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Preface

The concept of a unified description of the basic physical interactions has evolved
in parallel with the development of our understanding of their dynamical struc-
ture. It has its origins in Maxwell’s unification of electricity and magnetism in the
second half of the nineteenth century, matured in Weyl’s and Kaluza’s attempts
to unify gravity and electromagnetism at the beginning of the last century, and
achieved its full potential in the 1970s, in the process of unifying the weak and
electromagnetic and also, to some extent, the strong interactions. The biggest bar-
rier to this attractive idea comes from the continual resistance of gravity to join the
other basic interactions in the framework of a unified, consistent quantum theory.

As the theory of electromagnetic, weak and strong interactions developed,
the concept of (internal) gauge invariance came of age and established itself as an
unavoidable dynamical principle in particle physics. It is less well known that the
principle of equivalence, one of the prominent characteristics of the gravitational
interaction, can also be expressed as a (spacetime) gauge symmetry. This book
is intended to shed light upon the connection between the intrinsic structure of
gravity and the principle of gauge invariance, which may lead to a consistent
unified theory.

The first part of this book, chapters 1-6, gives a systematic account of the
structure of gravity as a theory based on spacetime gauge symmetries. Some basic
properties of space, time and gravity are reviewed in the first, introductory chapter.
Chapter 2 deals with elements of the global Poincaré and conformal symmetries,
which are necessary for the exposition of their localization; the structure of
the corresponding gauge theories is explored in chapters 3 and 4. Then, in
chapters 5 and 6, we present the basic features of the Hamiltonian dynamics
of Poincaré gauge theory, discuss the relation between gauge symmetries and
conservation laws and introduce the concept of gravitational energy and other
conserved charges. The second part of the book treats the most promising
attempts to build a unified field theory containing gravity, on the basis of the
gauge principle. In chapters 7 and 8 we discuss the possibility of constructing
gravity as a field theory in flat spacetime. Chapters 9-11 yield an exposition
of the ideas of supersymmetry and supergravity, Kaluza—Klein theory and string
theory—these ideas can hardly be avoided in any attempt to build a unified theory
of basic physical interactions.

X1



xii Preface

This book is intended to provide a pedagogical survey of the subject of
gravity from the point of view of particle physics and gauge theories at the
graduate level. The book is written as a self-contained treatise, which means
that I assume no prior knowledge of gravity and gauge theories on the part of the
reader. Of course, some familiarity with these subjects will certainly facilitate
the reader to follow the exposition. Although the gauge approach differs from the
more standard geometric approach, it leads to the same mathematical and physical
structures.

The first part of the book (chapters 2—6) has evolved from the material
covered in the one-semester graduate course Gravitation II, taught for about
20 years at the University of Belgrade. Chapters 9—11 have been used as the basis
for a one-semester graduate course on the unification of fundamental interactions.

Special features

The following remarks are intended to help the reader in an efficient use of the
book.

m  Examples in the text are used to illustrate and clarify the main exposition.

m  The exercises given at the end of each chapter are an integral part of the
book. They are aimed at illustrating, completing, applying and extending the
results discussed in the text.

m  Short comments on some specific topics are given at the end of each
chapter, in order to illustrate the relevant research problems and methods
of investigation.

m  The appendix consists of 13 separate sections (A—M), which have different
relationships with the main text.

—  Technical appendices J and M (Dirac spinors, Fourier expansion) are
indispensable for the exposition in chapters 9 and 11.

— Appendices A, H and I (internal local symmetries, Lorentz and Poincaré
group) are very useful for the exposition in chapters 3 (A) and 9 (H, ).

— Appendices C, D, E, F, G and L (de Sitter gauge theory, scalar—tensor
theory, Ashtekar’s formulation of general relativity, constraint algebra
and gauge symmetries, covariance, spin and interaction of massless
particles, and Chern—Simons gravity) are supplements to the main
exposition, and may be studied according to the reader’s choice.

—  The material in appendices B and K (differentiable manifolds, symmetry
groups and manifolds) is not necessary for the main exposition. It gives
a deeper mathematical foundation for the geometric considerations in
chapters 3, 4 and 10.

m  The bibliography contains references that document the material covered in
the text. Several references for each chapter, which I consider as the most
suitable for further reading, are denoted by the symbol e.
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m  Chapters 4, 7 and 8 can be omitted in the first reading, without influencing
the internal coherence of the exposition. Chapters 9-11 are largely
independent of each other, and can be read in any order.
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Chapter 1

Space, time and gravitation

Theories of special and general relativity represent a great revolution in our
understanding of the structure of space and time, as well as of their role in
the formulation of physical laws. While special relativity (SR) describes the
influence of physical reality on the general properties of and the relation between
space and time, the geometry of spacetime in general relativity (GR) is connected
to the nature of gravitational interaction. Perhaps the biggest barrier to a
full understanding of these remarkable ideas lies in the fact that we are not
always ready to suspect the properties of space and time that are built into our
consciousness by everyday experience.

In this chapter we present an overview of some aspects of the structure
of space, time and gravitation, which are important for our understanding of
gravitation as a gauge theory. These aspects include:

m  the development of the principle of relativity from classical mechanics and
electrodynamics, and its influence on the structure of space and time; and

m the formulation of the principle of equivalence, and the introduction of
gravitation and the corresponding geometry of curved spacetime.

The purpose of this exposition is to illuminate those properties of space, time and
gravitation that have had an important role in the development of GR, and still
have an influence on various attempts to build an alternative approach to gravity
(Sciama 1969, Weinberg 1972, Rindler 1977, Hoffmann 1983).

1.1 Relativity of space and time

Historical introduction

In order to get a more complete picture of the influence of relativity theories on
the development of the concepts of space and time, we recall here some of the
earlier ideas on this subject.



2 Space, time and gravitation

In Ancient Greece, the movement of bodies was studied philosophically.
Many of the relevant ideas can be found in the works of Aristotle (fourth century
BC) and other Greek philosophers. As an illustration of their conception of the
nature of movement, we display here the following two statements.

m  The speed of a body in free fall depends on its weight; heavy bodies fall
faster than lighter ones.
m  The earth is placed at the fixed centre of the universe.

While the first statement was so obvious that practically everyone believed in
it, different opinions existed about the second one. One of the earliest recorded
proposals that the earth might move belongs to the Pythagorean Philolaus (fifth
century BC). Two centuries later, the idea appeared again in a proposal of the
Greek astronomer Aristarchus (third century BC). However, it was not persuasive
for most of the ancient astronomers. From a number of arguments against the
idea of a moving earth, we mention Aristotle’s. He argued that if the earth were
moving, then a stone thrown straight up from the point A would fall at another
point B, since the original point A would ‘run away’ in the direction of earth’s
movement. However, since the stone falls back at the same point from which it is
thrown, he concluded that the earth does not move.

For a long time, the developments of physics and astronomy have been
closely connected. Despite Aristarchus, the ancient Greek astronomers continued
to believe that the earth is placed at the fixed centre of the universe. This
geocentric conception of the universe culminated in Ptolemy’s work (second
century AD). The Ptolemaic system endured for centuries without major
advances. The birth of modern astronomy started in the 16th century with the
work of Copernicus (1473—-1543), who dared to propose that the universe is
heliocentric, thus reviving Aristarchus’ old idea. According to this proposal, it is
not the earth but the sun that is fixed at the centre of everything, while the earth and
other planets move around the sun. The Danish astronomer Brahe (1546-1601)
had his own ideas concerning the motion of planets. With the belief that the clue
for all answers lies in measurements, he dedicated his life to precise astronomical
observations of the positions of celestial bodies. On the basis of these data Kepler
(1571-1630) was able to deduce his well known laws of planetary motion. With
these laws, it became clear how the planets move; a search for an answer to the
question why the planets move led Newton (1643—-1727) to the discovery of the
law of gravitation.

A fundamental change in the approach to physical phenomena was made
by the Italian scientist Galileo Galilei (1564—1642). Since he did not believe in
Aristotle’s ‘proofs’, he began a systematic analysis and experimental verification
of the laws of motion. By careful measurement of spatial distances and time
intervals during the motion of a body along an inclined plane, he found new
relations between distances, time intervals and velocities, that were unknown in
Aristotle’s time. What were Galileo’s answers to the questions of free fall and the
motion of the earth?
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»  Studying the problem of free fall, Galileo discovered that all bodies fall with
the same acceleration, no matter what their masses are nor what they are
made of. This is the essence of the principle of equivalence, which was used
later by Einstein (1879-1955) to develop GR.

s Trying to understand the motion of the earth, Galileo concluded that the
uniform motion of the earth cannot be detected by means of any internal
mechanical experiment (thereby overturning Aristotle’s arguments about the
immobile earth). The conclusion about the equivalence of different (inertial)
reference frames moving with constant velocities relative to each other,
known as the principle of relativity, has been of basic importance for the
development of Newton’s mechanics and Einstein’s SR.

m  Let us mention one more discovery by Galileo. The velocity of a body
moving along an inclined plane changes in time. The cause of the change is
the gravitational attraction of that body and the earth. When the attraction is
absent and there is no force acting on the body, its velocity remains constant.
This is the well known law of inertia of classical mechanics.

The experiments performed by Galileo may be considered to be the origin of
modern physics. His methods of research and the results obtained show, by their
simplicity and their influence on future developments in physics, all the beauty
and power of the scientific truth. He studied the motion of bodies by asking where
and when something happens. Since then, measurements of space and time have
been an intrinsic part of physics.

The concepts of time and space are used in physics only with reference
to physical objects. What are these entities by themselves? ‘What is time—if
nobody asks me, I know, but if I want to explain it to someone, then I do not
know’ (St Augustine; a citation from J R Lucas (1973)). Time and space are
connected with change and things that change. The challenge of physics is not to
define space and time precisely, but to measure them precisely.

Relativity of motion and the speed of light

In Galileo’s experiments we find embryos of the important ideas concerning space
and time, ideas which were fully developed later in the works of Newton and
Einstein.

Newton’s classical mechanics, in which Galileo’s results have found a
natural place, is based on the following three laws:

1. A particle moves with constant velocity if no force acts on it.
2. The acceleration of a particle is proportional to the force acting on it.
3. The forces of action and reaction are equal and opposite.

Two remarks will clarify the content of these laws. First, the force appearing
in the second law originates from interactions with other bodies, and should be
known from independent considerations (e.g. Newton’s law of gravitation). Only
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then can the second law be used to determine the acceleration stemming from
a given force. Second, physical quantities like velocity, acceleration, etc, are
defined always and only relative to some reference frame.

Galilean principle of relativity. The laws of Newtonian mechanics do not
always hold in their simplest form, as stated earlier. If, for instance, an observer is
placed on a disc rotating relative to the earth, he/she will sense a ‘force’ pushing
him/her toward the periphery of the disc, which is not caused by any interaction
with other bodies. Here, the acceleration is not a consequence of the usual force,
but of the so-called inertial force. Newton’s laws hold in their simplest form only
in a family of reference frames, called inertial frames. This fact represents the
essence of the Galilean principle of relativity (PR):

PR: The laws of mechanics have the same form in all inertial frames.

The concepts of force and acceleration in Newton’s laws are defined relative
to an inertial frame. Both of them have the same value in two inertial frames,
moving relative to each other with a constant velocity. This can be seen by
observing that the space and time coordinatest in two such frames S and S’ (we
assume that §” moves in the x-direction of S with constant velocity v) are related
in the following way:

X' =x—vut y =y 7=z t=t. (1.1)
These relations, called Galilean transformations, represent the mathematical
realization of the Galilean PR. If a particle moves along the x-axis of the frame S,
its velocities, measured in S and §’, respectively, are connected by the relations

/ / /
uy=up—v Uy = U U3 = U3 (1.2)

representing the classical velocity addition law (u; = dx/dt, etc). This law
implies that the acceleration is the same in both frames. Also, the gravitational
force mimy/ 2, for instance, has the same value in both frames.

Similar considerations lead us to conclude that there is an infinite set of
inertial frames, all moving uniformly relative to each other. What property singles
out the class of inertial frames from all the others in formulating the laws of
classical mechanics?

Absolute space. In order to answer this and other similar questions, Newton
introduced the concept of absolute space, that is given a priori and independently
of the distribution and motion of matter. Each inertial frame moves with a constant
velocity relative to absolute space and inertial forces appear as a consequence of
the acceleration relative to this space.

7 Standard coordinates in inertial frames are orthonormal Cartesian spatial coordinates (x, y, z) and
a time coordinate 7.
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Trying to prove the physical relevance of acceleration relative to absolute
space, Newton performed the following experiment. He filled a vessel with water
and set it to rotate relative to the frame of distant, fixed stars (absolute space).
The surface of the water was at first flat, although the vessel rotated. Then, due
to the friction between the water and the vessel, the water also began to rotate, its
surface started to take a concave form, and the concavity increased until the water
was rotating at the same rate as the vessel. From this behaviour Newton drew the
conclusion that the appearance of inertial forces (measured by the concavity of
the surface of water) does not depend on the acceleration relative to other objects
(the vessel), but only on the acceleration relative to absolute space.

Absolute space did not explain the selected role of inertial frames; it only
clarified the problem. Introduction of absolute space is not consistent within
classical mechanics itself. The physical properties of absolute space are very
strange. Why can we only observe accelerated and not uniform motion relative to
absolute space? Absolute space is usually identified with the frame of fixed stars.
Well-founded objections against absolute space can be formulated in the form of
the following statements:

m  The existence of absolute space contradicts the internal logic of classical
mechanics since, according to Galilean PR, none of the inertial frames can
be singled out.

m  Absolute space does not explain inertial forces since they are related to
acceleration with respect to any one of the inertial frames.

m  Absolute space acts on physical objects by inducing their resistance to
acceleration but it cannot be acted upon.

Thus, absolute space did not find its natural place within classical mechanics, and
the selected role of inertial frames remained essentially unexplained.

The speed of light. Galilean PR holds for all phenomena in mechanics. In the
last century, investigation of electricity, magnetism and light aroused new interest
in understanding the PR. Maxwell (1831-79) was able to derive equations which
describe electricity and magnetism in a unified way. The light was identified
with electromagnetic waves, and physicists thought that it propagated through a
medium called the ether. For an observer at rest relative to the ether, the speed
of light is ¢ = 3 x 10'9 cm s~!, while for an observer moving towards the light
source with velocity v, the speed of light would be ¢’ = ¢ + v, on the basis of
the classical velocity addition law. The ether was for light the same as air is for
sound. It was one kind of realization of Newton’s absolute space. Since it was
only in the reference frame of ether that the speed of light was c, the speed of
light could be measured in various reference frames and the one at rest relative
to the ether could be found. If there was one such frame, PR would not hold
for electromagnetism. The fate of absolute space was hidden in the nature of
electromagnetic phenomena.
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Although the classical velocity addition law has many confirmations in
classical mechanics, it does not hold for the propagation of light. Many
experiments have shown that

¢ =c.

The speed of light is the same in all inertial frames, at all times and in all
directions, independently of the motion of the source and/or the observer. This
fact represents a cornerstone of SR. It contradicts classical kinematics but must
be accepted on the basis of the experimental evidence. The constancy of the speed
of light made the ether unobservable and eliminated it from physics forever.

A convincing experimental resolution of the question of the relativity of light
phenomena was given by Michelson and Morley in 1887. They measured the
motion of the light signal from a source on the moving earth and showed that its
velocity is independent of the direction of motion. From this, we conclude that

= since the motion of an observer relative to the ether is unobservable, the PR
also holds for light phenomena; and

m the speed of light does not obey the classical velocity addition law, but has
the same value in all inertial frames.

Note that in the first statement the PR puts all inertial frames on an equal footing
without implying Galilean transformations between them, since these contain the
classical velocity addition law, which contradicts the second statement. Thus, it
becomes clear that the PR must take a new mathematical form, one that differs
from (1.1).

From space and time to spacetime

The results of previous considerations can be expressed in the form of the two
postulates on which SR is based.

The first postulate is a generalization of Galilean PR not only to light
phenomena, but to the whole of physics and is often called Einstein’s principle
of relativity.

P1. Physical laws have the same form in all inertial frames.

Although (P1) has a form similar to Galilean PR, the contents of the two are
essentially different. Indeed, Galilean PR is realized in classical mechanics in
terms of Galilean transformations and the classical velocity addition law, which
does not hold for light signals. The realization of (P1) is given in terms of Lorentz
transformations, as we shall soon see.

The second postulate is related to the experimental fact concerning the speed
of light.

P2. The speed of light is finite and equal in all inertial frames.
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The fact that the two postulates are not in agreement with the classical
velocity addition law cannot be explained within Newtonian mechanics. Einstein
found a simple explanation of this puzzle by a careful analysis of the space
and time characteristics of physical events. He came to the conclusion that the
concepts of time and space are relative, i.e. dependent on the reference frame of
an observer.

The moment at which an event happens (e.g. the flash of a bulb) may be
determined by using clocks. Let Tp be a clock at point A; the time of an event
at A is determined by the position of the clock hands of T at the moment of
the occurrence of that event. If the clock T is at Ay, and the bulb is placed at
some distant point Aj, then T does not register the moment of the bulb flash at
A, but the moment the signal arrives at A;. We can place another clock at A,
which will measure the moment of the flash, but that is not enough. The clocks
T and T, have to be synchronized: if the time of the flash at A, is #,, then the
time of the arrival of the signal at Aj, according to 77, must be t; = f+ (the
travelling time of the signal). By this procedure we have defined the simultaneity
of distant events: taking into account the travelling time of the signal we know
which position of the clock hands at A is synchronized with the bulb flash at Aj.

A set of synchronized clocks Ty, Ty, ..., disposed at all points of reference
frame S, enables the measurement of time ¢ of an arbitrary event in S. According
to this definition, the concept of simultaneity of two events is related to a given
inertial reference frame S. This notion of simultaneity is relative, as it depends on
the inertial frame of an observer.

Using similar arguments, we can conclude that space lengths and time
intervals are also relative quantities.

Lorentz transformations. Classical ideas about space and time, which are
expressed by Galilean transformations, have to be changed in accordance with
postulates (P1) and (P2). These postulates imply a new connection between two
inertial frames S and §’, which can be expressed by the Lorentz transformation of
coordinates:

, x — vt , t —vx/c?
X = ——— = —
V1—v2/c? V1—v2/c? (1.3)
Y=y 7=z

In the limit of small velocities v, the Lorentz transformation reduces to the
Galilean one.
From (1.3) we obtain a new law for the addition of velocities:

uir—v

u'l = ”,2 = us, u/3 = us3. (1.4)

1 —ujv/c?

The qualitative considerations concerning the relativity of space and time
can now be put into a precise mathematical form.
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We begin by the relativity of lengths. Consider a rigid rod fixed in an inertial
frame §’, whose (proper) length is Ax’ = x) — x|. The length of the rod in
another inertial frame S is determined by the positions of its ends at the same
moment of the S-time: Ax = x3(f) — x1(¢). From expressions (1.3) it follows
that Ax = Ax’/1 —v2/c2. The length of the moving rod, measured from S, is
less than its length in the rest frame S’, Ax < Ax’. This effect is called the length
contraction.

In order to clarify the relativity of time intervals, we consider a clock fixed in
S§’. Tts ‘tick” and ‘tack’ can be described by coordinates (x’, #{) and (x’, ;). Using
Lorentz transformation (1.3), we obtain the relation A’ = Aty/1 — v2/c2, which
shows that the time interval between two strikes of the clock is shortest in its rest
frame, At’ < At. Since the rate assigned to a moving clock is always longer than
its proper rate, we talk about time dilatation. An interesting phenomenon related
to this effect is the so-called twin paradox.

Both length contraction and time dilatation are real physical effects.

Four-dimensional geometry. The connection between the space and time
coordinates of two inertial frames, moving with respect to one other with some
velocity v, is given by the Lorentz transformation (1.3). It is easily seen that the
general transformation between the two inertial frames includes spatial rotations
and translations as well as time translations. The resultant set of transformations is
known as the set of Poincaré transformations. Since these transformations ‘mix’
space and time coordinates, it turns out that it is more natural to talk about four-
dimensional spacetime than about space and time separately. Of course, although
space and time have equally important roles in spacetime, there is a clear physical
distinction between them. This is seen in the form of the Lorentz transformation,
and this has an influence on the geometric properties of spacetime.

The invariance of the expression s> = c2t> — x> — y? — z% with respect
to the Poincaré transformations represents a basic characteristic of the spacetime
continuum—the Minkowski space M4. The points in M4 may be labelled by
coordinates (t, x, y, z), and are called events. The expression s2 has the role
of the squared ‘distance’ between the events (0, 0,0, 0) and (¢, x, y, z). In the
same way as the squared distance in the Euclidean space E3 is invariant under
Galilean transformations, the expression s2 in My is invariant under Poincaré
transformations. It is convenient to introduce the squared differential distance
between neighbouring events:

ds? = ¢ dr? — dx? — dy? — dz%. (1.5a)
This equation can be written in a more compact, tensor form:
ds? = n,,, dx* dx” (1.5b)

where dx* = (dt, dx, dy, dz), nu» = diag(+, —, —, —) is the metric of M4, and
a summation over repeated indices is understood.



Gravitation and geometry 9

Lorentz transformations have the form x’* = A*,x", where the coefficients
A, are determined by equation (1.3). The set of four quantities which transform
according to this rule is called a vector of M4. The geometric formalism can be
further developed by introducing general tensors; Lorentz transformations can be
understood as ‘rotations’ in My (since they do not change the ‘lengths’ of the
vectors), etc. The analogy with the related concepts of Euclidean geometry is
substantial, but not complete. While Euclidean metric is positive definite, i.e. ds?
is positive, the Minkowskian metric is indefinite, i.e. ds?> may be positive, negative
or zero. The distance between two points in My may be zero even when these
points are not identical. However, this does not lead to any essential difference in
the mathematical treatment of M4 compared to the Euclidean case. The indefinite
metric is a mathematical expression of the distinction between space and time.

The geometric formulation is particularly useful for the generalization of this
theory and construction of GR.

1.2 Gravitation and geometry

The principle of equivalence

Clarification of the role of inertial frames in the formulation of physical laws is
not the end of the story of relativity. Attempts to understand the physical meaning
of the accelerated frames led Einstein to the general theory of space, time and
gravitation.

Let us observe possible differences between the inertial and gravitational
properties of a Newtonian particle. Newton’s second law of mechanics can be
written in the form F = m;a, where m; is the so-called inertial mass, which
measures inertial properties (resistance to acceleration) of a given particle. The
force acting on a particle in a homogeneous gravitational field g has the form
F, = mgQ, where my is the gravitational mass of the particle, which may
be regarded as the gravitational analogue of the electric charge. Experiments
have shown that the ratio mg/m; is the same for all particles or, equivalently,
that all particles experience the same acceleration in a given gravitational field.
This property has been known for a long time as a consequence of Galileo’s
experiments with particles moving along an inclined plane. It is also true in an
inhomogeneous gravitational field provided we restrict ourselves to small regions
of spacetime. The uniqueness of the motion of particles is a specific property of
the gravitational interaction, which does not hold for any other force in nature.

On the other hand, all free particles in an accelerated frame have the same
acceleration. Thus, for instance, if a train accelerates its motion relative to the
earth, all the bodies on the train experience the same acceleration relative to
the train, independently of their (inertial) masses. According to this property,
as noticed by Einstein, the dynamical effects of a gravitational field and an
accelerated frame cannot be distinguished. This is the essence of the principle
of equivalence (PE).



10 Space, time and gravitation

PE. Every non-inertial frame is locally equivalent to some gravitational
field.

The equivalence holds only locally, in small regions of space and time, where
‘real’ fields can be regarded as homogeneous.

Expressed in a different way, the PE states that a given gravitational field
can be locally compensated for by choosing a suitable reference frame—a freely
falling (non-rotating) laboratory. In each such frame, all the laws of mechanics or,
more generally, the laws of physics have the same form as in an inertial frame. For
this reason, each freely falling reference frame is called a locally inertial frame.

PE'. At every point in an arbitrary gravitational field we can choose a
locally inertial frame in which the laws of physics take the same form
as in SR.

We usually make a distinction between the weak and strong PE. If we restrict
this formulation to the laws of mechanics, we have the weak PE. On the other
hand, if ‘the laws of physics’ means all the laws of physics, we have Einstein’s
PE in its strongest form (sometimes, this ‘very strong’ version of the PE is
distinguished from its ‘medium-strong’ form, which refers to all non-gravitational
laws of physics) (for more details see, for instance, Weinberg (1972) and Rindler
1977)).

In previous considerations we used Newtonian mechanics and gravitation
to illustrate the meaning of the (weak) PE. As previously mentioned, the first
experimental confirmation of the equality of m; and mg (in suitable units) was
given by Galileo. Newton tested this equality by experiments with pendulums of
equal length but different composition. The same result was verified later, with
a better precision, by E6tvos (1889; with an accuracy of 1 part in 10%), Dicke
(1964; 1 part in 10'") and Braginsky and Panov (1971; 1 part in 10'?). Besides,
all experimental evidence in favour of GR can be taken as an indirect verification
of the PE.

The PE and local Poincaré symmetry. It is very interesting, but not widely
known, that the PE can be expressed, using the language of modern physics, as
the principle of local symmetry. To see this, we recall that at each point in a given
gravitational field we can choose a locally inertial reference frame S(x) (on the
basis of the PE). The frame S(x) can be obtained from an arbitrarily fixed frame
So = S(x0) by

m  translating Sp, so as to bring its origin to coincide with that of S(x) and
m  performing Lorentz ‘rotations’ on Sy, until its axes are brought to coincide
with those of S(x).

Four translations and six Lorentz ‘rotations’ are the elements of the Poincaré
group of transformations, the parameters of which depend on the point x at which
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the locally inertial frame S(x) is defined. Since the laws of physics have the
same form in all locally inertial frames (on the basis of the PR), these Poincaré
transformations are symmetry transformations. Thus, an arbitrary gravitational
field is characterized by the group of local, x-dependent Poincaré transformations,
acting on the set of all locally inertial frames. When the gravitational field
is absent, we return to SR and the group of global, x-independent Poincaré
transformations.

Physics and geometry

The physical content of geometry. The properties of space and time cannot
be deduced by pure mathematical reasoning, omitting all reference to physics.
There are many possible geometries that are equally good from the mathematical
point of view, but not so many if we make use of the physical properties of
nature. We believed in Euclidean geometry for more than 2000 years, as it was
very convincing with regard to the description of physical reality. However, its
logical structure was not completely clear. Attempts to purify Euclid’s system
of axioms led finally, in the 19th century, to the serious acceptance of non-
Euclidean geometry as a logical possibility. Soon after that, new developments
in physics, which resulted in the discovery of SR and GR, showed that non-
Euclidean geometry is not only a mathematical discipline, but also part of physics.
We shall now try to clarify how physical measurements can be related to the
geometric properties of space and time.

For mathematicians, geometry is based on some elementary concepts (such
as a point, straight line, etc), which are intuitively more or less clear, and certain
statements (axioms), which express the most fundamental relations between these
concepts. All other statements in geometry can be proved on the basis of
some definite mathematical methods, which are considered to be true within a
given mathematical structure. Thus, the question of the truthfulness of a given
geometric statement is equivalent to the question of the ‘truthfulness’ of the
related set of axioms. It is clear, however, that such a question has no meaning
within the geometry itself.

For physicists, the space is such as is seen in experiments; that space is, at
least, the space relevant for physics. Therefore, if we assign a definite physical
meaning to the basic geometric concepts (e.g. straight line = path of the light
ray, etc), then questions of the truthfulness of geometric statements become
questions of physics, i.e. questions concerning the relations between the relevant
physical objects. This is how physical measurements become related to geometric
properties.

Starting from physically defined measurements of space and time in SR,
we are naturally led to introduce the Minkowskian geometry of spacetime. To
illustrate what happens in GR, we shall consider the geometry on a flat disc,
rotating uniformly (relative to an inertial frame) around the axis normal to its
plane, passing through the centre of the disc. There is an observer on the disc,
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a) b)

Figure 1.1. Approximate realization (a) of a curved surface (b).

trying to test spacetime geometry by physical measurements. His/her conclusions
will also be valid locally for true gravitational fields, on the basis of the PE.
Assume that the observer sits at the centre of the disc, and has two identical
clocks: one of them is placed at the centre, the other at some point on the
periphery. The observer will see that the clock on the periphery is running
slower (time dilatation from SR). Consequently, clocks at various positions in the
gravitational field run faster or slower, depending on the local strength of the field.
There is no definition of time that is pertinent to the whole spacetime in general.
The observer will also conclude that the length of a piece of line orthogonal to the
radius of the disc will be shortened (length contraction from SR). Therefore, the
ratio of the circumference of the circle to its radius will be smaller than 2, so
that the Euclidean geometry of space does not hold in GR.

Geometry of curved surfaces. We have seen that in spacetime, within a limited
region, we can always choose a suitable reference frame, called the local inertial
frame. Taking spacetime apart into locally inertial components, we can apply the
laws of SR in each such component and derive various dynamical conclusions.
Reconstruction of the related global dynamical picture, based on the PE (and
some additional, simple geometric assumptions), gives rise to GR.

This procedure for dissecting spacetime into locally inertial components,
out of which we can reconstruct, using the PE, the global structure of spacetime
containing the gravitational field, can be compared geometrically with an attempt
to build a curved surface, approximately, from a lot of small, plane elements
‘continuously’ bound to each other (figure 1.1). A locally flat surface is a
geometric analogue of locally inertial spacetime.

GR makes essential use of curved spaces (or, more accurately curved
spacetimes). Since the curved, four-dimensional spacetime cannot be visualized,
let us try to understand the basic features of curved spaces by considering a
two-dimensional surface X,. We shall focus our attention on those geometric
properties of X5, which could be determined by an intelligent, two-dimensional
being entirely confined to live and measure in the surface, a being that does
not know anything about the embedding Euclidean space E3. Such properties
determine the intrinsic geometry on X5.
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Figure 1.2. Vector components change under the parallel transport.

On a general surface we cannot set up Cartesian coordinates; the best we
can do is to introduce two arbitrary families of coordinate lines and label them by
u? = (ul, uz). These curvilinear (or Gaussian) coordinates do not always have a
direct geometric interpretation.

Let us now imagine a surface X» embedded in E3, and consider a point
P in X, with Cartesian coordinates (x, y,z) in E3; since P is in X», these
coordinates can be expressed as functions of u®. The squared distance between
two neighbouring points in X», P(x, y, z) and Q(x +dx, y+dy, z+dz), is given
by ds? = dx? 4 dy? + dz>. Going over to u* we obtain

ds? = gop du® du (1.6)

where the set of functions gug (ul, u2) defines the metric on X;. The metric is
an essential intrinsic property of X», independent of its embedding in E3. A
two-dimensional continuum X», equipped with a squared differential distance
according to (1.6), becomes the metric space, G, = (X2, @) (it is now clear
that the symbol X, is used to denote an abstract two-dimensional continuum,
disregarding all metric properties of the real surface).

Studying the motion of particles in X; our observer could have arrived at the
idea of the tangent vector, a = (al, az). Consider, further, two tangent vectors a
and b, defined at neighbouring points P and Q. If we wish to compare these two
vectors we have to know how one of them can be transported to the position of
the other. This transport is called parallel transport. The continuum X, together
with the parallel transport law, denoted by T, is called a linearly connected (or
affine) space, L, = (X3, I').

The components of a vector in curvilinear coordinates are expected to change
under parallel transport. This can be easily seen by considering the parallel
transport of a vector in a plane, using polar coordinates (r, #). As shown in
figure 1.2, if the unit vector a at point P has components (a" = 1, a? = 0), after
parallel transport from P to Q its components become (a” = cos ¢, a’ = sin ).

A two-dimensional observer should determine the rule of parallel transport
of vectors in accordance with his/her own experience. This rule is generally
independent of the concept of a metric. If X, is equipped with a rule of
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parallel transport and the independent concept of a metric, we obtain the linearly
connected metric space (X2, ', 9) = (L2, 9) = (G2, ).

It is very probable that our two-dimensional observer will demand that
the lengths of vectors should remain unchanged under parallel transport. After
adopting this very natural property, which relates I and g, the linearly connected
metric space becomes the Riemann—Cartan space U;. The usual surfaces have
some additional geometric structure, and belong to the class of Riemann spaces
Vs.

This discussion was slightly more general than strictly necessary for studying
surfaces embedded in E3, in order to emphasize that the intrinsic geometry on X,
is defined in terms of

m  the metric g and
m the rule of parallel transport I.

These basic concepts of the intrinsic geometry of surfaces can be extended
directly to spaces with higher dimensions, although in this case we lose the
intuitive geometric picture.

Any Riemann space is locally Euclidean, i.e. its metric is positive definite
(ds®> > 0). A slight generalization of this case, that consists in admitting
metrics that are pseudo-Euclidean, leads to a pseudo-Riemannian geometry or
Riemannian geometry with an indefinite metric.

Relativity, covariance and Mach’s ideas

Relativity and covariance. We have seen previously that inertial frames play
a particularly important role in SR. Einstein considered this to be an expression
of the incompleteness of SR. He wanted to generalize the relativity of inertial
motions to the relativity of all motions, including accelerated ones. This idea can
be formulated as the general principle of relativity:

General PR: The form of physical laws is the same in all reference
frames.

Equations expressing physical laws are often formulated using specific
coordinates. Thus, for instance, spatial positions in an inertial laboratory L can be
determined using Cartesian coordinates (x, y, z) or the coordinates obtained from
these by a rotation around the z-axis for a fixed angle ¢. If we allow the angle ¢ to
change with time as ¢ = wt, new coordinates can be naturally attached to a new
physical reference frame, rotating relative to L with the angular velocity w around
the z-axis. We see that coordinate transformations can be interpreted as describing
transitions from one to another laboratory (the so-called active interpretation).
Thus, it becomes clear that the general PR can be realized with the help of the
principle of general covariance:
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General covariance: The form of physical laws does not depend on the
choice of coordinates.

General covariance is a technical way to express the general PR.

When mathematicians study the geometric properties of space, they use
certain geometric objects with properties that do not depend on the choice of
coordinates. The covariance means that physical laws can be expressed in terms
of these geometric objects. In classical physics such objects are tensors, so that
covariant equations must be tensorial.

General covariance seems to be a powerful principle which determines
acceptable forms of physical equations. Is it really so? The next example shows
a certain triviality of this principle. Consider Newton’s second law in an inertial
frame S, ma = F, which is invariant under the group of Galilean transformations
G. Going over to a non-inertial frame S that has linear acceleration &) and angular
velocity  relative to S, Newton’s equation transforms into

ma=F —may—2mo xXv—mo X —mw X (@ X ). (L.7)

The transition from S to S can be described as a Galilean transformation (a spatial
translation combined with a rotation) with time-dependent parameters. The set
of these transformations forms a group, denoted as G, which is larger than the
Galilean group G. In this way we obtained the G-covariant form of Newton’s
equation. Other physical equations can also be covariantized in a similar manner,
which means that covariance implies that there are no stringent conditions on the
form of the physical equations.

It is important to note that equation (1.7) is completely determined by its
original form in S and the process of covariantization. The original equation
has Galilean symmetry, and the covariantization ‘knows’ of this property, since
it is based on G transformations. Using modern language, we can describe this
procedure as an incomplete localization of Galilean symmetry, based on time-
dependent parameters. Since the procedure does not depend on the form of the
original equation but only on its global symmetry, it is clear that covariantization
does not restrict the form of physically acceptable equations.

In spite of this conclusion, we know that Einstein’s covariant equations have
experimental consequences that are essentially different from those of Newton’s
theory of gravity, so that general covariance still seems to be an important
principle for physics. This dilemma can be resolved in the following way. If
we restrict ourselves to weak gravitational fields for simplicity, we obtain an
approximate, non-covariant form of Einstein’s theory, known as the Pauli-Fierz
field theory in M4. Comparing this field theory with Newton’s action-at-a-
distance theory we easily find significant differences; in particular, these theories
have different global symmetries (Poincaré and Galilean, respectively). It is
therefore quite natural that their physical contents are essentially different. This
difference has nothing to do with the covariance of Einstein’s equations.
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After clarifying this point, we are now ready to conclude that general
covariance by itself does not have any physical content. However, we should note
that Einstein related covariance to the PE, so that general covariance (transition to
accelerated frames) represents an important technical procedure for introducing
the gravitational field into any physical theory. Thus, Einstein’s theory of gravity
is obtained by unifying the principle of general covariance with the PE:

General covariance + PE = theory of gravity.

Here, general covariance stands essentially for the general PR, while the PE tells
us not only how to introduce gravity, but also the kind of physics we have in the
absence of gravity.

General covariance is only a statement about the effects of gravity, it does
not imply the validity of SR in locally inertial frames. Although the local validity
of SR is usually assumed, theoretically it is not necessary; for instance, we could
assume Galilean relativity in locally inertial frames. This is particularly clear if
we think of gravity as a locally invariant theory.

Covariance and symmetry. Although the concepts of general covariance and
symmetry have certain formal similarities, they are, in fact, essentially different.
In order to illustrate this difference, consider the interval in G4 = (X4, Q),

ds? = gy (x) dx* dx” (1.8a)

which is expressed in some coordinate system K. This equation is covariant with
respect to general coordinate transformations x — x’ = x’(x), since it has the
same form in the new coordinate system K’ as it had in K :

ds? = g/, (x) dx' dx”. (1.8b)

Here, the coordinate transformation induces a related functional change in the
metric, g, — g;w, where the prime denotes a new function. Now, if we restrict
ourselves to those transformations that do not change the form of the metric,
gl’w(x) = guv(x), we obtain symmetry transformations (or isometries) of the
space G4.

