4 with no
operator insertions. If operators are added, Theorem 4
holds as seen by following the same line of reasoning. In
summary we have obtained the following Corollary.

Corollary 4. Theorem 4 holds for a bosonic+fermionic
quantum action as in Eq. (99) and for general bosonic
and fermionic operators.

2. Continuum spacetime formalism: Yukawa interaction

The scenario of fermions interacting with bosons is
very simply described in the continuum time case. In
order to illustrate this scenario, we extend our example
of Dirac action of section III C to include a Yukawa in-
teraction with Lagrangian density Lint = gϕψ̄ψ. The
treatment of other interactions are apparent from our
discussion of this example.

We consider the total quantum action

Sτ = Sψτ + Sϕτ + Sϕψτ , (102)

with Sψτ the free Dirac quantum action of Eq. (52),

Sϕτ = τ

∫
d4x

{
π(x)ϕ̇(x)− π2(x)

2
− (∇ϕ(x))2

2
− m2ϕ2(x)

2

}
(103)

a Klein-Gordon free quantum action for a scalar real field
and with

Sϕψτ = gτ3/2
∫
d4xϕ(x)ψ̄(x)ψ(x) , (104)

the Yukawa interaction with the τ factor defined accord-
ing to Sϕψτ =

∫
d4xLint[

√
τϕ(x),

√
τψ(x)]. We refer the

reader to [3] for a complete description of bosonic QFTs
in spacetime. Here we simply notice that the essential
ideas and small τ limit are analogous to our results of
section III C. In particular, if one imposes the commuta-
tor spacetime algebra

[ϕ(x), π(y)] = iδ(4)(x− y) , (105)

it can be shown that

lim
τ→0

⟨
√
τϕ(x)

√
τ ϕ̄(y)⟩τ =

∫
d4p

(2π)4
i

p2 −m2 + iϵ̃
e−ip(x−y) ,

(106)
which is the free bosonic Feynman propagator. Here the
brackets indicate the quotient of traces as in (53) but
with the Dirac action replaced by Sϕτ and no parity oper-
ator (same notation as in [3]). In addition, bosonic and
fermionic fields commute ([ϕ(x), ψ(y)] = 0 and so on),
meaning that the bosonic and fermionic operators act on
different distinguishable Hilbert spaces, which in partic-
ular implies [Sϕτ , S

ψ
τ ] = 0. Instead, since the interacting

part couples both fields, the commutators [Sϕτ , S
ϕψ
τ ] and

[Sψτ , S
ϕψ
τ ] are not vanishing. Nonetheless, they are always

proportional to some power of τ , which can be chosen ar-
bitrarily small.
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A convenient scheme for treating interactions follows.
In analogy to the notation of (53) we indicate the follow-
ing quotient of traces as

⟨. . . ⟩τ :=
Tr[PeiSτ . . . ]

Tr[PeiSτ ]
(107)

⟨. . . ⟩τ free :=
Tr[Pei(S

ϕ
τ+Sψτ ) . . . ]

Tr[Pei(S
ϕ
τ+Sψτ )]

, (108)

where the first one involves the complete interact-
ing action (102) while the second only the free
fermionic+bosonic parts. Now, for small τ , we can sepa-

rate the interaction from the free part of the actions:

⟨. . . ⟩τ =
⟨eiSϕψτ . . . ⟩τ free
⟨eiSϕψτ ⟩τ free

+ O(τ2) (109)

as it follows from eiSτ = ei(S
ψ
τ +Sϕτ )eiS

ϕψ
τ + O(τ2). As-

suming g small, a perturbative expansion is then read-

ily obtained by expanding ⟨eiSϕψτ . . . ⟩τ free in orders of g.

For example the first order is given by ⟨eiSϕψτ . . . ⟩τ free =
⟨. . . ⟩τ free + gτ3/2⟨

∫
d4yϕψ̄ψ . . . ⟩τ free + O(g2). Now one

can apply Wick’s theorem inside each ⟨. . . ⟩τ free which
agrees with Feynman diagramatic expansion. In order
to illustrate this agreement, let us consider a single three
level contraction arising in a 4-point correlation function:

τ2⟨ψ(x1)ψ(x2)ψ̄(x3)ψ̄(x4)⟩τ ≃ ⟨eiSϕψτ τ2ψ(x1)ψ(x2)ψ̄(x3)ψ̄(x4)⟩τ free
⟨eiSϕψτ ⟩τ free

= τ2⟨ψ(x1)ψ(x2)ψ̄(x3)ψ̄(x4)⟩τ free

+ g2τ5
∫
dydz ψ(x1)ψ(x2)ϕ(y)ψ̄(y)ψ(y)ϕ(z)ψ̄(z)ψ(z)ψ̄(x3)ψ̄(x4)

+ other O(g2) contractions + O(g4)

(110)

with the contractions defined as

ϕ(x)ϕ(y) := ⟨ϕ(x)ϕ(y)⟩τ free (111)

ψ(x)ψ̄(y) := ⟨ψ(x)ψ̄(y)⟩τ free . (112)

Since we know that these contractions yield the bosonic
(fermionic) propagators, it is clear that the small τ limit
of the l.h.s. of Eq. (110) is precisely what is obtained by
applying the standard Feynman rules. In particular, the
contraction of (110) corresponds to the diagram

2

4

1

3 .

Here solid lines represent fermionic propagators while the
wavy line is the bosonic one. Notice that there are pre-
cisely 5 contractions, matching the power of τ accompa-
nying the g2 term. Other contractions are to be treated
similarly, including the “vacuum bubbles” [48], with the
usual factorization between connected and disconnected
diagrams holding (the denominator ⟨eiSϕψτ ⟩τ free, which is
to be expanded perturbatively as well, cancels all discon-
nected diagrams; the factorization holds for finite τ).

The treatment of other contractions and different in-
teractions can be easily developed along these lines. The

essential point is that for small τ one can separate the
exponential of the action in the product of two exponen-
tials, one for the free action part and one for the interact-
ing one (lowest order of the Baker–Campbell–Hausdorff
formula; convergence is assumed as usual). Then, assum-
ing a perturbative approach is possible ( small g), one can
expand the exponential of the interaction in power series
and apply Wick’s theorem to the ensuing contractions.
In this way, one recovers the Feynman rules from the
spacetime approach.

D. Second quantization of the Page and Wootters
mechanism and quantum time

It has been recently noticed [10, 15] that a direct second
quantization of the Page and Wootters (PaW) [11] for-
malism leads directly to spacetime algebras for bosons.
Moreover, the second quantized universe operators are
free bosonic quantum actions [3, 4, 10]. Here we extend
these results to fermions and add some considerations on
relativistic bosons thus providing a complete connection
between the quantum actions characterizing the space-
time formalism and the notion of quantum time.

Let us specify first that with “second quantization”
we indicate the mathematical scheme that allows one
to construct a Fock space from a given single particle
space. Such a Fock space describes an arbitrary number
of these particles which are also assumed to be indis-
tinguishable. For this reason it can be thought as an
(anti)-symmetrization of a direct sum of spaces of differ-
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ent number of particles. This point of view is equivalent
to considering the following rules: given an orthonormal

single particle basis |i⟩ one identifies |i⟩ = a†i |0⟩ with ai
annihilation operators. In addition, the sum over par-
ticles of a single particle operator O =

∑
i,j⟨i|O|j⟩|i⟩⟨j|

(e.g. the total kinetic energy) is identified with the Fock
space operator (see e.g. [49] for details)

OF :=
∑
i,j

⟨i|O|j⟩ a†iaj . (113)

On the basis of previous considerations, we can state
more clearly what we mean by second quantization of the
PaW formalism: We consider the mathematical space,
usually identified with the space of the system with a
“clock”, as the space of single particles. The ensuing
Fock space is thus describing an arbitrary number of in-
distinguishable PaW-particles. This was discussed for
bosons in [10, 15]. An interpretation in terms of “events”
was later proposed (including fermions) in [19], although
without linking them to quantum actions.