To see the meaning of this definition in Minkowski space, let us consider
equation (1.8a) in an inertial frame S, where g,,, = 1y, is the metric of My. If
we look for coordinate transformations that do not change the form of the metric,
we obtain Poincaré transformations. They express the symmetry of physical laws
under transition from one inertial frame to another in My.

Mach’s principle. In his attempts to build GR, Einstein was led by the idea
of abolishing the privileged role of inertial frames from physics. Even if it
were possible to develop a satisfactory theory of gravity within SR, he would
not have stopped there—he had to go beyond SR. On this route he was greatly
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influenced by the ideas of the philosopher E Mach (1836-1916), who gave the
first constructive critique of Newton’s understanding of inertia and absolute space,
and proposed a new approach to these questions.

The conclusion drawn by Newton on the basis of his experiment with a
rotating vessel (that the acceleration of the water with respect to the vessel does
not produce inertial forces, they are produced only by the acceleration of the water
with respect to absolute space) cannot be considered as well founded. Newton’s
experiment only shows that the rotation of the water relative to a small vessel
produces no noticeable inertial forces. It is not clear how the experiment would
have turned out if the vessel had been more massive—these were the suspicions
raised by Mach. He believed that water rotating relative to a very massive vessel
would remain flat, since it would be at rest with respect to the very close and
massive vessel, while the water that does not rotate would be curved, since its
motion with respect to the vessel would be accelerated. In other words, inertial
forces are caused by the acceleration of the water relative to the average mass
distribution in the universe, not with respect to absolute space.

We shall now illustrate the difference between Newton and Mach by another
example. Consider an elastic sphere that is rotating relative to some inertial frame,
getting larger at the equator. How does the sphere ‘know’ that it is rotating and
hence must deform? Newton might have said that it was accelerated relative to
absolute space, which thereby causes the inertial forces that deformed it. Mach
would have said that the sphere was accelerated relative to distant masses in the
universe, which was the cause of deformation.

It is interesting to observe that both Newton and Mach explained the
appearance of inertial forces by the acceleration of a body, not by its velocity.
Why is that so? Mach’s considerations were general in nature, he was not able to
give any quantitative description of these ideas. The inertial influence of cosmic
matter was clearly defined in Einstein’s GR (inertia is a manifestation of the
geometry of spacetime, geometry is affected by the presence of matter) which,
to some extent, realizes Mach’s abstract ideas in a concrete physical theory.

Mach’s principle can be roughly expressed in the form of the following (not
completely independent) statements:

m  Space as such plays no role in physics; it is merely an abstraction from the
totality of spatial relations between material objects.

»  Theinertial properties of every particle are determined by its interaction with
all the other masses in the universe.

m  Any motion is relative and can be determined only with respect to all the
other masses in the universe.

m Inertial forces are caused by an acceleration of a body relative to the average
mass distribution in the universe.

It is often believed that Mach’s principle is so general that it cannot be checked
experimentally so that, essentially, it has no physical content. Yet, there are
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examples showing clearly that this is not so. In spite of this, there is still no
direct experimental verification (Rindler 1977).

Bearing in mind the strong influence of Mach’s principle on Einstein, it
is interesting to clarify to what extent this principle has been justified by GR.
We can say that GR has realized only some of Mach’s ideas; indeed, solutions
of Einstein’s field equations are determined not only by matter distribution,
but also by boundary conditions. Hence, the same mass distribution may give
rise to different gravitational fields. Mach wanted to abolish space in its own
right and replace it with the relative configuration of matter; Einstein retained
spacetime but made it non-absolute. Although Mach’s principle helped stimulate
the development of GR, there is no reason today to consider it as a basic principle
of physics.

Perspectives of further developments

Einstein’s theory of gravity predicted a number of physical effects which can be
completely verified experimentally. Nevertheless, we should stress that certain
properties of this theory deserve critical analysis.

GR is characterized by the existence of singularities, which are generic
features of solutions describing both localized physical systems (black holes) and
cosmology (big bang). A spacetime singularity can be intuitively characterized
by an infinite growth of some physical quantities in some regions of spacetime
and the analogous pathological behaviour of the related geometric objects. Both
cosmology and black holes represent very interesting phenomena in gravitational
physics—their features cast light on the intrinsic limitations of GR and serve as a
signpost towards a new, consistent approach to gravitation.

The standard cosmological model predicts that at some finite time in the past,
the universe was in a singular state (big bang). For many years it was generally
believed that this prediction was due merely to the simplifying assumptions of the
model. However, the singularity theorems of GR have shown that singularities are
generic features of cosmological solutions. We expect that the singular behaviour
can be avoided either by modifying classical GR and/or by taking quantum effects
into account.

General singularity theorems also apply to black holes—gravitational objects
that inevitably arise at the endpoint of the thermonuclear evolution of some stars.
After a finite proper time all the matter of the star meets at one point, where the
density of matter and the curvature of spacetime become infinite.

A cosmological singularity means that there existed a moment of time in the
past, such that nothing before that moment, even time itself, did not have any
sense, did not exist. The singularity of the black hole is related to the future, and
means that for an observer falling into the black hole, there will come a moment
at which not only the observer’s life will end, but also time itself will go out of
existence. In these extreme conditions, where the density of matter becomes very
large and the predictions of GR contradict the fundamental concepts of classical



Gravitation and geometry 19

physics, quantum effects must be taken into account. Could these effects alone
remove the singularity or do we need to modify classical GR—that is the question
for the future.

Gravity is the only basic physical interaction for which no consistent
quantum formulation exists. Some people think that in order to construct quantum
gravity we need to radically change our understanding of the structure of space
and time. If this were correct, it would be the second time in the last century that
gravity has played a key role in the development of our concepts of space and
time.

Many attempts to quantize gravity have been unsuccessful. We do not
now whether the remarkable ideas of gauge symmetry, supergravity, Kaluza—
Klein theory or string theory will lead us to a unified, quantum theory of the
fundamental interactions. The former successes of these ideas motivate us to
study them carefully in the hope that they will bring us closer to a consistent
formulation of quantum gravity and its unification with the other fundamental
interactions.



Chapter 2

Spacetime symmetries

The physics of elementary particles and gravitation is successfully described by
Lagrangian field theory. The dynamical variables in this theory are fields ¢ (x)
and the dynamics is determined by a function of the fields and their derivatives,
L(¢p, 9,.¢), called the Lagrangian. Equations of motion are given as the Euler—
Lagrange equations of the variational problem 85/ = 0 for the action integral
I =[d*%L.

In physical processes at low energies the gravitational field does not play
a significant role, since the gravitational interaction is extremely weak. The
structure of spacetime without gravity is determined by the relativity principle
and the existence of a finite, maximal velocity of propagation of physical signals.
The unity of these two principles, sometimes called Einstein’s relativity principle,
represents the basis for special relativity theory. Spacetimes based on Einstein’s
relativity have the structure of the Minkowski space M4. The equivalence of
inertial reference frames is expressed by the Poincaré symmetry in My.

Due to the fact that some physical constants are dimensional, the physical
world is not invariant under a change of scale. In physical processes at high
energies, where dimensional constants become practically negligible, we expect
scale invariance to appear, so that the relevant symmetry becomes the Weyl
symmetry or, the even higher, conformal symmetry. Conformal symmetry is a
broken symmetry in basic physical interactions. Of particular interest for string
theory is conformal symmetry in two dimensions.

Bearing in mind the importance of these spacetime symmetries in particle
physics, in this chapter we shall give a review of those properties of Poincaré
and conformal symmetries that are of interest for their localization and the
construction of related gravitational theories. Similar ideas can be, and have been,
applied to other symmetry groups. Understanding gravity as a theory based on
local spacetime symmetries represents an important step towards the unification
of all fundamental interactions.

20
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2.1 Poincaré symmetry

Poincaré transformations

The Minkowski spacetime M, is a four-dimensional arena, successfully used
to describe all physical phenomena except gravitation. The physical observer
in spacetime uses some reference frame, usually associated with an imagined
extension of a physical object, and endowed with coordinates x* (u = 0, 1, 2, 3),
serving to identify physical events. In My preferred reference frames, called
inertial frames, exist. An inertial observer can always choose coordinates, global
inertial coordinates, such that the infinitesimal interval between points P(x) and
Q(x 4 dx) has the form

ds? = 5, dx* dx” 2.1)

where n,, = (1, -1, —1, —1) is the metric tensor in the inertial frame S(x).
Since the interval between P and Q does not depend on the choice of reference
frame, the transition to another reference frame S’ (x’) implies

My dxt dx” = g, (x) do' dx™

where g, is the metric in §". The new reference frame is inertial if there exist
coordinates x* such that g;w = Ny, 1.€. if the form of the metric is not changed
by the transition § — S’.

The form variation of a field F(x), §oF(x) = F'(x) — F(x), should be
clearly distinguished from its total variation, § F(x) = F'(x’) — F(x). When
x" — x = & is infinitesimally small, we get

SF(x) ~ 8oF (x) + £"9, F(x).

Form variation and differentiation are commuting operations. Coordinate
transformations x — x” which do not change the form of the metric define the
isometry group of a given space. The isometry group of My is the group of global
Poincaré transformations P(1, 3).

In order to find out the form of infinitesimal Poincaré transformations, let us
consider the coordinate transformation

= x = x* 4 EF(x) (2.2)
relating the metrics 7, and gl’w by the equation

ax* 9xP

gn(x) = 5

X/ 9xV Mo = Ny — Epv + 8 p0)-

Form invariance of the metric is now expressed by the following Killing equation:

5077;/.1) = g;w(x) — N = _(gu,v + gv,u) =0. (2.3)



22 Spacetime symmetries
Expanding £#(x) in a power series in x,
gu(x) —=gh +a)“vx” +a)“vvax'o + .-
with e#, ", ... constant parameters, condition (2.3) yields
o’ + o' =0, g = arbitrary

while the remaining parameters vanish. Thus, the infinitesimal, global Poincaré
transformations,
EH(x) =" + " ) x" 2.4)

are defined in terms of ten constant parameters v’ = —w"#* and ¢ (Lorentz
rotations and translations).
Finite Poincaré transformations are inhomogeneous, linear transformations

x* = AP xV + at

where the matrix A = (A*,) is determined by the form invariance of the
Minkowski metric: n = ATpA.

Lie algebra and its representations

In order to define the action of the Poincaré group on fields and introduce the
related generators and their Lie algebra, let us first consider a field ¢(x), which is
scalar with respect to the transformations (2.4): ¢’(x") = ¢(x). As a consequence,
the change of form of ¢ is given by

dop(x) = —("vx” + &) dup(x).
If we define the generators of the transformation of a general field ¢ (x) by
S0 (x) = (30" My + " P)p (x) 2:5)
their coordinate representation in the case of a scalar field has the form
My = x,0y —xy0, = Ly, Py, = —0,.
We can easily verify that they satisfy the Lie algebra

[Mp,v’ MA,O] = UUAM;L,O - UMAMV,O - p)= %fuv,ApTUMrU
[M,um PA]:nUAP,u_np.)LPv (2.6)
[Py, Py]=0.

In the general case of an arbitrary field ¢ the generators have the form

My =Ly + S0 Pu=—0, 2.7)
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where X, is the spin part of M, .

Example 1. A change in the Dirac spinor field 1, (x) under the action of the
Poincaré group is given by ¥/ (x’) = S(w)¥ (x), where S(w) is a matrix satisfying
S~lyrs = AM,py", and the y* are the Dirac matrices. For infinitesimal
transformations A%, = 8 + wt,, we find that S = 1 + %w“”[yﬂ, wl, 1.e.

Z;l/,)v = %[V,u: wl= Opv-

The vector field V*(x) transforms as V'*(x’) = A*,VV(x). For
infinitesimal transformations we have A%, = 8§ + w*, = /' + %w“’(Z}Lp)“U,
therefore

(S = 8 np0 — 8 mn.

The procedure described in this example can be directly generalized and
used to find the form of generators for a general field ¢ (x), transforming as
¢’ (x") = S(w)¢ (x) under Poincaré transformations.

The same result can be obtained by using another approach, known in
group theory as the method of induced representations. This method gives a
prescription of how to extend any representation of the Lorentz subgroup on ¢ (0)
to a representation of the Poincaré group on ¢ (x), using the definition of ¢ (x)
and the algebra of generators. To demonstrate the procedure, let us first introduce
finite Poincaré transformations on fields:

¢'(x) = (GP)(x)  G(w,a) =exp(3w-M+a-P) (2.8)

where @ and a are the parameters of transformation and @ - M = w*"M,,,. In
particular, translations and Lorentz transformations are represented as

T(a)=exp(a-P) A =exp(30-M).

The generators P and M act on fields and change their form in accordance with
the algebra (2.6).
Next, we introduce the field ¢, obtained by translation from ¢ (0):

¢u =T )¢ (0).

Using the relation T (x)¢, = ¢+, We can conclude that the translation generator
acts on ¢, as (Py¢), = (—09,¢),, which implies ¢, = ¢ (—u).
The action of the Lorentz rotation on ¢, yields

¢, = M)y = T (@) A(0)(0) (2.9)

where u is implicitly defined by A(w)T (v) = T@w)A(w) (figure 2.1). For
infinitesimal w we find that

(1 + %w . M)eu'P = eu'Peiu'P(l =+ %a) . M)eu.P
=P +i0 - M+[to-Mu-P)
= exp[(u" + " u") P, 1(1 + - M)
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T(u)
) - b,

A(w) A(w)

N0 @',
T(@)

Figure 2.1. Construction of the Lorentz generators.

so that u* = u* + w",u". Here we used the formula
e PAe® = A+[A, B+ 4[[A, Bl B]+ -

and the algebra of the Poincaré group. A similar result can be found for finite
transformations. Finally, the action of Lorentz transformation on ¢ (0) in (2.9) is
realized as a linear transformation acting on the spinorial indices of ¢ (0) (which
are not explicitly written),

¢'(0) = A@)p(0) = e */2¢(0)
where X, is a matrix representation of M,,,. In this way we find that
@' (—u) = T(i1)e” =2¢(0) = e */2¢(—ir)

since T () commutes with the matrix part and acts directly on ¢(0). Now, if
we perform an additional translation T (—2u), and introduce the natural notation
x = u, the final result takes the form:

& (x)=e“T () it =xt—otxt. (2.10a)
The differential version of this relation reads as
80¢p (x) = 30" (Lyuy + E,0) (x) (2.10b)

and proves the general form of generator (2.7).

The basic result of this consideration is equation (2.10a), which can be
rewritten as ¢'(x’) = S(w)p(x), where S(w) = exp(w - £/2). Such a
transformation law is typical for relativistic field theories. The same method can
be used to study other groups with a similar basic structure (Bergshoeff 1983,
Sohnius 1985).

Invariance of the action and conservation laws

Invariance of a theory under spacetime transformations can be expressed in terms
of some restrictions on the Lagrangian that are different from the case of internal
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symmetries. To show this, consider an action integral defined over a spacetime
region £2,

1(Q) = / d*x L(¢, Bk x)
Q

where we allow for the possibility that £ may depend explicitly on x. The change
of 1(£2) under spacetime transformations x’ = x + £(x) has the form

51 = / dtx' L@ (), 3 (x'); x') — / d*x LB (), U (); x).
Q' Q

Introducing the Jacobian 8 (x’)/d(x) ~ 1 + 9,&", we see that the action integral
is invariant if (Kibble 1961)

AL = 8oL +EM,L + (36" L =0 @2.11)
where
8oL = L(P + S0, k@ + Sodkp; x) — L(P, dk; x)
— %3 ¢ + %3 ¢
= % 0 e 09 k-

The Lagrangian £ satisfying the invariance condition (2.11) is usually called
an invariant density. The following two remarks will be useful for further
applications:

(i) This derivation is based on the assumption that 8¢7,, = 0.

(ii) Condition (2.11) can be relaxed by demanding a weaker condition AL =
9, A"; in this case the action changes by a surface term, but the equations of
motion remain invariant.

If we now replace the Poincaré expressions for £# and §p¢ in (2.11), the
coefficients multiplying w" /2 and £/ vanish yielding

oL oL
_ZuMb + —[Zuvap - (7111,08/1 - nupav)kb =0
d¢ 99.p
(2.12)
oL a£8 ¢ 0L @ 0
u g " 3, 1O

The first identity is the condition of Lorentz invariance, while the second one,
related to translational invariance, is equivalent to the absence of any explicit x
dependence in £, as we could have expected.

Conserved currents. The expression for AL can be rewritten as

Y 9L
AL = —3§ A W= —3§ s
L= 35000+ 0 = 0p + LE
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where 8L/6¢ = 0L/9¢ —0,(0L/d¢,,). Then, assuming the equations of motion
to hold, 8 £/8¢ = 0, the invariance condition leads to the differential conservation
law:

W' =0  Jr=Le" MM, —e'TH, (2.13)
where T#, and M*,, are the canonical currents—the energy—momentum and
angular momentum tensors, respectively,

oL
TH, = —d,9 — 8L
90, (2.14)
M*,, = (vaMA - xATMv) — SHon

and S*,, is the canonical spin tensor,

oL
SMUA =———2X0.
o
We note that the canonical energy—-momentum tensor is, in general, not

symmetric.
Since the parameters w"* and & are constant, equation (2.13) implies the
conservation of energy—momentum and angular momentum currents:

9, TH, =0

ap.MMvA =0 or 3;,,5“1,)L =Ty — Thy.

(2.15)

This is a typical case of Noether’s theorem, stating that to each parameter of
a continuous symmetry in the Lagrangian, there corresponds a differentially
conserved current. The integral over the three-space of the null component of
the current defines the related ‘charge’:

P’ = /d3x 7%
(2.16)
M = / &x MO = / Ex (T — AT — 5,

It should be stressed that the usual conservation in time of these charges does
not hold automatically, but only if the related flux integrals through the boundary
of the three-space vanish (this is particularly important in electrodynamics and
gravitation).

The canonical currents (2.14) can be defined even when the Lagrangian is
not Poincaré invariant, but then, of course, they are not conserved.

Example 2. The canonical energy—momentum tensor for the scalar field,
described by the Lagrangian Lg = %3M<p8“(p + A%, has the form

Ty = 9,00, — nuvﬁs
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while the spin tensor vanishes.
- <> -
For the antisymmetrized Dirac Lagrangian, Lp = %(ilﬁykakl// —2myrr),
with <8_)k = gk — 8:, we find that

- <> -
TH, =Ygy dyy —8MLp St = giet e vysyO Y.
In both cases, we can easily check the conservation laws by making use of

the equations of motion.

The Belinfante tensor. The angular momentum M"* is composed from two
parts: the first one is the integral of moments of 7°*, the second is the integral of
the spin tensor. However, it is possible to modify the energy—momentum tensor
in such a way that the value of the four-momentum P" remains unchanged, while
the angular momentum reduces effectively to the first part only (Treiman et al
1972). To show this, we note that the replacement

TH — TH 4+ g, W

where WY = —WH*V does not change the value of the integral defining PH.
Using this ambiguity we can define the Belinfante tensor,

T = TH — Lo, (s#7% 4 57 — ghvmy (2.17)

which is symmetric: Téw — TI;M = TH — TVI 4 3, S*# = (. The integral
defining the angular momentum can be now simplified:

M = /d3x (VT — X TE).

The physical significance of the Belinfante tensor in Einstein’s GR will be
clarified in chapter 3.

Thus, the conservation laws of the energy—momentum and angular
momentum currents, i.e. translational and Lorentz invariance, can be expressed
by two properties of a single object—the Belinfante tensor:

Iy =0 T8 =Tg". (2.18)

These two relations are equivalent to conditions (2.15).

2.2 Conformal symmetry

Conformal transformations and Weyl rescaling

Conformal coordinate transformations. We have seen that Poincaré
transformations can be defined as the coordinate transformations in My that do
not change the form of the metric #,,,. Conformal transformations of coordinates
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in My are defined by demanding that the form of the metric is changed according
to the following simple rule:

@) =5 s(x) > 0. (2.19)

These transformations leave the light-cone structure (ds2 = 0) and the
‘angles’ between vectors invariant, and define the group of conformal coordinate
transformations C(1, 3).

When s(x) is close to 1, an infinitesimal change in the form of the metric
tensor is given by the relation 8pn,, = g;w(x) — N = [s(x) = 1]nuw, which,
together with equation (2.3), leads to

_(gp.,v +§v,p.) =(s— 1)77p.v~

This result remains unchanged if we replace M4 with a D-dimensional
Minkowski space Mp. Transition to Mp is useful for discussing the specific
properties of the conformal group C(1, D — 1) in D = 2. By observing that
contraction of the last equation yields —2(d - £) = (s — 1) D, we obtain

v+ =50 Enu (2.20a)

We shall refer to this equation as the conformal Killing equationin M p. It implies
that
MO+ (D —2)3,0,]0-£ =0 (2.200)

where we can clearly see the specific nature of the case D = 2, which will be
analysed later.

Now going back to D > 2, let us look for a solution of (2.20) using a power
series expansion for £#(x). It follows that the third derivatives of & must vanish,
so that the general solution is, at most, quadratic in x:

EM(x) = e" 4+ wox’ + pxt + (Fx? —2¢ - xxh). (2.21)

In D = 4 the solution is determined with 15 constant parameters: 10
parameters (¢, w"") correspond to Poincaré transformations, one parameter
p defines dilatations (or scale transformations), and four parameters c* define
special conformal transformations (SCT). Note that conformal coordinate
transformations in M4 are nonlinear.

Weyl rescaling. There is a transformation group in physics which is similar
to C(1,3) in appearance, but has an essentially different structure. These
transformations change the metric according to the rule

Ny —> glrw(x) = en(x)mw (2.22a)

and are called Weyl or conformal rescalings. If the set of dynamical variables
also involves some other fields ¢, Weyl rescaling is extended by

P(x) = ¢ (x) =W (x) (2.22b)
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where w is a real number, called the weight, or Weyl dimension, of the field ¢.
The weight of the metric 7 is, by convention, taken to be w, = 2.

Weyl rescaling looks like a C(1, 3) transformation in which the coordinate
part is neglected. The set of Weyl rescalings defines the Abelian group W;, while
the group of conformal transformations C(1, 3) is non-Abelian. The collection
of all C(1, 3) and W; transformations is known as the extended conformal group
(Fulton et al 1962).

Conformal algebra and finite transformations

In order to find the form of the Lie algebra of C(1, 3), we shall start with a field
@ (x), which is scalar under the transformations (2.21). Then,

Sop(x) = —[w"yx¥ 4 e + pxt + (cHx? = 2¢ - xxM) 18,0 (x).
After introducing the generators of C (1, 3) for a general field ¢ (x),
Sop(x) = (%a)’“’M,w + e P+ pD+cHK)p(x) (2.23)
we easily obtain their form in the space of scalar fields:

Myy =Ly — Py=—9,
D=—x-0
Ky =2x,x -9 — x%9),.

These generators define the Lie algebra of the conformal group C(1, 3):

(M, Mipl = 3 fuv.i” Mo
(M, Pl = nua Py — nua Py [Py, P,1=0
[M,,,D]=0  [P,.,D]=—P, [D,D]=0
My, K3l =nuKy — nu Ky
[Py, Kv] =2(Myy + nuD)
[D.K,]=-K, [Ku K,]=0.

(2.24)

The first three commutators define the Poincaré algebra. The generators
(M, P, D) define a subalgebra corresponding to the Weyl group W(1, 3).
In the general case of an arbitrary field ¢ the generators have the form

Myy =Ly +3%u  Py=—0d,
D=—-x-3+A (2.25)
Ky = Qxpx -9 —x23,) +2(x S — x,A) + Ky
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where X,,, A and «,, are matrix representations of My,, D and K, acting
on the components of ¢. The result can be obtained by the method of induced
representations, as in the case of the Poincaré algebra, using

¢'(0) = exp(z0 - T + pA + ¢ - )¢ (0).

If ¢ belongs to an irreducible representation of the Lorentz group, the
relation [X,,, A] = 0 implies, on the basis of Schur’s lemma, that A is
proportional to the unit matrix,

A=dlI (2.26a)

where d is a real number, known as the scale dimension of ¢. Then, from
[A, ku] = —k,, we find that
ky =0. (2.26b)

Scale transformations. Conformal transformations defined by the generators
(2.25) refer to a general representation of the conformal group, and may be
different from the usual general coordinate transformations (GCT) based on
(2.21). Thus, for instance, a scale transformation and the related GCT of 7,
are given by

g = pxt: Sonu = pDnyy = pdynuy SoNuv = —2PNpuy

where d,, is the scale dimension of . The usual choice d;, = 0 yields the natural
geometric dimension of n and leads to a very simple scale transformation rule,
Sonuwy = 0, but it differs from Sor]. To ‘explain’ the difference, consider an
extended conformal transformation of 1, consisting of a GCT with &* = px*
and a Weyl rescaling with e"” ~ 1 + wp:

(SO + 5w)7],uv =(-2p+ wnp)rl,uv»

In tensor analysis, quantities of this type are called tensor densities of weight w.
Hence, a general scale transformation of 1, with d;, = 0, can be interpreted as a
GCT of the tensor density, provided w, = 2.

The same interpretation may be given to SCTs. Conformal transformations
in Riemann spaces will be studied in chapter 4.

Example 3. The dynamics of the free scalar field is determined by the Lagrangian
Ls = %n’“’ Oupdvp — %mz(pz. Under scale transformations,

Sxtt=pxtt Sop=—p(x-3—-d)p  Son"" =0

the Lagrangian changes as §oLs = —p[x - Ls + (1 — al)(ago)2 + dngoz]. If we
adopt d(¢) = —1, it follows

S0Ls = —pl(x -0 + 4)Ls + m?p2].
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Since the invariance condition (2.11) has the form 8oL + p(x - 0 +4)L = 0, it is
fulfilled only for m = 0.

Example 4. The free Dirac field is described by the antisymmetrized Lagrangian
Lp (example 2). If we apply scale transformations,

SxH = px™ Sop = —p(x -0 —d)y Sonuw =0

the change in Lp is oLp = —p[x - Lp + (1 — 2d) Siyy 9% + 2dmyy]. The
choice d () = —3/2 yields

80Lp = —pl(x -0 +4Lp +myy]
and, again, the action is invariant only for m = 0.

Similar arguments show that the theory of the free electromagnetic field is
scale invariant if d(A) = —1.

The scale dimension d determines the transformation law of dynamical
variables (fields) under dilatations, whereas dimensional parameters are left
unchanged. Dilatations are different from the transformations of dimensional
analysis, which scale not only dynamical variables, but also dimensional
parameters. The field ¢; = ["¢ has the same scale dimension as ¢, although
its natural dimension is higher for n units.

If scale invariance holds in nature, the relation e?? PZe=?P = ¢2° P2 defines
the transformation law of masses. This implies that (i) the mass spectrum is
either continuous (if m? # 0) or (ii) all the masses vanish. Both possibilities
are unacceptable, as they contradict the properties of the physical mass spectrum.
Scale invariance is a broken symmetry in a world with non-vanishing, discrete
masses.

Finite transformations. Finite elements of C(1, 3) in the space of fields, which
are connected to identity, have the form

G(w,a,p,c) =exp(30-M +a-P+pD+c-K) (2.27)

where w, a, p and c are finite parameters. We shall now find the form of the finite
conformal transformations of coordinates in M4. Finite Poincaré transformations
and dilatations (Weyl group) are easily found from the corresponding infinitesimal
expressions:

T(a)x* = x* 4+ a* A(w)x* = A*,(w)x”
(2.28)
D(p)x* = ePxH.

To find finite SCT, we first introduce the inversion:

XM= Ixt = —xt/xt x = puxtat £0. (2.29)
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This discrete transformation is also conformal, since gl’w(x) = N/ (xH2. The
importance of inversion is expressed by the following theorem (Dubrovin et al
1979):

Every smooth conformal transformation of a pseudo-Euclidean
(Euclidean) space of dimension D > 3 can be given as a composition
of isometry, dilatation and inversion.

Now, consider the following composite transformation:

xH 4 ctx?

K K=T.T(=¢) Ix} = —— =
(©)x (=)~ Ix 14+2c¢-x +c2x?

(2.30)

K (c¢) is conformal, as a composition of inversion and translation, and for small
c* it reduces to the infinitesimal SCT; therefore, K (c) represents the finite SCT.

Nonlinearity. The conformal algebra is isomorphic to that of the group
SO(2,4). The latter may be considered as a set of pseudo-orthogonal
transformations in a six-dimensional flat space Mg with the metric n,, =
(Muv, —1,1). Since the generators of these transformations, mgyp, satisfy the
SO(2,4) Lie algebra, the isomorphism is proved by establishing the following
correspondence:

M,y — my, Py — my4 +mys

K, — mys—mys D — mys.

The geometric meaning of the nonlinearity of conformal transformations
can be clarified by considering the connection between C(1,3) and SO(2, 4).
The coordinate SO (2, 4) transformations in Mg are linear. By projecting these
transformations on M4 we obtain a nonlinear realization of the group SO(2, 4),
that coincides with the action of C(1, 3) on M. The fact that the orbital part of
K, can be expressed in terms of P, and L, (with x dependent coefficients) is a
direct consequence of such a specific realization.

Conformal symmetry and conserved currents

Since conformal transformations are consistent with don,, = 0, the conformal
invariance of a theory can be expressed by condition (2.11), where £ and §o¢ are
given by equations (2.21) and (2.23), respectively. For translations and Lorentz
transformations p¢ has the form (2.5), while for dilatations and SCTs we have

55p = —p(x -8 —d)o

(2.31)
8Kp = cH[(2xpx - 0 — x29,) + 2(x" Ty — x,d)].
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Vanishing of the coefficients multiplying the Poincaré parameters in (2.11) yields
the conditions (2.12); vanishing of the coefficients multiplying p and c¢* leads to
new conditions (Treiman et al 1972):

oL oL
- — Do, —4L = 2.32
aqjdqb-i-aq)’v( d+ 1, L=0 (2.32a)
oL oL
2x, [—ﬁdqﬁ + e (=d+ Do, — 4£i| +2V, =0 (2.32b)
where
oL
V.= %(EW — Nuvd)d. (2.33)

In this derivation, conditions (2.12) of Poincaré invariance are used.
If the scale dimension is chosen so that

d(fermion field) = —% d(boson field) = —1

the kinetic energy term of a typical Lagrangian satisfies condition (2.32a) for
scale invariance. These values for d correspond to the canonical dimensions of
fields, in units of length, as they ensure that the kinetic part of the action has
dimension zero. Scale invariance requires that d(£) = —4, i.e. that £ does not
contain any dimensional parameters.

Equation (2.32b) shows that for conformal invariance two conditions must be
fulfilled: (i) the theory should be scale invariant; and (ii) the quantity V,, should
be a total divergence,

VE =30, (2.34)

Indeed, in this case 81 = 2 [ ¢, V* d*x is a surface term that does not influence
the equations of motion. Remarkably, the second condition turns out to be true
for all renormalizable field theories (involving spins O, % and 1), although scale
invariance is, in general, broken. Consequently, for these theories conformal
invariance is equivalent to scale invariance.

The invariance of the theory, in conjunction with the equations of motion,
leads to the differential conservation law for the current J#, as in (2.13). Using
expressions (2.21) and (2.31) for £ and §p¢p, we obtain

=L M",;, — " TH, — pD* + " K", (2.35)

where D* and K*,, are the canonical dilatation and (special) conformal currents,
respectively:

oL
Dt = x, " — 2= 4o (2.36a)
Lo
n A A2\ oL A n
K", = Quypxt — 85 xDTH, + 22— x*(yx — noad)p — 20, (2.36b)

00 .
With constant parameters, the condition o - J = 0 yields (2.15) and

9,D* =0  9,K", =0. (2.37)
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The improved energy-momentum tensor. In the previous section we
introduced the Belinfante tensor, the properties of which express translation and
Lorentz invariance in a very simple way. The conformal current D* is similar to
expression (2.14) for M*,;, in the sense that it involves a term containing T},
and an extra term. The extra term in M*,;, is removed by introducing a new
energy—momentum tensor, the Belinfante tensor. Can we use the same idea once
again?

The answer is affirmative for a large class of theories. To simplify the
exposition, let us consider the case of a scalar field ¢,

Ls = 38,00" ¢ + rg®. (2.38)

Since the canonical and Belinfante energy—momentum tensors are the same, it
follows that
w1 2
D’u :vaB + 58“(0 .

Now, we define
0" = T — 139" — n""9%)¢?. (2.39)

The added term is symmetrical and divergenceless, so it does not change any
essential property of the Belinfante tensor and makes no contribution to P* and
M™Y. Using 0"V instead of the Belinfante tensor in D yields

DM = x, 0" + 13,(x" 3" p? — x"3"¢?).

The last term can be dropped as a divergence of an antisymmetric tensor, leading
to
D = x,0M". (2.40)

From this result we easily obtain
9, D" =0*,. (2.41)

Thus, in analogy with the construction of the Belinfante tensor, we can introduce
a new, improved energy—momentum tensor 0#", such that the Poincaré and scale
symmetry can be expressed in terms of the properties of a single tensor (Callan et
al 1970, Coleman 1973a, b):

30" =0 gHY = Vi 0", =0. (2.42)

Next, we shall try to express the conformal current K#* = ¢, K*" in terms of
6"V . For the scalar field theory (2.38) we find that

VH =
It follows from (2.36) that

K* = KT 4 (- xo" — cyg?.
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Introducing 6#" we find that

K" = —gfor 4+ Lo, (x* — X

where X" = —El’\(al‘fpz + 2¢*xH@?. The last term can be dropped without loss,
so that, finally,
Kt = —gkorr, (2.43)
From this it follows that
d, K" =2(3-&%)0", (2.44)

by using the conformal Killing equation for £X. Thus, for scalar field theory
conformal invariance reduces to scale invariance.
Several comments are now in order.

(a) In contrast to the Belinfante tensor, 0*" cannot be constructed for an arbitrary
field theory. Indeed, if such a construction were possible, scale invariance would
imply conformal invariance, which is not always true. There are examples of field
theories which are scale invariant, but not conformally invariant.

(b) The improved energy—momentum tensor can be constructed whenever V# is
a total divergence. This is true for many field theories, but not for all. Explicit
computation shows that V# = 0 for spin-% and spin-1 renormalizable field
theories. In these theories 8#" has the same form as in (2.39), and expressions
(2.40) and (2.43) for D* and K"V, respectively, are also unchanged, so that both
scale and conformal invariance are measured by 6+ ,.

(c) Although we can modify the energy—momentum tensor without changing
the related conservation laws, various definitions may have different dynamical
significance. The role of 6*¥ in gravitational theories will be examined in
chapter 4.

Conformal transformations in D = 2

In two dimensions the conformal Killing equation still has the solutions (2.21),
but since now the third derivatives of £(x) are not required to vanish, there are
infinitely many other solutions, too. As a consequence, the algebra of conformal
transformations is infinite-dimensional (Ginsparg 1990).

The conformal Killing equation in D = 2 has the form

005" = ng' Aok = 18" (2.45a)
Going to the light-cone coordinates, x* = (x? & x!)/+/2, these equations imply

WET=0 = & =E(x)
It =0 = E&t=£"0").
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0

It is now convenient to go over to Euclidean space, x = x!, y = ix?, and

introduce complex coordinates:

T =i=(—iy/V2  —x =z=(+iy)/V2
et =£@3) & () =£@).

Then, the conformal Killing equations become the Cauchy—Riemann equations of
complex analysis,
&Y =0,&7 0 &Y = —0,&" (2.45b)

and the conformal transformations correspond to analytic or anti-analytic
mappings:
d=z+8k@) I=74+&@.

These mappings conserve the intersection angles between curves in the complex
plane.

Every solution £(z) that is regular at z = O can be expanded in a Taylor
series,

E(2)=a1+aoz+az’ +- - (2.46)

and depends on an infinite number of parameters (a_1, ag, a1, ...). To find the
algebra of these transformations we shall consider a scalar analytic function F,

F'()) = F(z). The change of F under the transformations z’ = z + a,z" !,

n > —1,is given by
SoF (z) = anLn F(2) L, =—7"t%, n>-—1. (2.47)

The generators of anti-analytic transformations are denoted by L,. The L,s and
L, s satisfy the (classical) Virasoro algebra:

[Ly, Lyl = (n— m)Ln+m [Lna Lm] =n- m)£n+m (2.48)

while the L,s and I:ms commutet.
The quantity

L(z) = Z apLl, = — Z anzn+laz

n>—1 n>—1

that generates conformal transformations with parameter (2.48), is regular as
z — 0. To investigate the behaviour of L(z) as z — oo, we perform the change
of variables z = 1/w:

ow
L(z) =— Z anwinila_zaw = Z anwlinauw

n>—1 n>—1

7 The Virasoro algebra can be extended by the generators {L,,, L, |n < —1}, which are not regular
at z = 0. The form of the algebra remains unchanged.
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The regularity as w — 0 allows only values n < 1. Thus, only the conformal
transformations generated by {L11, Lo} are well-defined on the whole Riemann
sphere C? U {00}. The generators {L 11, Lo} define a subalgebra of the Virasoro
algebra:

[L+1, Lol = +L+ [L+1,L—1] =2Lo.

The same is true for {L+;, Lo).

The generators {L+1, Lo} U {Li 1 io} define the global conformal group
in D = 2—the group of conformal transformations that are well-defined and
invertible on the whole Riemann sphere. The precise correspondence with the
earlier results reads:

Pp=L.1—L My=Lo—Ly Ko=Li—1L
_ _ _ (2.49)
Pi=L 1+ L D=1Lo+ Lo Ki=Li+L.