To describe fermions and relate the results with the
fermionic action of III C, we focus on the extension of the
PaW mechanism developed in [14] for a Dirac particle.
Therein, it was shown that the Dirac equation can be
recovered by imposing the “universe equation” J |Ψ⟩ = 0
to the operator

J = P0 ⊗ 1+ 1⊗HD . (114)

This operator acts on the Hilbert space defined by four-
dimensional spinors and algebra [Xµ, Pν ] = iδµν14 with
14 the 4×4 identity matrix. A basis of the Hilbert space
is provided by states |x, a⟩ satisfying Xµ|x, a⟩ = xµ|x, a⟩
and

⟨y, b|x, a⟩ = δ(4)(x− y)δab (115)

for a, b = 0, 1, 2, 3. Notice that this is not the usual
Hilbert space of the Dirac equation [50], since an ad-
ditional time operator X0 has been introduced. In the
PaW interpretation, one writes |x, a⟩ = |t⟩ ⊗ |x, a⟩ with
t ≡ x0 a label of states of a “clock system” and |x, a⟩ a
basis of the standard Hilbert space underlying the Dirac
equation.

Now we build a Fock space from this extended notion
of particle. We identify

|x, a⟩ ≡ ψ†
a(x)|Ω⟩ , (116)

where {ψa(x), ψ†
b(y)} = δ(4)(x−y)δab, in agreement with

(115) and the second quantization scheme, and |Ω⟩ is the
vacuum of all the ψa(x) operators. Notably, the Dirac
field operators and the spacetime algebra (46) have nat-
urally emerged from this scheme. We see that the single
particle space corresponding to the spacetime algebra is
of the PaW form, in the sense that it can be understood
as “time ⊗ space”. This separation does not hold for
higher particle number states, with the spacetime alge-
bra dictating the proper structure.

Furthermore, considering that the canonical commu-
tators yield ⟨y, b|Pµ|x, a⟩ = i∂µδ

(4)(x− y)δab, the matrix
elements of the universe operator are

⟨y, b|J |x, a⟩ = (iδab∂0 + iαba ·∇ + βbam) δ(4)(x− y) ,

where all the derivatives act on x. This leads one directly
to the corresponding Fock operator

JF = −
∫
dtd3xψ†(t,x)(i∂0 + α ·∇− βm)ψ(t,x)

= −
∫
d4x ψ̄(x)(iγµ∂µ −m)ψ(x) ,

(117)

where we used that JF =
∫
dxdy ⟨y, b|J |x, a⟩ψ†

b(y)ψa(x).
Remarkably, we have proven that the second quantized
universe operator (117) of the PaW mechanism applied
to a Dirac particle is exactly the Dirac quantum action
operator (52b) up to an overall (irrelevant) factor.

It is also interesting to relate the diagonalization of the
quantum action with the PaW notion of particle. For
this purpose we define for a given mass m (implicit in
the dispersion relation)

as(p) := 1√
2Ep

us†p ψ(p), bs(p) := 1√
2Ep

ψ†(−p)vsp (118)

satisfying

{as(p), ar†(p′)} = (2π)4δ4(p− p′)δrs (119a)

{bs(p), br†(p′)} = (2π)4δ4(p− p′)δrs (119b)

for s, r = 1, 2, with all other anticommutators equal to
zero and where we recall that ψ(p) is the FT of ψ(x) as
discussed in section III C. The proof relies on basic prop-
erties of the Dirac’s spinors usp, v

s
p and is provided in the

Appendix E. Therein we also show in compact notation
(permitted by the new spacetime FT) that (118) cor-
responds to a simple Bogoliuvob transformation whose
inverse yields ψ(p) =

∑
s

1√
2Ep

(uspa
s(p) + vs9pb

s†(9p)) .

We can also use this to write the Dirac field in spacetime
as

ψ(x)=

∫
d4p

(2π)4
1√
2Ep

∑
s

(
uspa

s(p)e−ipx+vspb
s†(p)eipx

)
.

(120)
Moreover, standard properties of the Dirac Hamilto-

nian brings the spacetime quantum action to its diagonal
form:

Sτ =

∫
d4p

(2π)4

∑
s

τ(p0 − Ep)
(
as†(p)as(p) + bs†(p)bs(p)

)
.

(121)
We are actually considering the normal ordered oper-
ator with respect to |Ω̃⟩ ̸= |Ω⟩, the vacuum of all
as(p), bs(p) which, as usual, “eliminates” the Dirac’s
sea of negative energies. Notice in fact that negative
p0 states also have positive energy:

∫
dt : HD(t) :=
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dt

∫
d3pEp

∑
s{as†(t,p)as(t,p) + bs†(t,p)bs(t,p)} is

positive semidefinite.
In particular, states created by on-shell modes with

positive p0 are annihilated by Sτ (or equivalently, by JF ).
This can be used to compare this formalism with the
physical states of [14]: consider an on-shell single particle
state of the form (sums over s, a are implied)

|Ψ⟩e =

∫
d4p δ(p2 −m2)θ(p0)

√
2Epαpa

s†(p)|Ω⟩

=

∫
d4p δ(p2 −m2)θ(p0)αpu

s
pa|p, a⟩ ,

(122)

where we used (118) and |p, a⟩ ≡ ψ†
a(p)|Ω⟩. This state

has precisely the form of the particle physical state in
[14], defined according to the PaW condition J |Ψ⟩ = 0.

Notice that we may replace |Ω⟩ → |Ω̃⟩ here. Instead, the
antiparticle state of [14] has the form

|Ψ⟩p =

∫
d4p δ(p2 −m2)θ(p0)βp(vspa)| − p, a⟩

=

∫
d4p δ(p2 −m2)θ(p0)

√
2Epβpb

s(p)|Ω⟩ .
(123)

This state does not correspond to an antiparticle state of
the form ∝ bs†(p)|Ω̃⟩. Instead, it is a hole of |Ω⟩ (which

is full of antiparticles, i.e. |Ω⟩ ≡
∏
p,s b

s†(p)|Ω̃⟩) thus
leading to negative energies. In other words, through the
spacetime field theory formalism we see that the “first
quantization antiparticles” (defined in the PaW formal-
ism) correspond to holes. Instead, the proper on-shell
particles and antiparticles have positive p0 and energy
if the action and Hamiltonian are properly normally or-

dered. These are defined by the action of modes as
†
(p),

bs
†
(p) on |Ω̃⟩. We have thus recovered the usual discus-

sion on the Dirac sea and its field theory solution within
these spacetime approaches. One can also show that

as
†
(Ep,p), bs

†
(Ep,p) are the modes to be used if one is

to consider “external lines” in scattering processes. The
corresponding Feynman rules can be obtained in analogy
with the discussion of section IV C 2.

Let us finally notice that just as the sp operator J
can be generalized to second quantization, the quantum
time operator TPaW =

∫
dtd3x

∑
a t |t,x, a⟩⟨t,x, a| [14]

can also be generalized to the Fock operator

TF =

∫
dtd3x

∑
a

t ψ†
a(t,x)ψa(t,x) , (124)

according to the discussion above (113). Interestingly,
the weight assigned to a single point in spacetime, is pro-
portional to the charge density, reproducing the mean
values of PaW for single particles. On the other hand,
our previous discussion on the Dirac sea is quite relevant
here: if we employ the expansion (120), a direct calcula-
tion using standard spinor properties (see Appendix E)
yields

TF =

∫
dt t

∫
d3p

(2π)3

∑
s

(
as†(t,p)as(t,p)− bs†(t,p)bs(t,p)

)
.

(125)

Notice that the antiparticles have the “wrong” sign.
While this might be “fixed” by means of a particle-hole
transformation for antiparticles, this would correspond to
a normalyl ordered TF according to the “vacuum” state
|Ω⟩ which leads to negative energies. If the more physical

choice of a vacuum |Ω̃⟩ is made, the PaW time opera-
tor necessarily associates a negative time to antiparticles
with respect to particles, providing an explicit realization
of the Feynman-Stüeckelber picture [51] of antiparticles
traveling backward in time. Let us stress, however, that
the notion of localization in time should now be regarded
as emerging: just as in standard QFT the notion of lo-
calization in space is not uniquely defined [52] one might
propose different time operators.

Let us now focus in the bosonic case for a Klein-Gordon
particle which can be related to the action of (103) in the
Yukawa example of IV C 2. We will employ a different
notation from the related results presented in [10], which
is more adequate to QFT.

Consider an extended particle Hilbert space [15] de-
fined by the algebra [Xµ, Pµ] = iδµν . This space has bases
|x⟩, |p⟩ which are eigenstates of the operators Xµ, Pν .
Consider now in this scheme a particle with relativistic

dispersion relation so that H =
∫
d3p

√
p2 +m2 |p⟩⟨p|.

The corresponding universe operator J = P0⊗1+1⊗H
leads one to [10]

JF = −
∫
d4p

(
p0 −

√
p2 +m2

)
a†(p)a(p) , (126)

with

[a(p), a†(p′)] = (2π)4δ(4)(p− p′) , (127)

similarly to the Dirac case (without spin). Notably, JF
is the Klein-Gordon free action in disguise. To see this
we introduce the field and its conjugated (in spacetime)
momentum

ϕ(x) : =

∫
d4p

(2π)4
1√
2Ep

(
a(p)e−ipx + h.c

)
π(x) : = −i

∫
d4p

(2π)4

√
Ep

2

(
a(p)e−ipx − h.c

) (128)

satisfying the spacetime algebra (105). A direct calcula-
tion yields

JF =−
∫
d4x

{
π(x)ϕ̇(x)− π2(x)

2
− (∇ϕ(x))2

2
− m2ϕ2(x)

2

}
(129)

which is precisely the quantum action of Eq. (103). It is
also easy to verify that the Legendre transform emerges
from the p0 term in (126) while the rest from its Hamil-
tonian part.

In summary, the spacetime algebras lead to single par-
ticles with the PaW structure “time ⊗ space”, an insight
which holds for both bosons and fermions. While more
general states do not share this structure, there is yet
another notable relation: the Fock space version of the
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universe operators are precisely the (free) quantum ac-
tions. While we showed this for the familiar Dirac and
Klein-Gordon actions, the same holds for non-relativistic
systems [10] as one can easily see by applying our scheme
to other scenarios. Finally, let us observe that in the final
spacetime approach we do not define a physical subspace.
Instead, we compute quantities according to the map es-
tablished through the main Theorems of section III (see
the discussion in the Appendix D).

V. CONCLUSIONS

We provided a general framework to formulate QM
treating time on equal footing to other quantum num-
bers. In order to do so we identified the algebra defining
quantum operators, and ensuing Hilbert space represen-
tations, as the key ingredient to be promoted to include
time itself. In this way, we generalized our previous work
[3] on bosonic and relativistic systems to arbitrary finite
dimensional systems including fermions. This allowed
us to introduce a fermionic QA and to establish a map
between spacetime correlators, defined in the extended
formalism, and evolution-related quantities of standard
QM. Moreover, we have shown that this map admits a PI-
like interpretation that does not make use Grassman vari-
ables, and that generalizes recent results [4] for bosonic
systems. The case where both bosons and fermions are
present and can interact has also been considered.

We also showed that the formalism contains standard
QM in a natural way: it is sufficient to consider partial
traces over all time slices except one to recover standard
quantum states evolving according with unitary evolu-
tion. The parameter of evolution is dictated by the time
slice index. In this way, the asymmetry in the axioms of
standard QM posed in section I (and depicted in Figure
1) has been fully addressed. Moreover, the objects one
is tracing from can be interpreted as generalized state.
These generalized states codify not only the complete
information about the system at a given time but also
all of its evolution and temporal correlators. As a mat-
ter of fact, one can extract all (space) time correlation
functions from these states by simply considering static

expectations values on the extended Hilbert space. In
this mathematically precise sense, the formalism replaces
evolutions with correlations.

These correlations also admit a generalized purifica-
tion leading to an interpretation of timelike correlators in
terms of weak values. Moreover, we have shown that the
associated entropy allows one to introduce a stationary
quantum action principle for variations along arbitrary
operators in the extended Hilbert space. The principle is
defined as an extremal condition for the entropy with a
fixed quantum action mean value and with ℏ playing the
role of the Lagrange multiplier. The principle includes
both separable-in-time and entangled-in-time variations,
meaning that it’s only accessible trough the extended for-
malism. This principle suggests a novel angle to under-

stand what separates quantum and classical mechanics,
an interesting but subtle perspective that lies beyond the
scope of the manuscript. Considerations related to the
classical limit (without the quantum action principle) can
be also found in [3] where the spacetime approach to clas-
sical mechanics has also been presented.

We have also explored connections with the PaW
mechanism [11], showing that, for quantum fields, our
approach can be interpreted as a second quantized ver-
sion of the PaW scheme. In other words, if a QFT is
quantized following our formalism, the single particle ex-
citations correspond to PaW particles [14, 15]. Moreover,
the quantum action for free fields, including the fermionic
one is the second quantization of the universe operator
defining the dynamics in the PaW mechanism.

It is also natural to explore possible connections to
other recent proposals whose motivation is the same type
of space-time asymmetry we have treated here [19, 53–
57]. There is however a key factor setting our scheme
apart: we focused on spacetime correlators rather than
in measurements and/or expectation values at different
times, a typical subject of these other approaches. Our
choice was motivated by the PI formulation, and it led
us to a clear unification of space and time correlators,
intimately related to PIs. At the same time, as we are
working in a canonical approach, it is actually straight-
forward to introduce general quantum channels in the
formalism, including measurements: one can include an-
cillas within the formalism itself, and since general uni-
tary evolution has been treated, one can accommodate
e.g. Kraus operators [22] within the definition of the QA.
These considerations open very interesting perspectives
as they show that one can study fundamental problems
of QM, as those posed in the literature above, within a
framework that incorporate both the advantages of the
PI formulation and quantum information.

Let us conclude our manuscript with the following re-
mark: with a space-time canonical approach fully de-
veloped, we are not only providing (by construction) an
answer to previously raised questions about the possi-
bility of removing the space-time asymmetry intrinsic to
quantum mechanics, but also establishing a rigorous and
intuitive framework where novel notions become mean-
ingful. In particular, by introducing concepts such as
the quantum action and timelike correlations within a
Hilbert space framework, our approach lays a solid foun-
dation for exploring novel conceptual and practical devel-
opments, as well as for potential generalizations of quan-
tum mechanics itself.
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Appendix A: Theorems from section III: Proofs and
additional details

1. Theorem I

Before giving a formal proof, let us notice that there
is a pictorial way of understanding the Theorem. Con-
sider the relation Tr[PeiϵP ] = tr[1] first. It is clear that
if we compute the trace in the product basis the only
states that contribute are | ◦ ◦ · · · ◦⟩ and | • • · · · •⟩ since
they are the only product-in-time eigenstates of eiϵP .
The all-empty state has clearly an eigenvalue 1. Instead,
eiϵP |•• · · · •⟩ = P |•• · · · •⟩ as the last mode is full, yielding
a minus sign, and then the corresponding creation oper-
ators has to be moved through all the other ones. Thus,
the trace is equal to

∏
j 2 = tr[1].