The finite form of the global conformal transformations is given by the linear
fractional (or Mobius) transformations:

az+b
cz+d

Lg: z— ad — bc = 1.

Introducing the SL(2, C) matrices

M:(“ b) detM =1
c d

wee can show that L and SL(2, C)/Z, are isomorphic mappings (matrices M
and —M correspond to the same Lg transformation). Conformal transformations
(2.28) and (2.30) are expressed by the Lr mappings in the following way:

1 a elo/2 0
T : (O 1) A ( 0 eiw/2)
e”2 0 1 0
b < 0 ep/z) K (—25 1)

where a and ¢ are complex, and w and p real parameters.

The existence of local conformal transformations, in addition to the global
ones, is unique to two dimensions. We should note that only the global conformal
transformations define a true group, since the remaining ones do not have inverses
on the whole Riemann sphere.

Spontaneously broken scale invariance

The physical properties of classical field theory are determined with respect to the
ground state (or vacuum), which is defined as the state of lowest energy. In the
language of quantum theory, field excitations around the ground state are called
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particle excitations and their energy, momentum, etc, are defined with respect to
the ground state.
It is instructive to investigate a theory involving a set of n real, scalar fields
¢ = (¢,
L= 30,0"0"0" — Up). (2.50)

From the form of the Hamiltonian,
H=> 10,9+ U9

we conclude that the state of lowest energy is one for which ¢ is a constant,
(%o = v?, provided the values v* are the minima of the potential U (¢).

There is no reason why an invariance of the Lagrangian, described by a group
G, should also be an invariance of the ground state. Physical symmetries depend
essentially on the structure of the ground state and can be realized in the following
ways (Coleman 1975).

(i) The symmetry may be manifest, in which case the ground state has the same
symmetry as the Lagrangian and the field components within each irreducible
multiplet of G have the same mass. Manifest symmetry may be broken explicitly
by adding a non-invariant term to L.

(i) The symmetry may be spontaneously broken (or hidden). This is the case
when the ground state is not invariant under G. The masses within G-multiplets
are now not equal. If G is a continuous internal symmetry, then, assuming some
additional conditions, the mass spectrum is characterized by Goldstone’s theorem,
which tells us that the theory must contain massless bosons, one for each broken
infinitesimal symmetry of the ground state. (Gauge theories do not obey those
additional conditions.)

Example 5. If the number of scalar fields in (2.50) is n = 3, and
_ A 2,2 2 _ a\2
Ulp) = 3107 =v7) D)

the Lagrangian is invariant under S O (3) rotations, ¢ — R bgob. The minima of
U lie on the sphere ¢ = v?; it is irrelevant which point on this sphere is chosen
as the ground state. Let us choose vl =0, v = 0, v} = Then, rotations in the
planes 1-2 and 1-3 are not symmetries of the ground state, while rotations around
the third direction leave the ground state invariant. In order to examine physical
consequences, let us define new fields by
ol =g 02 =n? 03 =v+ 1.

When the potential is expressed in terms of the new fields, we easily find that !
and 72 are massless. The number of massless fields is equal to the number of
generators that break the symmetry of the ground state.
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Now, we shall examine scale invariance from this point of view. Mass terms
in the Lagrangian explicitly break scale invariance. Can we interpret these terms
as a consequence of spontaneous symmetry breaking?

The essential features of the problem can be seen by considering the massive
Dirac field. The mass term can easily be made scale invariant by introducing
a massless, scalar field ¢, with scale dimension d(¢) = —1 (transforming as
¢’ (x") = e P(x) under x’ = e”x). Indeed, the replacement myyy — Ay,
combined with an additional free term for ¢, yields the scale-invariant result:

L =iy -9y — Ao + 13,00" . (2.51a)

Here, both ¥y and ¢ are massless fields. Let us now assume that there exists some
mechanism for spontaneous symmetry breaking, such that in the ground state we
have (¢p)o = v (Av = m). Then, to describe excitations around the ground state
we shall introduce a new field by the exponential parametrization,

p=ve""=v4o+---

which is, in its lowest order, equivalent to ¢ = v + o. The new field transforms
inhomogeneously under the broken symmetry: ¢’ (x") = o (x) — pv. Expressed in
terms of o (x), the Lagrangian £’ takes the form

L =iy - 9y — rogrpe®/? + 128,67/ V9V (2.51b)

This Lagrangian has spontaneously broken scale symmetry: the field o (x) is the
Goldstone boson, and 1 (x) becomes massive.

It is interesting to note that £’ has not only scale, but also special conformal
symmetry. On the other hand, if the ground-state value of ¢ is (¢)9 = v,
both scale and special conformal symmetries are spontaneously broken and we
have only one Goldstone boson. This unusual situation is a consequence of the
nonlinear realization of the conformal group in Mj.

Hidden scale invariance can be explicitly broken by adding a suitable term
to the Lagrangian. A choice

L = — gm0 [e*”” — (1 + 40 /v)] (2.52)

represents a mass term for o, as is easily seen by Taylor expansion in o.

Exercises

1. Check that the theory of the free Dirac field is Poincaré invariant.
2. Construct the canonical energy—momentum tensor for scalar field theory,
defined by
Ls = 5(09)* + gx°p.
Show that it is not a conserved quantity while the angular momentum is
conserved.
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10.

11.

12.

Spacetime symmetries

Find the Belinfante tensor for

(a) the free Dirac field,
(b) the scalar field with ¢* interaction and
(c) the free electromagnetic field.

Show that

(a) if £* is a solution of the Killing equation in My, then 9,0,&" = 0;

(b) if &/ satisfies the conformal Killing equation in My, then 9,0,9,5" = 0.

Calculate the conformal factor s(x) characterizing the coordinate

transformation of the metric n,, under (a) dilatations, (b) SCTs and

(c) inversions.

Show that by applying the inversion to the right and left of a Lorentz

transformation (dilatation), we obtain a Lorentz transformation (dilatation)

again.

(a) Calculate the actionof I - T(—c) - I on x*.

(b) Show that infinitesimal SCTs satisfy the condition x"* /x> = x"/x* +
c*, which is equivalent to /K (¢) = T (—c)I. Check whether this is true
for finite SCTs.

Using the conformal Lie algebra prove the relations

(1+ pDye*? = eI P (1 + pD) + O(p?)
(1 Y- K)eu-P — e(u”—i—c“uz—Zc-uu“)Plt

x (14 c¢- K +2c*u”My, — 2¢ -uD) 4+ O(c?).

Then, find the general form of the generators D and K in the field space.
Consider an extended conformal transformation of 5, consisting of the GCT
with £# = ¢#*x% — 2¢ - xx* and Weyl rescaling with e 72%¢* ~ | — 2wc - x.
Can this transformation be interpreted as an SCT of 5, with d;, = 0?
Consider a six-dimensional space Mg in which the metric, in coordinates y¢,
has the form g.,, = (v, —1, 1). On the hypercone 2 = guy“y? =0
introduce the coordinates

xt=y"/k  k=ys+ys.

Show that the action of SO(2,4) on Mg induces the conformal
transformation of coordinates x*.

Show that the Lagrangian of a scalar field Lgs(@, d¢), that satisfies
the conditions of scale invariance in My, has the general form Ls =
f@updte/ ¢ ¢*. Find the form of Lg in the case of conformal invariance.
Show that every Lagrangian in M4 consisting of

(a) afree Lagrangian for massless fields ¢, ¥ or A, and

(b) an interaction of the form

) ot Uy oYy
Ay Ao (Oup) — (0,09l AF ALY
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defines a scale-invariant theory. Check also the conformal invariance of
these Lagrangians.

Investigate the scale and conformal invariance of the theory of massless
Dirac and scalar fields, with the interaction M/_fy“w&ﬂgo.

Investigate the scale and conformal invariance of the theory of massless field
of spin % defined by the Lagrangian

L=—1e" g ysydotn Y= Wua).

Check that the generators P, M, D and K, defined in (2.49), satisfy the
conformal Lie algebra.

Prove that Ly and SL(2, C)/Z; are isomorphic mappings.

Find mappings Lg corresponding to the conformal transformations (2.28)
and (2.30).

Find the divergence of the dilatation current corresponding to the explicit
breaking of the dilatation symmetry by the term (2.52).



Chapter 3

Poincaré gauge theory

It is well known that the existence and interaction of certain fields, such as
the electromagnetic field, can be closely related to the invariance properties
of the theory. Thus, if the Lagrangian of matter fields is invariant under
phase transformations with constant parameters «, the electromagnetic field can
be introduced by demanding invariance under extended, local transformations,
obtained by replacing o with a function of spacetime points, « — «(x). This
idea was generalized by Yang and Mills (1954) to the case of SU(2) symmetry.
Studying these internal local symmetries (appendix A) is particularly interesting
from the point of view of the generalization to local spacetime symmetries.

On the other hand, it is much less known that Einstein’s GR is invariant
under local Poincaré transformations. This property is based on the principle of
equivalence, and gives a rich physical content to the concept of local or gauge
symmetry. Instead of thinking of local Poincaré symmetry as derived from the
principle of equivalence, the whole idea can be reversed, in accordance with the
usual philosophy of gauge theories. When the gravitational field is absent, it
has become clear from a host of experiments that the underlying symmetry of
fundamental interactions is given by the Poincaré group. If we now want to make
a physical theory invariant under local Poincaré transformations, it is necessary
to introduce new, compensating fields, which, in fact, represent gravitational
interactions.

Compensating fields cancel all the unwanted effects of local
transformations and enable the existence of local symmetries.

Localization of Poincaré symmetry leads to the Poincaré gauge theory of
gravity, which contains GR as a special case (Kibble 1961, Sciama 1962). Here,
in contrast to GR, at each point of spacetime there exists a whole class of local
inertial frames, mutually related by Lorentz transformations. Using this freedom,
allowed by the principle of equivalence, we can naturally introduce not only
energy—momentum, but also the spin of matter fields into gravitational dynamics.

42
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The exposition of Poincaré gauge theory (PGT) will be followed by the
corresponding geometric interpretation, leading to Riemann—Cartan spacetime
Uys. Then, we shall study in more detail two simple but important cases: Einstein—
Cartan theory, representing a direct generalization of GR, and teleparallel theory.
We shall also give a short account of some general dynamical features of the new
gravitational theory.

3.1 Poincaré gauge invariance

We shall now analyse the process of transition from global to local Poincaré
symmetry and find its relation to the gravitational interaction (Kibble 1961).
Other spacetime symmetries (de Sitter, conformal, etc) can be treated in an
analogous manner.

Localization of Poincaré symmetry

We assume that the spacetime has the structure of Minkowski space My. At each
point of My, labelled by coordinates x*, we can define a local Lorentz reference
frame, represented by an orthonormal tetrad—a set of four orthonormal, tangent
vectors €(x), & - € = n;;. In global inertial coordinates x*, we can always
choose the tetrad such that it coincides with a coordinate frame €, (x) (a set of four
vectors, tangent to coordinate lines at x), i.e. & = 8;‘ €,. Here, the Latin indices
@, j,...) refer tolocal Lorentz frames, while the Greek indices (u, v, .. .) refer to
coordinate frames. Later, when we come to more general spaces, this distinction
will become geometrically more important.

A matter field ¢ (x) in spacetime is always referred to a local Lorentz frame
and its transformation law under the Poincaré group is of the form

Sop=Go-M+e-P)p=Gw-Z+&-P)=Po. 3.1

The matter Lagrangian Ly = Lm(¢, dx¢) is assumed to be invariant under
global Poincaré transformations, which yields the conservation of the energy—
momentum and angular momentum tensors. If we now generalize Poincaré
transformations by replacing ten constant group parameters with some functions
of spacetime points, the invariance condition (2.11) is violated for two reasons.
First, the old transformation rule of dx¢,

800kp = Pk + wi' di¢p = Pl di¢ (3.2a)
is changed into
800k = P — " 1 dv + 307 1 Tij . (3.2b)

The second reason is that d,&# # 0. Thus, after using the conservation laws
(2.15), we obtain

ALy = S0 S — (& — @' )TH; #0.
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The violation of local invariance can be compensated for by certain modifications
of the original theory.

Covariant derivative. Let us first eliminate non-invariance stemming from
the change in the transformation rule of dy¢. This can be accomplished by
introducing a new Lagrangian

M= LM, Vig) (3.3)

where Vi ¢ is the covariant derivative of ¢, which transforms according to the
‘old rule’ (3.2a):

8oV = PV + ax' Vip. (3.4)

The new Lagrangian satisfies 8Ly, = 8oLy, +& - 9Ly, = 0.
To show this, we begin by introducing the w-covariant derivative, which
eliminates the w' ,, term in (3.2b):

Vip = 3 + So(@)plosa, = O+ A0 Au=3AY,%;  (3.5)
where 8¢(w) = 8o(w, & = 0) and AV w are compensating fields. The condition
SoVup =PVup — &Y ,Vuo (3.6)
determines the transformation properties of A :

80Au =[P, ALl —E" yAy —w, w=10'Sy

N o o N N N 3.7
80AY |, = W fAST ) + 0 (A — &Y — & AT, — EX 9, AT,

If we now rewrite equation (3.6) as
50Vu¢ = PMUVU¢ - (év,,u - wvu)vv¢

we see that the last term, which is proportional to V,¢, can be eliminated by
adding a new compensating field A*:

Vi =8, Vup — A"k V. (3.8a)

Since this expression is homogeneous in V,,¢, we can introduce the new variables
hit = 8} — A¥, and write

Vi = hi*V, 9. (3.8b)
The transformation properties of 4;* follow from equations (3.4) and (3.6):

Sohit = wp*hgh + &7 s — E B (3.9)
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Matter field Lagrangian. Up to now we have found the Lagrangian £}, such
that £}, = 0. In the second step of restoring local invariance to the theory, we
have to take care of the fact that 9,&" # 0in (2.11). This is done by multiplying
L}, by a suitable function of the fields:

Ln = ALy (3.10)
This expression satisfies the invariance condition (2.11) provided that
SoA + 9, (E*A) = 0.

Here, coefficients of the local parameters and their derivatives should vanish.
Coefficients of the second derivatives of parameters vanish since A does not
depend on field derivatives, coefficients of £" vanish since A does not depend
explicitly on x, while those of w"/ ,, vanish if A is independent of A¥,. The
remaining two conditions are:

oA
gy ahk“hkv +5;A =0
g oA oA
ij . ) o o
o’ ik 8hkﬂh1 Njk Bhk“hl =0.

After multiplying the first equation by b°,, the inverse of /",
b uhit =8 bruht =8
we easily find a solution for A:
A = [det(hy™)]7! = det(bF ) = b. (3.11)

The solution is defined up to a multiplicative factor, which is chosen so that
A — 1 when iy — 8,’: , and the second equation is automatically satisfied.
The final form of the modified Lagrangian for matter fields is

~

Ly = bLm(e, Vid). (3.12)
It is obtained from the original Lagrangian £y (¢, dx¢) in two steps:

— by replacing dx¢ — Vi ¢ (the minimal coupling) and
—  multiplying Ly by b.

The Lagrangian L satisfies the invariance condition (2.11) by construction,
hence it is an invariant density.

Example 1. The free scalar field in Minkowski space is given by the Lagrangian
Ls = %(nkl drpdip — m2¢?). Localization of Poincaré symmetry leads to

Ls = 3" Vg Vi —m*9?) = 5b(g" updvp — m¢?)
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where gV = pK it h; and Vip = hi*o,e.
Similarly, the Dirac Lagrangian Lp = %(il/_/ yXory — 2myrr) becomes

Lp = by ey —2myy) Vi =Vi— Vi
where Vi = b (O + AV, Vir = ¥ (0, — A, Ay = SAT o).

Comments. After localizing the Poincaré transformations, we could think
that the Lorentz part can be absorbed into £*(x), and lose its independence.
However, field transformation law (3.1) shows that the Lorentz part preserves
its independence.

The form of transformation law (3.1) motivates us to ask whether we can
treat £ and @', instead of &¢* and w*, as independent parameters. In the
case of global Poincaré transformations this is not possible; for instance, the
transformation defined by £* = 0, w” # 0 is not an allowed one. When
the symmetry is localized, the answer to this question is affirmative, due to the
transformation laws of compensating fields.

When we go from global to local Poincaré group, the translation generator
P; = —0; should be replaced with 13,' = —V;. The group of local Lorentz
rotations and local translations has a more general structure than the original
Poincaré group, as can be seen from the commutation relations of the new
generators.

In order to have a clear geometric interpretation of the local transformations,
it is convenient to generalize our previous convention concerning the use of Latin
and Greek indices. According to transformation rules (3.7) and (3.9), the use
of indices in AY, and " is in agreement with this convention: these fields
transform as local Lorentz tensors with respect to Latin indices and as world
(coordinate) tensors with respect to Greek indices. We can also check that
local Lorentz tensors can be transformed into world tensors and vice versa, by
multiplication with A" or bk w- The term —wl . in (3.7) shows that Al pisa
potential (an analogous term appears in 5o A*g).

The explicit form of the spin matrix X;;, appearing in V,¢, depends only
on the Lorentz transformation properties of ¢. It is, therefore, natural to extend
the w-covariant derivative V,, to any quantity transforming linearly under Lorentz
transformations, ignoring its £ transformations. Thus, for instance,

Vi = [0, + SAY L(SIHUCh” = 0uhi” — A by
VMHICI — [au + %Aij,u(zizj)]klrers — 8,qul + AkSM,HSl + Als,quS

where X il/' and ij are the vector and tensor representations of X;;:

=)k = Gfnjs — 85nis)
(SHM e = @) st + (285
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Field strengths. We succeeded in modifying the original matter Lagrangian by
introducing gauge potentials, so that the invariance condition (2.11) also remains
true for local Poincaré transformations. In order to construct a free Lagrangian
for the new fields /;* and AY/ > we shall first introduce the corresponding field
strengths. Let us calculate the commutator of two w-covariant derivatives:

[V, Vol = (8 Ay — 3vA, + [Ay, A = LFU %0 .
Fil = 0, A1, — 8,Al , + Al AST, — Al A% | '

The Lorentz field strength F/ ,,, transforms as a tensor, in conformity with its
index structure:

SOFUMU = wistjuu +0)jsFiS,uv +‘§p,uFijpv +‘§p,vFijup _éxaAFij,uv«

Since Vi¢ = hi V¢, the commutator of two Vj-covariant derivatives will differ
from (3.13) by an additional term containing the derivatives of /;":

[Vi, Vil = F ;1 Sij¢ — F Vs (3.14a)
where
Fily = hi*h" FY
(3.14b)
Flra = it (Vb — Vub° ) = Py F* .

The quantity F’ wv is called the translation field strength. Jacobi identities for the
commutators of covariant derivatives imply the following Bianchi identities:

(first) sp“A”V,LFSM = SpuAstkakM
(second) PV, F L, = 0.

The free Lagrangian must be an invariant density depending only on the
Lorentz and translation field strengths, so that the complete Lagrangian of matter
and gauge fields has the form

L =bLp(FY 1y Fly) + bLr(e, Vid). (3.15)

Conservation laws and field equations

The invariance of the Lagrangian in a gauge theory for an internal symmetry
leads, after using the equations of motion, to covariantly generalized differential
conservation laws. The same thing also happens in PGT.

1. Let us denote the set of field variables by Q4 = (¢, bkﬂ, Aijﬂ). The
invariance condition (2.11) can be written as

§L
AL =2 8004+ 8,00 =0  JH
304

= 8 + LEH
904, 004 §
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where 80 Q 4 is determined by equations (2.5), (3.7b), and the relation
Sob* = ot b*, — £ bF5 — b, (3.16)

which follows from (3.9). Those terms in AL that contain derivatives of
parameters "/ and £# can be transformed so that these derivatives appear only in
a form of four-divergences:

5L A 5L, 5L,
s £t =€ (o) - (e
8L i . SL .. . SLC
(=Y gV t — &V iy ij
SAijM( ol =& AV =80, <5AijMA V>+w Oy <5Aijﬂ>
3L - .
= |:3Aij,u(wlj +§”A’f,,)j| .

After that, the invariance condition takes the form

A[,:—%'v]v—i—%a)ij]ij +8MA“:O. (3.17)

Integrating this expression over a four-dimensional domain €2, and imposing the
requirement that the parameters & and w, together with their first derivatives,
vanish on the boundary of €2, we obtain —£"1,, 4+ %w’j L;j = 0,s0that AL =0
reduces to

A" =0. (3.18a)

Since, further, & and w are arbitrary within €2, it follows that
I, =0 Ii; =0. (3.18b)
These identities completely determine the content of the differential conservation

laws.

2. In what follows we shall restrict our discussion to the case £ = EM. Let us
first introduce canonical and covariant energy—momentum and spin currents for
matter fields,

~ SZM ~ ~ 8Z‘:M
™, = ——¢, — "L St = ———%;; 3.19
v 8¢,u¢)v v ~M ij 8¢,u lj¢ ( )
~ 321\/[ ~ ~ 8Z‘:M
", = Vo — 8K L Sty = ——"%; 3.20
v 8Vp,¢ v v ~M ij BVM¢ lj¢ ( )
as well as the corresponding dynamical quantities:
8L, 8L, 8L,
oy =t M = Mk = 22 (3.21)
ShyY 8bk, 8AY,
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We assume that the equations of motion for matter fields are satisfied, SZM /6 =
0. Demanding that the coefficients of ¢ and dw in (3.18b) vanish, we obtain the
equality of the covariant and dynamical currents:

‘L”uv = T/MU Guij = §/Ml‘j. (3.22)

Conditions (3.18a) yield covariantly generalized conservation laws for the
energy—momentum and angular momentum currents:

b VTV = T FRy + LoV FU
e S (3.23)

Moo — oo ..
Vot =1 —1j;.

Similar analysis can be applied to the complete Lagrangian (3.15).

3. The equations of motion for matter fields, obtained from (3.15), have the

covariant form: e -
oL oL
¢ I=M Y M _ (3.24a)
Rlo} oV,

where dLn/0¢ = [0Lm (¢, Vi) /3d)uesg.

Example 2. The equation of motion for a free scalar field has the form
S b9, (bg" d,9) +mp =0.

Since V,, = 9, in the space of the Lorentz scalars (no Latin indices), this equation
is obviously covariant. The canonical currents,

T", = bdupdyp —8"Ls  S";j =0

are equal to the corresponding covariant and dynamical ones.
For the free Dirac Lagrangian Lp, the equations of motion for i are

SY (" Vi+iyfvi —m)y =0

where 2V = 719, (bhi*) + Aks® = b=V, (bhi*), and similarly for . These
equations have the covariant form (3.24a). The canonical and covariant currents
are given as
Yyt o,y — i Ly S*y = LibhM e ysy Sy

- <> ~ ~ ~
= ibgy Vg — 84 Lp S = SHi;

T,

1
-2
T

while t#, = T'*, and o#;; = S/“ij, as expected.
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In order to write down the equations of motion for gauge fields, it is useful
to introduce the notation

L AL, AL,
fﬂk:_—kp mH = kF == kF
abk,, bk, oFk,,
Fl = 5[‘,]: v 0Lk _ 0LF
iy — -

— ) — = —
AU, 0AY , oFY
where 5Zp/8bku denotes the partial derivative of Zp = bLp(Fiy, FUy),
calculated by keeping F';,, F'"/ ;, = constant,
9Lk OLr L ALk OF';,
abk, — abk,  209Fi,, abk,

and similarly for L /oA - After that we find that

8bht =@y — fh =t
y (3.24b)
SAY o =V () — [l = oty
Example 3. Let us consider the gauge field Lagrangian Ly = —abF, where a

is a constant, and F = h;*h;"F" ,, (Einstein-Cartan theory). Here, my*¥ =
SfHij =0, and the equations of motion have the form:

2ab(F"c — s F) =t —2aVy(HS") =

where Hil;v = b(hiﬂhjv — hj'“hiv).

On the equivalence of different approaches

The idea of local Poincaré symmetry was proposed and developed in the papers by
Utiyama (1956) and Kibble (1961) (see also Sciama 1962). Utiyama introduced
the fields AY « by localizing the Lorentz symmetry, while the h;* were treated
as given functions of x (although at a later stage these functions were regarded
as dynamical variables). This rather unsatisfactory procedure was substantially
improved by Kibble, who showed that the quantities &*, just like AY/ u»> can
be introduced as compensating fields if we consider the localization of the full
Poincaré group.

To compare our approach with Kibble’s, we note that he started by
considering Minkowski spacetime, in which infinitesimal transformations (2.4)
induce the total field variation 8¢ = Sw' T;;¢, which is equivalent to (2.5).
Also, £*(x) and w"” (x) are treated from the very beginning as independent gauge
parameters, which makes the geometric interpretation of the theory more direct.
The use of the form variation do¢ instead of the total variation §¢ brings our
approach closer to the spirit of gauge theories of internal symmetries, since do¢
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realizes the representation of the Poincaré group in the space of fields ¢. However,
the transformation properties of the gauge fields, as well as the form of the
covariant derivative, are independent of these details, so that the final structure
is the same.

In order to preserve the geometric meaning of translation, the original
Poincaré generator P, = —0, should be replaced by the covariant derivative
—V,. If we demand that the matter field transformation §o¢ has the same
geometric meaning after localization of the symmetry as it had before, the
expression for 8p¢ should be changed to

o = G0 Tij —E'V,) (3.25)

(Hehl et al 1976). It follows from the relation 87¢ = So¢ — $&”AY, %;;¢ that
85¢ and o¢ differ by a local Lorentz rotation with parameter Aw”/ = —&VAY .
Therefore, invariance under §o¢ implies invariance under §*¢ and vice versa and
the two approaches are equivalent.

All three formulations are thus seen to be essentially equivalent approaches
to the localization of Poincaré symmetry.

3.2 Geometric interpretation

Up to this point, we have not given any geometric interpretation to the new fields
hi* and AY . Such an interpretation is possible and useful, and leads to a new
understanding of gravity.

Riemann—Cartan space Uy

In this subsection we give a short exposition of Riemann—Cartan geometry in
order to be able to understand the geometric meaning of PGT (Hehl et al 1976,
Choquet-Bruhat et al 1977, see also appendix B).

The differentiable manifold. Spacetime is often described as a ‘four-
dimensional continuum’, since any event in spacetime can be determined by four
real numbers: (¢, x, y, z). In SR, spacetime has the structure of Minkowski space
M. In GR, spacetime can be divided into ‘small, flat parts’ in which SR holds
(on the basis of the principle of equivalence), and these pieces are ‘sewn together’
smoothly. Although spacetime looks like M4 locally, it may have quite different
global properties.

This picture of spacetime can be compared with a two-dimensional surface
which is ‘smooth’, so that a small piece of it, in the neighbourhood of a given
point, can be approximated by the tangent plane at that point. On the other
hand, the whole surface may be quite different from the plane. Mathematical
generalization of a ‘smooth’ surface leads to the concept of a differentiable
manifold.
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It is natural to start with the very simple but abstract concept of topological
space, which allows a precise formulation of the idea of continuity. A topological
space consists of a set of points X, and a given collection t of subsets of X,
which are defined as being open. The collection 7 defines a topology on X if (a)
T contains the empty set and the whole X and (b) it is closed with respect to the
operations of arbitrary union and finite intersection of subsets.

Example 4. A simple example of a topological space is obtained by taking X
to be the set of real numbers R, and defining t as a collection of all subsets
of R which can be expressed as unions of open intervals (a, b), and the empty
set. If infinite intersections were allowed in the definition of z, these sets would
not define a topology on R. Indeed, each point in R can be represented as an
infinite intersection of open intervals: for instance, a = ﬂz‘;l (a—1/n,a+1/n).
However, a point is not a union of open intervals, therefore it is not open. This
example represents a historical prototype of a topological space, and explains the
terminology ‘open set’ in the context of abstract topological spaces.

The structure of topological spaces allows the natural introduction of
neighbourhoods and continuous mappings. Of special importance for topological
spaces are homeomorphic mappings f (f is a bijection, f and f~' are
continuous).

A topological space X has the structure of a manifold if every point in X
has a neighbourhood that ‘looks like’ an open subset of R”, i.e. if there exists
a homeomorphism ¢; of a neighbourhood O; of a point P in X into an open
subset 2; of R". This mapping defines a local coordinate system on X, since the
image of P is a set of n real numbers (xf‘) = (xl.l, xl.z, .., x]'), representing the
coordinates of P. The collection of all local coordinate systems is called simply a
coordinate system. Since every piece of X ‘looks like” R", the number 7 is called
the dimension of X.

If a point P € X lies in the overlap O; N O, its image in R" is given in two
local coordinate systems. These two systems are compatible if the transition from
one to the other, defined by ¢;; = ¢; o (pi_1 : (xl.“ ) — (x;.t ), is a smooth function.
A manifold is differentiable if its local coordinate systems are compatible (figure
3.1).

Example 5. The sphere > = {(x, y,z)|x> + y? + z> = 1} has the structure of
a differentiable manifold. To see that, let us introduce a neighbourhood O of an
arbitrary point P; € Sz, and a neighbourhood O> of the antipodal point P, such
that Oy does not contain P, , O, does not contain P;, and O; U O, = S». Then,
we can introduce two local coordinate systems (¢;, 2;,i = 1,2), where ¢ is
the stereographic projection of O from the point P; to the Euclidean plane 21,
tangent to the sphere at the point P», and similarly for (¢3, $27).

Since each mapping of a differentiable manifold can be realized in terms
of coordinates, we can easily introduce differentiable and smooth mappings.
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Q.

1

Figure 3.1. Change of coordinates on a differentiable manifold.

Of special importance for differentiable manifolds are diffeomorphisms (f is a
bijection, f and f~! are smooth).

Tangent space. A differentiable manifold looks like an empty space ‘waiting’
for something to happen. We believe that the laws of physics must be expressible
as relationships between geometric objects. Important objects of this type are
vectors and tensors which appear in physical theories as dynamical variables.

In flat space we can think of vectors as finite displacements or arrows
extending between two points. This is true, for instance, in Euclidean space
E3, but on a curved, two-dimensional surface the arrow definition breaks down.
However, by considering infinitesimal displacements, we can introduce a new
structure for the vector space, determined by all tangent vectors, lying in the
tangent plane. This structure can be generalized to any n-dimensional manifold
X, if we imagine X to be embedded in a higher-dimensional flat space. But such
a treatment suggests, falsely, that tangent vectors depend on the embedding. It is
most acceptable to define tangent vectors as directional derivatives without any
reference to embedding.

The set of all tangent vectors at P defines the tangent space Tp. The set of
vectors tangent to the coordinate lines x* defines the coordinate basis €, = 9, in
Tp. The components of a vector v in this basis, defined by v = v**e,, transform
under the change of coordinates x — x’ according to

dx'H
W = a);v " (3.26q)

Vectors v = (v*) are usually called contravariant vectors.
To each tangent space 7, we can associate the space 7, of dual vectors
(covariant vectors, covectors or 1-forms). The components of a dual vector v* in
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the basis 6#, dual to e, (8" (e,) = 8, transform as

v

o = ;;CM v, (3.26b)
It is usual to omit the sign * for dual vectors when using the standard index
notation in which components of vectors have upper indices and components of
dual vectors—lower indices.

A tensor of type (p, q) is characterized by components which transform,
under a change of coordinates, in the same way as the product of p vectors and ¢
dual vectors. A tensor t* of type (1, 0) is a vector, while a tensor #,, of type (0, 1)
is a dual vector.

Vector and tensor fields are important objects in physics. A vector field is a
mapping which associates each point in X with a tangent vector, x — v(x). We
can define a tensor field in a similar way.

Parallel transport. We assume that spacetime has the structure of a
differentiable manifold X4. On X4 we can define differentiable mappings,
tensors and various algebraic operations with tensors at a given point (addition,
multiplication, contraction). However, comparing tensors at different points
requires some additional structure on X4. Consider, for instance, a vector A,
lying in the tangent space T, and a vector A,yq4x lying in Tx4qx. In order to
compare these two vectors, it is necessary, first, to ‘transport’ Ay from T, to
Ty +dx and then to compare the resulting object Apt with A,4qy. This ‘transport’
procedure generalizes the concept of parallel transport in flat space and bears the
same name. The components of Apt with respect to the coordinate basis in Ty4qx
are defined as

AL (x +dx) = A% (x) + A" SAMF = —rprk dx”

where the infinitesimal change § A" is bilinear in A* and dx”. The set of 64
coefficients F;f o defines a linear (or affine) connection on X4. An X4 equipped
with I is called a linearly connected space, L4 = (X4, ). If Aytax = Apr, We
say that A,4+4x and A, are parallel. Their difference can be expressed in terms of
the components as (figure 3.2):

DAM = AF(x + dx) — Abp(x +dx) = dA* — §AH

(3.27)
= (3 A" + r;‘pA*) dx? = D,(I') A" dx”.

The expression DA is called the covariant derivative of the vector field A*,
and it represents a generalization of the partial derivative. By convention, the last
index in T}, is the same as the differentiation index.

Parallel transport of a dual vector field A, is determined by demanding
8(A,B") =0, which implies §A,, = F;AA,, dx*, ie.

Dy(D)Ay = 8pA, — T}, A, (3.28)
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DA

A+ 0A A+dA

=
=
+
&

Figure 3.2. Comparison of vectors at different points of X4 with the help of parallel
transport.

The covariant derivative of an arbitrary tensor field is defined as the mapping
of a tensor field of type (p, g) into a tensor field of type (p, g + 1), with the
following properties:

—  linearity: D(at + BS) = aDt + Ds;
—  Leibniz rule: D(ts) = (Dt)s+ t(Ds);
- Df =df,if f isascalar function;

— D commutes with contraction.

Torsion and curvature. Using the fact that D, (I") A* is a tensor, we can derive
the transformation law for F;f 0 which is not a tensor. However, the antisymmetric
part of the linear connection,

_pH w
THy, = I‘pA — F/\p (3.29)
transforms as a tensor and is called the rorsion tensor.

U, + OU,,

/

Figure 3.3. Torsion closes the gap in infinitesimal parallelograms.

In order to see the geometric meaning of the torsion, consider two
infinitesimal vectors at P, Uy and U(2), tangent to coordinate lines xl(A) and
x2(1), respectively (figure 3.3). A change in U¢1y under infinitesimal parallel
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»
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Figure 3.4. Parallel transport depends on path.

transport along x2 (1) has the form (Szué‘ = —Ffzué‘l) dx?, while a similar change
of U along x'(%) is Siugy = —Fflu%z) dx!. The figure built by the vectors

U(1y, U(2), and their parallel transported images, is not a closed parallelogram:
Siugy, — au(y, = —(Thy — Tfy) d dx® = T#51 dx' d®.

Parallel transport is a path-dependent concept (figure 3.4). Indeed, if we
parallel transport A,, around an infinitesimal closed path, the result is

AA, = frgpAM dx? = IRM5, A Ac™

where Ao’ is a surface bounded by the path, and RM*,,, is the Riemann
curvature tensor:

RMyp = 0,Th, — 8,00 + T, Ty — T T, (3.30)

The torsion and curvature tensors in L4 obey some algebraic and also some
differential (Bianchi) identities.

The metric. We assume that on X4 we can define a metric tensor field ¢ as a
symmetric, non-degenerate tensor field of type (0, 2). After that, we can introduce
the scalar product of two tangent vectors

u-v=g(u,v) = guuv’

where g, = d(€,, €)), and calculate the lengths of curves, angles between
vectors, etc. Thus, e.g., the square of the infinitesimal distance between two points
x and x + dx on a curve C(A) is determined by

ds® = g(tdx, tdr) = g,y dx* dx”

where t is the tangent on C(X) at x. With the help of a metric we can introduce a
natural isomorphism between vectors and dual vectors which, in components, has
the form

Uy = guvtt" ut = g""u,
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Ly, 8)
0=0
/ N
T4
\ /0

Figure 3.5. Classification of spaces satisfying the metricity condition.

where g is the inverse metric tensor. We also assume that the metric of
spacetime has the signature (+, —, —, —).

The linear connection and the metric are independent geometric
objects.

After introducing the linear connection and the metric, the differentiable manifold
X4 becomes an (L4, g) space.

In order to preserve lengths and angles under parallel transport in (L4, g),
we can introduce the metricity condition:

—Quvi = D (D)gvi. = dugvr — T8, 801 — T ,80p =0 (3.31)

where Q. is called the non-metricity tensor. This requirement establishes
a local Minkowskian structure on X4, and defines a metric-compatible linear

connection: u i
- u
F)Lv - {Av} + K50

1 (3.32a)
{)flu} = Egﬂp(gUps)\ + Erp,v — gku,p)
where { A“v} is the Christoffel connection and K#;, the contortion tensor,
K" = —3(T"0 — Ty + TH (3.32b)

with 24 independent components.

A space (L4, g) with the most general metric-compatible linear connection
is called the Riemann—Cartan space Uy. If the torsion vanishes, Us becomes the
Riemann space V4 of GR; if, alternatively, the curvature vanishes, Us becomes
Weitzenbock’s teleparallel space T4. Finally, the condition R*,;, = 0 transforms
V4 into Minkowski space M4 and T#, = 0O transforms 74 into My (figure 3.5).
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A curve x()) in Uy is an autoparallel curve (or affine geodesic) if its tangent
vector is parallel to itself. Its equation
d2xt dx” dx”
+ I"MU -
da? PV dn di

=0 (3.33)

contains only the symme}rie part of the conpection, Fé; ) = { /’fv} — T pv)"‘.
An extremal curve in Uy is a curve with an extremal length determined by

the condition § [ ds = 0. Its equation has the same form as that in GR,

dZxn " dx? dxV
SRR P
dA pYEda da

—0. (3.34)

In a Riemann space autoparallel and extremal curves coincide and are known as
geodesic lines.

Example 6. On the unit sphere S, the metric in spherical coordinates (x!, x?) =
(0, ¢) is given by

ds? = do? + sin” 6 de>.
The vector A at (p,0) = (0, 7/4) is equal to . What is A after it has been
parallel transported along the circle ¢ = 0 to the point (0, 7 /2)? Calculating the
Christoffel symbols,

{212} = —sinf cosf {122} = {221} = cotf

we find that the equations of parallel transport D1 A* = 0 have the form

dA! dA? )

— =0 —— 4+ cotfA- =0.

00 20
Solving these equations we obtain Al = ¢, A? = Cy/sinf. At6 = 7 /2,
(Al, Az) = (1, 0), so that C; = 1, C» = 0; therefore, after parallel transport the
vector is (AL, AZ) = (1, 0), as we might have expected from the direct geometric
picture.

Spin connection. The choice of a basis in a tangent space T is not unique. A
coordinate frame (C-frame) is determined by a set of four vectors €, (x), tangent
to the coordinate lines. In U4 we can also introduce an orthonormal, Lorentz
frame (L-frame), determined by four vectors €;(x) (vierbein or tetrad), such that

g(e;, &) = n;j. (3.35)

The existence of L-frames is closely related to the principle of equivalence, as we
shall see. Every tangent vector U can be expressed in both frames:

u=ue, = u'e.
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In particular, C- and L-frames can be expressed in terms of each other,
e, =e .6 6 = eie,. (3.36)
The scalar product of two tangent vectors is defined in terms of the metric
(in C-frames we use gy, and in L-frames 7;;):
u-v=guuv’ = nijuivj.

Consequently,
nij =€ - € =gueil'e;’
o (3.37)
S =€, -6, = ni.jeluejv-
The relation between the coordinate and tetrad components of an arbitrary tangent
vector U reads:
u' =e' ut ut = ei’u'. (3.38)
Using this, we can associate with each L-frame a local Lorentz coordinate system
determined by dx’ = ¢, dx*, such that
ds? = gy dxP dx¥ = p;; dx’ dx/.

The existence of L-frames leads to very important consequences. In
particular, they are used to introduce finite spinors into Uy theory.

If we want to compare vectors ul(x) and u! (x + dx) at points x and x + dx,
determined with respect to the L-frames €;(x) and € (x + dx), respectively, we
have to know the rule of parallel transport:

Sut = —o' jut dxt (3.39a)

where @'/, is the so-called spin connection, with 64 components. Parallel
transport of v; is determined by requiring 8 (u'v;) = 0,

Sv; = ! i vj dxt. (3.39b)

The existence of L-frames at each point of X4 implies the existence of
the Lorentz metric at each point of X4. Demanding that the tensor field n;; be
invariant under parallel transport,

8nij = (@' iungj + @ juns) dxt =0 (3.40a)
implies that the connection is antisymmetric:
o+l =0. (3.40b)

Having established rule (3.39) of parallel transport, we can define the related
w-covariant derivatives of u' and v;:

Du' = (B,u’ + o s u’) dxt = Dy (w)u’ dx*

Dv; = (9,0 — @*i,v5) dx* = Dy (w)v; dx™.

(3.41)

Since 7 is a constant tensor, the condition §n = 0 yields

DM (a))nij =0. (3.42)
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Relation between @ and I'. Up to now, we have not assumed any relation
between the spin connection and I'. It is natural to demand that the tetrad
components of a vector u*(x), parallel transported from x to x + dx, be equal
to u’ + Sut,
u' + sut = ey (x 4 dx)(u” + su)

since parallel transport is a unique geometric operation, independent of the choice
of frame. In other words, @ and I" represent one and the same geometric object in
two different frames. From this, we obtain the relation

Dy(w+TD)e', = e’y + o' yue’y, —Te's =0 (3.43)

which explicitly connects w and I'. The operation D, (w + I') can be formally
understood as a total covariant derivative. Using equations (3.42) and (3.43) we
easily obtain the metricity condition:

D, (T)gus = Dy(w~+T)guy = Dy(w +)(nije'vel ;) = 0.

The w-covariant derivative (3.41) can be generalized to a quantity ¢
belonging to an arbitrary representation of the Lorentz group:

Du(@¢p =@y +o)p  wu= 507,55 (3.44)

The antisymmetry of w'/ w 1s here clearly connected to the antisymmetry of the
spin generator X;;. If the spin connection were not antisymmetric, the metricity
condition would not be fulfilled and the geometry would be more general than Us.

Example 7. The relation between w and I" implies:

(@) Dy (@)’ = b', Dy (T,

(b) Di(w)v' = D, ()" = b9, (bv"),

(©) Op = 1 Di(0) D ()¢ = g"’ Dy (T) Dy (Mg = b9, (bg" dy9).
Equation (a) follows from D, (w)v' = D, (w + I)(b',v") = by D, (Mv". To
prove (b) we use 'y, = {p‘;} + KPpu = {p’ou} = b~19,b. Finally, (c) follows
from the relation gD, (I") D, (I")¢ = D, (I')(g"" 9, ¢), in conjunction with (b).

Let us observe some consequences of (3.43). If we find ' = I'(w) from

(3.43) and replace it in expressions (3.29) and (3.30) for the torsion and curvature,

the result is

TH(T) = ei" Fl ()
B (3.45)
Ruvkp(r) = eiueijl'/)»p(w)

where F',, and F/ ,, are the translation and Lorentz field strengths. On the other
hand, after antisymmetrizing equation (3.43) over x and v,

i i s i s A i
Cuv"‘a)suev_wsvep,:T uv€ A

i i i
'y =0uey — e’y
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we find the following solution for w:

Wijpu = Aijp + Kijp
1 (3.46)
Aijpu = 5(Cijm — Cmij + Cjmi)e™ u

where A are the Ricci rotation coefficients and K the contorsion.

Geometric and gauge structure of PGT

The final result from the analysis of PGT is the construction of the invariant
Lagrangian (3.15). This is achieved by introducing new fields b’ w (or hr') and
Al w» Which are used to construct the covariant derivative Vy = h;"V, and the
field strengths F*/ ,, and F',,,. This theory can be thought of as a field theory in
Minkowski space. However, geometric analogies are so strong that it would be
unnatural to ignore them.

= Gauge field A, can be identified with the spin connection @'/ . Indeed,
from the definition of V¢ it follows that

— the quantity V¢ has one additional dual index, compared to ¢; and
— V, acts linearly, obeys the Leibniz rule, commutes with contraction and
Vo f = 0, f if f is a scalar function.

Therefore, V,, can be identified with the geometric covariant derivative D,,.
Then, by comparing V,,(A) and D, (w) in equations (3.5) and (3.44), we can
conclude that AV « can be identified with ' w

= The field ' « can be identified with the tetrad components on the basis of
its transformation law. This ensures the possibility of transforming local
Lorentz and coordinate indices into each other.

m  The local Lorentz symmetry of PGT implies the metricity condition.

Consequently,
PGT has the geometric structure of the Riemann—Cartan space Us.

It is not difficult to conclude, by comparing equation (3.45) with (3.13) and
(3.14), that the translation field strength F iﬂv is nothing but the torsion T* s
while the Lorentz field strength F%/ ,, represents the curvature R*;,,. Thus,
PGT is a specific approach to the theory of gravity in which both mass and spin
are sources of the gravitational field.

It is an intriguing fact that PGT does not have the structure of an ‘ordinary’
gauge theory (McDowell and Mansouri 1977, Regge 1986, Bafiados ez al 1996).
To clarify this point, we start from the Poincaré generators P,, M, satisfying the
Lie algebra (2.6), and define the gauge potential as A, = e“; P, + %a)“bﬂMab.
The infinitesimal gauge transformation

80Au = —Vyuh = =3, — [Ay, Al
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where A = AP, + %A“b My, has the following component content:

Translations: e, = —Vl’l)»“ 800)‘”’# =0
: . a __~a_ b ab __ / v ab
Rotations:  dpe”,, = A%e”, S0 ==V A
where V/ = V(w) is the covariant derivative with respect to the spin connection
. The resulting gauge transformations are clearly different from those obtained
in PGT.

We should observe that although the tetrad field and the spin connection
carry a representation of the Poincaré group, the EC action in four dimensions,
Igc = % f d4x MV g peqeCs e pR“b uv» 18 not invariant under the translational
part of the Poincaré group:

Srlgc = 1 / d*x &M £4peah T, R 4y # 0.

Thus, Igc is invariant under Lorentz rotations and diffeomorphisms, but not under
translations. The situation is different in three dimensions where gravity can be
represented as a ‘true’ gauge theory (Witten 1988).

The principle of equivalence in PGT

Minimal coupling. The PE represents a physical basis for understanding the
phenomenon of gravity. According to this principle, the effect of a non-inertial
reference frame on matter in SR is locally equivalent to the gravitational field
(chapter 1).

The dynamical content of the PE is expressed by the minimal coupling of
matter to gravity. Consider, in Minkowski space My, an inertial frame in which
the matter field ¢ is described by the Lagrangian Ly (¢, 9x¢). When we go over to
a non-inertial frame, Ly transforms into /—g Lm (P, Vi@). If ¢ is, for instance,
a vector field, ¢ — ¢l, then

Vil = hk“blu(aﬂqb” + Fiutb’\) Iy, = {)Ll;l,}

The pseudo-gravitational field, equivalent to the non-inertial reference frame, is
represented by the Christoffel symbol I' and the factor ./—g. It is clear that
this field can be eliminated on the whole spacetime by simply going back to the
global inertial frame, while for real fields in spacetime this is not true—they can
only be eliminated locally. For this reason, in the last step of introducing a real
gravitational field, Einstein replaced M4 with a Riemann space V4. We shall
see that this is the correct choice but also that Einstein could have chosen the
Riemann—Cartan space Uy.

Let us now recall another formulation of the PE: the effects of gravity on
matter in spacetime can be eliminated locally by a suitable choice of reference
frame, so that matter behaves as in SR. More precisely,
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At any point P in spacetime we can choose an orthonormal reference
frame €y, such that (a) gmn = Nmn and (b) l"j-k =0, at P.

This statement is correct not only in GR (spacetime = Vj), but also in PGT
(spacetime = Uy), as we shall see (von der Heyde 1975).

The principle of equivalence in GR. To prove part (a) of the PE in V4, we
note that a transition to a new reference frame €, at P, expressed by the local
coordinate transformation x* — y™ (dy™ = e™, dx*), implies

dx* 9xP

a))—ngAP(X). (347a)

Cmn(¥) =

Since the matrices L,,* = dx*/dy™, gp and g, are constant at P, this equation
can be given a simple matrix form:

G =LGL". (3.47b)

It is known from the theory of matrices that for any symmetric matrix G, there
is a non-singular matrix L such that G’ = LGLT is a diagonal matrix, with
diagonal elements equal to 1, 0 or —1. Although the matrix L is not unique, the
set of diagonal elements for any given G is unique, and it is called the signature
of G. Since the metric tensor is non-singular, the diagonal elements are different
from 0. If the signature of the metric is (+1, —1, —1, —1), it is clear that G can
be transformed to n,,, at P. This can be done consistently at every point in the
spacetime as a consequence of the metricity condition: Vg = 0.

This choice of local coordinates does not eliminate the gravitational field at
P completely, since I' # 0. To prove part (b) of the PE we choose the point
P as the origin of the coordinate system, and define in its neighbourhood a new
coordinate transformation

az™

3y" y:0

= 5"

Zm — ym + %G;rrllylyn
with G}} = G,. The connection I'" transforms according to

m_ az™ ay* % p 32yP 9™
"y 9z 9zl P 9zl ayP

=T/ —G"  (@P). (348)

Since T is symmetric in Vy, the choice G = T yields " = 0 at P.

The transition y — z does not change the value of any tensor at P so that
the choice I = 0 can be realized simultaneously with g = 5. This reveals the
local Minkowskian structure of V4, in accordance with the PE.



64 Poincaré gauge theory

The principle of equivalence in U4. Gravitational theory in V4 shows certain
characteristics that do not necessarily follow from the PE. Namely, the form of
the Riemannian connection shows that the relative orientation of the orthonormal
frame €; (x+dx) with respect to € (x) (parallel transported to x+dx) is completely
fixed by the metric. Since a change in this orientation is described by Lorentz
transformations, it does not induce any gravitational effects; therefore, from
the point of view of the PE, there is no reason to prevent independent Lorentz
rotations of local frames. If we want to use this freedom, the spin connection
should contain a part which is independent of the metric, which will realize an
independent Lorentz rotation of frames under parallel transport:

o =AY+ K (3.49)

In this way, the PE leads to a description of gravity which is not in Riemann
space, but in Riemann—Cartan geometry Us. If all inertial frames at a given point
are treated on an equal footing, the spacetime has to have torsion.

We shall now show that locally the Riemann—Cartan space has the structure
of My, in agreement with the PE. Since Vg = 0 also holds in Uy, the arguments
showing that g can be transformed to » at any point P in U, are the same as
in the case of V4, while the treatment of the connection must be different: the
antisymmetric part of w can be eliminated only by a suitable choice for the relative
orientation of neighbouring tetrads.

Let us choose new local coordinates at P, dx* — dx’ = eiu dx*, related to
an inertial frame. Then,

[ R — s
8ij = ¢€i ¢€j uv = 1ij

p . N o
Il = e'pej’e™ (Ao + KM,y = e ji.

The metricity condition ensures that this can be done consistently at every point
in spacetime.

Suppose that we have a tetrad €;(x) at the point P, and a tetrad € (x + dx)
at another point in a neighbourhood of P; then, we can apply a suitable Lorentz
rotation to € (x + dx), so that it becomes parallel to € (x). Given a vector v
at P, it follows that the components vy = v - € do not change under parallel
transport from x to x + dx, provided the metricity condition holds. Hence, the
connection coefficients '/ w(x) at P, defined with respect to this particular tetrad
field, vanish: '/ w(P) = 0. This property is compatible with glfj = 1;j, since
Lorentz rotation does not influence the value of the metric at a given point.

Therefore, the existence of torsion does not violate the PE.

The space Uys locally has the structure of My: g(P) = n, w(P) = 0.
Complete realization of the PE demands, as we have seen, Us geometry, with
both the metric and the antisymmetric part of the connection as independent
geometric objects. In particular, the PE holds in V4, and also in 74. In more
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general geometries, where the symmetry of the tangent space is higher than the
Poincaré group, the usual form of the PE is violated and local physics differs from
SR.

3.3 Gravitational dynamics

The dynamics of the gravitational field in PGT is determined by the form of the
gravitational Lagrangian Lg. If we demand that the equations of motion are at
most of second order in the field derivatives, Lg can be, at most, quadratic in
torsion and curvature (Hayashi and Shirafuji 1980a):

Lo = b(—aR+ Lt + Lr+ 1)
L1 = a(AT;jTV* + BT, T/* + CT; T")

Lr = biRiju RI¥ + by Rijua R + b3 Rij R
+baRij RV + bs R + be(eiju R

(3.50)

where o, A, B, C and b; are free parameters, A is a cosmological constant,
a = 1/2k (k is Einstein’s gravitational constant), 7; = T™,,;, and pseudoscalar
terms are eliminated by requiring parity invariance. The large number of constants
offers many possibilities for the choice of Lg. In what follows, we shall discuss
the dynamical details in two particular cases.

Einstein—Cartan theory

In contrast to Yang—Mills theory, in PGT we can construct an invariant which is
linear in field derivatives, R = h;*h;"R" ;. The action

Igc = /d4x b(—aR + Lym) (3.51)

defines the so-called Einstein—Cartan (EC) theory, a direct generalization of GR
(Kibble 1961, Sciama 1962).

The matter field equations can be written in the covariant form (3.24a). The
tetrad field equations are

b(R*i — Shi" R) = "¢ /2a (3.52)

where 7 is the dynamical energy—momentum tensor. Formally, both equations
have the same form as Einstein’s, but here the connection is not Riemannian and
7;; is not necessarily symmetric. Finally, the equations of motion for A", are:

VoH[;" = bhy" (T™ij + 8" T* js — 87 T° j5) = —aj/2a

(3.53)
Hl-";v =bhi*h;" —h;*h;")
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where o is the dynamical spin tensor. Thus, both mass and spin appear as sources
of the gravitational field.

Equation (3.53) can be formally solved first for the torsion, and then for the
spin connection:

| |
—2abTiji = oijk + 31ij0 ™ km — 30ik0™ jm

Aijk = Aijk + Kijk-

(3.54)

In the simple case of scalar matter we have o;;x = 0, therefore T;j; = 0, so
that EC theory reduces to GR. If Ly is linear in the field derivatives, then o«
is independent of A;;x, and (3.54) yields an explicit solution for Al w- The spin
connection is not an independent dynamical variable. To simplify the exposition,
we shall assume here the condition of linearity (in particular, this is true for the
important case of the Dirac field).

Differential conservation laws. It is interesting to note that equation (3.53) can
be written in the form

3,;Hl-l;v + y“,'j/Za = —O’M,'j/Za
y'uij/za = AiSvHSI;U + AjSvHil;v
which implies a strict (but not covariant) conservation law:
3M()/M,'j +Gu,’j) =0. (3.55)

Since y*#;; can be expressed in the form y#;; = —BZG/BAij,L, which shows that
it can be interpreted as the spin current of the gravitational field, this equation
appears to be the differential conservation law of the total spin.

Similarly, equation (3.52) implies a strict conservation law

Wy k+7"0 =0 (3.56)

where y#y is related to the gravitational energy—momentum current. However,
the choice of y# is not unique. The most natural definition, by analogy with spin,
would be y#; = —8ZG / abk w1 but then equation (3.56) would be rather trivial,
since y*; + t# = 0. The question of the correct form for the conservation laws
in gravity will be discussed in chapter 6.

Second-order formalism. The action (3.51) is given in the first-order form,
since b¥ w and Al . are independent field variables. Using (3.54) we can eliminate
Ajjr from the remaining equations and obtain effective EC equations without
Ajjk. The same effective equations can be obtained from the action (3.51) in
which A;jy is replaced by the expression (3.54). Indeed, using the identities

bR(A) = bR(A) + b3 Tije TV + 1T 77% — T,T%) — 20,(0T") (3.57a)
Lr(A + K) = Lv(A) — Sot KT, (3.57b)
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we obtain the second-order EC Lagrangian directly:

LR = —abR(A) + Lwm(A) + L
o ) S (3.58)
L= 8—(S,'.,~kS’-’k + 28k 87K — 287 ;5,75
a

where ojjx = bSjjk. Thus we see that the only difference between EC theory
and GR is in the term £, which represents a ‘contact’ spin—spin interaction. In
the case of the Dirac field this interaction is of the fourth power in matter fields,
and looks like the Fermi interaction. Since £ contains the factor G = ¢>/167a,
this term is much smaller then the other interaction terms so that, for all practical
purposes, EC theory is equivalent to GR.

Generalized Belinfante tensor. After the elimination of A"/ n from the action,
the dynamical energy—momentum tensor takes the form

S ~
0 =~ Lm(A). (3.59q)
%

This tensor is known as Einstein’s energy—momentum tensor, since it is exactly
this expression which appears in GR. How did the transition 7/ — 6/; happen?
By observing that A in EM(A) depends on b* w» we find that

1<8Aif,,)
aen 2\ 8bk, ) 8AU,

SAY,
=" (A + = < >Gvij(A).

5~
0'y = — ——Lm(A
k 5%, M(A)

A=A

sbk,

In order to evaluate this expression, we note that the variation of the relation
A=A+ K over bkﬂ, under the condition 7 = 0, yields

SAY ) — T(WI*ST 3y — b* uh™ P8 Ty + WP 8T ) = 0
8T 5 = VI, (8b%)) — V(8D ).

Here, V,IL = V,(A), since A = A for T = 0. The covariant derivative
V;L acts on Latin indices in §b¥ > but it can be easily extended to an operator
%;L = V. (A + I') which acts on both Latin and Greek indices, since

k k
ry,8b%, —T,,80", =0  whenT =0.
After that, explicit calculation leads to the result

Ol = TH(A) = AV (oM 4 ot — oM (3.595)
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which represents a covariant generalization of Belinfante’s relation (Grensing and
Grensing 1983). Since the ‘total’ covariant derivative %3\ when acting on ;" or
bk u gives zero, it is not difficult to check that 8,,x = O,. Therefore, during the
transition A — A, the role of the dynamical energy—momentum tensor is taken
over by Einstein’s tensor 8.

This result is often used to calculate the symmetrized energy—momentum
tensor in M4, by means of the so-called Rosenfeld procedure:

(a) ﬁ~rst, the Lagrangian Ly in My is transformed into the related Lagrangian
Lwm in Riemann space (9; — V;, Ly — bLwm);

(b) then, we define Einstein’s energy—momentum tensor 6 ; and

(c) finally, the transition to My reduces 6/ to the symmetric energy—momentum
tensor in My.

Teleparallel theory

The general geometric arena of PGT, the Riemann—Cartan space U4, may be a
priori restricted by imposing certain conditions on the curvature and the torsion.
Thus, Einstein’s GR is defined in Riemann space V4, which is obtained from
U4 by requiring the torsion to vanish. Another interesting limit of PGT is
Weitzenbock or teleparallel geometry Ty, defined by the requirement of vanishing
curvature:

RV ,,(A) =0. (3.60)

The vanishing of curvature means that parallel transport is path independent (if
some topological restrictions are adopted), hence we have an absolute parallelism.
Teleparallel geometry is, in a sense, complementary to Riemannian geometry: the
curvature vanishes and the torsion remains to characterize the parallel transport.

Of particular importance for the physical interpretation of the teleparallel
geometry is the fact that there is a one-parameter family of teleparallel
Lagrangians which is empirically equivalent to GR (Hayashi and Shirafuji 1979,
Hehl et al 1980, Nietsch 1980).

The Lagrangian. The gravitational field in the framework of teleparallel
geometry in PGT is described by the tetrad b « and the Lorentz connection
Al > subject to the condition of vanishing curvature. We shall consider here
the gravitational dynamics determined by a class of Lagrangians quadratic in the

torsion:
L= bL:T—"_A.ijMVRi'jMv +ZM (3.61)
L1 = a(ATyj T + BT TI% + CTTX) = Biju(T) T '

where A;;*” are Lagrange multipliers introduced to ensure the teleparallelism
condition (3.60) in the variational formalism, and the explicit form of 8, is

Bijk = a(AT;jx + BTijir) + Cnirj Txy)-



Gravitational dynamics 69

The parameters A, B, C in the Lagrangian should be determined on physical
grounds, so as to obtain a consistent theory which could describe all known
gravitational experiments. If we require that the theory (3.61) gives the same
results as GR in the linear, weak-field approximation, we can restrict our
considerations to the one-parameter family of Lagrangians, defined by the
following conditions (Hayashi and Shirafuji 1979, Hehl ef al 1980, Nietsch 1980):

(i) 2A+B+C=0,C=—1.

This family represents a viable gravitational theory for macroscopic, spinless
matter, empirically indistinguishable from GR. Von der Heyde (1976) and Hehl
(1980) have given certain theoretical arguments in favour of the choice B = 0.
There is, however, another, particularly interesting choice determined by the
requirement

(i) 24 — B =0.

In the gravitational sector, this choice leads effectively to the Einstein—Hilbert
Lagrangian Lgg = —abR(A), defined in Riemann spacetime V4 with Levi-Civita
connection A = A, via the geometric identity (3.57a):

bR(A) = bR(A) + b(ATj T* + 1T, 77 % — T, T%) — 29, (bT").

Indeed, in Weitzenbock spacetime, where R(A) = 0, this identity implies that the
torsion Lagrangian in (3.61) is equivalent to the Einstein—Hilbert Lagrangian, up
to a four-divergence, provided that

A=) B=1 C=-1 (3.62)
which coincides with the conditions (i) and (ii) given earlier. The theory defined

by equations (3.61) and (3.62) is called the teleparallel formulation of GR (GR)).

Field equations. By varying the Lagrangian (3.61) with respect to b, AV,
and A;;"", we obtain the gravitational field equations:

4V, (bBi**) — 4bp""  Tymi + hi*bLr = ) (3.63a)
4Vphij"t — 8bpij" = oty (3.63b)
RV ,, =0. (3.63¢)

The third field equation defines the teleparallel geometry in PGT. The first
field equation is a dynamical equation for b* 1 and plays an analogous role to that
of Einstein’s equation in GR. It can be written in an equivalent form as

4V, (bBi7P) 4 2bBimn T/ — 4bB™" Typi + 8/ 0Ly = ;. (3.63a")

By taking the covariant divergence of the second field equation and using (3.63c¢),
we obtain the following consistency condition:

—Svu(bﬂ[,'j]”') ~ VMO’”','J'.
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This condition is satisfied as a consequence of the first field equation. Indeed,
equation (3.63a’) implies the relation 4V, (b;j1**) ~ t(;i], which, in conjunction
with the second identity in (3.23), leads exactly to this condition. Thus, the
only role of equations (3.63b) is to determine the Lagrange multipliers A;;*".
Taking into account the consistency requirements, we conclude that the number
of independent equations (3.63b) is 24 — 6 = 18. Hence, it is clear that these
equations alone cannot determine the 36 multipliers A;;*" in a unique way. As
we shall see soon, the non-uniqueness of A;;*" is related to the existence of an
extra gauge freedom in the theory.

The A symmetry. The gravitational Lagrangian (3.61) is, by construction,
invariant under the local Poincaré transformations:

Sobk, = kb, — &P bk, — EPD, DK,
80AU = —al |, + ' AT + @ (A, — EP AT, — EPY,AY
BodijHY = Wi AsitV + @ AisHY + EF p APV EY phi P — 0,(EP A 1Y),
(3.64)

In addition, it is also invariant, up to a four-divergence, under the transformations
(Blagojevi¢ and Vasili¢ 2000)

Sorij1" = Ve (3.65a)

where the gauge parameter ¢;;*"” = —¢ ;""" is completely antisymmetric in its
upper indices, and has 6 x 4 = 24 components. This invariance is easily verified
by using the second Bianchi identity e***"V, R/ ,, = 0. On the other hand, the
invariance of the field equation (3.63b) follows directly from R, = 0. The
symmetry (3.65a) will be referred to as the A symmetry.

It is useful to observe that the A transformations can be written in the form

50)”,./,04/3 — Vogija/fi + Vysijaﬁy Sijws = Sijwso

. (3.65b)
5())»1']' B = Vyé;‘ijﬁy.

As we can show by canonical methods (see chapter 5), the only independent
parameters of the A symmetry are sij“ﬂ; in other words, the six parameters
& j“ﬂ?’ can be completely discarded. Consequently, the number of independent
gauge parameters is 24 — 6 = 18. They can be used to fix 18 multipliers A;;*",
whereupon the independent field equations (3.63b) determine the remaining 18
multipliers (at least locally).

It is evident that Poincaré and A gauge symmetries are always present
(sure symmetries), independently of the values of parameters A, B and C in
the teleparallel theory (3.61). Moreover, it will become clear from canonical
analysis that there are no other sure gauge symmetries. Specific models, such as
GR, may have extra gauge symmetries which are present only for some special
(critical) values of the parameters. The influence of extra gauge symmetries on
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the existence of a consistent coupling with matter is not completely clear at the
moment. We shell assume here that the matter coupling respects all extra gauge
symmetries, if they exist.

Orthonormal and teleparallel frames. Teleparallel theories in Uy are based
on the condition of vanishing curvature. Let us choose an arbitrary tetrad at
point P of spacetime. Then, by parallel transporting this tetrad to all other
points, we generate the tetrad field on the spacetime manifold. If the manifold is
parallelizable (which is a strong topological assumption), the vanishing curvature
implies that the parallel transport is path independent, so the resulting tetrad field
is globally well defined. In such an orthonormal and teleparallel (OT) frame, the
connection coefficients vanish:

AV, =0. (3.66)

This construction is not unique—it defines a class of OT frames, related to
each other by global Lorentz transformations. In an OT frame, the covariant
derivative reduces to the partial derivative, and the torsion takes the simple form:
T = d,b', — d,b", (see e.g. Nester 1991).

Equation (3.66) defines a particular solution of the teleparallelism condition
R w(A) = 0. Since a local Lorentz transformation of the tetrad field, e’iu =
Al kek > induces a non-homogeneous change in the connection,

AT = A N A N8 AT

we can conclude that the general solution of RY/ w(A) = 0 has the form
Al b= Al maﬂA-/’". Thus, the choice (3.66) breaks local Lorentz invariance,
and represents a gauge-fixing condition in teleparallel theory.

In action (3.61), the teleparallel condition is realized via a Lagrange
multiplier. The second field equation, obtained by variation with respect to
Al > merely serves to determine the multiplier, while the non-trivial dynamics
is completely contained in the first field equation. Hence, teleparallel theory may
also be described by imposing gauge condition (3.66) directly on the action. The
resulting theory is defined in terms of the tetrad field and may be thought of as
the gauge theory of the translational group. This formalism keeps the observable
properties of the theory unchanged and is often used in the literature because of its
technical simplicity. However, we shall continue to work with the local Lorentz
invariant formulation, since it simplifies the canonical treatment of the angular
momentum conservation (see chapter 6).

Differential conservation laws. Field equations (3.63a, b) can be written in an
equivalent form as
3;:%"" =th, +yH,

(3.67a)
4810)”.],/1;) = Gﬂij + J/’uij
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where
yHy = 4bBuP 3,b™ 5 + 20y P 3, A™" , — SU'bLT

, , (3.67b)
yHij = 8bBlij)t + 4(A p P+ AP pAisH)

and Y, = 4bB,"b", + 2Am,"* A™*,. Equations (3.67a) imply a strict
conservation laws for the quantities t#, + y*, and o#;; + y*;;, which lead
us to interpret y*, and y*;; as the energy—momentum and spin tensors of the
teleparallel gravitational field. The related conservation laws will be studied in
chapter 6.

The teleparallel form of GR. For the specific values of parameters (3.62), the
gravitational sector of the teleparallel theory is equivalent to GR. Hence, we
expect that the tetrad field equation (3.63a) in GR) coincides with Einstein’s
equation. To show this, we start from the general identity in Uy,

RY 1y (A) = RY 4, (A) 4+ (VK — K' K¥ )

multiply it by aH,:j“/Z, use the relation aV, Hl.’;p = —4bB;j)* which holds only
in GR|, and obtain (Blagojevi¢ and Nikoli¢ 2000)

abR™(A) = abR™ (A) — 2V, (bBT*) 4 268, T™
— b Tk, — n'*ad, (bTH) — 4V, (bBLIKI).

The last term on the right-hand side vanishes for R uwv(A) = 0. In this case we
find that

2ab[R*(A)—1n'* R(A)) = 4V, (BB™ ) —4bBy* T + 26 T i+ b L.

As a consequence of this identity, the first field equation (3.63a’) takes the form
of Einstein’s equation:

BIR™(A) = 50 R(A)] = 7 /2a. (3.684)

Here, on the left-hand side we have Einstein’s tensor of GR which is a symmetric

tensor, so that the dynamical energy—momentum tensor must be also symmetric,
ik ki
T =

The second field equation of GR can be written in the form
Vp(@daii" +2aH[") = o'yj. (3.68b)

General remarks

To illustrate general dynamical properties of gravity in Us spacetime, we give
here brief comments on some specific models.
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R 4 T2 theory. One of the simplest generalizations of the EC theory has the
form

I = /d4xb(—aR+£T + Lwm).

This theory, too, does not contain a kinetic part for the spin connection, so that
the related equations of motion are also algebraic:

(A — B)Tjijik — (B — 1/2)Tiij + (C + D T™ jym = —owji/4a.

They can be solved for T by means of the irreducible decomposition of torsion
with respect to the Lorentz group (Hayashi and Shirafuji 1980b). We find the
result
pvTVi=0o"; paT?; = o nrT i = ol ik,

where indices V, A and T denote the vector, axial and tensor components,
respectively, and p, are mass parameters. If all the u, # 0, this equation can
be solved for 7% (and the connection), and the effective theory differs from GR
by contact terms of the type o2 . If some u, = 0, the related component T¢ is
absent from the field equation, and the o have to vanish for consistency. This
case corresponds to the existence of massless tordions (particles corresponding to
non-vanishing torsion).

R2 4+ T2 theory. Inadynamical sense, EC and R 4 T theories are incomplete.
Indeed, the spin connection is introduced as an independent field in Uy theory, but
EC dynamics imposes an algebraic relation between A and the tetrad field. The
spin connection acquires a full dynamical content only through the R? terms. The
following R? + T2 model is inspired by some analogies with electrodynamics
(von der Heyde 1976):

L= /d4x blaR;iju RN + B(—Tij TV* + 21, T3 ).

A basic problem for models without a linear curvature term in the action
is the question of the macroscopic limit. For the previous model, the following
explanation was suggested (Hehl er al/ 1980). In the context of classical field
theory, macroscopic matter can be modelled by a scalar field. Since scalar matter
does not interact directly with the spin connection, we expect that, effectively,
only translation gauge fields should be introduced; hence, R;jk (A) = 0 and I3 is
reduced to a 72 action in T4, with B = 0. Analysis of this particular teleparallel
theory shows that it describes the standard tests of GR correctly. However, if we
recall that the macroscopic matter is composed mainly of Dirac particles, these
arguments are not sufficiently clear. We would like to have a better understanding
of the averaging procedure which completely eliminates the spin effects and
enables an effective description of matter in terms of a scalar field.

A more complete insight into the structure of this model is obtained by
analysing its classical solutions. An interesting property of the model is that in
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the linear approximation, in addition to the Newtonian potential, we find a term
linear in r. This term is interpreted as part of the ‘strong gravity’, related to hadron
interactions. The same idea is then extended to (L4, g) theory (Sijacki 1982).

General properties. After these comments, we shall now mention some general
properties of PGT.

The basic dynamical variables of the theory are b¥ w and Al w- Since the
time derivatives of b¥g and A do not appear in the torsion and curvature,
their time evolution remains undetermined. The number of remaining variables
b*, and AV, is 4 x 3+ 6 x 3 = 30. By fixing 10 parameters of the local
Poincaré symmetry we can impose 10 gauge conditions, reducing the number of
independent variables to 30 — 10 = 20. Two degrees of freedom correspond
to the graviton, and 18 degrees of freedom A%, describe the tordions. The
decomposition of A%/, into irreducible components of the rotation group gives
tordion components of definite spin and parity, J© (A) = 2%, 1%, 0%, the number
of which is 2(5+3+1)=18.

Since the scalar curvature and T2 components contain A2 terms, tordions
may have non-vanishing masses, which are proportional to the mass parameters
a. Of course, it is the presence of the R? terms which enables the propagation
of tordions. A detailed analysis of the mass spectrum of the linearized theory has
been performed in the case when all tordions are massive (Hayashi and Shirafuji
1980d, Sezgin and van Nieuwenhuizen 1980, Kuhfuss and Nitsch 1986). The
results for massless tordions are not so complete (Battiti and Toller 1985).

Many aspects of the general Hamiltonian structure of the theory are clarified
(Blagojevi¢ and Nikoli¢ 1983, Nikoli¢ 1984). In the case of massive tordions, a
correspondence between the particle spectrum and the nature of the constraints
has been found. Namely, whenever a tordion does not propagate (infinite mass),
there exists a constraint which can be used to eliminate the related tordion field. In
the case of massless tordions we find extra gauge symmetries. The Hamiltonian
approach is found to be extremely useful for the analysis of energy, momentum
and angular momentum of gravitational systems, as we shall see in chapter 6.

The general structure of the equations of motion has been analysed in order
to clarify the evolution of given initial data, i.e. the Cauchy problem (Dimakis
1989). It is found that 10 equations of motion, out of 40, represent the constraints
on the initial data, while the remaining 30 define a consistent time evolution of
the dynamical variables provided that the parameters of the theory obey certain
conditions. These conditions are found to be the same ones that determine the
existence of additional constraints in the Hamiltonian analysis (see also Hecht ef
al 1996).

The problem of finding exact solutions of the nonlinear equations of motion
in PGT is treated with the help of some well-known methods from Yang—Mills
theory. The essence of the method is the so-called double duality anzatz, in which
we postulate a linear relation between the generalized momenta 7;;*” and the
double dual image of the curvature tensor. A class of exact solutions has been
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found for the /3 action, giving us a deep insight into the physical content of PGT
(see, e.g., Mielke 1987).

Although the previous analysis was related to a four-dimensional spacetime,
many of the results can be generalized to the case d > 4, corresponding to the
Kaluza—Klein programme of unification, as well as to the case d = 2, related to
string theory.

At the very end of this chapter, with a new understanding of gravity, it seems
natural to reconsider the following question: What are the basic properties of an
acceptable theory of gravity? Since GR is phenomenologically a correct theory,
the basic criteria for some alternative theory would be:

—  consistency with quantization,
— absence of classical singularities and
— the possibility of unification with the other fundamental interactions.

In the general Uy theory, the R and T? terms contain dimensional constants,
which is not an attractive property from the point of view of quantization. On
the other hand, the R? terms contain dimensionless constants, but the related
classical limit is questionable. It is also interesting to mention the possibility
of the existence of a repulsive tordion interaction at small distances, which may
prevent gravitational collapse and avoid the appearance of infinite matter densities
(Minkevich 1980, Blagojevié et al 1982). Since Uy theory is based on the gauge
principle, it seems to be a promising framework for the unification of gravity with
other interactions.

It might be possible that some problems of PGT could be solved by
demanding some additional symmetry for the action. Having this in mind, it
would be very interesting to study local Weyl theory, which will be our objective
in the next chapter.