Consider now the two point contraction, depicted in
figure 4. Let us first assume t1 > t2. It is clear that the
only states that do not vanish after the action of at1a

†
t2

have the mode t2 empty and t1 full (we ignore the other
mode indices). Is is easily seen that this implies that the
only contribution comes from the state |ψ1⟩ which has
all modes empty except for t2 < t ≤ t1. In fact, after
acting with at1a

†
t2

upon the state the mode in t2 is full
and t1 is empty. When we translate in time we need an
empty mode coming from t2 − 1 and a full one coming
t1 − 1. But if t2 − 1 is empty we also need t2 − 2 empty
and so on. A similar argument shows the previous claim
for t2 < t < t1 and t > t1. In addition, one can see
that |ψ2⟩ := at1a

†
t2
|ψ1⟩ = P | ◦ · · · ◦ •t2 • · · · • ◦t1 ◦ · · · ◦⟩ as

one can see by noting that at1 must pass through the
same number of creation operators as contained in |ψ1⟩.
Finally, eiϵP |ψ2⟩ = P |ψ1⟩ since the last mode is empty in

|ψ2⟩. This means that ⟨ψ1|PeiϵPat1a
†
t2
|ψ1⟩ = ⟨ψ1|ψ1⟩ =

1 = tr[aa†].
A similar argument holds for the case t1 < t2 with just

the state |ψ′
1⟩ = | • · · · • •t1 ◦ · · · ◦ ◦t2 • · · · •⟩ (see figure)

contributing. This time |ψ′
2⟩ := at1a

†
t2
|ψ′

1⟩, with |ψ′
2⟩ =

−|•· · ·•◦t1 ◦· · ·◦•t2 •· · · •⟩ since a†t2 is to be shifted through
all creation operators with t ≤ t1 while at1 through all
t < t1. Instead, eiϵP |ψ′

2⟩ = −P |ψ′
1⟩ since the last mode is

full yielding a minus sign and then a†1 is shifted through
all the other full modes.

Let us now provide the formal demonstration. Con-
sider the equality Tr[PeiϵP ] = tr[1] first.

Proof. By noting that

PeiϵP = exp{i
∑
n,j

(π + ϵωn)a
†
njanj} ,

one can immediatly show using elementary fermionic

FIG. 4. Schematic proof of the two point contraction
relation of Theorem I. We show schematically the only
states that contribute to the trace Tr[PeiϵPat1a

†
t2
] in the cases

of t1 > t2 (panel a)) and t2 > t1 (panel b)). The black dots
indicate a full mode while the white dots indicate an empty
mode.

properties that

Tr[PeiϵP ] =
∏
n,j

[1 + ei(π+ϵωn)] =
∏
n,j

[1− ei(2n+1)π/N ] . (A1)

In order to evaluate this product consider the polynomial
p(z) = zN +1 whose roots are zn = ei(2n+1)π/N as one can
r eadily verify. This implies p(z) =

∏
n[z − zn]. We see

that Tr[PeiϵP ] =
∏
j p(1) =

∏
j 2 = tr[1] (the dimension of

the conventional Hilbert space).

□

Consider now the claim Tr[PeiϵPat1ia
†
t2j

] = tr[T̂ aia
†
j ].

Proof. By using the fact that the operator P and the parity

operator P are both quadratic we have

Tr[PeiϵPat1ia
†
t2j

]

Tr[PeiϵP ]
=

Tr
[
exp{i

∑
n,i

(ϵωn + π)a†niani}at1ia
†
t2j

]
Tr

[
exp{i

∑
n,i

(ϵωn + π)a†niani}
]

=
δij
N

N−1∑
n=0

e−iϵωn(t1−t2)

1− eiϵωn
,

(A2)

where in the last equality we used the Fourier expan-
sion of the creation(annihilation) operators. We can now
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evaluate this sum exactly by noting that

N−1∑
n=0

e−iϵωn(t1−t2)

1− eiϵωn
=

1

2

N−1∑
n=0

N−1∑
t=0

e−iϵωn(t1−t2−t)

=

N−1∑
t=0

e−i
π
N (t1−t2−t)

2

1− e−i2π(t1−t2−t)

1− e−i
2π
N (t1−t2−t)

(A3)

where the last equality holds for the cases t = t1− t2 and
t = t1 − t2 +N as a limit (with the argument of the sum
being strictly equal to 1/N). Now, for t1, t2, t integers we
obtain

N−1∑
n=0

e−iϵωn(t1−t2)

1 − eiϵωn
=

N−1∑
t=0

e−i
π
N∆t

2N
δ∆t,0modN , (A4)

with ∆t := t1 − t2 − t. For t1 − t2 positive, and since
t ∈ (0, N − 1), only δ∆t,0 contributes so that

N−1∑
n=0

e−iϵωn(t1−t2)

1 − eiϵωn
=

1

2N
.

Instead, for t1 − t2 negative the δ∆t,N is the only non-

vanishing term yielding
∑N−1
n=0

e−iϵωn(t1−t2)

1−eiϵωn = −1/2N .
We conclude that

Tr[PeiϵPat1ia
†
t2j

]

Tr[PeiϵP ]
=
δij
2

sgn(t1 − t2) , (A5)

for t1, t2 = 0, . . . , N − 1.

Let us also notice that θt = 1
N

∑N−1
n=0

e−iϵωn(t1−t2)

1−eiϵωn is
the discrete Fourier expansion of the step function θt :={

1/2 t≥0
−1/2 t<0 in the interval t ∈ (−N,N − 1) thus taking

N positive and N negative values. This is easily seen by
noting that ωn = 2π

N (n + 1/2) = 2π
2N (2n + 1), with the

Fourier coefficients of θt corresponding to even indices
vanishing.

Now, since Tr[PeiϵP ] = tr[1], while tr[aia
†
j ] =

tr[a†jai] = δijtr[1]/2 we obtain the desired relation.

2. Theorem 2

Here we prove the claim of Theorem 2. Notice first that
any operator of H (h) is a polynomial in ati, a

†
tj (ai, aj).

This means that if we assume that

Tr[PeiϵP
∏
l

ψ
(l)
tl

] = tr[T̂
∏
l

ψ(l)(tl)] , (A6)

where ψ(l)
tl

= atlil , a
†
tl,il

(an annihilation or creation oper-

ator) and ψ(l) = ail , a
†
il, i.e. we consider only the product

of creation (annihilation) operators, the general Theo-
rem follows (the “constant” case is already covered by
Theorem 1). We now prove (A6).

Proof. It is well-known that Wick’s theorem applied to gaus-

sian operators yields a compact expression in terms of Pfaffi-

ans for the mean values of a product of annihilation (creation)

operators (or equivalently to a product of Majorana opera-

tors [27]). We can use it to write Tr[PeiϵP
∏
l ψ

(l)
tl

] = Pf(C),

where Pf denotes the Pfaffian of the matrix C defined as

Cij := Tr[PeiϵPψ
(i)
ti
ψ
(j)
tj

] for i < j and Cji = −Cij . Let

us assume first that the product of operators is already time-

ordered. We can now write

Tr
[
PeiϵP

∏
l

ψ
(l)
tl

]
= Pf(C) = tr

[ ∏
l

ψ(l)(tl)
]

(A7)

where we used that the two-point contractions defining C

are related with two-point contraction in h by Theorem 1.

The last equality is again a consequence of Wick’s theorem,

now applied in h to the identity operator. On the other

hand, if the product is not time-ordered we can simply write

Tr[PeiϵP
∏
l ψ

(l)
tl

] = (−1)γTr[PeiϵP
∏′
l ψ

(l)
tl

] for
∏′
l the time-

ordered product and (−1)γ a sign which takes into account

how many permutations we needed. Now, our previous rea-

soning of (A7) yields

(−1)γTr[PeiϵP
∏′

l

ψ
(l)
tl

] = (−1)γtr[
∏′

l

ψ
(l)
tl

] = tr[T̂
∏
l

ψ
(l)
tl

] ,

with the last equality holding because (−1)γ is precisely
the extra sign appearing when relating the two products,

namely
∏′
l ψ

(l)
tl

= (−1)γ T̂
∏
l ψ

(l)
tl

. Notice that this holds
even for repeated time indices, since in that case no re-
arrangement is needed in on the l.h.s. in agreement with
the definition of T̂ .