Exercises

1. Derive the transformation laws of the gauge fields: (a) A/ w and (b) A* and
bk,
2. (a) Verify that the Lagrangian £y; = Lm(¢, Vi¢) obeys the condition
8Ly =0.
(b) Show, by using SoA + 9,(AE*) = 0, that A = A(h, A, x) is
independent of both x and A”/ - Then prove that A = det(b* -
3. If v’ is a Lorentz vector, find the transformation law of v* = h;*v' under
local Poincaré transformations.
4. (a) Prove the relation [V, V, 1%, = F¥y,.
(b) Derive the Bianchi identities given in the text, using Jacobi identities for
the commutators. ~
5. (a) Find the transformation law of K* = 9Lm/0V,¢, and define V, K*.
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10.

11.

12.
13.

14.

15.

16.

17.

18.

Poincaré gauge theory

(b) Show that the equations of motion for matter fields have the Poincaré
covariant form (3.24a).

(c) Find the form of these equations for the free electromagnetic field.

Show that the equations of motion for the gauge fields b* « and Al « can be

written in the form (3.24b). ~

(a) Use the general form of the matter Lagrangian, Ly = bLwm (¢, Vi),
to prove the equality of the covariant and dynamical energy—momentum
and spin currents (without using the invariance condition ALy = 0).

(b) Verify this result for the free electromagnetic field.

Use the matter field equations to prove the generalized conservation laws

(3.23).

Verify the generalized conservation laws (3.23) for the free (a) scalar, (b)

Dirac and (c) electromagnetic fields.

Prove that §; transformations of gauge fields are given as follows:

agbkﬂ — wksbs,u _ Vﬂék + éAFkMK
SgAY =~V +EVFY .

(a) Using the fact that V,,(I") A is a tensor, derive the transformation law of
the affine connection Fi‘v. Then show that the torsion 7", is a tensor.

(b) Express the affine connection in terms of the Christoffel symbol and the
torsion, using the metricity condition.

Find the connection w from the relation V,, (w + I')e’,, = 0.

The metric of a two-dimensional Riemann space is determined by the

interval ds® = dv? — v? du?. Show that this space is flat.

The metric of the two-dimensional Euclidean space E» in polar coordinates

has the form ds? = dp? + p2 d62.

(a) Calculate the Christoffel symbols.

(b) Check that every straight line in E» obeys the geodesic equation.

(c) Find the components of the vector A = €,, given at the point (p, ) =
(1, 0), after parallel transport to (1, 7 /2).

Find the transformation law of the spin connection under finite local Lorentz

rotations. Show that we can use this freedom to transform the spin

connection '/, to zero at an arbitrary point P.

Calculate the canonical and dynamical energy—momentum and spin tensors

of the gravitational field in EC theory.

Let Hl.’;v =b(hi"h;" — h;j*h;"), and V, =V, (A). Prove the identities:

Vo HL = bt (Thj — 8{T; + 85T))
RY 0 (A) = RY (D) + [V, KV, + K'gy K, — (n < v)]
= RY ,,(A) + [V K7, — KT K, — (u < )]

Prove the identities (3.57a) and (3.57b).
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20.
21.

22.

23.

24.
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Using Rosenfeld’s procedure find the energy—momentum tensor for the free
(a) scalar, (b) Dirac and (c) electromagnetic fields.
Show that equation (3.63a) can be written in the form (3.63a’).
Calculate the canonical and dynamical energy—momentum and spin tensors
of the gravitational field in teleparallel theory.
Derive the following identities in GRy:

aVp " = — 4bpip"

abR™(A) = abR™(A) + 2V, (bp"™™) + 2bBy, T
= O™ Ty — 1@, (bT") — 4V, (b1,

Consider the theory defined by the action I = [ d*x b(Lt+ L), where Ly
is linear in the field derivatives.

(a) Write the field equations for AV ;.
(b) Assuming conditions (3.62) hold, find 7j as a function of o;.

(a) Show that
1 1 2B DT
,Bijk = 2a(tjki — Tijk + [kij) - 4a( ) ijk

where ti;; = mi Tj) — %Tkij'
(b) Derive the following identities:

2btk,~j = _bk)‘V/’Hi)}p
AbBip" = ah bV, Hif + (i < )
A
4bBuj = —aV,HJ" — a(2B — )bh*!'T jjy.

(c) Use the field equations to show that

A
Vulo*i; —2a(2B — Db T ;] ~ 0.



Chapter 4

Weyl gauge theory

Many attempts to unify gravity with other fundamental interactions are based on
the idea of gauge symmetry. The principle of gauge invariance was invoked for
the first time in Weyl’s unified theory of gravitation and electromagnetism (Weyl
1918). The geometry of Weyl’s unified theory represents an extension of the
Riemannian structure of spacetime in GR. Weyl introduced spacetime in which
the principle of relativity applies not only to the choice of reference frames, but
also to the choice of local standards of length.

Weyl spacetime is based on the idea of invariance under local change
of the unit of length (gauge), which is realized by introducing an additional
compensating field. Weyl tried to interpret the new field as the electromagnetic
potential but, as further development showed, this was not possible. It turned out
that this field interacts in the same manner with both particles and antiparticles,
contrary to all experimental evidence about electromagnetic interactions. Passing
through a process of change, the idea evolved into a new symmetry principle
related to the local change of phase (Weyl 1931), the principle that underlies
modern understanding of the gauge theories of fundamental interactions (see, e.g.,
O’Raiffeartaigh 1986).

Although Weyl’s original idea was not acceptable for a description of
the electromagnetic interaction, it gained new strength after some interesting
discoveries in particle physics, in the 1960s. Experimental results on electron—
nucleon scattering in the deep inelastic region showed that the scattering
amplitudes behaved as if all masses were negligible, thus focusing our attention
on physical theories that are invariant under the change of mass (or length) scale.
Localization of this symmetry brings us back to the old Weyl theory, which
describes, as we shall see, not the electromagnetic but the gravitational interaction
(this one is the same for particles and antiparticles, on the basis of the PE).

Weyl’s idea can be realized in two complementary ways:

(a) as a gauge field theory, based on the Weyl group W (1, 3); and
(b) asageometric theory, obtained by extending Riemannian structure with local
scale invariance.

78
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The first approach gives a new meaning to the old geometric construction.

4.1 Weyl gauge invariance

The theory of gravity based on the local W (1, 3) symmetry represents a kind
of minimal extension of PGT (Bregman 1973, Charap and Tait 1974, Kasuya
1975). Although the kinematical aspects of Weyl gauge theory (WGT) become
more complex due to the presence of new compensating fields, a higher symmetry
simplifies the structure of the action.

Localization of Weyl symmetry

Consider a dynamical system of matter fields in My, referred to a local Lorentz
frame, and described by an action invariant under global W (1, 3) transformations
of coordinates,

Sxt =g’ + ot x" + pxt = E* 4.1)
accompanied by the related transformations of fields:

S0 =G0 -M+e-P+pD)p=Gw-Z+pd+&-P)p=Wg¢
800k = Wk + "0, — pod = W 0,¢.

4.2)

The invariance condition (2.11), with 9,£#* = 4p, is equivalent to equations
(2.12) and (2.32a).

If we now generalize these transformations by assuming that the constant
parameters are replaced by some functions of spacetime points, the invariance
condition (2.11) is violated for two reasons. First, the transformation law of dx¢
is changed

800k = Wi"duop + 30" My + € k Pup + p i D¢

y (4.3)
= Wik — & 10v + 307 1 Tijo + prdé
and second, 0,&" # 4p. The violation of local invariance takes the form

ALy = %wi'i,MMMij - 8i,uTMi - P,MDM # 0.

*
The invariance can be restored by introducing the covariant derivative Vi ¢, which
transforms according to the ‘old rule’:

* * |k * o
8oVip = WV + o' Vi — pVip = Wi'Vig 4.4)

and by taking care of the fact that 9,§" # 4p.
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*
Covariant derivative. In order to construct the covariant derivative Vi¢, we
first introduce the (w, p)-covariant derivative,

*
v,u¢ = a,uqb +do(w, p, & = O)¢|w%AH,p%BM

. . - (4.5)
=@ +AN$  A,=4AY,%; + B.d*
which transforms according to
* * v *k
8oVup = WV, — &Y Vi (4.6)

and eliminates the terms " ; and p  in (4.3). Note that the Weyl charge d* is,
by assumption, equal to the usual scale dimension,

d*=d.
Then, we obtain the following transformation rules for A¥ , and B,
oAV, = 8F Al
n=00A" ) @)
80By = —£° By — & 0By — pu =60 By — py

where (Sg denotes the Poincaré transformation with new £/.  Rewriting
equation (4.6) in the form

* * *
50Vu¢ = W,uvvv¢ - (év,u - wvu - pa;)vv(ﬁ

%
it becomes clear that the last term, homogeneous in V, ¢, can be eliminated by
adding a new compensating field,

Vi = 8\ Vo — A"kVod = iV 4.8)
with a transformation law which follows from equations (4.4) and (4.6):
Sohi™ = 8S i — phit. (4.9)
The Weylean extension of PGT is accompanied by two effects:

(a) anew compensating field (B) appears; and
(b) the transformation rules for ‘old’ fields A and & are changed.

Therefore, A and & have different properties from those in PGT.

Since the covariant derivative (4.5) depends only on the Lorentz and
dilatation transformation properties of matter fields, it can be naturally extended
to an arbitrary field. Thus, for instance,

%
Vihi” = @y + AA™ 20, — B)iths” = duhi¥ — ASiuhs” — Buhi".
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*
Matter field Lagrangian. After introducing the covariant derivative Viy¢ we
can define the Lagrangian

*
M = Lm(@, Vip) (4.10)
obeying the invariance condition
8oLy + & 0Ly +4pLy =0

which is different from (2.11). In order to compensate for the property 9, #
4p, we perform another modification of the Lagrangian:

Lv = ALYy 4.11)
where A is a function of the new fields. Condition (2.11) implies
SoA + 9, (AEH) —4pA = 0.

This equation contains local parameters and their derivatives. Coefficients
of second derivatives of parameters vanish since A does not depend on field
derivatives. Coefficients of " , and p, vanish if A is independent of A%,
and B, while coefficients of £** vanish since A does not depend explicitly on x.
Finally, if the coefficients of £* ,, and w'/ vanish, this gives the same conditions
as those in PGT, while if the coefficients of p vanish:

oA
ohpt

o ™ +4pA =0.

The solution to this equation reads as A = det(b¥ 1) so that the final matter field
Lagrangian takes the form

Zw = bLwi(e, Vi) (4.12)

Example 1. The Weyl covariant derivative of the scalar field ¢ has the form
*

k
Vi = 'V = hi* (9, — By, since d(¢) = —1. After localizing the
Weyl symmetry, the Lagrangian of the massless ¢* theory becomes

Zs = b Vipv; 4y = b(Lg"V, 0V, 4
s =bGn"VieVip + fo) =b(38"" VueWve + fo7).
Analogously, the WGT of the massless Dirac field is determined by

~ 1

Ep = Yib[iy*Viy — (V) yk

* .. * -
where Vi = hi (9, + %A’fﬂoij — %BM)I//, and similarly for Vi, and we use
diy) =dW) = —%. Since the field B, interacts in the same manner with both
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¥ and v, it cannot be interpreted as the electromagnetic potential. In fact, B,
completely disappears from Lp.

Example 2. The free electromagnetic field in M4 has a dilatation symmetry with
d(A;) = —1, so that

E
ViAi = @+ 5A™ L Z ), — Bit Ay

It should be observed that we are using the potential A;, not A,. This is so
because matter fields belong to representations of W (1, 3) which ‘live’ in the
tangent space of spacetime. The gauge-invariant Lagrangian has the form

k

~ . . *
Lem = —3bn*n/'GijGu Gij = ViA; — V;A;.

If we go over to the coordinate basis we can define the potential A, = b wAi,
such that d(A,) = 0. Sometimes, if A, is not distinguished from A;, we
can reach the erroneous conclusion that d* is always equal to d, except for the
electromagnetic potential. The relation d* = d is correct for all fields defined
with respect to a local tangent frame, where W (1, 3) operates. The transition to
the coordinate frame will be discussed in the next subsection.

Field strengths. In order to find the form of the free Lagrangian for the new
fields (A, h, B), we shall first define the related field strengths. The commutator
of two (w, p)-covariant derivatives has the form

* * .
[V, V1o = 3 F7 1, ijd + Fudgp (4.13)
where Fi/ w =T ij w(A) and Fy,, = 9, B, — 9, B, are the Lorentz and dilatation
*
field strengths, respectively. The transition to Vi yields

* * .. * *
[Vi, Vilp = SFY 14 2ij¢ + Fudp — F Vs (4.14)

where F',, = V,,b', — V,b', is the translation field strength, and

FUy = hi " FY
Fiy = ' hy" Fy,
* . * .

F'y =hk’“h1UFl,w.

The field strengths transform under Weyl transformations as follows:
SoF Uy =85 Fliyy —2pF"

80 Fu = 88 Fiu — 2pFu

i P i i
80F ' =00 F ki — pF' .
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If a quantity X transforms according to the rule
80X = 58 X +wpX

we say that it has weight w. Thus, w(¢) = d, w(FY ) = w(Fy) = —2, and

*
w(F'y) = —1. The covariant derivative of a scalar field ¢ of weight d is
*
Vup = 0y +dB,)p = BZ(p
while for a vector V! of weight d we have
V! = an’ +A V=09,V + A",V

Alj =A,+ d(S;BM.
If we define F" ;,, = F" ,,(A), it is easy to show that

FY = FY,,(A) +dn" F,,
F'yy = F' 0 (A) + (Bub'y — Bub' ).
X,
The quantity F* ,,, is not antisymmetric with respect to (i, j) as in PGT, which

has a definite geometric meaning.
The complete Lagrangian of the matter and gauge fields is given by

L =bLp(FYy, F'yg, Fu) + bLa(g, Vid). (4.15)

The free Lagrangian Lf is an invariant density of weight —4, which means that
it can be quadratic in Fjji; and Fy;, while terms linear in F'*/;; and quadratic in

*
F'}; are not allowed. Thus, Weyl invariance restricts some possibilities that exist
in PGT: those terms that contain dimensional constants are forbidden in L.

Conservation laws and field equations

We shall now discuss differential conservation laws in WGT.

1. Gauge transformations of the fields Q4 = (¢, bk o Al w» By) are determined
by equations (4.2a), (4.7) and

Sob* . = 85b" + pb* . (4.16)

Using the method given in chapter 3, the gauge invariance of the Lagrangian can
be expressed as

AL =8I} + 30 I + pI* + 9, A" = 0. @.17)
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This relation implies that

I'=0 I;=0 I"=0 (4.184)
B A* = 0. (4.18b)

Here, as in PGT, we restrict ourselves to the case £ = ZM.

2. Canonical and covariant energy—-momentum and spin currents are

k
determined by equations (3.19) and (3.20), in which V¢ — Vi, while the related
dynamical currents are defined as in (3.21). The dilatation currents are

~, AL ~,. L)
pr=""Map pr="dp o

8L,
= - =M (4.19)
99,1 IV, 8By

We assume the matter field equations to be fulfilled. Then, demanding that
the coefficients of 0, dw and dp in (4.18b) vanish, we obtain equality of the
covariant and dynamical currents:

th, =T", ol;=S"; s*=D" (4.20)

Of course, T’ and S are different from the related PGT expressions.
Conditions (4.18a) lead to the following differential conservation laws:

* ..
bkﬂvvtvk = TkakMu + %O’Uij Flj;w + 5”Fuv
*
Vuotij = tij — ji (4.21)
*
Vua’u = TMH‘

The last equation should be compared with (2.41).

3. The equations of motion for the matter fields, obtained from the action (4.15),
can be written in the Weyl-covariant form:

v * oL
s =M _v, M (4.22)
I IV,

where 3Ln/0¢ = [dLwm(, %Mu)/a¢]u=¢.

Example 3. The equations of motion for the massless ¢* theory have the Weyl-
covariant form:

—Kp+4fp> =0
* * *
Ko = b1V, (bg" Vyp) = b1 (0, + B,)(bg" Vo).
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Using these equations and the expressions for currents,

~ ~ *
Dt = D" =§* = —pg" eV,
* * ~ b * 4
Ty = bV, V,0 — gp.wCS T'up. = —bg" VuoVig — 4bf o
we come to the result
* * * * *
V8t = —bg""V, oV — V(bg"' V) = TF),

in conformity with (4.21).

For the Dirac field we have D# = D'* = §* = 0. This unusual result stems
from the fact that there is no interaction of B, with the Dirac field (example 1).
The equations of motion imply 7#, = 0, in agreement with §* = 0.

The typical action of WGT is quadratic in field strengths; the gravitational
field equations are obtained in the usual way.

Conformal versus Weyl gauge symmetry

In order to localize the conformal symmetry, we can start from the global
conformal field transformations,

Sop = (z0-Z+pA+c-K+&-P)p=K¢

define the (w, p, ¢)-covariant derivative,

c .. .
Vip = @ + 5AY i + BuA + C' ki) (4.23)

find the transformation laws of the compensating fields, etc. However, by
observing that the generator of SCT can be expressed in terms of D, P, and X,
as K, = —2x, D + szM + 2xV%,,, we can rewrite do¢ in the form

do¢ = (30 X+ pA+§ - P)op

where @7 = " + 2(c'x/ —c¢ix)and p = p — 2¢ - x.

Surprisingly, 8o¢ contains only 11 independent parameters: @'/, 5 and &".
Local SCTs are no longer independent, they are reduced to local Lorentz rotations,
dilatations and translations. If this is so, is it then necessary to introduce the
compensating field C iu, corresponding to local SCT? And if we introduce this
field, is it really independent from other fields? To answer these questions, let
us recall that, basically, compensating fields are introduced to compensate for the
‘extra’ terms appearing in §odx¢ after the symmetry is localized (usually each
local parameter demands one compensating field). Now, under global conformal
transformations, we have

80Ok = Ko + [2(c' ik — cx A) + (k" + p8)) Py1o.
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After the symmetry has been localized, dgdr¢ will be expressed in terms of the
derivatives of @, p, £ and ¢!. Since the number of these parameters is not 11
but 15, it follows that all 15 compensating fields are needed, so that conformal
gauge theory is essentially different from WGT.

4.2 Weyl-Cartan geometry

In his attempts to incorporate electromagnetism into geometry, Weyl extended the
Riemannian structure of spacetime by introducing a new geometric assumption—
the assumption that the length of a vector has no absolute geometric meaning.
As an introduction to this idea, we first give an overview of conformal
transformations in Riemann space; then, we introduce the basic elements of Weyl
geometry and clarify its relation to WGT.

Conformal transformations in Riemann space

Conformal transformations in M4 define the conformal group C(1, 3). Let us now
see how these transformations can be generalized when we go over to Riemann
space V4 (Fulton et al 1962).

Conformal transformations in Vj4. Different formulations of conformal
transformations may have different geometric interpretations.

Consider first the conformal mapping f : V4 — V4, which can be interpreted
as the conformal ‘movement’ of points in V4 (active interpretation). If (P, Q) are
two points in V4 with coordinates (x, x + dx) in a local coordinate system S, then

ds*(P, Q) = guv(x) dx* dx".

Under the action of f the points (P, Q) transform into (P, Q), the coordinates
of which, in the same coordinate system S, are (x, x + dx). The mapping f is
conformal if

ds?(P, Q) = s(P)ds*(P, Q) (4.24a)

or, equivalently,
guv(X) dx* dxV = s(x)guv(x) dx* dx” (4.24b)

where s(x) > 0.

Now we shall consider the description of points (P, Q) in two local
coordinate systems, S and S’. Let x’ = F(x) be a coordinate transformation,
such that the distance between (P, Q) in S” ‘looks like’ the distance between
(P, Q) in S. In other words,

g;w(x') dx™ dx" = s(x")guv(x’) dx* dx"” (4.25a)

or
8 () = (N gun (x). (4.25b)
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This condition defines the group C (1, 3) of conformal coordinate transformation
in V4 (passive interpretation).

Weyl rescaling. The set of Weyl (conformal) rescalings of the metric,

8w = ghy = s(X)guw = P Wg (4.26a)

together with the related transformations of all other dynamical variables,
¢ = ¢' =[5 *p =" (4.26D)

defines the group W; in V4. As in My, the real number w is called the weight, or
Weyl dimension, of the field. These transformations do not involve any change of
coordinates and are completely different from C. In My, the Weyl dimension is
just another name for the scale dimension.

Example 4. Consider the following interaction between the scalar and Dirac field
in Vy:

Li= fV=gUve.
Since w(g,w) = 2, w(g"”) = =2, and w(/—g) = 4, it follows that Weyl
rescaling with w(p) = —1, w(yy) = w(l/_f) = —%, is a symmetry of the

interaction Lagrangian. However, the kinetic term for the scalar field,
Ls = 3v/=58" du0dv0

is not invariant, since W; transformations are local. The symmetry can be restored
by introducing gauge fields, as usual.

Example 5. The electromagnetic field in V4 is described by the Lagrangian
ZEM = _%V_ggﬂpgmG,qupk Gu =0, Ay, — 0vA,.

The replacement 0 — V (with a symmetric connection) does not change the
antisymmetric tensor G ,,,. A simple counting of weights shows that w(A,) =0,
which implies the invariance under W;. The consistency of such an assignment
of weights should be checked by considering the electromagnetic interaction with
other fields. Thus, for instance, the interaction with a complex scalar field,

Ly = 1y/=gg" (*AuA L™ g +ieALlp*dvp — (3,9")9])
is W, invariant for w(A,) = 0.

Weyl rescaling of the metric transforms a Riemann space into another
Riemann space: (Va4, guv) = (Va, g,,)- This mapping defines a collection of
Riemann spaces, mutually connected by metric rescalings:

V= {(Va. gl)).
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The length of a vector is not well defined in V,; however, the ratio of the lengths
of two vectors at the same point, as well as the angle between them, are well-
defined concepts.

The Christoffel connection in (V4, guv) transforms under Weyl rescaling
according to the law

{LIJ,LO}I = {\f;} + %(555,0 + agsv - gvpsﬂ) 4.27)

where s, = 9, 1Ins, s* = gHVs,. Consequently, the Riemann curvature tensor
also changes under W;.
Weyl introduced the conformal tensor,

Cijri = Riju — %(mkle — i Rjk — njkRit +njiRik) — %(mm;k —niknj)) R
which has the following important properties:

(a) CH,,, is invariant under W;; and
(b) the trace of Weyl tensor is zero: ijkl =0.

A space with a vanishing Weyl tensor is called a conformally flat space. Since the
Minkowski space is conformally flat, it follows from (a) that any Riemann space
with metric g, = s1,, is conformally flat.

Conformal transformations in My. Let us now return to_the group of
conformal transformations C and denote by Cy the subgroup of C transforming
the flat space (M4, n) into the flat space (Ma, s1):

Co: RMyp(sn) =0. (4.284)
Since (Mg, sn) is conformally flat, C*,,,(sn) = 0, the previous condition
reduces to
Ry, (sn) = — 1 _1 Ao 1 Ao,
vo(SM) = =Sy p + 35085 — 3Mps” 4 — 57Mps”sx = 0. (4.28b)

This is a restriction on s(x), and on related coordinate transformations. For
infinitesimal transformations we have s(x) = 1 — %8 - &€, and equation (4.28D)
is equivalent to the conformal Killing equation (2.200) in M4. The group Co
reduces to the group of global conformal transformations C(1, 3), which we
already know from chapter 2.

Connection between C and W;. Although C and W; are completely different
groups, there is an interesting connection between them, as suggested by the
related considerations in My (section 2.2). The precise form of this connection
is given by the following theorem (Fulton et al 1962):

If an action is invariant under general coordinate transformations, then
W, invariance implies C invariance.
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The content of this theorem can be seen more clearly from the following, simpler
version (Zumino 1970):

If an action, given in Riemann space, is W; invariant, then that action,
restricted to My, is invariant under C(1, 3).

Let us illustrate this statement by considering scalar field theory. Since
the action is defined in Riemann space, it is invariant under general coordinate
transformations. In particular, the action is invariant under the global dilatations:

g =px"  Soguy = —208u — pX - gy Sop = —px - V.

On the other hand, W; invariance implies invariance under Weyl rescaling with
s(x) =1+2p,
808y = 208 uv dop = —pg.

Combining these transformations we conclude that the action must be invariant
under

g = pxt 808uv = —pX - g Sop = —p(x -9+ De.

Going now to the limit g — 7 we find §og = 0, therefore the action restricted to
My is invariant under global dilatations.

In a similar way we can deduce the invariance under SCT, in the limit
V4 — My, by choosing

EM = cMx? = 2c - xxt s(x)=1—4c-x.

Thus, instead of investigating the conformal symmetry in M4, we can carry
the action over to V4 and study the restrictions imposed by W; invariance.

Weyl space Wy
Riemann space V; is a manifold with a linear connection and metric such that

(a) the connection I' is symmetric and
(b) the metricity condition holds true, D, (I") g, = 0.

It follows from here, as we have shown earlier, that the Riemannian connection is
equal to the Christoffel symbol. If a vector is parallel transported along a closed
curve in Vy, its orientation changes, while the lengths of the vectors and the angles
between them remain fixed.

Weyl geometry. In his attempts to accommodate the electromagnetic field into
the geometric structure of spacetime, Weyl generalized Riemannian geometry by
allowing a greater freedom in the choice of metric. He assumed that the lengths
of vectors can also be changed under parallel transport (Fulton et al 1962, Adler
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et al 1965). The idea is realized by demanding that an infinitesimal change of
length is proportional to the length itself, i.e.

D(I)V? = (p, dx")V? (4.29a)

where V2 = g, V#V", and the covariant vector ¢, defines the rule by which
the length is changed. Since D(I")V#* = 0 under parallel transport, the previous
condition is equivalent to the relation

Dy(T)guy = ¢p&uv (4.29p)

which violates the metricity postulate and is called the semi-metricity condition.
This equation can be easily solved for the connection

Tl = {0} = 365ep + 85 0u — gupe™) (4.30)

where we assumed that the connection is symmetric (no torsion). Such a
connection defines Weyl space W4. A Weyl space with torsion will be considered
in the next section.

Parallel transport of a vector along a closed curve in Wy defines the curvature
in terms of the connection (4.30). The curvature tensor is no longer antisymmetric
in the first two indices: R(,v)rp = —8&uvD5.¢p). Therefore, the parallel transport
has the form (Hehl ez al 1988)

AVM = (Av,u)rot + (Av,u)dil
(AVrot = 5 Rppppip AV
(AV,)dit = 5 Ry AP VY = =S Ac™ (Drgp) V..

Each vector rotates and changes the length but the angles between vectors remain
the same. In the case of affine manifolds, where g, and Fff ,, are completely
independent, the angles also change (Hehl and Sijacki 1980).

Weyl geometry allows us to consider metric rescalings without changing the
connection. Indeed, it follows from equations (4.27) and (4.30) that if a metric
rescaling is followed by the gradient transformation of ¢,,

guv(x) = s(x)guv(x) 0p(x) = @p(x) + 0y Ins(x) (4.31)

the connection remains the same. A conformal change of metric can be interpreted
as a change in the length scale at every point of the manifold. In Weyl theory this
change is treated as a local symmetry transformation, which we call, as before,
the Weyl rescaling W;.

If the Weyl vector is a pure gradient, ¢, = —09,8, the conformal
transformation

g = v = eﬁg,w Wp = Yp=¢p+9,8=0
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transforms Weyl space Wi(¢p, guv) into a Riemannian one: Vi(gu) =
W4 (0, g,v). More generally, a Weyl geometry may be reduced to a Riemannian
geometry if and only if the length of the vector does not change after parallel
transport along an arbitrary closed curve,

DV?
v2o Zf%dxp =—%/Fuvd0’” =0

where F,, = 9,9, — d,¢,,. Therefore, the condition F,, = 0 guarantees that Wy
may be reduced to V4 by a suitable rescaling transformation (in simply connected
regions). The tensor F,, is W; invariant.

Weyl-covariant derivative. Since rescaling transformations are of particular
importance in Weyl geometry, it is useful to define quantities having well-defined
transformation properties under (4.31). This leads us to the concept of weight, as
in (4.26). Thus, the weight of g, is 2, w(dx*) = 0, w(ds) = 1, etc. Observe,
however, that we cannot ascribe a weight to the Weyl vector itself. Tensors of
weight w # 0 are also called tensor densities or pseudotensors.

The covariant derivative in Wy is introduced so that the lengths of vectors are
changed under parallel transport according to the rule (4.29a). If V"V is a vector of
weight zero, than D, V" is also of weight zero, i.e. invariant under Weyl rescaling
(4.31). However, if, for instance, V" is of weight 2, then DV does not have a
well-defined weight:

D,V — D,(sV") =sD, V' + 3, 1ns)(sV").

It is therefore useful to extend the definition of a covariant derivative in such a
way that it does not change the weight of the object on which it acts. To illustrate
the idea, consider a scalar ¢ of weight w = 2, ¢" = s¢, and define a new, Weyl-
covariant derivative:

*
Dy = (u — 3w )p = 3. (4.32)
*
Under transformations (4.31) D¢ changes according to
* *
Dy¢ — (3, — 9 Ins)s¢p = sDyu¢p
*
i.e. Dy, ¢ also has weight 2. Generalization to a vector of weight 2 is simple:
* *
D, V' =3V’ +TV V*=93,V' + T} V*
! 9 e g e (4.33)

*
Voo TV 1 v
FAM = FM — W8, Py

*
The connection I" ensures the W;-covariance of the new covariant derivative.
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It is interesting to observe that the connection I'} M in (4.30) is obtained from
{,”.} by the replacement 8 — 9*:
i

FKM = {,\L}* {A‘;}|a»a* azgkp = (O — Pu)&rp-

*
The operation D, is also covariant with respect to general coordinate

%
transformations, since D,, differs from D, by a four-vector. Note that Weyl’s
semi-metricity condition (4.29) can be rewritten as a Wy-covariant condition:

*

Dyguv =0. (4.34)

This structure of Wy is sufficient to describe gravitation and tensor matter
fields. Spinor matter can be introduced with the help of tetrads in a Weyl space
with torsion.

Weyl-Cartan space Y4

Starting with the space (L4, g), in which the connection and metric are completely
independent of each other, we can introduce the metricity condition and define
Riemann—Cartan space Us. If the metricity postulate is replaced by a weaker,
semi-metricity condition (4.29), we obtain the Weyl-Cartan space Y4 (a Weyl
space with torsion) (Hayashi and Kugo 1979, Hehl et al 1988).

If the torsion vanishes, Y4 becomes the Weyl space Wy, while ¢, = 0
transforms Y4 into Riemann—Cartan space Uy; finally, Wy — V4 if ¢, — 0
(figure 4.1).

Ly, 8)
Y,
T=0 ¢=0
W, Uy
q’:N /:0
Vs

Figure 4.1. Weyl space does not satisty the metricity condition.
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The basic relations in Y4 are obtained similarly to those in W4. Using the
semi-metricity condition, we find the following expression for the connection:
Tl = {1} = 3600p + 850 — gup@™) + KMy (4.35)

The covariant derivative can also be extended to a W;-covariant form.

The spin connection. As we have already mentioned, the spinor matter is
described with the help of the tetrads. From the relation g, = n;je' e/, we
see that the property w(g,») = 2 can be obtained by demanding that

w(e'y) =1 w(ni;) = 0.

Let us now consider what the geometric properties of Y4 look like in the
tetrad basis. If the vector u* has weight 0, its tetrad components u' = e’ ,u** have
weight 1. Weyl’s semi-metricity condition takes the form

D(@)(niju'u!) = (ppdx”) (niju'u’) (4.36a)

where o is the spin connection in Y4. This relation, together with D(w)n = 0,
yields _ _
Dy(w)u' = guu' (4.36b)

where Dﬂ(a))ui = aﬂui + a)"mu-/. From Dn = 0 and the constancy of 7 it
follows that the spin connection is antisymmetric:
o' sun™ + o' 50 = 0.
The Weyl-covariant derivative of the vector u’ of weight w = 1 has the form
Dy(w)u' = dju' + o' syu® = 0yu' + o' syu’

(4.37)

*
=y — Lo
Wiju = Oiju — WNijPu

and is of the same weight as u’. This can be easily extended to an arbitrary
representation ¢ of the Lorentz group, with weight w:

L i y..
50) HZU‘

k
Du¢ = (8,1 + oy — %W(ﬂu)(ﬁ wy
The relation between @ and I'.  Since D(I')u” = 0 under parallel transport,
Weyl’s semi-metricity condition implies
Du(w+D)e'y = 1gue'y. (4.38q)
Thus, the vector lengths change under parallel transport because the ‘standard of
*

length’ ¢! « changes. Expressed in terms of D this condition becomes

Dy(w+TD)e', = de'y + o' s’y —Th e’y = 0. (4.38b)
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It relates the connections w and I' and can be interpreted as the vanishing of the
‘total’ covariant derivative. Solving this equation for w we obtain

*
Wiju = Diju + Kijp

. (4.39a)
Aiju = Dijulosor = Ajju + %(wibm —@ibiy).
Denoting the Poincaré part of the connection by a)g > We have
wijp =}, + 3@ibju — @jbiy) = —0jiu. (4.39b)

The spin connection w is W; invariant, w(w) = 0, since it is expressed in terms of
%
A.

Geometric interpretation of WGT. Weyl gauge theory has the geometric
structure of a Y4 space. This is clearly seen from the previous discussion by
establishing the following correspondence:

b, — e, AV, - W, B, — —%(pﬂ d— w. (4.40)

Note that the curvature and torsion in Y4 are not the same as in Uy, because
% *
w # wand D # D.

Example 6. The local Weyl theory of the electromagnetic field is described by
the Lagrangian

~ . . *
LEM = —%bnlkn]lG,'ijl Gij = DiAj — DjA;.
* * *
Using D;(w)A; = hi"h;"D,(I")A,, which follows from D, (w + I"h;* = 0,
and going to the coordinate basis, we obtain
Lem = —3bg" 8" GuvGpr Gy = BuAy — 8vAL) + 2K [ Ap.
While the symmetric part of the connection (4.35) is cancelled in G, the

contribution of the torsion survives. If K = 0, then G, = 0,A, — 0, A,.

4.3 Dynamics

The dynamical content of a theory is determined by the choice of the action. There
are several ways to realize Weyl invariance dynamically.

(a) WAGT is, in general, defined in Weyl—Cartan space Y.
(b) Iftheactionis W(1, 3) gauge invariant but the torsion vanishes, the geometry
of the theory is described by Weyl space Wj.
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(c) The action may possess W (1, 3) gauge invariance even in Riemann space
V4, in which case the gauge symmetry has an ‘accidental’ character.

All three cases can be defined, equivalently, by combining Poincaré gauge
symmetry and Weyl rescaling.
The general gravitational action in WGT has the form

I = /d4x bLG(RY 41, Fua, T ). (4.41a)

Since w(b) = 4, the Lagrangian L has to be a scalar of weight w =
—4. Moreover, the form of Weyl transformations of the field strengths implies

w(R;jk) = w(Fy) = =2, w(i-kl) = —1, so that the general Weyl action is of an
R? + F? type:
LG = b1 Riju R + by Rijig R + b3 Rij RY
+ baRij R 4 bsR* + be(eiju RVM)? + cFi; F (4.41b)

k
where terms of the type R and 72 are absent. Let us now consider some interesting
cases of Weyl-invariant theories.

Weyl’s theory of gravity and electrodynamics

At the beginning of the 20th century, gravity and electrodynamics were the only
known basic interactions in nature. Weyl tried to unify these physical interactions
on purely geometric grounds.

The electrodynamics in Riemann space Vj is described by the action

Iy = /d4x b(—aR+aG,,G*)  Guy = duA, — A,

where the electromagnetic field is not part of the geometry.
Weyl studied purely geometric action in Wy,

Iy = /d4x b(—R*+ BFuF™)  Fuy = 8,00 — dvy (4.42)
which seems to be the best possible analogy to Iy . Varying Iy we obtain
Slw = /d4x [—2bRSR — 8bR* + BS(bF*)] = 0.
At this point, we can violate W; invariance by introducing a local scale of length,
such that R = A. Of course, this gauge condition will be destroyed by an arbitrary

field variation, so that SR # 0 in general. Now, we can bring the previous
equation into the form

B o A
s d*xb(-R+F*+Z)=0
/x( +2A -I-2
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where A is the cosmological constant. Using connection (4.30) we can express
the Weyl curvature as

R(Wa) = R(V3) — 300" +3V,0".

Since bV, " = 9, (bp"), this term can be discarded as a surface term in the
action, so that Weyl theory takes the following effective form:

I, = / d*x b{—R(V) + LBF2 + 2( + 36,9 (4.43)

where ¢, = ¢,/ /M. The first two terms precisely correspond to the action Iy (in
units a = 1), while the last term is a small correction because of the smallness of
the cosmological constant A. Thus, the structure of Weyl’s theory is very similar
to the classical electrodynamics in V4 (Adler et al 1965).

What then is wrong with Weyl’s unified theory? Although the effective
action I, looks like a good candidate for the description of free electrodynamics,
the properties of electromagnetic interactions lead to serious problems. Thus, for
instance, the interaction of ¢, with the Dirac fields ¥ and V¥ is the same since both
fields have the same weight, w = —%, while the development of quantum theory
showed that ¥ and ¥ have opposite electric charges and, therefore, different
electromagnetic interactions. Similar arguments hold for the interaction with a
complex scalar field. The electromagnetic interaction is correctly described by
the minimal substitution,

9y — (0 +ieAy)

which suggests identifying d with ie (and ¢, with A,).

In electromagnetic interactions, local scale invariance is replaced by
invariance under a local change of phase in the matter fields.