It is interesting to consider an additional remark re-
garding our proof: if one assumes the thermal Wick’s
theorem (applied in the limit of infinite temperature),
then one can already conclude the proof by claiming
that Pf(C) = tr[T̂

∏
l ψ

(l)(tl)], regardless of the order in
time used to defined the contractions. In fact, the two-
point contractions carry T̂ as well, according to Theorem
1. However, our proof does not assume this. On the
contrary, the thermal Wick’s theorem arises now as a
corollary by running our “map” in reverse: now that we
have proven Theorem 2, one can write tr[T̂

∏
l ψ

(l)(tl)] =

Tr[PeiϵP
∏
l ψ

(l)
tl

] = Pf(C), which is a Pfaffian of time-
ordered-two-point contractions in h (Theorem 1). If one
is interested in thermal states at finite temperature, one
can use S instead (or include a thermal gaussian state
ρ in the initial slice) and use this same line of reasoning
(see Theorem 4 and comments below). The important
insight is that the gaussian-like properties of T̂ on h are
now obvious since in H its action is indeed associated
with actual gaussian operators.

3. Theorem 3

In this section we will prove that

eiS = U0(T )V−1eiϵPV (A8)
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with

V−1 =
∏
t

U(ϵt) (A9)

and

eiS = eiϵP
∏
t

U [ϵ(t+ 1), ϵt] . (A10)

Theorem 3 corresponds to the case of a time-independent
and hermitian Hamiltonian, i.e. U(ϵt) = e−iϵtH . We will
first establish the equivalence between this result and the
following expression:

e−iϵPV−1eiϵP = U−1
N−1(T )

∏
t
Ut[ϵ(t+ 1), ϵt]V−1 . (A11)

Proof. The proof of the equivalence follows immediately by

rewriting (A11) as

V−1eiϵPV = eiϵPU−1
N−1(T )

∏
t
Ut[ϵ(t+ 1), ϵt] .

Now, considering that eiϵPU−1
N−1(T )e

−iϵP = U−1
0 (T ) (the

anti-periodic boundary conditions do not yield minus signs

since U is parity preserving) we can write

U0(T )V−1eiϵPV = eiϵP
∏
t
Ut[ϵ(t+ 1), ϵt] = eiS ,

which is precisely Eq. (A8) of the main body.

The proof of Eq. (A8) in the main body now reduces
to proving (A11).

Proof. The action of the translation operator on V−1 =∏N−1
t=0 Ut(ϵt) in the left-hand side of (A11) yields

e−iϵP
N−1∏
t=0

Ut(ϵt)e
iϵP =

N−1∏
t=0

Ut−1(ϵt) =
N−2∏
t=0

Ut[ϵ(t+ 1)]

= U−1
N−1(T )

N−1∏
t=0

Ut[ϵ(t+ 1)] (A12)

where we used U(0) = 1, T = Nϵ. Notice also that

[Ut(ϵt1), Ut′(ϵt2)] = 0 for parity preserving evolution. On

the other hand,

N−1∏
t=0

Ut[ϵ(t+ 1)]V =
N−1∏
t=0

Ut[ϵ(t+ 1)]
N−1∏
t=0

U−1
t (ϵt)

=
N−1∏
t=0

Ut[ϵ(t+ 1)]U−1
t (ϵt)

=
N−1∏
t=0

Ut[ϵ(t+ 1), ϵt] . (A13)

By multiplying (A12) on the right by VV−1 = 1 and using

(A13) we recover (A11).

4. Other results

Having completed the proofs of the main theorems in
Section III, we now provide comments on the remaining
results. Unlike the previous theorems, which required
full proofs, these results and theorems have already been
established in the main text. For completeness, in this
section we recall the main text discussions and add ad-
ditional comments on their validity and novel remarks
where need it.

Lemma 3. As described in the main, Eq. (34) is a di-
rect consequence of H containing an even number of cre-
ation (annihilation) operators for it to be an admissible
fermionic Hamiltonian. Since ladder operators of differ-
ent time-slices anti-commute, an even number commutes.
This holds for a general “evolution” operator Ut preserv-
ing parity, even if the evolution is imaginary, thus also
implying (35) for V defined in (A9).

Theorem 4. Theorem 4 is a direct consequence of the
results of Theorem 2, Theorem 3 and of Lemma 3, with
the operator V, whose action relates S with P, yield-
ing the evolved operators. Notice that this holds for the
more general definition of V provided in Eq. (A9) (see also
statements below this equation) and allowing for imagi-
nary evolution.

Corollary 1. This corollary is just an application of

Theorem 4 where
∏
lO

(l)
tl

= Ot |ψ⟩0⟨ψ| with the initial

state |ψ⟩0⟨ψ| = O
(0)
0 . We recall that the notation S̃ has

been introduced in Eq. (38). For more general V (Eq.

(A9)) it can be defined as eiS̃ := U0(T )e
iS = V†eiϵPV

leading, in particular, to the time-dependent version of
the Corollary.

Theorem 5. The Theorem is proven in the main body
by direct evaluation.

Theorem 6. The Theorem is a direct consequence of
Theorem 5 and Wick’s theorem as explained in the main
text.

Appendix B: Spacetime states and quantum
principle of stationary action

In this section, we develop the necessary tools to prove
the results of section IV A. While the use of the Choi-
isomorphism is standard for bosons, we develop here a
generalization for fermions. We finally prove the varia-
tional quantum action principle.

1. Bosonic spacetime states

Let us begin our discussion by stating a few useful facts
related to the Choi’s isomorphism.

Consider a generic system and an environment with
an isomorphic Hilbert space. The maximally entangled
state |ϕ+⟩⟩ =

∑
i |i⟩S⊗|i⟩E allows one to introduce a set of
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useful relations: given an operator A ≡ AS acting on the
system, we can write |A⟩⟩ = AS ⊗ 1E |ϕ+⟩⟩. In particular
|ϕ+⟩⟩ ≡ |1⟩⟩. Then one can straightforwardly prove that

⟨⟨B|A⟩⟩ = tr[B†A] (B1)

⟨⟨B|O|A⟩⟩ = tr[B†OA] (B2)

AB† = trE [|A⟩⟩⟨⟨B|] (B3)

where all the operators A,B,O act on the system.
Using these tools one can write the standard pu-

rification of a density matrix as |√ρ⟩⟩, namely ρ =

trE [|
√
ρ⟩⟩⟨⟨√ρ|] which is a direct consequence of (B3). In

particular, ρ = e−K/ZK with Zk = tr[e−K ] leads to

ρ = trE

(
|e−K/2⟩⟩⟨⟨e−K/2|
⟨⟨e−K/2|e−K/2⟩⟩

)
(B4)

with the operator inside the trace, an orthogonal projec-
tor. It is interesting to remark the similarity between
this relation and Eq. (68) in Theorem 7, with the role of
the projector embodied by R in the extended formalism.

The application of Eqs. (B1) to the spacetime formal-
ism lead directly to the Theorems in section 7, as we
prove below.

Theorem 7. The property (B3) leads directly to TrER =

ρ0e
iS̃/2eiS̃/2 = ρ0e

iS̃ which is the relation (68), the main
result of the Theorem. Notice that, by construction, the
dagger in the definition of |Ψ⟩ cancels the dagger arising
from the bra.

In order to prove (69) let us notice that we can first
perform the partial trace over the environment, so that

we have to consider only the operator Trt′ ̸=t[ρ0e
iS̃ ] (conse-

quence of Eq. (68), which we just proved). Then, we make
use of Lemma (2): by considering only operators acting
on the same slice t, including ρt, the l.h.s. just becomes
the expectation value of arbitrary operators with respect

to Trt′ ̸=t[ρ0e
iS̃ ]. At the same time, the Lemma establish

an equality with the expectation value of the same opera-
tors with respect to ρ(t). Since they also act on the same

Hilbert space, it holds that Trt′ ̸=t[ρ0e
iS̃ ] = ρ(t). We also

recall that H = h⊗N , with each h the standard Hilbert
space.

Corollary 2. Since the partial trace over the environ-
ment of R leads to the exponential of the quantum actiion
operator (previous Theorem 7), the mean values of op-
erators acting trivially on the environment, are equal to

the mean values computed with ρ0e
iS̃ . Then, by applying

Lemma (2) one obtains Corollary 2.

Corollary 3. As noticed in the main text, the purifica-
tion of Theorem 7 is not unique. As a matter of fact, we
have seen that the purification is a direct consequence of

Eq. (B3) with AB† = ρ0e
iS̃ . While the product AB† is

fixed, the definition of A and B is clearly not. In partic-

ular one can choose A = ρ0e
iS̃ , B = 1, leading to

Tr[Oρ0eiS̃ ] = ⟨Φ+|O ⊗ 1E |Ψ′⟩ ≡ ⟨O†|ρ0eiS̃⟩ . (B5)

2. Fermionic spacetime states, Choi isomorphism,
and Fermionic partial traces

In this Appendix we discuss several concepts related
to the notion of fermionic spacetime state introduced in
section IV A. Many of the ideas we develop might also
have a more general scope as they cover topics usually
not discussed in depth for fermions. In particular, we
establish the fermionic analogue to equations (B1)-(B3).

Consider a generic fermionic system defined by
{ai, a†j} = δij {ãk, ã

†
l } = δkl with other anticommutators

vanishing, including {ai, ã†k} = 0. The separation between

operators ai and ãk defines a bipartition S⊕ S̃ of the full
sp space. Any fermionic system can be separated among
modes in this way without loss of generality. Consider
now a state of the form

|ψ⟩ =
∑
µ,ν

ΓµνA
†
µÃ

†
ν |0⟩ (B6)

where we have adopted the notation

Aµ :=
∏
i

(a†i )
ni , Ãν :=

∏
k

(ã†k)
ñk (B7)

for µ := (n1, n2, . . . ), ν := (ñ1, ñ2, . . . ). A “local” expec-

tation value, defined by an operator OS = O[ai, a
†
j ] (in-

dependent of the tilde-modes), assumed to be even (i.e.
a product of an even number of operators) can be com-
puted as

⟨ψ|OS |ψ⟩ =
∑
µ,µ′

(ΓΓ†)µµ′⟨0|Aµ′OSA
†
µ|0⟩

= tr[ρSOS ] ,

(B8)

where we used that

⟨0|ÃνÃ†
ν′ |0⟩ = δνν′ (B9)

and we have defined a fermionic reduced density operator

ρS : =
∑
µ,µ′

(ΓΓ†)µµ′A†
µ|0⟩⟨0|Aµ′ (B10)

which is a well-defined mixed state for the modes in S
(ρ ≥ 0, tr ρ = 1). Here the vacuum is to be reinter-
preted as the vacuum in S. It is interesting to notice
the similarities with the standard distinguishable case for
which a bipartite state |ψ⟩ =

∑
i,j Γij |ij⟩ leads to the lo-

cal state tr2[|ψ⟩⟨ψ|] =
∑
i,i′(ΓΓ

†)ii′ |i⟩⟨i′|. We also remark
that for any fermionic state with definite total number

parity eiπN̂ |ψ⟩ = ±|ψ⟩, ⟨ψ|O|ψ⟩ = 0 for any odd opera-
tor (a product of an odd number of operators), so that
(B8) is sufficient for evaluating any local average. On
the other hand, Eqs. (B8)–(B10) show that any fermionic
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mixed state ρ can be purified by considering a comple-
mentary sp subspace having at least the same dimension
as the original one (see also [58]).

Let us now assume that the partitions S and S̃ are
isomorphic. Given the common vacuum state |0⟩ we can
then introduce a family of Choi states

|ϕ+⟩ :=
∑
µ

eiγµA†
µÃ

†
µ|0⟩ . (B11)

Here γµ is an arbitrary phase introduced for convenience.
In particular, a reordering of the sp basis might add some
signs. For example, the state |ϕ+⟩ = exp(

∑
i a

†
i ã

†
i )|0⟩ cor-

responds to a particular choice of signs. Notice that
one can identify the S̃ modes with a fermionic environ-
ment, namely the system and the environment are fully
fermionic (no tensor product structure separating the two
subsystems).

We now introduce a fermionic notion of Choi-
isomorphism. We restrict our discussion to the case of
operators commuting with parity. Given a fermionic op-
erator BS (depending solely on the Aµ) we define

|B⟩ := BS |ϕ+⟩ . (B12)

The condition [PS , BS ]± = 0, with PS the parity operator
on the modes S, holds iff

P |B⟩ = ±|B⟩ , (B13)

as a direct consequence of the relation [PS , BS ]±|ϕ+⟩ =

P |B⟩ ∓ |B⟩. We see that fixing the parity of operators
corresponds to the standard parity superselection rule in
the space of fermionic Choi states. By using (B9) one can
now prove the relation

⟨C|OS |B⟩ = tr[BSC
†
SOS ] . (B14)

Having presented these tools we are now in a position
to prove the main fermionic Theorem of IV A.

Theorem 8. By making use of Eq. (B14) with B =

(ρ0e
iS̃/2), C = (PeiS̃/2)† and OS ≡

∏
tO

(t)
t we immedi-

ately recover Eq. (85), the main statement of the Theo-
rem. By construction, it is also clear that parity is pre-
served by all the operators involved.

Let us also notice that the discussion below Theorem 8
in the main text, stressing the analogies with the bosonic
Theorem and Corollaries, is rigorously grounded in the
concepts that we have established throughout this sec-
tion.

3. Variational principle of stationary action

Here we prove Theorem 9. Let us recall first that in
standard QM, maximizing the entropy under some con-
strained expectation values, leads to states having an ex-
ponential form [40, 41]. In particular, fixing the energy

leads to the Helmholtz-free energy and ensuing thermal-
states (Boltzmann-Gibbs distribution). The mathemat-
ical idea behind Theorem 9 is essentially the same but
with two fundamental novelties: in first place, the space
of operators considered is much larger. Secondly, the con-
straint introduced by the Lagrange multiplier ℏ−1 fixes
the expectation value of the quantum action operator, an
object that can only be defined in our formalism. More-
over, according to the formalism developed in section
IV A for spacetime states, we don’t impose any hermitic-
ity nor positivity conditions.

Our strategy is to consider the following statement:

F

[
e−SE/ℏ

Z
+ δA

]
− F

[
e−SE/ℏ

Z

]
= O(δA2) . (B15)

where Z = Tr[e−SE/ℏ] and with δA an arbitrary traceless
operator (Tr[δA] = 0). As this is a general variation pre-
serving the trace, Theorem 9 follows from Eq. (B15). We
now prove the result (B15).

Proof. By definition

δF = Tr [δASE ] + ℏTr
[(

e−SE/ℏ

Z
+ δA

)
log

(
e−SE/ℏ

Z
+ δA

)]
− ℏTr

[(
e−SE/ℏ

Z

)
log

(
e−SE/ℏ

Z

)]
= Tr

[(
e−SE/ℏ

Z
+ δA

)
SE

]
+ ℏ log(Z)

+ ℏTr
[(

e−SE/ℏ

Z
+ δA

)
log

(
e−SE/ℏ

Z
+ δA

)]
where δF is the l.h.s. of Eq. (B15) and where we used

elementary properties of the logarithm. Now notice that

log
(
e−SE/ℏ

Z + δA
)
= log(1 + ZeSE/ℏδA)− ℏ−1SE − log(Z).

Inserting this relation in the previous expression yields

δF = ℏTr
[(

e−SE/ℏ

Z
+ δA

)
log(1 + ZeSE/ℏδA)

]
.

Now we expand log(1 + ZeSE/ℏδA) = ZeSE/ℏδA + O(δA2),

which corresponds to δA ≪ e−SE/ℏ/Z (in some operator

norm sense). We finally obtain

δF = ℏTr [δA] +O(δA2) = O(δA2) ,

where one can also easily extract the quadratic order from the

expansion of the logarithm.

Let us also now notice that one might consider in-
stead variations of the form e−(SE+δS)/ℏ/Tr[e−(SE+δS)ℏ],
namely a variation of the quantum action operator itself
as SE → SE + δS. Then, one can easily show that Eq.
(B15) is equivalent to

F

[
e−(SE+δS)ℏ

ZSE+δS

]
− F

[
e−SEℏ

ZSE

]
= O(δS2) . (B16)

As a final remark, let us also notice that since the quan-
tum action is general in all of our expressions, everything
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holds under the replacement SE → log(P ) +SE assuming
parity preserving actions. For this reason, the fermionic
case is already included in our proof.