Weyl’s transition to the ‘complex’ covariant derivative led to the beginning of the
modern development of gauge theories of internal symmetries.

Although Weyl’s original idea was abandoned in electrodynamics, it found
its natural place in gravitation. The experimental discovery that, in some
processes at high energies, particle masses may be practically neglected, brought
a revival of interest in scale-invariant theories (of course, at low energies scale
symmetry is broken). If we want to include gravity in this structure, it is quite
natural to consider gauge theories based on scale symmetry.

Scalar fields and the improved energy—-momentum tensor

In Riemann spaces local rescaling symmetry W; implies conformal symmetry C.
Therefore, the conformal properties of scalar field theory can be established by
studying its behaviour under the transformations

8guv(x) = 2X1(x)guv(x) Sp(x) = —A(x)p(x). (4.44)
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1. Massless scalar theory with ¢* interaction in Vj,
1 = [ d V=g B0t + o (4.45)
is not invariant under (4.44):
81, = %/d“x V=gp®Tr O =V, (0").

The invariance of the theory can be restored by adding a suitable term to the
action. Such a term has the form

I =3 [ d*x V/=gRe*.
Indeed, starting with the relations
8uv = S&uv R— s ! (R—3—+—g’“’—
s

we find that
SR=—2AR—60%  8(Rg*) = —4AR¢> — 6¢>0A

which implies that
L=1l+1,= / d*x V=g (18" 8,000 + f¢* + L Re?) (4.46)

is a rescaling-invariant extension of the scalar ¢* theory in Vj.

In Minkowski space M4, conformal invariance is concisely described by the
improved energy—momentum tensor. We shall show that the energy—momentum
tensor of the action [; yields, after transition to M4, nothing other than the
improved energy—momentum tensor of the scalar ¢* theory.

The dynamical energy—momentum tensor of scalar theory (4.45) is given by

@ 2 8l
T =
g s

Here, the factor (,/— g)’1 is, for simplicity, included in the definition of 7. The
contribution of the additional term Rg? under the variation of g,,,, has the form

= 0u00vp — 8uv (58" 0100p0 + fo”).

5/d4xa/—g_R(p2 = V/d4x«/—g(p2(GW5g“” + g""8Ry)
where G, = R,y — %g,wR. Using the relation

V=88" " 8Ryy = 3,(—gw”)  w’ = gM"sTh, — ST,
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and performing partial integrations, we obtain

/d4x «/—gg’“’(SR,w(pz = — / d*x =8V, V, — gMUD)(pzég“”.
Thus, the energy—momentum tensor of the action /; takes the form

D _ 1 2 (a)
0y = zGe”+6
(@) M(v ) o " (447)
9#% = T;g) — %(Vuvv — guuD)§02~
After going over to My, only the term Ol(ff)) , which represents the improved energy—
momentum tensor of theory (4.45), remains.

2. The invariant action /1 can be considered as a simple theory describing the
dynamics of scalar and gravitational fields. Varying I; with respect to ¢ and g,
yields the following equations of motion:

—Op+ tRp+4fp> =0
§Gwp” +68) =0.

These equations possess an unusual property. Namely, the trace of the second
equation has the form

o(-Op+ tRp+4fp*) =0

which means that either ¢ = 0 or the first equation is a consequence of the second
one.

The solution ¢ = 0 is not interesting, since the gravitational equation in this
case becomes trivial. If we could impose the classical condition ¢ = v # 0,
the gravitational equation would be reduced to Einstein’s form. This would solve
the problem of a long-range limit for the theory, an important problem in the
construction of realistic Weyl theory. However, the equation ¢ = v explicitly
violates Weyl invariance, which leads to certain problems at the quantum level.
There is another mechanism, known as spontaneous symmetry breaking, which
yields the equation ¢ = v dynamically (as a solution of the classical equations
of motion) and obeys quantum consistency requirements. Complex scalar fields
play an interesting role in this mechanism (Domokos 1976).

This dependence of the equations of motion is not a specific property of
this particular model, but is essentially a consequence of gauge invariance. The
change of the action I = I[¢, g,v] under (4.44) has the form

81 81 5 81 (4.480)
—_=— - —0. 48a
5 g T 5pY
If the action describes a complete theory, then W; invariance of / implies that the
trace of the equation of motion for g,,, is proportional to the equation of motion
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for ¢. On the other hand, if I describes matter fields, I = Iy, then the previous

equation becomes
SIm SIm
— =g - —0. 4.48b
Sh g 8uv 3¢ @ ( )
Using the invariance of the action and the equations of motion for ¢, we find that
the trace of the energy—momentum tensor vanishes. These results shed a new light

on the related considerations in M4 (chapter 2).

3. In order to clarify the dynamical role of the improved energy—momentum
tensor in gravity, we shall now try to find an answer to the following question:

Can the improved energy—momentum tensor be the source of gravity?

Consider Einstein’s gravitation in interaction with massive scalar field theory,
described by the action (Coleman 1973a)

L= [d* =g[—aR + (Ls + 5 Re?)]

1 1,22 4 (4.49)
Ls = 58"0,900vp — sm~p~ + fo°.
This theory is not Weyl invariant due to the presence of a R and m?¢? terms. The
equations of motion for ¢ and g, are

—O+mHe+ LR +4fp* =0
(—2a + 9" Gy = —O

where 9};3) is the improved energy—momentum tensor of the massive, scalar field
theory,
0 = 0,900 — guvLs — §(VuVu — gu)e?.

Without the Rg? term in I», the equation of motion for ¢ satisfies the
principle of equivalence: locally, in a convenient reference frame, it can be
reduced to a form valid in the absence of gravity,

—(@+m*p +4fe* =0.

But then, the source of gravity in the second equation is the Belinfante energy—
momentum tensor.

The presence of the Rg? term in I> implies that the source of gravity is the
improved energy—momentum tensor, but the equation of motion for ¢ seems to
violate the principle of equivalence: the R¢ term looks like the gravitational effect
that cannot be transformed away by any choice of reference frame. However, this
effect can be ignored classically. Indeed, the trace of the second equation of
motion,

(—2a + 59 (=R) = —2m*p? —4f¢* + ¢Op)
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combined with the first one, leads to the relation —2aR = m?@?. Substituting
this into the first equation, we obtain

2
2 m 3
—O+m)e+4|f——— )¢ =0
48a
which is equivalent to the original equation for ¢. The only effect of the Ry term
is to change the ¢ interaction constant slightly, i.e. the short-range interaction of
the scalar field with itself (1/a is proportional to the gravitational constant). This
change is irrelevant in the classical region.

Thus, in gravitational theory (4.49) the principle of equivalence effectively
holds in the classical region. In this sense, the conventional theory of gravity
interacting with scalar fields can be consistently deformed, so that the source of
gravity is given by the improved energy—momentum tensor.

Goldstone bosons as compensators

We shall now show how an action that is not invariant under local rescalings can
be extended and become invariant by introducing an additional scalar field—the
compensator (Zumino 1970, Bergshoeff 1983, see also chapter 2). This field has a
very simple transformation law so that, using the gauge symmetry of the extended
theory, it can be easily eliminated by imposing an algebraic gauge condition.
There are several reasons for such a modification of the original theory:

(a) the existence of higher symmetries is often more convenient in the process
of quantization;

(b) the rules for treating higher symmetries are sometimes better known
(conformal symmetry in supegravity); and

(c) the scalar field is helpful in transforming a nonlinear realization of symmetry
into a linear one.

We begin by considering the mass term of the scalar field in Vg,

—im*/=gp?

which is not invariant under W; since 8,/—g = 4A, 89> = —2iA. We may,
however, introduce a new scalar field ¢ (x) of weight w = —1, and parametrize it
in the form

¢ (x) = ve® D/ (4.50a)

where we assume (¢)g = v, i.e. o (x) is the Goldstone boson. The transformation
law of ¢ under W; may be inferred from that of the field ¢:

80 = —vh. (4.50b)

It is now easy to see that the expression

_ %m2ﬁw2620/v
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is W; invariant, which justifies calling o the compensator. Expanding the
exponential in o we obtain the mass term for ¢, as well as some interaction terms.

An invariant action for the Goldstone boson ¢ itself may be obtained from
equation (4.46) with f = 0, replacing ¢ by the expression (4.50a). Expanding
the exponential in o we obtain

Iy = /d4x «/—g[%g’“’aﬂaavo + %U2R(1 +20/v+ 202 /02 + ).

The field o is massless unless W, symmetry is explicitly broken. We could try to
produce the mass term for o by adding the following W;-invariant term to /,:

1,22 4
— T v/ —ge /v,

On expanding in o we find that the quadratic term looks like the mass term for o
However, this expression is not acceptable since it does not vanish at the spatial
infinity where 0 — 0. The mass term for o can be generated by adding to the
action a term that explicitly breaks W, symmetry, such as

_11_6M2v2\/__g(620/v _ 1)2.

Our next example is the Dirac action in V4. Although the kinetic term is W;
invariant, the mass term is not, but it can be easily generalized to the W;-invariant
form by adding a suitable compensator:

—m/—gype’!?.

It is interesting to note that Einstein’s GR can also be extended in this way.
Indeed, after introducing g,,, = gwez"/ Y, the gauge-invariant extension of GR is

given by
Ig = Ig[g] = —a / d*x /—gR(3).

Returning to the original variables we obtain

Ie=—a / d*x V/=ge?/'[R(g) — 600]e°/".

Gauge symmetry allows us to choose the gauge condition o = 0, which leads us
back to the original theory.

The same construction can be applied to an arbitrary field theory. Let &,
be a set of fields, transforming under W; according to &, — @ edar and I1[D,]
their classical action. Then, the gauge-invariant extension of this theory has the
form

[=1[®,] &,= e/ (4.51)

where the @, are new, W-invariant fields. Gauge symmetry enables us to return
to the original action by choosing o = 0. Of course, other gauge conditions are
also possible.
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A further simple example is the theory of massive vector field in My,
Ly =—1G*A) +1m?*A?  Gu=8,A, —8,A, (4.52a)

which is not invariant under U (1) gauge transformations: A, = d,A. After
introducing a scalar field B(x) transforming as § B = —m A, we can define a new,
gauge-invariant field as

_ 1 _
A=A, +—0,B 8A,=0.
m
Then, a gauge-invariant extension of the original theory is given by
Ly = Ly(A) = —1G*(A) + im*A*> —m(3 - A)B + 1(3,B)*.

Choosing B = 0 we return to the original formulation. Alternatively, gauge
symmetry can be violated by adding to Ly the non-invariant term

Lor=—-3@-A—B)>.
The resulting theory takes the form
Ly + Lor = $A, O+ m*A* — L B@O+m?)B (4.52b)
which is very suitable for quantization.

General remarks

Here we give some brief comments on some typical Weyl gauge theories.

1. The massless scalar ¢* theory can be made Weyl invariant in Riemann space
V4 by adding the term Rg?, as in equation (4.46). A more general class of theories
is obtained by going to Weyl space Wa:

Iz = /d4x b%(g“”é);(pa:(p + a)g02R - %F2 + f<p4)

where w is a parameter. The Hamiltonian structure of this theory has been studied
and used to clarify its relation to GR (Omote and Kasuya 1977).

2. There have been attempts to obtain GR as a long distance effective theory of
the following fundamental (quantum) Weyl-invariant action in Vj:

I :/d4x«/—gCijk1Cijkl.

The curvature term R is induced by radiative corrections, breaking thereby the
original Weyl gauge symmetry dynamically (Adler 1982, Zee 1983).
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3. In Riemann space there are only three invariants quadratic in curvature:
Rijii RV, R;j RV and R?. Using the Gauss-Bonnet theorem,

/d4x «/—g(RijklR"jkl —4R;; RY + R?) = constant

we find that only two of them are independent; for instance, R? and
C,’jklcijkl = R,'jklRijkl — 2R;; RY + %RZ = 2(R;j RY — %RZ).

The quantity C? gives a Weyl gauge-invariant contribution to the action, while R?
does not. However, introducing a new scalar field we can improve the R? term
without going to Wy:

k::]lﬁxJ:§<R——%?>{

The most general action, which is at most quadratic in curvature and has Weyl
gauge symmetry in Vj, has the form (Antoniadis and Tsamis 1984, Antoniadis et
al 1985)

LL=aly+ Bls +yl.

4. Weyl-invariant theory can be constructed not only in V4, but also in Us. By
analysing the massless Dirac field and the gravitational action

Is =/d4x b(sz

we can show that the Us geometry, supplied with some additional (conformal)
structure, provides a natural framework for the description of Weyl symmetry of
matter and gravity, in which the trace of the torsion plays the role of the Weyl
gauge field (Obukhov 1982).

The general structure of the Uj theory is considerably restricted by
demanding the invariance under complex rescalings (Fukui ez al 1985).

5. There is an interesting discussion, based on the action
I =1+ / d4x A/ —gW,lew Wp.v = R)L)Llw

in Weyl space Wi, regarding the connection between Weyl invariance and the
observed, effective Riemannian structure of the physical spacetime (Hochberg
and Plunien 1991).



104 Weyl gauge theory

6. Now, we turn our attention to Weyl-Cartan space Y4. Weyl’s action (4.42)
can be directly generalized to the Y4 space (Charap and Tait 1974),

Is = /d4x b(aR*+ BF?)
which is also true for /3 (Kasuya 1975, Hayashi and Kugo 1979, Nieh 1982).

7. Conformal gauge theory is defined in terms of the gauge fields Al 1 b w Bu
and C',, corresponding to the generators M;;, P;, D and K;. Consider the action

Iy = / d*x BEM g1 RY 1, (M)RM 5, (M)

where EFV* = glv* /b If we impose the ‘standard’ condition R?,,,(P) = 0
(no torsion), which relates A , and b',, and use the equation of motion for C*,,
then

~

Cp,v = _}T(ﬁuv - %guvﬁ) Rp,v = RMV(A)|B:C=0~

After eliminating gauge potentials A"/ wand C i > the action takes the form
I = / d*x bCH*C pip.

In this way, the original conformal gauge theory, with 15 gauge potentials, is
reduced to the Weyl invariant theory in V4, with four gauge potentials (De Wit
1981, Kaku 1982, see also Nepomechie 1984).

8. As far as the symmetry is concerned, the term @272 in the action is as
good as (sz, but it has not been studied in the context of Y4 theories. The
phenomenological value of such a term has been discussed in the framework of
more general (L4, g) geometry (Sijacki 1982, Ne’eman and Sijacki 1988).

9. In physical theories we find two very different scales, quantum (microscopic)
and gravitational (macroscopic), the ratio of which determines the so-called
big numbers. Trying to find a deeper explanation of these phenomena, Dirac
studied the possibility that the factor of proportionality between quantum and
gravitational units may be time dependent (Dirac 1973). This idea can be naturally
considered in the framework of WGT, where physical laws are the same for the
observers using instruments with different scales (Canuto et al 1976).

10. A fundamental problem concerning any Weyl theory is the question of its
long-range limit, in which scale invariance should be broken. This problem may
be solved by using the mechanism of spontaneous symmetry breaking, which
obeys certain quantum consistency requirements. Scalar matter fields are here
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of particular importance, since they ensure spontaneous breaking of Weyl gauge
symmetry. This is completely different from the role of the scalar field in the
scalar—tensor theory of gravity (Brans and Dicke 1961, Smalley 1986, Kim 1986).

The vanishing of the cosmological constant can be treated in WGT as a

dynamical question (Antoniadis and Tsamis 1984). The presence of R> terms
in the action improves the quantum renormalizability properties of the theory,
but, at the same time, leads to problems with unitarity. These issues, as well as
the stability of the ground state, are very difficult problems, the solution of which
are necessary to give a complete phenomenological foundation to Weyl theory.

Exercises

1.

10.

Formulate a gauge theory based on dilatation symmetry only and derive the
transformation laws of the compensating fields.

%
Use the transformation rules for ¢ and V¢ in WGT to show that
8oLy +& - 0Ly +4pLy = 0.

Then derive the invariance condition for ZM = bE{v[.
Write the Euler-Lagrange field equations for the free (a) massless Dirac and
(b) electromagnetic field, in WGT.

(a) Find the transformation law for K# = 8£~M / 8%,145, and define %UK K,

(b) Show that the equations of motion for matter fields can be written in the
Weyl-covariant form.

(c) Apply this result to the free (i) massless Dirac and (ii) electromagnetic
field in WGT, and compare these calculations with those in exercise 3.

Find the transformation laws of the field strengths in WGT and determine

their weights.

Derive the Bianchi identities in WGT. .

Use the equations of motion to check the identity V,6* = t#, for the free

(i) massless Dirac field and (ii) electromagnetic field (see example 3).

~ *
Use the general form of the matter Lagrangian, Ly = bLwm(¢, Vi), and
the related field equations to prove

(a) the equality of the covariant and dynamical dilatation currents; and
k

(b) the differential identity V6 = 7/ .

Derive the equations of motion for WGT, defined by the action

I = /d4x b(aF* + BF F'*)
where F = F,;, Fyx = hi*hi" (3, B, — 3, By).

Consider a W;-invariant scalar field theory in V4. Show that after the
transition to My, this theory becomes invariant under the global SCT.
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11.

12.

13.

14.
15.

16.

Weyl gauge theory

Let g, = sguv-
(a) Express R” 5, (g") in terms of R ;3. (g).
(b) Prove the equation

R;w(gr) = R;w - Vp,sv - %gﬂkask - %guvsksk + %Susv

where s, = 9, Ins, s* = g"'s,, and V,, is the covariant derivative in

(Va, g;w)-
(c) Derive the corresponding relation for R.

Consider conformal coordinate transformations in M4, with some conformal
factor s: x’ = x + &, 1" = sn. Show that the condition R,,,(sn) = 0 is
equivalent to the conformal Killing equation (2.20b) in M.

The action that describes the interaction of the electromagnetic and complex
scalar fields in Vy is given by

1= /d4x V=gl38" (3 +ieA )9 (3, —ieA)p
+ 1R 0 — Mg 0)* — 18" 8" Fuy Fpal.

Show that it is invariant under Weyl rescalings.

Show that the Dirac action in V4 is W; invariant, except for the mass term.
Let R be the scalar curvature of Weyl space W4, with the connection (4.30),
and R be the corresponding Riemannian curvature. Prove the following
identities:

Riuyrp = —8uvVirgpl
R=R+3Vu0" — 300"

where V, is Riemannian covariant derivative.
Find the transformation rules of the Weyl tensor Cjjx; under

(a) Weyl rescalings and
(b) W(l1, 3) gauge transformations.



Chapter 5

Hamiltonian dynamics

Classical dynamics is usually considered to be the first level in the development
of our understanding of the physical laws in Nature, which today is based on
quantum theory. Despite the many successes of quantum theory in describing
basic physical phenomena, it is continually running into difficulties in some
specific physical situations. Thus, all attempts to quantize the theory of gravity
have encountered serious difficulties. In order to find a solution to these problems,
it seems to be useful to reconsider the fundamental principles of classical
dynamics. In this context, the principles of Hamiltonian dynamics are seen to
be of great importance not only for a basic understanding of classical theory, but
also for its quantization.

The theories of basic physical interactions, such as the electroweak theory
or GR, are theories with gauge symmetries. In gauge theories the number
of dynamical variables in the action is larger than the number of variables
required by the physics. The presence of unphysical variables is closely
related to the existence of gauge symmetries, which are defined by unphysical
transformations of dynamical variables. Dynamical systems of this type are
also called singular, and their analysis demands a generalization of the usual
methods. In the Hamiltonian formalism they are characterized by the presence
of constraints.

A systematic investigation of constrained Hamiltonian systems began more
than 50 years ago, with the work of Bergmann, Dirac and others. The Hamiltonian
formulation results in a clear picture of the physical degrees of freedom and gauge
symmetries and enables a thorough understanding of constrained dynamics. The
resulting classical structure had an important influence not only on the foundation
of the canonical methods of quantization but also on the development of covariant
path-integral quantization. In the first part of this chapter we shall present the
basic ideas of Dirac’s method (Dirac 1964, Hanson et al 1976, Sundermeyer
1982, Henneaux and Teitelboim 1992), and develop a systematic approach to
the construction of the gauge generators on the basis of the known Hamiltonian
structure (Castellani 1982).

107
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PGT represents a natural extension of the gauge principle to spacetime
symmetries. In the second section we present a Hamiltonian analysis of the
general Uy theory of gravity. This leads to a simple form of the gravitational
Hamiltonian, representing a generalization of the canonical Arnowitt—-Deser—
Misner (ADM) Hamiltonian from GR (Arnowitt et al 1962, Nikoli¢ 1984) and
enables a clear understanding of the interrelation between the dynamical and
geometric aspects of the theory. Then, in the third section, we analyse two specific
but important examples: Einstein—Cartan theory without matter fields, which is
equivalent to GR (Nikoli¢ 1995), and teleparallel theory (Blagojevi¢ and Nikoli¢
2000, Blagojevi¢ and Vasili¢ 2000a). The first model represents the basis for a
simple transition to Ashtekar’s formulation of GR, in which encouraging results
concerning the quantization of gravity are obtained (appendix E).

The results obtained here will be used in the next chapter to construct gauge
generators and solve the important problem of the conservation laws in the Uy
theory of gravity.

5.1 Constrained Hamiltonian dynamics

Introduction to Dirac’s theory

Primary constraints. In order to simplify the exposition of the Hamiltonian
dynamics, we shall start by considering a classical system involving only a finite
number of degrees of freedom, described by coordinates g; (i = 1,2,..., N) and
the action

I:/dtL(q,c}). (5.1)

To go over to the Hamiltonian formalism we introduce, in the usual way, the
momentum variables:

aL . .
pi=-—=fi(qg.q9) (=12...,N). (5.2)

9gi

In simple dynamical theories these relations can be inverted, so that all the
velocities can be expressed in terms of the coordinates and momenta, whereupon
we can simply define the Hamiltonian function. In this case relations (5.2) define
the momenta as independent functions of the velocities. However, for many
interesting theories, such as non-Abelian gauge theories or gravitational theories,
such an assumption would be too restrictive. Therefore, we shall allow for the
possibility that momentum variables are not independent functions of velocities,
i.e. that there exist constraints:

m(g,p)=0 (m=1,2,...,P). (5.3a)

The variables (g, p) are local coordinates of the phase space I' on which
the Hamiltonian dynamics is formulated. Relations (5.3a) are called primary
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constraints; they determine a subspace I'1 of I', in which a dynamical system
develops over time.

The geometric structure of the subspace I'; can be very complicated. We
shall assume for simplicity that the rank of the matrix d¢,,/d(q, p) is constant
on I'1. Moreover, we shall assume that the functions ¢, satisfy the following
regularity condition:

All the constraint functions ¢, are independentf, i.e. the Jacobian
J = 0¢n/0(q, p) is of rank P on I'y.

Accordingly, the dimension of I'; is well defined and equal to 2N — P.

The choice of functions ¢,,, defining a given subspace I'1, is not unique.
The regularity condition on the Jacobian imposes certain restrictions on the form
of ¢,,. Thus, e.g., the surface determined by p; = 0 can be equivalently written as
p% = 0. However, since rank(7) in these two cases is one and zero, respectively,
the second form is not admissible.

Weak and strong equalities. It is now useful to introduce the notions of weak
and strong equality. Let F' (g, p) be a function which is defined and differentiable
in a neighbourhood O; C T containing the subspace I';. If the restriction of
F(q, p) on I'1 vanishes, we say that F is weakly equal to zero. Weak equality
will be denoted by the symbol ~:

F(g,p)~0 <<= F(q,p)lr, =0.

If the function F and all its first derivatives vanish on I'y, then F is strongly equal
to zero:

For strong equality we shall use the usual equality sign. This definition will
be especially useful in the analysis of the equations of motion which contain
derivatives of functions on I'y.

By using these conventions, relations (5.3a), which define I'1, can be written
as weak equalities:

n(@. p)~0  (m=12,..., P). (5.3b)

This equality is not the strong one, since there exist non-vanishing derivatives
of ¢, on I'1. Indeed, if we solve the constraints for P momentum variables
and writes them as ¢, = pm — gm(qi, pa), Wherea = P + 1,..., N, then
3¢ /0p, = &), and this does not vanish for n = m.

It is now interesting to clarify the relation between strong and weak
equalities: if a phase-space function F vanishes weakly, F ~ 0, what can we

7 Independent constraints are called irreducible, otherwise, if rank(JJ) < P, they are reducible. Our
discussion will be restricted to the irreducible case.
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say about the derivatives of ' on I'1? By varying F on I'1 we find that

oF oF
SF|r, = 3_q~8qi + 3_p~5pi
1 1

=0.
I

Here we should take into account that 2N variations g and &p are not
independent but satisfy P constraints:
a¢m 8¢m

5qi +
ag; = opi

épi = 0.

By use of the general method of the calculus of variations with constraints (ter
Haar 1971), the previous variational problem leads to the equations
oF —)J”aqu ~0 oF —)J"aqu

I R ~ (0
9gi 9qi opi api

where A™ are some multipliers. These 2N equations, together with (5.3),
determine the conditions satisfied by 9 F/dq, d F/dp and A" on I';. They imply
the relations

d

d
(F —A"¢m) =0 —(F=1"¢m) =0
9gi api

from which we deduce
F =My ~0O

where O is a quantity with weakly vanishing derivatives: it can be zero, a constant
or a second or higher power of a constraint. It is interesting to note that for theories
in which the constraint functions ¢,, satisfy this regularity condition, we can prove
that @ = 0 (Henneaux and Teitelboim 1992); in other words,

If F ~ 0then F = A" ¢p,.

Total Hamiltonian and the equations of motion. Having introduced these
definitions, we now return to a further development of the Hamiltonian formalism.
Let us consider the quantity

H. = piqi — L(q, q)- (5.4)
By making variations in ¢ and ¢ we find that

) ) aL oL . ) aL

8He = épiqi + pidqi — 7—38qi — ——98q4i ® dpiqi — —38qi  (5.5)
9qi 9qi 9qi

after using the definition of the momentum variables (5.2). Thus, we see that

the velocities enter H; only through the combination p = f(q, ¢), so that H,

can be expressed in terms of gs and ps only and is independent of the velocities.

Expressed in this way it becomes the canonical Hamiltonian.
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Relation (5.5) is a weak equation and it holds only for those variations of gs
and ps that are consistent with constraints. The variations with constraints, as we
have seen, can be treated with the help of multipliers. Let us, therefore, introduce
the fotal Hamiltonian

Hr = H. + um¢m (5.6)

where u™ are arbitrary multipliers. By varying this expression with respect to
(u, q, p) we obtain the constraints (5.3) and the equations

OHe | n0n _
opi opi
dH, L APm oL
dqi 9qi dqi
where the last equality follows from the Euler-Lagrange equations and the
definition of momenta. In this way we obtain the Hamiltonian equations of
motion involving arbitrary multipliers ™, as a consequence of the existence of

constraints.
Let us now introduce the Poisson bracket (PB):

{A,B}Eﬁﬁ—%ﬁ. (5.8)
dg; dp;  dp; 0q;
The equation of motion of an arbitrary dynamical quantity g(q, p),
. 0g. 08 .
§= a_qiqi + a—pipi
after substituting for the values ¢ and ¢ from the Hamiltonian equations (5.7), can
be written in a concise form:

& ={g. Hc} +u"{g, ¢m} ~ {g. Hr}. (5.9)

The last step in this relation demands an explanation. Since Ht contains arbitrary
multipliers that are not functions of gs and ps, the Poisson bracket {g, Ht} is not
determined in the sense of equation (5.8). However, by using the formal properties
of the PB operation applied to the sum and product of functions, we can write

{g. Hr} = {g. He} + (g, u" ¢m}
={g, He} + u™{g, om} + {g, u" }m.

The quantity {g, ™} is not defined, but the last term can be neglected as it
vanishes weakly, whereupon we obtain (5.9). Bearing in mind that this term will
always be neglected, the weak equality in (5.9) will be replaced by the usual
equality, for simplicity.

Equations (5.9) describe the motion of a system in the subspace I'y of
dimension 2N — P. The motion is described by 2N coordinates (g, p) satisfying
P constraints; as a consequence, P multipliers in the evolution equations appear.
Explicit elimination of some coordinates is possible but it often leads to a violation
of locality and/or covariance of the formalism.

(5.7)
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Consistency conditions. The basic consistency of the theory requires that the
primary constraints be conserved during the dynamical evolution of the system.
The equations of motion (5.9) lead to the consistency conditions

G = {Pm, He} + u™ {@m, ¢} ~ 0. (5.10)

If the equations of motion are consistent, these conditions reduce to one of the
following three cases:

(a) the first type of condition reduces to an identity, 0=0, i.e. it is automatically
satisfied after using the primary constraints;

(b) the next reduces to an equation which is independent of the multipliers u",
yielding a new, secondary constraint: x(q, p) =~ 0; and

(c) finally, an equation in (5.10) may impose a restriction on the u”s.

If we find some secondary constraints in the theory, they also have to
satisfy consistency conditions of the type (5.10). The process continues until
all consistency conditions are exhausted. As a final result we are left with a
number of secondary constraints and a number of conditions on the multipliers.
The secondary constraints are for many purposes treated on the same footing as
the primary constraints. Let us denote all constraints in the theory as

Os = (Dm, xn) =0 (s=1...,P,P+1,...,P4+Y9) (5.11)

where P is the number of primary and S the number of all secondary constraints.

These constraints define a subspace I'» of the phase space I', such that I'y C I'y.

The notions of weak and strong equalities are now defined with respect to I';.
The consistency conditions on the constraints ¢, yield relations

@5 = {@s, Hel +u"™{@5, @} 0 (s=1,...,P+S) (5.12)

some of which are identically satisfied, while the others represent non-trivial
conditions on ™. We shall consider (5.12) as a set of linear inhomogeneous
equations in the unknown u™. If V"(q,p) (@ = 1,2,..., N1) are all the
independent solutions of the homogeneous equations, V. {gs, ¢} ~ 0, and
U™(q, p) are particular solutions of the inhomogeneous equations, then the
general solution for u™ takes the form

u" = UM V"

where v = v?(t) are arbitrary coefficients. After that, the total Hamiltonian
becomes

Hr = H +v¢, (a=1,2,...,N)) (5.13)
where

H,ZHc‘i‘Um(ﬁm (ba:V;n(bm'

Thus, we see that even after all consistency requirements are satisfied, we
still have arbitrary functions of time in the theory. As a consequence, dynamical
variables at some future instant of time are not uniquely determined by their initial
values.
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First and second class quantities. A dynamical variable R(gq, p) is said to be
first class (FC) if it has weakly vanishing PBs with all constraints in the theory:

(R, 05} ~ 0. (5.14)

If R is not first class, it is called second class. While the distinction between
primary and secondary constraints is of little importance in the final form of the
Hamiltonian theory, we shall see that the property of being FC or second class is
essential for the dynamical interpretation of constraints.

We have seen that (in a regular theory) any weakly vanishing quantity is
strongly equal to a linear combination of constraints. Therefore, if the quantity
R(q, p) is FC, it satisfies the strong equality

{R, s} = RS 1.

From this we can infer, by virtue of the Jacobi identity, that the PB of two FC
constraints is also FC:

{{Rv S}v (Ps} = {{Rv ¢S}7 S} - {{Sv §0S}7 R}
= {Ry"¢r, S} — {Ss" ¢, R}
= Rsr{(pr’ S} + {Rsr’ S}(pr - Ssr{ﬁora R} - {Ssr’ R}Qor ~ 0.

It should be noted that the quantities H' and ¢,, which determine Hr, are
FC. The number of arbitrary functions of time v?(¢) in Hr is equal to the number
of primary FC (PFC) constraints ¢,.

The presence of arbitrary multipliers in the equations of motion (and their
solutions) means that the variables (g(¢), p(¢)) cannot be uniquely determined
from given initial values (g (0), p(0)); therefore, they do not have a direct physical
meaning. Physical information about a system can be obtained from functions
A(q, p), defined on a constraint surface, that are independent of arbitrary
multipliers; such functions are called (classical) observables. The physical state
of a system at time ¢ is determined by the complete set of observables at that time.

In order to illustrate these ideas, let us consider a general dynamical variable
g(t) att = 0, and its change after a short time interval §z. The initial value g(0) is
determined by (g (0), p(0)). The value of g(¢) at time §¢ can be calculated from
the equations of motion:

g(81) = g(0) + 8tg = g(0) + 8t{g, Hr}
=g(0) + 81[{g, H'} + v*{g, ¢a}].

Since the coefficients v*(¢) are completely arbitrary, we can take different values
for these coefficients and obtain different values for g(6¢), the difference being of
the form

Ag(d1) = (g, ¢a} (5.15)
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where ¢4 = §t(v§ — v{). This change of g(6¢) is unphysical, as g1(5t) and
g2(8t) = g1(6t) + Ag(8t) correspond to the same physical state. We come
to the conclusion that PFC constraints generate unphysical transformations of
dynamical variables, known as gauge transformations, that do not change the
physical state of our system.

The application of two successive transformations of the type (5.15),
with parameters &{ and &f, yields a result that depends on the order of the
transformations. The difference in the two possible results is

(A1Ay — A A1) (1) = S€51iLg, Db, da) — ({8 Pa), D))
= eleb(g, (bar D)}

where the last equality is obtained by virtue of the Jacobi identity. This leads
us to conclude that the quantity {¢,, ¢} is also the generator of unphysical
transformations. Since ¢, are FC constraints, their PB is strongly equal to a
linear combinations of FC constraints. We expect that this linear combination
will also contain secondary FC constraints, and this is really seen to be the case in
practice. Therefore, secondary FC constraints are also generators of unphysical
transformations.

These considerations do not allow us to conclude that all secondary FC
constraints are generators of unphysical transformations. Dirac believed this to
be true, but was unable to prove it (‘Dirac’s conjecture’). The answer to this
problem will be given in the next subsection.

Can secondary FC constraints appear in Ht? Sometimes certain dynamical
variables g, = A? play the role of arbitrary multipliers. They appear linearly
in the canonical Hamiltonian in the form A“y,, while, at the same time, there
exist PFC constraints of the form p, ~ 0. The consistency conditions of p, yield
Xa ~ 0, i.e. the x, are secondary constraints. They are FC, since the variables A¢
are arbitrary functions of time. Indeed, the PFC constraints p, =~ 0 are present
in Hr in the form v p,, so that the equations of motion for A% are given as
A ~ v¥%; therefore, A? (as well as v?) are arbitrary functions of time, and Ht
contains secondary FC constraints. This is the case in electrodynamics, as well as
in gravitation.

The Hamiltonian dynamics based on Ht is known to be equivalent to the
related Lagrangian dynamics. Hence, the maximal number of arbitrary multipliers
in Hr is determined by the nature of the gauge symmetries in the action.

Example 1. Consider the system described by the Lagrangian
L=3G)* + @i + (1 —a0)qi1g2 + 1B(q1 — q2)*.

From the definition of momenta, p; = §1 + q2, p2 = (1 — a)q1, we find one
primary constraint,

¢ = p2+ (@ — gy ~0.
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The canonical and total Hamiltonian are

He=Y(p1 — q2)* = 1B(q1 — @2)?
Hr = H. +u¢.

The consistency condition of ¢ leads to the relation

x=¢={¢, Hr} = a(p1 —q2) — Blg1 —q2) = 0
the meaning of which depends on the values of constants « and .

(a) « =0, B = 0. The consistency of the primary constraint ¢ = pr — g1 is
automatically satisfied, ¢ is FC, and the multiplier # remains arbitrary.
For further analysis it is useful to have a general expression for y:

% = {x, Ht}) = —Bl(p1 — q2) — a(q1 — q2)] + (B — aP)u ~ 0.

(b) « = 0, B # 0. The consistency of the primary constraint ¢ = py — g
yields secondary constraint x = —B(q1 — g2) =~ 0. The consistency of x
restricts the multiplier u: u = p; — g2. Both ¢ and x are second class.

(c) @ # 0. From the general consistency condition of x we can see that
further analysis depends essentially on the value of f — o2

(c) If B = o2, we find that ¥ = —(B/a)x, so that there are no new
constraints. Since {¢, x} = 0, the constraints ¢ and x are FC, and u remains
undetermined.

(c2) If, on the other hand, B # «?, the consistency for x determines u:
u ~ (B/a)(q1 — q2), after using y. The constraints ¢ and x are second
class.

The extended Hamiltonian. We have seen that gauge transformations,
generated by FC constraints, do not change the physical state of a system. This
suggests the possibility of generalizing the equations of motion by allowing any
evolution of dynamical variables that does not change the physical states. To
realize this idea we introduce the extended Hamiltonian,

He = H' +v'"%¢1, + v ¢y (5.16)

containing both primary (¢1,) and secondary (¢25) FC constraints, multiplied by
arbitrary functions of time. In the formalism based on the extended Hamiltonian
all gauge freedoms are manifestly present in the dynamics, and any differences
between primary and secondary FC constraints are completely absent.

The equations of motion following from Hg are not equivalent with the
Euler-Lagrange equations, but the difference is unphysical.
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Dirac brackets. Having clarified the meaning and importance of FC
constraints, we now turn our attention to second-class constraints. To keep
the discussion simple, let us start with a simple example of two second-class
constraints:

q1 ~0 p1~0.

Using second-class constraints as generators of gauge transformations may lead
to contradictions, as they do not preserve all the constraints. Thus, e.g., starting
with F = p1y¥(g) ~ 0, where ¢ # 0, we can calculate § F = ¢{q1, F} = ¢,
and find that § F # 0. Since the constraints are weak equalities, they should not
be used before the calculations of PBs. These equations suggest that the variables
(g1, p1) are not of any importance, and can be completely eliminated from the
theory. We shall do that by introducing a modified PB in which the variables
(q1, p1) are discarded:

af dg  df og
{f,g}*=2<a————— .
iz \0di dpi  dp; 9q;

After that, the constraints g1 =~ 0, p; & 0 can be treated as strong equations. The
resulting theory is defined only in terms of the variables (g;, p;), i # 1.