Appendix C: Spacetime formalism and the
Fermionic Path Integral

In this section we describe how the formalism devel-
oped in the main text provides a Hilbert space embed-
ding of the PI formulation. Since the bosonic case was
developed in detail in [4], here we focus on fermions.

Let us recall a few basic facts of PIs for fermionic
systems. It is well-known that the standard notion of
PIs for fermions requires the introduction of Grassman
variables [31], i.e. “numbers” ψi satisfying {ψi, ψj} = 0

and anticommuting with operators ai (a†i ) as well. One
can then define fermionic coherent states of the form
|ψ⟩ := e−

∑
i ψia

†
i |0⟩ such that ai|ψ⟩ = ψi|ψ⟩. The trace

of an operator O (made of an even number of fermionic
operators) can then be computed as [59]

tr[O] =

∫ ∏
i

[dψ̄idψie
−ψ̄iψi ]⟨−ψ̄|O|ψ⟩

≡
∫
dψ̄dψe−

∑
i ψ̄iψi⟨−ψ̄|O|ψ⟩ .

(C1)

This is related to the completeness relation∫
dψ̄dψe−

∑
i ψ̄iψi |ψ⟩⟨ψ̄| = 1 (notice that the sign in

the bra is only present when computing the trace).
With the previous properties at hand, one can

build time-slices PIs as usual. To give a con-

crete example consider the quantity tr[e−βH ] =∫
dψ̄dψe−

∑
i ψ̄iψi⟨−ψ̄|e−βH |ψ⟩. Then. we can write

e−βH =
∏N−1
t=0 e−ϵH , for ϵ = β/N , and insert the com-

pleteness relation in between to obtain

tr[e−βH ] =

∫ N−1∏
t=0

dψ̄tdψte
−

∑
i ψ̄tiψti⟨ψ̄t+1|e−ϵH |ψt⟩

=

∫ N−1∏
t=0

dψ̄tdψte
iϵ

∑
i i

˙̄ψtiψti ⟨ψ̄t+1|e−ϵH |ψt⟩
⟨ψ̄t+1|ψt⟩

(C2)

with ⟨ψ̄N | ≡ ⟨−ψ̄0| and ˙̄ψti ≡ (ψ̄t+1,i − ψ̄ti)/ϵ. One can
then write the Hamiltonian term up to order ϵ (not with-
out subtleties) to write the integrand as the exponential
of an action having the classical form (but in Grassman
variables).

Consider now the extended formalism. If one allows for
Grassman variables in H one can construct an extended
basis of coherent states, which one might call trajectory

states as follows:

|ψ0,ψ1, . . . ,ψN−1⟩ := e−
∑
t,i ψtia

†
ti |Ω⟩ . (C3)

Then

ati|ψ0,ψ1, . . . ,ψN−1⟩ = ψti|ψ0,ψ1, . . . ,ψN−1⟩ , (C4)

as one might easily verify using the extended algebra.
We can now compute traces in H according to (the
extended version of) (C1). In particular,

Tr[Pe−SE ] =

∫ N−1∏
t=0

[dψ̄tdψte
−

∑
i ψ̄tiψti ]⟨−ψ̄0,−ψ̄1, . . . ,−ψ̄N−1|Pe−SE |ψ0,ψ1, . . . ,ψN−1⟩

=

∫ N−1∏
t=0

[dψ̄tdψte
−

∑
i ψ̄tiψti ]⟨ψ̄0, ψ̄1, . . . , ψ̄N−1|e−SE |ψ0,ψ1, . . . ,ψN−1⟩

(C5)

where we used that

P |ψ0,ψ1, . . . ,ψN−1⟩ = | −ψ0,−ψ1, . . . ,−ψN−1⟩ (C6)

as one can easily verify by using that PatiP = −ati
and [P,ψti] = 0. In addition, by using the definition
of P (Eq. (24)) one can easily find the action of time
translation the basis of states (C3). Taking into ac-
count the antiperiodic boundary conditions, one obtains
⟨ψ̄0, ψ̄1, . . . , ψ̄N−1|eiϵP = ⟨ψ̄1, ψ̄2, . . . , ψ̄N−1,−ψ̄0|. As a
direct consequence,

⟨ψ̄0, ψ̄1, . . . , ψ̄N−1|e−SE |ψ0,ψ1, . . . ,ψN−1⟩

= ⟨ψ̄1, . . . , ψ̄N−2,−ψ̄0|
∏
t
e−ϵHt |ψ0,ψ1, . . . ,ψN−1⟩

=
N−1∏
t=0

⟨ψ̄t+1|e−ϵH |ψt⟩ ,

(C7)

which is precisely the terms in (C2), in agreement with
Tr[PeSE ] = tr[e−βH ] and showing that Tr[Pe−SE ], when
evaluated in the trajectory basis is precisely the fermionic
PI. Moreover, if one assumes as usual ϵ ≪ 1 it is now
straightforward to show that

e−
∑
t,i ψ̄tiψti⟨ψ̄0, ψ̄1, . . . , ψ̄N−1|e−SE |ψ0,ψ1, . . . ,ψN−1⟩

= exp
[
−
(
ϵ
∑
t,i

{ ˙̄ψtiψti +H(ψti, ψ̄tj)}
)]

+O(ϵ) ,

(C8)

with H(ψti, ψ̄tj) ≡ ⟨ψ̄t|H|ψt⟩. If one now replaces
(C8) in (C5) the time-sliced PI is apparent. Interest-
ingly, the classical action Scl emerges as the expecta-
tion value of the quantum action. While the example
we considered corresponds to partition functions, the
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case of thermal correlators is now readily obtained: con-
sider for example Tr[Pe−SEat1ia

†
t2j

] = Tr[a†t2jPe
iSat1i] =

−Tr[Pa†t2je
−SEat1i]. In this form, the completeness rela-

tion leads directly to an integral with the form of (C9)

with e−SE → a†t2je
−SEat1i. At the same time,

⟨ψ̄0, ψ̄1, . . . |a†t2je
−SEat1i|ψ0,ψ1, . . . ⟩ ≃ −e−Sclψt1iψ̄t2j ,

(C9)

with e−Scl the r.h.s. of (C8), where we used Eq. (C4),
ψ̄t2jψt1i = −ψt1iψ̄t2j and the equality holds up to O(ϵ).
The important point is that the usual “insertion” of
Grassmann variables in the PI, leading to correlation
functions, correspond now to the insertion of spacetime
operators, in agreement with Theorem 4. Similar results
are obtained for real time (unitary evolution).

Let us now notice that it is a common technique to
define ψnj :=

1√
N

∑N−1
t=0 eiωnϵtψtj with ωn the Matsubara

frequencies. This classical transformation among Grass-
man variables allows one to easily compute PIs associated
with free Hamiltonians, and serves as a starting point to
develop semiclassical approximations. In particular, for
H =

∑
k λka

†
kak it leads directly to

1

Zβ
tr[e−βH T̂ ai(−it1)a†j(−it2)] =

1

T

∑
n

e−ϵωn(t1−t2)

iωn − λk
+O(ϵ)

(C10)

where we have already evaluated the corresponding PI
expression. Notably, all of these considerations, based
on classical Grassman variables, have an operator corre-
spondence in our formalism: the Matsubara frequencies
are the normal frequencies of P, the FT is a unitary trans-
formation (Eq. (23)), and the thermal propagator on the
l.h.s. of (C10) has a trace representation (Theorem 4)
leading directly to the expressio on the r.h.s. of (C10)

(by using Eq. (45)). We see that by means of the space-
time Hilbert space one can essentially compute any given
PI without using Grassman variables. Let us also remark
that in our approach there is no need to take into account
possible transformations of the measure of integration as
we are simply computing a trace, an invariant quantity
under changes of bases.

Let us finally mention that now that the connection
with the time-sliced PIs has been provided, most of the
considerations on the continuum time case and the sub-
tleties of the PI formulation developed in [4] for bosons
can be directly applied to fermions as well.