The idea can be generalized to arbitrary second-class constraints. The
presence of second-class constraints means that there are dynamical degrees of
freedom in the theory that are of no importance. In order to be able to eliminate
these variables, it is necessary to set up a new PB referring only to dynamically
important degrees of freedom.

After finding all FC constraints ¢, (@ = 1,2,..., N1), the remaining
constraints 65 (s = 1,2,..., Np) are second class. The matrix A,y = {6,, 6}
is non-singular. Indeed, if A, were singular, i.e. det(A,;) = 0, then the equation
A¥{6,, 85} = 0 would have a non-trivial solution for A*, and, consequently, the
linear combination A*6; would be FC. However, this is impossible by assumption.

The number of second-class constraints N> must be even, as the matrix A is
antisymmetric. This follows from the property that each antisymmetric matrix of
odd order has a vanishing determinant, which is not the case with A.

Because A is non-singular, we can define its inverse Al The new PB is
now defined by

U8V =1{f gt — {63016, &) (5.17)

and is called the Dirac bracket. It is easy to check that the Dirac bracket satisfies
all the standard properties of a PB: it is antisymmetric, linear, obeys the product
law and Jacobi’s identity.

The Dirac bracket of any second-class constraint with an arbitrary variable
vanishes by construction:

{Oms &Y = {Om, &) — {6, 0, )A,1{05, 8) = 0
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because {0, 9r}A7s1 = d,s. This means that after the Dirac brackets are
constructed, second-class constraints 8,, & 0 can be treated as strong equations.
The equations of motion (5.9) can be written in terms of the Dirac brackets:

¢~ {g, Hr}". (5.18)

This follows from {6,,, Ht} ~ 0, since Hrt is FC.
Now, we can clearly see the meaning of and the difference between FC and
second-class constraints.

FC constraints generate unphysical transformations, while second-
class constraints, after the introduction of Dirac brackets, are treated
as strong equations.

The construction of Dirac brackets in theories with a lot of second-class
constraints can be simplified by using their iterative property:

(i) we first construct preliminary Dirac brackets by using a subset of second-
class constraints; then,

(ii)) we use a new subset of the remaining constraints, and construct new Dirac
brackets, using the preliminary brackets instead of the Poisson ones in (5.17),
and so on.

The process continues until all second-class constraints are exhausted.

Example 2. Let us calculate the Dirac brackets in the cases (b) and (c2) of
example 1. In the first case there are two second-class constraints,

01 =p2—qi 0, = —B(q1 — q2)

with the PB is {0, 6o} = —B. From this we easily find the matrices A and AL
and then the Dirac brackets:

{A, B} ={A, B} — (1/B)I{A, 0:1}{6, B} — {A, 62}{61, B}].
The second case is characterized by the constraints

01 =p2+ (@ — g 0 = a(p1 —q2) — B(q1 — q2)

so that {#1, 6>} = o> — B. The Dirac brackets follow easily.

Gauge conditions. We have seen that the presence of FC constraints is related
to the existence of gauge symmetries, which describe unphysical transformations
of dynamical variables. This fact can be used to impose suitable restrictions on the
set of dynamical variables, so as to bring them into a one-to-one correspondence
with the set of all observables. By means of this procedure we can remove any
unobservable gauge freedoms in the description of dynamical variables, without
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changing any observable property of the theory. The restrictions are realized as a
suitable set of gauge conditions:

g, p)~0  (@a=1,2,..., Ne). (5.19q)

In order for €, to be a set of good gauge conditions, the following two
requirements must be satisfied:

(i) Gauge conditions must be accessible, i.e. for any value of (g, p) in the phase
space there must exist a gauge transformation (g, p) — (¢’, p’), such that
Qa4(q', p") ~ 0.

(ii)) Gauge conditions must fix the gauge freedom completely, i.e. there should
be no gauge transformation that preserves (5.19a).

If an arbitrary gauge transformation is determined by N, parameters, then the
first condition is possible only if Npar > Ngc, while the second one implies that
Ngc > Npar (the smaller number of gauge conditions could not fix the gauge
completely). Therefore, the number of gauge conditions must be equal to the
number of independent gauge transformations.

The meaning of these requirements can be made more precise if we specify
the form of the gauge transformations. Let us assume, for instance, that the
dynamical evolution is described by the extended Hamiltonian (5.16), so that all
FC constraints generate gauge transformations, Npar = Ni. Then the number of
gauge conditions becomes equal to the number of independent FC constraints.
The second requirement means that there is no gauge transformation such that
vb{Qa, ¢p} ~ 0 unless v? = 0, which implies

det{Qu, ¢} 0 ¢ = FC. (5.195)

This means that FC constraints together with the related gauge conditions form a
set of second-class constraints. As a consequence, all arbitrary multipliers v” in
HE can be fixed by the consistency conditions:

Qq = (Q, He) ~ {Qq, H'} + vP{Qq, ¢} ~ 0.

After fixing the gauge we can define Dirac brackets and treat both the constraints
and gauge conditions as identities.

These requirements are necessary but not sufficient for the correct gauge
fixing. They guarantee only that the gauge is correctly fixed locally, while the
question of its global validity remains, in general, open. In some cases the
geometry of the problem may be such that global gauge conditions do not even
exist.

First and second-class constraints, together with gauge conditions, define a
subspace I'* of the phase space I', having dimension

N* =2N — 2N; + N»)
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in which the dynamics of independent degrees of freedom is realized. Since the
number of second-class constraints N> is even, the dimension N* is also even.
This counting of independent degrees of freedom is gauge independent, hence it
also holds in the total Hamiltonian formalism.

A similar analysis may be given for the approach based on the total
Hamiltonian. The general construction and some specific features of these gauge
transformations are given in the following subsection.

Generators of gauge symmetries

The unphysical transformations of dynamical variables are often referred to as
local, or gauge, transformations. The term ‘local’ means that the parameters of
the transformations are arbitrary functions of time. Gauge transformations are of
special interest only if they represent a symmetry of the theory. We shall now
describe an algorithm for constructing the generators of all gauge symmetries of
the equations of motion governed by the total Hamiltonian (Castellani 1982). This
analysis will also give an answer to Dirac’s old conjecture that all FC constraints
generate gauge symmetries.

We begin by considering a theory determined by the total Hamiltonian
(5.13) and a complete set of constraints, ¢; =~ 0. Suppose that we have a
trajectory T1(t) = (g(t), p(t)), which starts from a point 7y = (¢(0), p(0)) on
the constraint surface I'p, and satisfies the equations of motion with some fixed
functions v4(¢):

oH’ d
gi = + v“ﬂ
opi opi
. oH' 0 5.20
_pi = + Ua ﬁ ( )
0gi 9q;
vs(q, p) = 0.

Such trajectories will be called dynamical trajectories. Consider now a new,
varied trajectory T>(t) = (gq(t) + doq(t), p(t) + Sop(t)), which starts from
the same point Tp, and satisfies the equations of motion with new functions
v4(t) + Sov(¢). Expanding these equations to first order in the small variations
80q, Sop, Sov® and using (5.20) we obtain

. d d JdHT d¢,
Sogi = | & 1 Sov* —
09 < 09— 3, +o0pj— ap ) api + dov p;
. d d JHT ¢,
—8opi= 1|6 8 Sovt —
0Pi < 09~ 9q; +oopj— ap ) 94 + dov 9

RIoN BIN
Soqi + —5 i =0.
9 04i op; 0P;

These are necessary and sufficient conditions for the varied trajectories to be
dynamical. Transition from one trajectory to another at the same moment of time
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T, (a.0)

Figure 5.1. The Hamiltonian description of gauge transformations.

represents an unphysical or gauge transformation (figure 5.1).
Now let us assume that the variations of dynamical variables are determined
by an arbitrary infinitesimal parameter ¢(¢) and have the canonical form

G
Soqi(t) = e(){qi, G} = 8(t)—8
Di

G (5.21)
Sopi(t) = e){pi. G} = —(t) >

1

where G (g, p) is the generator of this transformation. Then,

. . 0G G
Sogi =é— +¢ey-—, Hr

opi opi
S0 G {SG H}
0pi = —é-— —e 1 —. Hr
l 0gi 0gi

and the conditions that the varied trajectory be dynamical take the form

G G oH d
é‘—+£{—,HT}=—8{G, T}+ ¢a50v“

opi opi api opi
G 0G 0H- 0
é—+£{—,HT}=—£{G, T}+ ¢a80v“
ag; ag; ag; ag;
elgs, G} = 0.

These conditions must be fulfilled for every dynamical trajectory (g(¢), p(t)) at
arbitrary time ¢, i.e. for each point (¢, p) on I'2, and for every v?(¢). They can be
rewritten as

d
—I[éG + &{G, Hr} — ¢adov”] ~ 0
api

d
—I[éG + &{G, Ht} — pa80v?]1 ~ 0
ag;

elps, G} =~ 0.
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From the first two equations we obtain the relation
{F,¢G + ¢{G, Hr} — ¢a80v"} ~ 0

which is valid for every dynamical variable F (g, p). Hence, the expression in
braces is equivalent to a trivial generator:

£G + ¢{G, Ht} — ¢y8pv* = O

where O is zero, a constant or the second (or higher) power of a constraint. The
conditions of solvability with respect to §v?, for arbitrary ¢, & and v?, reduce to

G =1 {G, Hr} = n"¢a

where A%, n® are functions of gs and ps, and the equality of generators is an
equality modulo O.

Summarizing, the necessary and sufficient condition for G to be a gauge
generator has the form

G = Cprc {G, Ht} = Cprc (5.22)

where Cprc is a PFC constraint. Therefore, if the gauge symmetry has the form
(5.21), the generator has to be a PFC constraint, and its PB with Ht must also be
a PFC constraint.
The assumption that the symmetry transformation has the form (5.21), where
a dependence on the derivatives of parameters is absent, is too restrictive for many
physical applications. The most interesting case is when the gauge generator has
the form
G =¢e(t)Go+£(1)Gy. (5.23a)

This discussion can now be repeated with
Soqi(t) ={qi, G} Sopi(t) = {pi, G}
and it leads to the following relations:
[EG1 + &(Go + {G1, Hr}) + &{Go, HT}] — ¢adov” = O
elos, Gob + é{ps, G1} ~ 0

The conditions for solvability with respect to §v¢, for arbitrary ¢, ¢ and v?, have

the form:
G = Cprc

Go +{G1, Ht} = Cprc (5.23b)
{Go, Ht} = Cprc.

Example 2 (continued). Let us find the gauge symmetries for cases (a) and (c1)
of example 1. In the first case there exists one PFC constraint, ¢ = p» — g1, while
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secondary constraints are absent. From condition (5.22) it follows that the gauge
generator has the form G = ¢ and the symmetry transformations are

dop1=¢ dogq2 = ¢ Sp(rest) = 0.

In the second case ¢ is a primary and x a secondary FC constraint. Starting from
G1 = ¢ in (5.23D), the second equation leads to Gg + x = a¢, while the third
condition yields a = —f/a = —«, so that the gauge generator becomes

G =—¢(x +ap)+éo.

From this result we can easily obtain the related transformations of the dynamical
variables. That these transformations do not change the form of the equations of
motion can be directly checked.

In the general case the gauge generator takes the form
G=eP0)Gr+e*V1)Gr + -+ €Gy (5.24q)

where ¢ = d"¢/dr", and the conditions for solvability with respect to Sov®
become
Gr = Cprc

Gi—1 +{Gk, Hr} = Cprc
(5.24b)

{Go, Ht} = Cprc.

Thus, G has to be a PFC constraint and all other G,, (n < k) must be FC
constraints.

These conditions clearly define the procedure for constructing the generator.
We start with an arbitrary PFC constraint G, evaluate its PB with Ht and define
Gk—1, etc. The procedure stops when we obtain the constraint G, for which
the PB with Ht is a PFC constraint. We have assumed that the number of
steps is finite, which is equivalent to assuming that the number of generations
of secondary constraints is finite.

Conditions (5.24b) determine G, only up to PFC constraints. Therefore, at
each stage of the construction of the chain {G,} we should try to add suitable FC
constraints, in order to stop the whole process as soon as possible. In this way
we can find the minimal chain {G,} (the chain that could not have been stopped
earlier by any choice of G,,). It should be observed that the chain also stops if, at
some stage, we obtain {G;, Ht} = x" (n > 2), as the power of constraint x" is
equivalent to the zero generator. In this case the constraint x is not present in the
gauge generator G.

Dirac’s conjecture that all FC constraints generate gauge symmetries is
replaced by the following statement:
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All FC constraints, except those appearing in the consistency conditions
in the form x™ (n > 2), and following from {x, Ht} ~ 0, are parts of
the gauge generator.

We should note that in all relevant physical applications Dirac’s conjecture
remains true. This is of particular importance for the standard quantization
methods, which are based on the assumption that all FC constraints are gauge
generators.

When the gauge generator (5.24a) contains all FC constraints, we can simply
realize the transition to the extended formalism by replacing time derivatives
e® = dkg /dr* with independent gauge parameters.

Electrodynamics

Field theory can be thought of as a mechanical system in which dynamical
variables are defined at each point X of a three-dimensional space, (g;, pi) —
(qix» pix) = (gi(X), pi(X)),i.e. where each index also takes on continuous values,
i = (i, X). Then, a formal generalization of the previous analysis to the case of
field theory becomes rather direct: the sum goes over into an integral (and sum),
partial derivatives into functional derivatives, 81’; becomes 8,’;5(x — ), etc.

We shall now study the important example of electrodynamics, the analysis
of which not only represents a fine illustration of the general theory, but also
shows in many aspects a great similarity with the theory of gravity. The dynamics
of the free electromagnetic field A*(x) is described by the Lagrangian

L= _%/d% Fuy F* Fuy = 0uAy — A, (5.25)

Varying this Lagrangian with respect to A* we obtain the momenta

T (x) = = —Fou(x)

SAR(x)
where x = (¢, X). Since F),, is defined as the antisymmetric derivative of A,
it does not depend on the velocities A9, 5o that the related momentum vanishes.
Thus, we obtain the primary constraint

p1 =mo ~ 0.
(The number of these constraints is, in fact, 1 x 003, i.e. one constraint at
each point X of the three-dimensional space, but we shall continue to talk about
one constraint, for simplicity.) The remaining three momenta are equal to the
components of the electric field, — F. The canonical Hamiltonian has the form

H. = /d3x (T AH — L) = /d3x (3 Fap FP — Smqm® — A%9% )
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where the last term is obtained in that form after performing a partial integration.
This expression does not depend on velocities, as it contains only the spatial
derivatives of coordinates and momenta. With one primary constraint present,
the total Hamiltonian takes the form

Hrt = H. + / &Ex ux)mox). (5.26)

By use of the basic PBs,
{A*(x), m, (x)} = 818 (x — X)) t=1

the consistency condition for ¢y, 7o(x) = {mo(x), Ht} ~ 0, leads to a secondary
constraint:

@y = 0%, ~ 0.

Further consistency requirements reduce to ¢, = 0, i.e. no new condition is
produced. The constraints ¢ and ¢; are FC, as {rg, 0%my} = 0.
The variable A” appears linearly in H.. Its equation of motion

A ={A° Hy} =u

gives a definite meaning to the arbitrary multiplier u. It follows from this that A°
is also an arbitrary function of time. We observe that secondary FC constraints
are already present in H, in the form Aogoz, showing that AY has the role of
another arbitrary multiplier. In this way here, as well as in gravitation, we find an
interesting situation that all FC constraints are present in the total Hamiltonian.
The transition to the extended Hamiltonian,

Hg = Ht 4 A9,7¢

is equivalent to the replacement A — A® — A in Hr.
Let us now look for the generator of gauge symmetries in the form (5.24).
Starting with G| = 7 we obtain

G = / dx (émg — £0%7,) (5.27)

and the related gauge transformations are
SoAM = e 8o, = 0.

The result has the form we know from the Lagrangian analysis.

+# We assume that the asymptotic behaviour of dynamical variables is such that the surface terms,
obtained by partial integration, vanish. The possibility of the appearance of surface terms is an
essential property of field theory.
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The previous treatment fully respects the gauge symmetry of the theory. One
of the standard ways for fixing this symmetry is to choose, e.g., the radiation
gauge condition:

Q=A20 Q) =0,A%~0.

The number of gauge conditions is equal to the number of FC constraints, and
the matrix {24, ¢p} is non-singular. In addition, the gauge conditions remain
preserved during the time evolution, as can be explicitly checked.

Gauge conditions can be used as strong equations after constructing the
related Dirac brackets. Let us first construct preliminary Dirac brackets
corresponding to the pair (Q1,¢1) = (A% mp). By using the relation
{A%(t, X), o (¢, u)} = 8(X — u), we find that

A(u,v):(_o(s g) Al(u,v)=<g —05>

where § = §(u — v). From this we have
{Mx), N(y)}* = {M(x),N(y)}+/d3u{M(x),Ao(u)}{no(u),N(y)}
— / dPu {M(x), mo)H{A W), N(»)}.

For all other variables, except 7y and AY, the Dirac brackets reduce to the usual
PBs. On the other hand, we know that the Dirac bracket of ¢ or A9 with any
other variable vanishes. Therefore, o and A® can be simply eliminated from the
theory by using the conditions 7o &~ 0 and A® ~ 0 as strong equalities, while
for the remaining variables we should use the usual PBs. Taking into account the
other pair (¢3, €22) yields the final Dirac brackets on the subspace of transverse
variables (A%, 7 1):

{A(x), 74 (x)} = 858(x — X) — 9%0pD(X — X')

where D(X) = (47t|X|)_1 is a solution of the equation 9,9%D(X) = §(X).

The dimension of the phase space I'(A*, ) is eight (twice larger than the
number of Lagrangian variables); after fixing two gauge conditions we come to
the phase space I'* of dimension N* = 8 — 2 x 2 = 4, defined by the transverse
variables (A%, yrg).

5.2 The gravitational Hamiltonian

Covariance and Hamiltonian dynamics

The existence of spacetime symmetries implies some general characteristics of
the Hamiltonian dynamics, knowledge of which facilitates analysis of the theory.
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If we study the dynamics of PGT, we see that the Lagrangian equations of
motion are covariant, i.e. they do not change the form under the local Poincaré
transformations. On the other hand, the Hamiltonian equations of motion,
¢ =~ {g, Ht}, contain time ¢ of a specific reference frame, so that they are
not manifestly covariant. It is interesting to clarify how the covariance of the
theory can be seen in the Hamiltonian analysis. The covariance demands a
formulation in which the spacetime variables are referred to an arbitrary non-
inertial reference frame. Such a formulation is sometimes automatically realized
by a suitable choice of the action. If this is not the case, the original action has to
be conveniently reformulated.

As an illustration of the problem of covariance, consider a simple case of
a theory defined by the Lagrangian L(q, dg/dt), in which the time parameter
refers to a specific reference frame. If we introduce a new time 7 as a monotonic
function of ¢, the action can be rewritten as

dgo dg/dt
I =) dtL(g,dg/dt)= | dt L L,.=—L|g,
/ (g, dq/dr) /r T T= g <q dgo/dr

where gop = t, and dgo/dt # 0. Let us now take the time t = ¢gp as an
extra coordinate and consider the new Lagrangian L, as a function of the two
coordinates (qo, ¢) and the time 7. It should be noted that L, is a homogeneous
function of the first degree in the velocities (dgop/dt, dg/dt). By introducing the
corresponding momenta

AL, AL,
= 3dgo/dny P B(dgydr)

we find, with the help of Euler’s theorem for homogeneous functions or by a direct
calculation, that the canonical Hamiltonian vanishes:

pPo

He=po—+p——L:=0.
T T

In this case there exists at least one primary constraint. Indeed, po and p are
homogeneous functions of the zero degree so that they can depend only on the
ratio (dg/dt)/(dgo/dt), from which we deduce the existence of one primary
constraint ¢. If ¢ is the only constraint, it must be FC, the total Hamiltonian
is of the form
Hr = v¢

where v is an arbitrary multiplier and the equations of motions are

dg

— =v{g, ¢}.

i =~ Vg9l
These equations contain an arbitrary time scale T. A transition to a new time

parameter T’ does not change the form of the equations:

dg

@ = U/{gs ¢}
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where v' = vdt/dt’ is a new arbitrary function of time t’.

Example 3. The dynamics of the free non-relativistic particle is determined by
the Lagrangian L = %(dq /dr)?. Going over to an arbitrary time 7, we find that

L: = $%/40)

where the dot means the derivative over . From the definitions of momenta,
P =q/q0, po = —%(q /)%, we obtain the primary constraint

¢=po+3p>~0

while Ht = v(t)¢. The consistency condition of the constraint ¢ is automatically
satisfied, and it is FC. The equations of motion are

go = v{qo, ¢} =v g=v{g,¢}=vp po=p=0.

They are covariant with respect to the choice of time, i.e. they do not change the
form under the transformations dogo = ¢, Sog = €p, dopo = Sop = 0.

We can return to time ¢ by choosing the gauge condition 2 = gg — 7 = 0.
In that case the equations of motion take the standard form: v = 1, ¢ = p.

Thus, the introduction of an arbitrary time scale into Hamiltonian theory
implies the existence of one FC constraint, and Ht = v¢ =~ 0. The method
described here represents a general procedure by which we can transform any
theory, taking the time parameter as an extra dynamical variable g, into the form
in which the time scale is arbitrary. If the action is ‘already covariant’, it contains
the variable g from the very beginning, so that Ht &~ 0 automatically.

In field theory, we should have the freedom not only to choose time, but also
to choose three spatial coordinates. The corresponding Hamiltonian theory should
have at least four FC constraints. The number of FC constraints may be larger if
other gauge symmetries are also present. In a similar manner we can study the
general features of the covariant Hamiltonian formulation of gravitation. The
following property characterizes standard gravitational theories§:

To each parameter of the gauge symmetry there corresponds one FC
constraint ¢q; the dynamical evolution of the system is described by
weakly vanishing Hamiltonian, Ht = v*¢, ~ 0.

The existence of gauge symmetries, as well as the vanishing of Ht, may
cause a certain confusion in our understanding of the gravitational dynamics. This
may arise in connection with two basic questions: the definition of gravitational
energy and the dynamical nature of time. Leaving the question of energy for the
next chapter, we mention here the problem of time. Going back to example 3 we

§ It should be noted that, in general, covariance does not imply a zero Hamiltonian (Henneaux and
Teitelboim 1992).
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observe that in order to have a physical interpretation of the evolution parameter
T it is necessary to fix the gauge. A natural gauge choice is of the form
Q1 = qo — t ~ 0. It satisfies {¢p, 21} # 0 and means that out of all possible
times T we have chosen the one that is equal to go (= t). An interesting situation
arises if we ‘forget’” about the origin of L., and try to impose the gauge condition
Q> = go =~ 0. Formally, this choice also satisfies the necessary condition
{Q9, ¢} # 0. However, physically this means that ¢+ = 0, i.e. the time ¢ ‘does
not flow’. If the final gauge-invariant theory is obtained from a theory in which
the role of time was played by #, then €2, is not the correct gauge choice, since
it violates the monotony of the mapping t — 7. On the other hand, if the theory
defined by L. is given a priori, without any reference to an ‘original’ theory,
additional criteria for a correct choice of gauge become less transparent. The
choice of time may be related to the asymptotic structure of spacetime. At this
point we shall leave this problem, limiting our further discussion to situations in
which the usual interpretation of time exist.

Now we are ready to begin a more detailed exposition of the form of the
gravitational Hamiltonian (Nikoli¢ 1984).

Primary constraints

The geometric framework for PGT is defined by the Riemann—Cartan spacetime
Uy, while the general Lagrangian has the form (3.15),

L =bLs(RYyy, T'yy) + bLm(W, Vi W)

where W denotes the matter fields and Lg 1s given by (3.50). The basic
Lagrangian dynamical variables are (bkM,A’f w, V), and the corresponding
momenta (", m;;#, m) are

IL L L

- n—..ll — T =
dbk . 0 YT A, AW

it = (5.28)

Due to the fact that the curvature and the torsion are defined through the
antisymmetric derivatives of b w and AY,, respectively, they do not involve
the velocities of bkg and A¥(. As a consequence, we immediately obtain the
following set of the so-called sure primary constraints:

l=m’~0 ¢;'=m;"~0. (5.29)

These constraints are always present, independently of the values of parameters
in the Lagrangian. They are particularly important for the structure of the theory.
Depending on the specific form of the Lagrangian, we may also have additional
primary constraints in the theory.

The canonical Hamiltonian has the standard form:

H. = /d3x He  He=Hwm+Hg (5.30)
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where

HM = oV — ZM
Hg = ﬂkaaobka + %mj"‘aoA"fa — Zc,.

The fotal Hamiltonian is defined by the expression
Hr = He + uboi’ + 3u” 043 + (u - 9) (5.31)

where ¢ symbolically denotes all additional primary constraints, if they exist (if
constraints), and Hr = [ d3x Hr.

The evaluation of the consistency conditions of the sure primary constraints,
& = {0, Hr} ~ 0 and q'bijo = {mjo, Ht} =~ 0, is essentially simplified if we
previously find the dependence of the Hamiltonian on the unphysical variables
b*o and AY ;. We shall show that H_ is linear in bXo and A%,

He = broHy — LAY oMHyj + 8, D (5.32)

where 9y, D% is a three-divergence term, while the possible extra primary
constraints ¢ are independent of b¥( and A¥(. Consequently, the consistency
conditions (5.31) will result in the following secondary constraints:

Hp~0 My ~0. (5.33)

Relations (5.32) will be the basic result of this section.

The (3 + 1) decomposition of spacetime

The investigation of the dependence of the Hamiltonian on b¥( will lead us to the
so-called (3+1) decomposition of spacetime.

In order to find the dependence of the inverse tetrad 4;* on bkp, we observe
that the orthogonality conditions b, ;" = §,, and bkt = 8K lead to the
relations

3haabaﬁ = (haa _ haohoa/hoo)baﬁ — 50(/3

(5.34)
ha = ha/ho® = =3h,2b0,.

Since 34,9 is the inverse of b“g, both 3h,® and hy, are independent of b.

Let us now construct the normal n to the hypersurface £ : x° = constant.
By noting that the vector | = (1) is orthogonal to the three basis vectors €,
lying in 2o, | - & = h;%b%, = 0, we find that

n ! h® (5.35)
= — ng = ——. .
N 200

The independence of n on bk follows from | ~ (1, hy).
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Figure 5.2. The ADM decomposition of the time displacement vector.

The four vectors (N, &) define the so-called ADM basis. Introducing the
projectors on n and X,

(PL)i = nyn' (P”)i = 8,1( — men!
we can express any vector in terms of its parallel and orthogonal components:
Vi=n VL +V;
L , (5.36)
Vi =nV VIEE(VH)k: (PH)kVI.

Here, by convention, a bar over an index ‘4’ in Vj denotes the fact that the
contraction of Vi with n* vanishes. An analogous decomposition can be defined
for any tensor.

The parallel component of Vi can be written in the form

Vi = (P Vi = hg"Vy
where hz* does not depend on b¥. Indeed, the quantity
i = (PPt = (P e
where 3h# = it — hloho"/hoo, is a formal generalization of 3haY, having the
zero value whenever at least one of its indices is zero. Therefore, both ny and hg#

are independent of b¥.
The decomposition of the vector &y in the ADM basis yields

& = Nn+ N%g, (5.37a)

where N and N¢ are called the lapse and shift functions, respectively. Multiplying
this equation with dx® we see that, geometrically, N determines the projection
of the time displacement vector dxoeo on the normal, while N¥ measures the
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deviation of this vector from n (figure 5.2). The lapse and shift functions are
linear in b*¢:
N =ey-n=mbg=1//g%

(5.37b)
N = e - eﬂ 3gﬁa — h/;“bko — _gOa/gOO

where 3g#? is the inverse of 8ap-
Thus, we have found 16 variables (ng, hg”, N, N%) with a clear geometric
meaning and simple dependence on b(, which can always be used instead of /.
Using the fact that N and N¢ are linear in b¥(, the canonical Hamiltonian
(5.32) can easily be brought into an equivalent form:

He = NH1 + N*Hy — A7 oHij + 9a D* (5.38q)

where
He =nmeHy +hi%Ho

(5.38b)
Hi =n M Ho = b*oH.

Construction of the Hamiltonian

The matter Hamiltonian. Let us now turn to the proof of (5.38) for the matter
Hamiltonian. The Lagrangian of the matter fields depends on the time derivative
doW only through the covariant derivative V;yW. It is convenient to decompose
Vi W into the orthogonal and parallel components,

ViW =n ViV + Vi EnkhL“VM\I/—i-h,;“Va\IJ (5.39)

because Vi W does not depend either on velocities or on unphysical variables
(b*o, Al ), as follows from h,;o = 0. Replacing this decomposition into the
matter Lagrangian leads to the relation

Ly =Lp(¥, ViW; VW, nk)

where the complete dependence on velocities and unphysical variables is
contained in V| W. Then, using the factorization of the determinant

b = det(b,) = NJ (5.40)
where J does not depend on b*, the expression for momentum can be written as

I(bLy) . Im
AWy VLW

T

Finally, using the relation

VoW = NV W + N*V, ¥ = do¥ + $AY 0 Z;; W
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to express the velocities dyp W, the canonical Hamiltonian for the matter field takes
the form (5.38), where

/Hg/lzﬂ'va\l—’ IH?/{IZTFZU\I—’
(5.41)

- Ly
HT:nVL\I’—JﬁM=1< VM

VvV, v —EM)

and Dy, = 0.

The expressions for 7{34 and ’H;‘j/.' are independent of the unphysical variables,
as V4V is independent of them. They do not depend on the specific form of the
original Lagrangian £y, but only on the transformation properties of fields. They
are called the kinematical terms of the Hamiltonian.

The term ’HT is dynamical, as it depends on the choice of Ly. It represents
the Legendre transformation of the function £y; with respect to the ‘velocity’
Vi W. After eliminating VW with the help of the relation defining 7, the
dynamical Hamiltonian takes the form

HY = HM (W, Vi w; 7/, nb)

from which it follows that ’Hl\f does not depend on unphysical variables.

If the matter Lagrangian is singular, the equations for momenta give rise
to additional primary constraints, which are again independent of unphysical
variables.

Example 4. Let us consider the case of the spin-% matter field. This is an
important case as we believe that most of the matter in the Universe (quarks
and leptons) is described by the Dirac field, the Lagrangian of which is given
by Lp = %b[ilﬁykgkl// — 2myry]. If we take ¥ and v as basic Lagrangian
variables, and denote their momenta by 7 and iw, it follows that additional
primary constraints exist:

p=m+iilyty~0 ¢=r-ltisgyt~o.
These constraints are second class, since
(0(X), p(X)} = iJyts(x —x)  detyt =1.

Following the general procedure we find that the canonical Hamiltonian is of the
form (5.38a), where

’}-[}\j/[ :]'_[Eijl//—lﬁzijn’ Hg’lzﬁvalﬁ+(val/_/)ﬂ
M = — I L[y ey — 2myry).

Since Lp is linear in velocities, we have HM = —JLp (V1 v, VJ_I/_/ = 0), leading
to the last equation.
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The term (u - ¢) in the total Hamiltonian, stemming from additional primary
constraints, has the form (u - ¢)m = it¢ + ¢u. Since (¢, ¢) are second-class
constraints, their consistency conditions fix the multipliers (i, ), and no new
constraints appear. After the construction of the Dirac brackets, the constraints
(¢, @) can be used as strong equalities.

Gravitational Hamiltonian. The construction of the gravitational Hamiltonian
can be performed in a very similar way, the role of V; W being taken over by T,
and RY,. In the first step we decompose the torsion and curvature, in the last
two indices, into orthogonal and parallel components:

Tiim = Ti;;m + T s+ ”'"Tih
R = RV o 4+ miRY | R 642
km = km k Lm + I kl-

The parallel components 77 and R" . are independent of the velocities and
unphysical variables. The replacement in the gravitational Lagrangian yields the
relation o - _ -

Lo =La(T g RY s T' 11 RY 1 n®).

Using the factorization of the determinant (5.40), the relations defining the
momenta take the form
ko SEG A F aEG

ﬁ'i =J ; TTij =J i
oT! | ¢ oRY ¢

where ;¥ = 7;%bk, and fr,'jk = n,'j“bka are ‘parallel’ gravitational momenta.
The velocities dpb', and dgAY o can be calculated from the relations

N(T' 1 + AT 10) + NP (T g + Al pa) = d0b' o — 8ab'0 + LA™ (Z,,,)" b7 e
NRY 1o + NPRY g = 90AY o — 8u AV o + 5 A™"o(55,)7 10 AV

obtained from the definitions of 7%y, and R ¢,. After a simple algebra, the
canonical Hamiltonian takes the form (5.38), where

7‘[!(]} =27 %bj1a + Zﬂk[iaAkj]a + 07 *
HS = ﬂiﬂTiaﬁ + %n’ijﬁRijaﬂ — bkaVﬁn’kﬂ
1 1 o B (5.43)
HE =T (7ﬁimTlln‘1 + ﬁﬁiijl]Ln’z —ﬁg) — nkVﬂn’kﬁ
D% = bi()n’ia + %Aijon’ija.

The expressions T! ; and RY | 5 in Hf should be eliminated with the help of
the equations defining momenta 77;”* and 7;;™.
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Example 5. As an illustration of this procedure for constructing the canonical
Hamiltonian, we shall consider the case of Einstein—Cartan theory. From the
form of the Lagrangian £ = —abR, we find additional primary constraints:

% ~0 ¢ii% =m;;* +4atnihj® ~ 0.

Since the Lagrangian does not depend on dgb’, the only way to eliminate these
velocities from the Hamiltonian (5.295b) is to use the constraints 7;¢ ~ 0. In
this way, at the same time, we eliminate the terms proportional to ;% (or 7;") in
(5.43). After that we easily obtain

| -
Hij = Vorij*  Ho =3 RV p
Hi =aJR™ ;i D* = LAY ym;;®

where, in calculating 7{ | , we have used the relation LG = —a(R™ ;7 +2R*" 1 ;)
and the constraint ¢;;“.

It should be stressed that these results describe the canonical Hamiltonian,
while the presence of the determined multipliers in the fotal Hamiltonian will
bring certain modifications to these expressions, as we shall soon see.

Consistency of the theory and gauge conditions

1. The result of the preceding exposition is the conclusion that the total
Hamiltonian of the theory can be written in the form
Hr = Hrt + 0, D*
. R ) L (5.44a)
Hr = He +u'omi® + Julomii® + (u - ¢)
where ;°, 7; ;% and ¢ are primary constraints, the us are the related multipliers,
the three-divergence 9y, D% is written as a separate term and the canonical
Hamiltonian has the form
He = bk()/Hk — %Aij()/Hij

’ 5.44b
= NHL + N*Ho — SATgH,;. (0.445)

The fact that 7, is linear in unphysical variables enables us to easily find the
consistency conditions of the sure primary constraints (5.28):

Hi~0 He =0 Hij ~ 0. (5.45)

PGT is invariant under the ten-parameter group of local Poincaré
transformations. From the general considerations given at the beginning of this
section it follows that ten FC constraints should exist in the theory. It is not
difficult to guess that these ten constraints are, in fact, four constraints (H 1, Hy),
describing local translations, and six constraints #;;, related to local Lorentz
rotations. An explicit proof of this statement is left for the next chapter. As
a consequence, the consistency conditions of the secondary constraints (5.45)
are automatically satisfied, as their PBs with the Hamiltonian are given as linear
combinations of ten FC constraints.
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2. Although gauge-invariant formulation of the theory is very important for
analysis of its general structure, practical calculations are often simplified if we
fix the gauge.

If the number of gauge conditions is smaller than the number of FC
constraints, the gauge symmetry is fixed only partially. This is the case when
we choose the orientation of the local Lorentz frame h;y = € so that the time
direction coincides with the normal to Xg:

ho = n. (5.46a)

This choice defines the time gauge, which violates the local Lorentz symmetry:
mutual rotations of the vectors h, are still allowed (spatial rotations), but any
change of hg (boost transformations) is now forbidden.

In the basis (5.46a) the normal n has the components

ng =n-hg = (1,0,0,0)

so that the projection of V = (Vj) on n becomes V - n = Vj. Using the relation
n-h, = h,'n - e, the time gauge condition can be expressed as

h’ =0 (5.46b)
while from (5.34) we find an equivalent form:
p’y = 0. (5.460)

Since the time gauge fixes the boost symmetry, it affects the form of the
Hamiltonian by fixing the multiplier A%, related to the constraint Ho.. This is
easily seen to be a consequence of the consistency of (5.46c),

50, = (%%, Hr) = f B (5%, N'H' + NOHLY + A% b ~

where we used {b%, Hoc} = bead.

After choosing the time gauge, the constraints Ho. ~ 0 and b0, ~ 0 can
be treated as second-class constraints. The construction of the preliminary Dirac
brackets is very simple. From the definition

{A, B} = {A, B} +/[{A, b2u}h {Hoc, BY — {A, Hoc}h (1", B}]

it follows that for all variables except (b9, moP) the Dirac brackets reduce to
the Poisson ones, while (b%, 7of) can be eliminated from the theory by using
by ~ 0and Ho ~ 0.

This procedure illustrates the standard method for imposing gauge condition
at the end of the construction of the Hamiltonian formulation of the theory.
Sometimes, gauge conditions are used directly in the action integral, thus reducing
the number of dynamical degrees of freedom from the very beginning. This is not
allowed in principle, as by doing so we are losing some of the equations of motion
of the original theory.