Appendix D: Spacetime classical formalism and the
Dirac equation

Having described how to formulate QM in spacetime it
is natural to discuss a spacetime classical approach, and
its relation to the quantum formalism. As shown in [3] it
is quite simple to develop a formulation of classical me-
chanics in spacetime phase-spaces, meaning that space-
time classical algebras are defined by extended Poisson
brackets (PBs). Moreover, one can think of the quantum

spacetime algebras and quantum action as a canonical-
like quantization of this spacetime classical mechanics.
Here we apply the formalism developed in [3] to the Dirac
action in 3 + 1 dimensiones as an example, and discuss
its relation it to the quantum formalism of III C.

Following [3] we define

{f, g}PB =
∑
a

∫
d4x

[
δf

δψa(x)

δg

δψ†
a(x)

− δg

δψa(x)

δf

δψ†
a(x)

]
,

(D1)

where it should be noted that these PBs are not defined
at a given time as usual. Instead, they encompass all the
spacetime variables in contrast to the standard Poisson
brackets (denoted as pb)

{f, g}pb =
∑
a

∫
d3x

[
δf

δψa(x)

δg

δψ†
a(x)

− δg

δψa(x)

δf

δψ†
a(x)

]
.

In particular, for the spacetime approach we have

{ψa(x), ψ†
b(y)}PB = δabδ

(4)(x− y) (D2)

which is the classical version of Eq. (46) (here the
brackets indicate PBs and not anticommutators). In-
stead, the conventional equal time algebra is given by

{ψa(t,x), ψ†
b(t,y)}pb = δabδ

(3)(x− y).
Now consider the classical Dirac action

Sτ = τ

∫
d4x ψ̄(x)(γµi∂µ −m)ψ(x) . (D3)

One obtains by direct calculation {ψ(x), Sτ}PB =
τγ0(iγµ∂µ −m)ψ(x) which, notably, leads to the Dirac
equation when equaled to zero. Let us discuss this claim:
the extended approach to classical mechanics dictates
that, in principle, all fields at different spacetime points
are independent. Clearly, this, by itself, does not de-
scribe physical evolution. Instead, we impose that the
fields satisfy the constraints {ψ(x), Sτ}PB ≈ 0. Within
this subspace we get

{ψ(x), Sτ}PB = τγ0(iγµ∂µ −m)ψ(x) ≈ 0 , (D4)

where the constraints are to be imposed for all x and
after all PBs have been evaluated (this is indicated with
the “weak equality” notation “≈” [60]). In this sense,
classical evolution corresponds to a subset of all possible
fields configurations in spacetime. Notably, these can be
determined straightforwardly by using the classical ac-
tion in extended phase-space variables. This can be un-
derstood from the following considerations: notice that
Sτ = τP0 − τ

∫
dtHD(t) with the Dirac action corre-

sponding to the Dirac Hamiltonian HD. On the other
hand, we have

{ψ(x),P0}PB = iψ̇(t,x) (D5)

an infinitesimal (classical) time translation, while

{ψ(x),

∫
dtHD(t)}PB =

∫
dt {ψ(t,x), HD(t)}PB

= {ψ(t,x), HD}pb
(D6)
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By combining Eqs. (D5) and (D6) we obtain

{ψ(x),Sτ}PB = τ
[
iψ̇(t,x) − {ψ(t,x), HD}pb

]
(D7)

which becomes one of the Hamilton equations when set
to zero (iψ̇ ≡ π ≡ iψ†). The other Hamilton equation
here simply gives the conjugated Dirac equation.

Let us make a final remark. One can verify that the
constrained obtained are of the second kind (in clear con-
trast e.g. with the gauge constraint arising from parame-
terizing the time variable [61], a scheme closely related to
quantum time formalisms [10, 15]). In that sense, a di-
rect quantization following Dirac approach to constrained
systems [60] is not feasible. Yet, within “expectation val-
ues” of the form ⟨. . . ⟩ ∝ Tr[PeiSτ . . . ] the constrains are
satisfied:

⟨{ψ(x),Sτ}⟩ = 0 (D8)

as it follows from the cyclicity of the trace and by not-
ing that ⟨ψ(x)Sτ ⟩ = ⟨Pψ(x)PSτ ⟩ = −⟨ψ(x)Sτ ⟩ where
we used P 2 = 1, [P,Sτ ] = 0, and Pψ(x)P = −ψ(x) (see
also Appendix C). In this sense, the constraints are au-
tomatically satisfied in the quantum case, as long as we
evaluate physical quantities within brackets.

Appendix E: Diagonalization of the Dirac quantum
action operator

Here we explain how to derive the notion of particle
that emerges from the diagonalization of the Dirac action
described in section IV D .

The proof of Eq. (119), and the vanishing of the other
anticommutators, can be obtained straightforwardly by

employing {ψσ(p), ψ†
σ′(p′)} = (2π)4δ(4)(p − p′) and con-

ventional properties of the Dirac spinors. One can write
the transformations (118) in compact form and under-
stand them as a Bogoliubov transformation:(

a(p)

b†(9p)

)
= W (p)ψ(p) =

1√
2Ep

(
u†
p

v†
9p

)
Ψ(p) (E1)

where we have defined a(p) = (a1(p), a2(p))t, b(p) =
(b1(p), b2(p))t and up = (u1p, u

2
p), vp = (v1p, v

2
p). Note

that up and vp are 4×2 matrices. The standard unitarity
condition of the transformation requires W †(p)W (p) =
W (p)W †(p) = 14. In this case we obtain

W †(p)W (p) =
1

2Ep
(upu

†
p + v9pv

†
9p) (E2)

W (p)W †(p) =
1

2Ep

(
u†
pup u†

pv9p

v†
9pup v†

9pv9p

)
(E3)

which in both cases yield 14: in (E2) one can use the
completeness relation

upu
†
p + v9pv

†
9p =

∑
s

(uspu
s†
p + vs9pv

s†
9p) = 2Ep14 ,

while in (E3) the orthogonality relations us†p u
r
p = vs†p v

r
p =

2Epδsr and us†p v
r
9p = vs†p u

r
9p = 0 yield the desired result.

We see that various fundamental properties of the Dirac
spinors can be compactly expressed as the unitarity con-
dition of Wm(p), required for it to represent a Bogoliubov
transformation. This same property leads to (119).

It is now straightforward to obtain the inverse relation

ψ(p) = W †(p)

(
a(p)

b†(9p)

)
=

1√
2Ep

(
up v9p

)( a(p)

b†(9p)

)
.

(E4)

This can be used to show that the action takes the di-
agonal form. In fact, one can use that, by definition,
the spinors up,vp diagonalize the Dirac Hamiltonian at
fixed momentum to write [p0− (α ·p+βm)]

(
up v9p

)
=

p0
(
up v9p

)
− Ep

(
up − v9p

)
. Then, using (E4) one

obtains

ψ†(p)[p0 − (α · p+ βm)]ψ(p) =

=
(
a†(p)b(9p)

)([p0 − Ep]12 0

0 [p0 + Ep]12

)(
a(p)

b†(9p)

)
=

∑
s

[
(p0 − Ep)a

s†(p)as(p) + (p0 + Ep)b
s(9p)bs†(9p)

]
(E5)

where we used that W (p)W †(p) = 1 and similar orthog-
onality relations. Now, we notice that Ep[as†(p)as(p) −
bs(9p)bs†(9p)] = Ep[as†(p)as(p) + bs†(9p)bs(9p)) −
(2π)4δ(4)(0)] with (2π)4δ(4)(0) = (2π)4

∫
d4x
(2π)4 the space-

time volume. We see that only positive energies are
added by creating particles. On the other hand, when
one integrates in p, one can interchange p → −p which
affects the sign of p0 in (E5) thus compensating the nor-
mal ordering sign. In summary,

Sτ =

∫
d4p

(2π)4

∑
s

τ(p0 − Ep)
(
as†(p)as(p) + bs†(p)bs(p)

)
(E6)

up to the usual negative vacuum energy (integrated over
time). No additional constant arises from normal order-
ing.
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