136 Hamiltonian dynamics
5.3 Specific models

In this section, we shall use the general Hamiltonian method developed so far to
study two specific but important dynamical models: EC theory and teleparallel
theory.

Einstein—Cartan theory

The Einstein—Cartan theory (3.51) represents a direct extension of GR to the Uy
spacetime. We shall investigate here the Hamiltonian structure of this theory when
matter fields are absent (Nikoli¢ 1995). In this case the EC theory reduces to GR,
and the action takes the form Iyp = —a f d*x bR, known from GR as the Hilbert—
Palatini form.

Using the relation

1 p,vkp k1l mn HVAD __ puvip
bR = Emnkl b*b R Emnkl = € Emnkl
the action can be written as
1 4 MYAP 1k 1]
Inp = Ea/d X &y b ab p (3 A™, + AT AT, (5.47)

The Hamiltonian and constraints. In addition to the sure primary constraints,
mo ~0im; jo ~ 0, in this case extra primary constraints also exist,
I,
TR0 i =y —aege B gb", ~ 0 (5.48)

in agreement with the result of example 5.

Since the Lagrangian is linear in velocities A, the canonical Hamiltonian is
given by H. = —L(A = 0). It can be written as a linear function of unphysical
variables, up to a three-divergence,

He =b'oH; — 3AY oHij + 0a D” (5.49)
where
Hi = —3ae ?,‘ffnyb’ R™p,  Hij=— ?,Oif,)fbm T" gy
D = 4as B2 A

It is not difficult to see, using ¢;;*, that the quantities H;, H;; and D% are

equivalent to the corresponding expressions in example 5. The form we use here

is more suitable for a direct comparison with the Lagrangian formalism, since

after eliminating the momenta the constraints are given as functions of the fields.
The total Hamiltonian has the form

Hr = He +u'omri® + 1ul om0 + ulqm® + Sul o ¢y;®
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The consistency conditions of the sure primary constraints result in ten
secondary constraints:

Hi~0 Hij ~ 0. (5.50a)
The consistency conditions for 7;* have the form
Xi® = Saglhl (b1 gR™ g, — 2b7 s R™0,) ~ 0 (5.50b)

where an underbar in R™"(, denotes that the term A'""y is replaced with
u™",, (the equation of motion for A", has the form Am”V = u™",). These
relations are used to determine the multipliers ™", . However, the 12 conditions
xi% =~ 0 are insufficient for a complete determination of u™", but six additional
conditions will be found later.

Finally, the consistency of ¢;;“ leads to

0,
Xi® = —agfim! (B™oT" gy — 2™ g T"0y) ~ 0 (5.50¢)
where the underbar in 7"y, means that the term B”V is replaced with u",
(b", = u", on the basis of the equations of motion). Among the 18 relations
xij“ ~ O there are 12 conditions determining the multipliers u™,, and six
constraints. The complete number of secondary constraints is 10 + 6 = 16. In
the following exposition we shall omit writing underbars in R""(,, and T"¢,, for
simplicity.
The previous consistency conditions can be rewritten in the ‘covariant’ form:
1 j ~
(“Hi xi®) o xi" = gasi bR pe %0
vpo ~
Hijs xij®) = xij* = —agjm 6" T" po ~ 0.
The first set is equivalent to
h“RY — Ihi*R ~ 0 (5.51a)

which we recognize as Einstein’s equations in vacuum (they can be transformed
into R;; = 0). Here, among 16 conditions we have four constraints (H; ~ 0), and
12 relations which serve to determine the multipliers u”/ , (x;% ~ 0). The second
set of conditions implies that the torsion vanishes,

T,y ~ 0 (5.51b)

which is a consequence of the absence of matter. These 24 equations contain 12
constraints (Tka,g ~ 0) and 12 conditions on multipliers u*, (T%g, = 0).

The consistency conditions for secondary constraints do not produce new
constraints. Indeed, the consistency of 7{; is automatically satisfied,

Hi = Vaxi® + A" ioHm ~ 0 (5.52a)



138 Hamiltonian dynamics
while the consistency of gOeBy Tkaﬁ ~ 0,
£%PY (™R yyep — 26™ o R pop) ~ 0 (5.52b)

yields additional requirements on the multipliers u' 4 (see exercises 15 and 16).
The explicit form of all determined multipliers will be given later.

In the set of primary constraints, 10 of them are FC (nio, mjo) and the
remaining 30 are second class (7;%, ¢;;%); from 16 secondary constraints, 10 are
FC (H;, Hij) and six are second class. Therefore, the total number of FC and
second-class constraints is N1 = 20, N, = 36, respectively. Taking into account
that there is one gauge condition corresponding to each FC constraint and that the
number of independent field components is N = 40, we find that the total number
of physical degrees of freedom is

N* =2N — (2N} + N;) =80 —76 = 4.
Thus, the number of independent gravitational degrees of freedom is four in phase

space or, equivalently, two in configuration space.

Determined multipliers. The existence of 20 FC constraints is related to the
fact that the variables (b'g, A”() and the multipliers (u'g, u”/ o) are arbitrary
functions of time; the existence of 30 second-class constraints is reflected in the
fact that the multipliers (u'y, u"/ ;) are determined functions of the remaining
phase-space variables. From the relation Tios ~ 0 and the definition of R% oy
it follows that

k k k
u o= Vab O_A mObma
u’ 4 = RY gy + VoAV

so that the determination _o_f utl,, reduces to the determination of R%,. The
‘multipliers” R™ |z = (R™ |7, R | ;) can be determined from

Ran_; — Rijn Rn; = RJ_an + Rmn’;”: —

The contribution of the determined multipliers to the total Hamiltonian can
be found starting from the relations

o = 0 (bomi®) — b'oVari® — AV o b j1a
3u i = 8a (34 001;") — 3AY 0Vatis” + 3R 0apij”.
Using the decomposition
RY 00 0ii® = RY 0q7;;®* + 4aJ R 07 = b'o(R™ 1 7Tmn® + 4aJ R 17)
the total Hamiltonian takes the form

Hr = bigH; — %Aij()ﬁij + 04 D% 4+ u' o7, + %uijorr,'jo (5.53)
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where the components’ﬁi,ﬁi ; and DY contain the contributions of the determined
multipliers:

Hij = Hij + 21" bj1a + Vadij® = 271bj1a + Vi
H; = Hi +2aJ R 7 + L R™ g 70 P — Vori®

= %Rm”iﬁnmnﬁ —n JL — Vym®
DY = D® + bl om;® + %Aijoqsij“ =blom® + %Aijomja.

In calculating H; we used the relation H; = aJ(n; R™ 57 — 2hz* RL7,5), from
which we find

Hi + 2aJRMi,-l = aJni(R"_mn‘m + ZRLEL;) =—n;JC.

It is interesting to note that the expressions for ﬁ,’j and D* completely
coincide with the form (5.43), as a consequence of the contribution of the
determined multipliers. On the other hand, the form of H; implies

He = %ﬂijﬁRijaﬂ — bkaVﬂT[kﬁ
H, = %ﬁ,’j'ﬁRijJ_,;l —JC - I’lkVﬂTL’k’3

where we can observe the absence of the w7 terms, compared to (5.43). Let us
recall that in all expressions the multipliers u’, and u/, are determined from
the corresponding conditions. Therefore, we conclude that the term niﬁTioﬁ
is absent from the Hamiltonian, since it is exactly the equation Ti()/g =0
which is used to determine the multipliers. Using the values of the ‘multipliers’
R™ |z = (R™ 7, R ;) found previously, and replacing R+ |; — —R"™" ;z
in £, we finally obtain

Hi = YAma" Ru™ — 7 0i” R™ e — ad R™ g — n* VP

Comments. (1) Hamiltonian (5.49) differs from the result in example 5 as a
consequence of the fact that . is defined only up to primary constraints. What
are the consequences of a different choice of . on the structure of Ht? If
we denote the canonical Hamiltonian from example 5 by L, its relation to the
expression (5.49) is given by

H,C =H:.+ tija(ﬁija

where ¢t are known coefficients. Hence, ’H} is obtained from Ht by the
replacement u” , — u', = u', — t",. Consistency requirements lead to the
same form of secondary constraints, and the same conditions on u'y and u'V .
Therefore, the final total Hamiltonian H/., containing the fixed multipliers, has
the same form as .

(2) Since EC theory without matter fields is equivalent to GR, we shall try

to see whether we can use the 36 second-class constraints to eliminate the 36
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variables (AY , 7 ;%) and obtain the canonical formulation in terms of the tetrads
and their momenta (b',, 7;**). The analysis is simplified if we choose the time
gauge, b’ ~ 0, which effectively means:

—  the transition | — Oand k — a,
— the elimination of the pair (b°, 7o?) with the help of constraints and
—  the use of PBs for the remaining variables.

By imposing this condition, the constraint H,o becomes effectively second
class, giving rise (together with b%, =~ 0) to a total number of 36 + 6
second-class constraints, which can be used for the elimination of 42 variables
(AU o, 7% bV, moP). Using the 6 + 18 equations b% = 0, mp® = 0, T%p = 0
and ;% = 0, we can easily eliminate b0, A%, and their momenta:

0
bO(: ﬂoa:()
b b
Aa o :Aa o ]Taba =0.

The structure of the remaining 18 equations, 7,* = 0 and ¢,0* = 0, is such that
the variables (A”Oa, 740%) cannot be eliminated, as we wanted.

Our aim can be realized by introducing a suitable canonical transformation
of variables. A simple way to define this transformation is by going over to the
action

Lp=a / dhx LMo g, (bFob! ) A, 4 BE bl AT, A ]

which differs from the original one by a four-divergence. The elimination of 0 A
from the action gives rise to a set of second-class constraints which can be solved
to express (A, 7;j*) in terms of the other variables. The new action is used
in appendix E not only to analyse the tetrad formulation of the theory but also to
introduce Ashtekar’s complex variables.

(3) The appearance of the term d, D* in the total Hamiltonian seems to be
an accident. It ensures that the Hamiltonian does not depend on the derivatives
of momenta. The form of this term changes if the Lagrangian is changed by
a four-divergence. Its presence ‘violates’ the statement that Ht is equal to a
linear combination of FC constraints. Does this term has any physical meaning?
Let us assume that the tetrad fields have an asymptotic behaviour at spatial
infinity corresponding to the Schwarzschild solution. Then, starting from the
action Ifp we find the result [ d®x Hr ~ [dx 3, D% = M, suggesting a very
interesting interpretation. If we look at the Hamiltonian Ht as the generator
of time evolution which acts on dynamical variables via PBs, then the term
I d3x 9, D?, transformed to a surface integral, can be ignored, being equivalent
to a zero generator; the Hamiltonian effectively becomes a linear combination of
FC constraints, in agreement with the general considerations. On the other hand,
the presence of d, D* in H enables us to interpret the Hamiltonian as the energy
of the system.
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In a certain way, this result is accidental, since, until now, we have not
considered the surface terms in a systematic manner. We shall see in chapter 6
that there exist general principles that determine the form of the surface terms and
relate them to the energy and other conserved quantities in gravitation.

The teleparallel theory

The teleparallel approach to gravity is an interesting alternative to the Riemannian
GR. Canonical analysis of teleparallel theory (3.61) slightly differs from the
general description given in the previous section, due to the presence of Lagrange
multipliers (Blagojevi¢ and Nikoli¢ 2000, Blagojevi¢ and Vasili¢ 2000a).

Primary constraints. The basic Lagrangian dynamical variables of the
teleparallel theory (3.61) are (b',,, AV, 2;;*”) and the corresponding momenta
are denoted by (ni“,nij“,nij wv). Since the Lagrangian does not involve
velocities b*¢ and A¥ ), we obtain the following primary constraints:

o’=m’~0 #;°=m;"~0. (5.54)
Similarly, the absence of the time derivative of A;;*” implies
Y =7, ~0. (5.55)
The next set of constraints follows from the linearity of the curvature in A¥ 4
6% = 1% —42;% ~ 0. (5.56)

Now we turn our attention to the remaining momenta 7;*. The relations
defining 7;“ can be written in the form

3E_T

o = 4B,
1k

Ak =17

Using the fact that g is a linear function of 7, we can make the expansion
B(T) = B(0) + B(1), where B(0) does not depend on ‘velocities” T* | ; and B(1)
is linear in them, and rewrite this equation in the form

Pip=a/J — 4B 1;(0) = 4B, ;i (D).

Here, the so-called ‘generalized momenta’ P;; do not depend on the velocities,
which appear only on the right-hand side of the equation. Explicit calculation
leads to the result
P = /] = 4al3 BT g + 3CniT™ 3]
= 4a[AT, |+ $BTy ; + 5Cng T L + (B + Omi T (7).
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This system of equations can be decomposed into irreducible parts with respect
to the group of three-dimensional rotations in Xg:

Pi=#3/] —2aCT" ;; =2aRQA+ B+ O)T| ;
P2 =74/J —2aBT ; =2a(2A — B)T/;

ik ;k B ; (5.57)
P;;; = nl_E/J =2a(2A + B)Twz

Py =7"5/J =2a(2QA+ B +3C)T™ ;5

where X2 = Xpry, XE = Xy — g X" /3.

In general, if some of the coefficients on the right-hand sides of equations
(5.57) vanish, these relations lead to additional primary constraints ¢4 (if
constraints). Instead of going into a general discussion of various possibilities,
we shall analyse, later in this subsection, the important specific example of GR.

The Hamiltonian. After the primary constraints have been found, we proceed
to construct the canonical Hamiltonian density. Following the general procedure
developed in section 5.2, we find

He = NH1L + N*Ho — SAY0H;j — 2ij*P RV 4 + 8, D” (5.58a)

where
Hij = ZJT[iﬁbj]/s + Vom;i©

He = nkﬁTkaﬁ — bkaVﬁTrkﬁ

o . (5.58b)

H = ﬁ'ileJ_,; —JCr — nkVﬂnkﬂ
D% = bkon’ka + %Aij()ﬂ,'ja.

The explicit form of H, can be obtained by eliminating ‘velocities” T  ; with
the help of relations (5.57) defining momenta 7;;. Note the minor changes in
these expressions compared to equations (5.43) and (5.44), which are caused by
the presence of Lagrange multipliers. The canonical Hamiltonian is now linear in
unphysical variables A"/ o b wand Ajj ap

The general Hamiltonian dynamics of the system is described by the total
Hamiltonian,

Hr =He +u'omi® + Juom® + Jui 7wl + u 0y + (- ¢) (559

where (u - ¢) = qubA denotes the contribution of extra primary constraints, if
they exist.

Secondary constraints. Having found the form of the sure primary constraints
(5.54), (5.55) and (5.56), we now consider the requirements for their consistency.
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The consistency conditions of the primary constraints (5.54) yield the
standard secondary constraints:

Hi~0 He=0 Hij ~ 0. (5.60)

Similarly,
A~ 0 = RYug~0 (5.61a)
Algp~0 = ulgx0, (5.61b)

Since the equation of motion for A¥ g implies R gg &~ u'/ g, all components of
the curvature tensor weakly vanish, as we could have expected.
The consistency condition for ¢;;* can be used to determine u;; Oct,
— 0o A A kl
4ij; > ~ N'{mi;% H' ) — N*@ij — 7j0) — A% oMikmj® — njemi®)
— AV P+ u My, ) (5.62)

where a bar over u is used to denote the determined multiplier. Thus, the
total Hamiltonian can be written in the form (5.59) with u;; O ujj 0 and
u’, = 0. Since ﬁijo"‘ is linear in the multipliers (N, N*, AV, )\ijOa’ u?), the
total Hamiltonian takes the form

Ht = 7:[1" + O0g D
Hr =He +ulom® + %“ijoﬂijo + %“ijaﬂ”ijaﬁ +uta (5.63a)
D* = brom® + 5 AU g — 3hij*Priiop
where 7, is the modified canonical Hamiltonian,
He = NHL + N*Ho — AT GHij — 2 *PHY o (5.63b)
the components of which are given by
Hy=Hi — §OHL/IAT )" oy

_ o
Ho =Ho — 5(Ti; — 1) 0a

_ 1 (5.63¢)
Hij = Hij + 7370 027 j15*
ﬁija/s = Rijaﬁ — %V[aﬂi-/oﬁ]
and ) 3
b4 = da + 577 0a{mi;*, Pa}. (5.63d)

The total Hamiltonian H, in contrast to ’}:[T, does not contain the derivatives of
momentum variables. The only components of Hr that depend on the specific
form of the Lagrangian areH | and q_SA.

Thus, the only sure secondary constraints are (5.60) and R ap ~ 0. Before
continuing our general analysis, we shall now illustrate the nature of extra
constraints by considering the specific case of GR|.
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Canonical structure of GR. With a special choice of parameters (3.62),
equations (5.57) contain two sets of relations: the first set represents extra primary

constraints: _
Pir=m ¢/ +2aT" ;=0

(5.64a)
A_~A/y_ A
pPr=n5/J —al 7 ~0
while the second set gives non-singular equations,
P L =7 _T-/J = 2a -

Py =/"5/0 = —4aTmM-1

which can be solved for the velocities.
Further calculations are greatly simplified by observing that extra constraints
(5.64a) can be represented in a unified manner as
0
ik = ;i —nk;—i-aVaBgf‘ Bg{a = l/gfz:b (5.65)
This can be seen from the fact that relations (5.64a) can be equivalently written

as
Wi — T ™~ Za‘](TLIIE — nl'Tmn’zIE + i T" 1) = Q.(JVQHI%X
and the identity 2H};" = —B/".
In order to find the explicit form of H 1, we first rewrite the first two terms
of H | in the form

—

¥, — Il = ST PRT, ¢ — JLT(T)

where Ty = T, :zi- Then, taking constraints (5.64a) into account we find that
T, 7and T_ ; are absent from # | , whereupon the relations (5.64b) can be used

to el1m1nate the remaining ‘velocities’ Tl_TM and T™ |, leading directly to
Hy = 1P} — JLr(T) — nf Vg P (5.66a)
where
1 - 1 - -
2 _ (k) _ _
Pr = a0l (”(z‘k)ﬂ ' anmﬂnn) (5.665)
L1(T) = a(%Tmr‘;lETm'_ﬂE + %TMETME - TﬁlrﬁETﬁﬁé)‘
Calculating the modified constraint q_bi j» equation (5.63d), we obtain
dij = dij — %a(ﬂiSOaBl?jq + 7;%0a BYY). (5.67)

The consistency conditions for the extra primary constraints ¢;; are found to
be automatically fulfilled: q), i = {¢ij, Ht} ~ 0; moreover, we can show that ¢, j
are FC.
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The existence of extra FC constraints q_bij may be interpreted as a

consequence of the fact that the velocities contained in 7% and T/’;lk appear
at most linear in the Lagrangian and, consequently, remain arbitrary functions
of time. Although the torsion components 7% and Tj;lk are absent from
the canonical Hamiltonian, they re-appear in the total Hamiltonian as the non-
dynamical Hamiltonian multipliers («*/N and u'*/N). The presence of non-
dynamical torsion components has a very clear interpretation via the gauge
structure of the theory: it is related to the existence of additional FC constraints

®ij-

On the consistency algorithm. In the previous analysis, we have found that the
general teleparallel theory is characterized by the following set of sure constraints:

Primary: m;°, 7;;0, 7/ 4, ®ij*, 7w op;
Secondary: H 1, He, Hij, RV 4.

Now it would be natural to continue the analysis by verifying the consistency of
the secondary constraints.

Consider, first, the consistency condition of R¥g. Since R" g depends
only on AY, we can express dR" g /dt in terms of dA", /dt, use the equation
of motion for AY ,, and rewrite the result in the form

VoRY up ~ Vau'l g — Vgu' . (5.68)

Hence, the consistency condition for RY/ op 1s identically satisfied. This relation
has a very interesting geometric interpretation. Indeed, using the equation
RY 08 ~ u'/ g, we see that it represents a weak consequence of the second Bianchi
identity.

General arguments in PGT show that the secondary constraints ﬁij,ﬁa
and 7 are related to Poincaré gauge symmetry and, consequently, have to
be FC. Hence, their consistency conditions must be automatically satisfied.
However, an explicit proof of this property demands knowledge of the algebra
of constraints, which is a non-trivial (although straightforward) calculational task
by itself. Instead of using this argument, we shall postpone the completion of
the consistency algorithm until we find the form of the Poincaré gauge generator
(section 6.3), which will provide us with the necessary information concerning
the nature of H;;, Hy and H | . Here, we only state the result:

The consistency conditions of all the secondary constraints are
automatically satisfied.

The relevant dynamical classification of the sure constraints is presented in
table 5.1.

The constraints ¢;;* and nijoﬁ are second class since {¢;;%, nkl()/g} % 0.
They can be used as strong equalities to eliminate A;; 0 and 7/ o from the theory
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Table 5.1.
First class Second class
Primary ﬂiovﬂijo,fr"jag i 7 g

Secondary ﬁl,ﬁa,r}'?ij HY af

and simplify the calculations. Note that all FC constraints appear multiplied by
arbitrary multipliers in the total Hamiltonian (5.63).

The algebra of FC constraints plays an important role not only in the classical
canonical structure of the theory, but also in studying its quantum properties.
These important subjects deserve further investigation. We display here, for
later convenience, the part of the Poisson bracket algebra of constraints involving
HY op:

HY ap Hyg) = SH op + §H 1ap)d — (k < D) 5:69
{ﬁijaﬁsﬁ;/} = {ﬁijaﬂvﬁl} = {ﬁijaﬁsﬁ/klyé} =0.
The equations {H% a,s,ﬁ;,} = 0 hold up to squares of constraints, which are
always ignored in on-shell analysis.

The A symmetry. We are now going to construct the canonical generator of
the A symmetry (3.65). If gauge transformations are given in terms of arbitrary
parameters £(¢) and their first time derivatives £(¢), as is the case with the
symmetries of our Lagrangian (3.61), the gauge generators have the form (5.23a),

G=e0)GY + &GV

where the phase-space functions G and GV satisfy the conditions (5.23b).
These conditions clearly define the procedure for constructing the generator: we
start with an arbitrary PFC constraint G, evaluate its Poisson bracket with Hr,
and define G© so that {G(O), Ht} = Cppc.

The only PFC constraint that acts on the Lagrange multipliers A;;*¥ is m;; ap
Starting with 7%/ 5 as our GV, we look for the generator in the form

Gale) = 18Pt op + L eij®P SV o (5.70a)
where the integration symbol i d3x is omitted for simplicity. The phase-space
function S 4g can be found from (5.23b). In the first step, we obtain the GO

part of the generator up to PFC constraints:

SY up = —4HY 45 + Cprc.
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Then, using the algebra of constraints involving H" 4, given in (5.69), and the
third condition in (5.235b), we find

Si-/aﬁ = —477’701/3 + ZA[ik()n’j]kaﬁ. (5.70b)

This completely defines the generator G 4 (¢) for which we were looking.
Using the rule §oX = [ d3x’{X, G}, we apply the generator (5.70) to the
fields, and find

56‘)»1'1'00( = Vﬂé;‘ijaﬁ 56‘)»1'1'0(’3 = Voé;‘ijaﬁ (5.71)

as the only non-trivial field transformations. Surprisingly, this result does not
agree with the form of the A symmetry (3.65b), which contains an additional
component, Vy &;; @AY in the expression for §oA;; @B Since there are no other PEC
constraints that could produce the transformation of A;; f_ the canonical origin of
the additional term seems somewhat puzzling.

The solution of the problem is, however, quite simple: if we consider
independent gauge transformations only, this term is not needed, since it is not
independent of what we already have in (5.71). To prove this statement, consider
the following PFC constraint:

Y g, = Var gy + V, 7% g + Vg 4.

This constraint is essentially a linear combination of the 7l of; hence, the related
gauge generator will not be truly independent of the general expression (5.70).
Furthermore, using the second Bianchi identity for R" 5, we find the relation

which holds up to squares of constraints. As a consequence, ITY apy has a
vanishing PB with the total Hamiltonian, up to PFC constraints, and is, therefore,
a correct gauge generator by itself. Hence, we can introduce a new gauge
generator,
: -
Gple) = —5 ;P Vyr'l g, (5.72)

where the parameter sijo‘ﬁy is totally antisymmetric with respect to its upper
indices. The only non-trivial field transformation produced by this generator is

55)»1']'0“3 = Vyé;‘ijaﬁy

and it coincides with the missing term in equation (5.71). This concludes the proof
that the six parameters ¢;; @Y in the A transformations (3.65b) can be completely
discarded if we are interested only in the independent A transformations.
Although the generator G p is not truly independent of G 4, it is convenient
to define
G(e) =Gale) +Gple) (5.73)
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as an overcomplete gauge generator, since it automatically generates the covariant
Lagrangian form of the A symmetry.

We can prove that the action of the generator (5.73) on momenta is also
correct, in the sense that it yields the result in agreement with the defining
relations 74 = 3L£/d¢*. In particular, the only non-trivial transformation law for
the momenta, Som;;* = 4Vg g; j"‘ﬁ, agrees with (3.65b) through the conservation
of the primary constraint ¢;;* ~ 0.

This construction is based on using the first class constraints 7% o8, H o,
the part of the Poisson bracket algebra involving these constraints, and the second-
class constraints ¢;;. All these constraints and their properties are independent
of the values of parameters in the theory; hence, we can conclude that

G (¢) is the correct generator of A symmetry in the general teleparallel
theory.

Exercises

1. For each of the point-particle theories (a)—(f) given here, (i) derive the
constraints and the Hamiltonian; and (ii) construct the gauge generators and
check the gauge invariance of the equations of motion.

@ L=3e"(g)?

b) L =3(q1—q)"+ 52— q3)°

© L=1%e"@)?+ 53— q)* —aet(q)*  (@=1o0r0)
@) L=3%Gs—qs—e"q2)* + 5(ds — qa)°

© L=dqigs+392(q3)°

1 (g2\?
" L= <a) +(@’q2  q1 > 0.

2. Calculate the Dirac brackets for free electrodynamics in the gauge Q1 =
A3 2 0 (choose an appropriate additional gauge condition).
3. (a) Find the constraints and the Hamiltonian for the non-Abelian gauge
theory for which the action is given in appendix A.
(b) Construct the gauge generators.
4. The theory of the Abelian antisymmetric field is defined by the action

I = %/d“x (=" B, Fap + Ay AP

where F, = 0, A, — 0,A,.

(a) Show that the following constraints are present in the theory:

first class: ¢%0 = 70 7% = —%*Foﬁ + 0P
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second class: ¢" =gt + 1*pOr ¢ = 7P
X0 = dum® + 1 A"
(b) Derive the form of gauge symmetries.

(c) Construct the Dirac brackets.

The theory of the non-Abelian antisymmetric field is defined by the action
I = %/d“x (—eM*P B F, + A% ATH)

where F¢,, = 9,A%, — 0,A%, + fbc“AbMAcv, and fp.¢ are structure
constants of a non-Abelian Lie group G. Find the constraints and gauge
symmetries of this theory.

The Born-Infeld electrodynamics is defined by the action

I= /d4x V= et + Fua) — 1]

Derive the Hamiltonian and the constraints of this theory.
The relativistic free particle is described by the action

I = —m/dr\/n,wfcﬂfc”.

(a) Show that the action is invariant under the time reparametrization.

(b) Find the Hamiltonian of the theory.

(c) Derive the Hamiltonian equations of motion in the gauge Q2 = x
0, and construct the related Dirac brackets.

0

—T R

Suppose that the total Hamiltonian of a dynamical system has the form
Ht = f dt (Ho + u™G,,), where G,,(q, p) are FC constraints satisfying
the conditions

{va Gn} = Umanr {va HO} = anGn

and U,,,” and V,,,”* are functions on the phase space. Show that the action

Ilg, pl = /df (Paqa — Ho — u"Gpy)
is invariant under the following gauge transformations:

8qa = €"{qa, Gm} 8pa = €"{pa, Gm)
Su™ = M + "W U, + &7V,

Construct the action /[A, ] for free electrodynamics. Then find the action
I[A] obtained from /[A, ] by eliminating = with the help of the equations
of motion.
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10.

11.

12.

13.

14.

15.

16.

Hamiltonian dynamics

(a) Prove that the lapse and shift functions are linear in bko.

(b) Show that det(b* w) has the form b = NJ, where J is independent of
b*o.

(c) Check the orthogonality relations: bkah,;ﬁ = 85, bk hp® = 5,’%.

Prove the following identities:

eMP b b ivbipbic = beijy b = det(b' )
el 7 bl e = =2b(hi"hi; b + hi i h )+ b b i)
el T b bl = —Abhyi*h )"
Prove the following relations:

Enijk Xi" + €nij Xi" + ekini X" + €jun Xi" =0 Xin = —Xui)

Oafy (V47:3%

Emnil bj)’blﬂ - j)= Emjil bnyblﬂ — (m < n)

Vysijr = 0.

(a) Verify that the constraint ¢;;* from equation (5.48) has the same form
as in example 5.

(b) Show that H; from (5.49) has the form H; = aJ(n;RM 55 —
2h:* R ), which is equivalent to the result of example 5, up to ¢;;“.

(c) Compare H;; and D* from (5.49) to the result of example 5.

(d) Use the constraint ¢;;* to show that nimo‘n’"jﬁ R «p 1s proportional to
Hi.

Using [V, Vglb', = R'j4pb’, and the condition T'qp = V, Tiep = 0,

prove the relations

() Riaﬁy + Riyo:ﬂ + Riﬂya =0 (ii) RaﬂyzS = Ryéaﬁo
(a) In EC theory without matter fields derive the relation
Tiaﬁ = ZV[auiﬁ] + 2uim[abmﬁ].

(b) By eliminating the multipliers u’a and u"j'q with the help of the
equations 7' o, = 0 and RY gy = u", — V4 AY, prove the relation

Tiaﬂ + AimOTmaﬁ = meRimaﬂ + bmﬁRimOa + bmaRimﬂO
which implies (5.52b).' B
(c) Using the conditions 7'y = T'yg = 0 prove that
(i) Ropy +R'yop+R'p0=0 (i) Repyo = Ryoap-

Use the Bianchi identity £°“/7 v, R" gy = 0 and the equations which
determine u', and u" 4, given in the previous exercise, to prove the relation
(5.52a).



17.

18.

19.

20.
21.

22.
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In EC theory without matter fields, derive the Bianchi identities
VoRY gy + V, RV + VgRY =0

using the Hamiltonian equations of motion.

Use the consistency condition of the constraint ¢;;* in teleparallel theory to
determine the multiplier u;; Oa,

Show that the Hamiltonian equations of motion for A%/ u» determined by
the total Hamiltonian (5.59), imply R g ~ u/ g. Then verify the relation
(5.68).

Derive the form of 4| and q_S,'j in GR;.

Consider the simple Lagrangian Lo = At R -

(a) Find the form of the total Hamiltonian.

(b) Derive the algebra of the related Hamiltonian constraints ’;q,'. j and Hii ap-

Find the form of the PB algebra of constraints involving 7" 44, in general
teleparallel theory.



Chapter 6

Symmetries and conservation laws

Gauge symmetries in the theory of gravity can be naturally analysed within
the Hamiltonian formalism for constrained dynamical systems. The existence
of gauge symmetries is observed by the presence of arbitrary multipliers (or,
equivalently, FC constraints) in the total Hamiltonian. The old question about the
relation between the nature of constraints and the form of gauge generators has
been resolved by Castellani, who developed an algorithm for constructing all the
canonical gauge generators (Castellani 1982). The method demands knowledge
of the Poisson bracket algebra of FC constraints, and gives the gauge generators
acting on both physical and unphysical phase-space variables.

We shall begin this chapter by studying the structure of the Poincaré gauge
generators in the general Uy theory of gravity. For their construction it is essential
to have complete knowledge of the algebra of FC constraints. An interesting
supplement to these considerations is given in appendix F, where a reversed
argument is presented: using the known structure of the gauge generators, we
can obtain very precise information about the algebra of FC constraints.

A continuous symmetry of an action leads, via Noether’s theorem, to a
differentially conserved current. The conservation of the corresponding charge,
which is an integral quantity, can be proved only under certain assumptions about
the asymptotic behaviour of the basic dynamical variables, which are usually
fulfilled in standard flat-space field theories. The situation in gravitational theories
is more complex. A clear and consistent picture of the gravitational energy and
other conserved charges emerged only after the role and importance of boundary
conditions and their symmetries had been fully recognized (Arnowitt ef al 1962,
DeWitt 1967, Regge and Teitelboim 1974).

A field theory is defined by both the field equations and the boundary
conditions. The concept of asymptotic or boundary symmetry is of fundamental
importance for understanding the conservation laws in gravity. It is defined by the
gauge transformations that leave a chosen set of boundary conditions invariant.
Assuming that the symmetry in the asymptotic region is given by the global
Poincaré symmetry, we shall use the Regge—Teitelboim approach to find the form

152
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of the improved canonical generators for two specific dynamical models: EC
theory and teleparallel theory (sections 6.2 and 6.3). Since the generators act on
dynamical variables via PBs, they should have well-defined functional derivatives.
The fact that the global Poincaré generators do not satisfy this requirement will
lead us to improve their form by adding certain surface terms, which turn out to
define the energy, momentum and angular momentum of the gravitating system
(Regge and Teitelboim 1974, Blagojevi¢ and Vasili¢ 1988, 2000b).

The global group of asymptotically flat four-dimensional gravity is given
by the Poincaré group, the isometry group of Ms. In section 6.4, we shall
show that asymptotic symmetries may have a more complex structure. Studying
three-dimensional Chern—Simons gauge theory, we shall find that its boundary
symmetry is given by the two-dimensional conformal group (Bafiados 1994,
1999a, b), which is not the isometry group of any background geometry. Since
three-dimensional gravity with negative cosmological constant can be represented
as a Chern—Simons gauge theory (Witten 1988, appendix L), we have here
an interesting example of the so called anti de Sitter/conformal field theory
correspondence.

6.1 Gauge symmetries

A canonical description of gauge symmetries in PGT is given in terms of
the gauge generators, which act on the basic dynamical variables via PBs.
The construction of these generators clarifies the relationship between gauge
symmetries and the algebra of FC constraints, and enables us to understand the
role of asymptotic conditions in formulating the conservation laws better.

Constraint algebra

Explicit knowledge of the algebra of FC constraints in the Uy theory is necessary
for both the construction of the gauge generators and to investigate the consistency
of the theory.

We have seen earlier that the consistency conditions of the sure primary
constraints lead to the secondary constraints H, ~ 0, Hy ~ 0,H;; ~ 0, where
the quantities H 1, Hy and H,;; are given as sums of contributions of the matter
and gravitational fields, defined in equations (5.41) and (5.43).

When no extra constraints are present in the theory, we can show that the
constraint algebra takes the form (Nikoli¢ 1986, 1992):

{(Mij, it = % fii™ ki Honnd
{Hij, Ho =0 (6.1a)
{He, 7‘[}3} = (M, 08 +Hpdo — %Rijaﬁ/H,'j)(S
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{Hij, H' |} =0
(Mo, M|} = (H100 — SRV 41 Hij)8 (6.1b)
(Hi, "} = —CgHy +3g"*PH,)d48.

The first three relations represent PBs between kinematical constraints H;;
and H,, the form of which does not depend of the choice of the action. Their
derivation can be considerably simplified if 7;; and H, are written as

Hij = JTAE,'j(pA + 0X;;
Ho = madap™ + LAY JHij + 0 Xa

where 4 = (W, bly, Ay), ma = (7, 1;%, 7;;%), Ty; are the Lorentz generators
in the related representation, and 9 X is a three-divergence.

The relations (6.15) contain the dynamical part of the Hamiltonian # | ; their
calculation is rather involved, and will not be discussed here.

Using the decomposition (5.38b) for Hy, equations (6.1) in the local Lorentz
basis take the form

{7‘[1']', /H/,d} = %fijmnklfﬂmna
{Hij, Hyd = —2mi H )6

(M. M)y} = = RUZIL + SR Hij8 + 200 Tl + 3T ) Hid
(6.2)
featuring a visible analogy with the standard Poincaré algebra.

These considerations refer to the case when no extra constraints are present
in the theory. When extra constraints exist, the whole analysis becomes
much more involved, but the results essentially coincide with those in (6.1)
(appendix F):

(a) the dynamical Hamiltonian 7{; becomes a redefined expression 7, which
includes the contributions of all primary second-class constraints; and
(b) the algebra may contain terms of the type Cpgc.

Hence, the consistency conditions of the secondary constraints are automatically
satisfied.

The specific properties of the constraint algebra in EC theory have been
discussed by Henneaux (1983) and Nikoli¢ (1995).

Gauge generators
The generators of the Poincaré gauge symmetry take the form
G=:0)G" +e1)G?

where G, GV are phase-space functions satisfying conditions (5.23b). It is
clear from these conditions that the construction of the gauge generators is based
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on the algebra of FC constraints. Since the Poincaré gauge symmetry is always
present, independently of the specific form of the action, we naturally expect that
all the essential features of the Poincaré gauge generators could be obtained by
considering a simple case of the theory, in which no extra constraints are present.
After that, the obtained result will be easily generalized (Blagojevic et al 1988).

Construction of the generator. When no extra constraints exist, the primary
constraints 7 and mjo are FC. Starting with G,(cl) = —mY and GE}) =

—T; jo’ conditions (5.23b) yield the following expression for the Poincaré gauge
generator:

G=-— / dx [éknko + Ek(Hk + dr) + %éijmjo + %Sij (=Hij + ¢ij)] (6.3a)

where ¢, and ¢;; are PFC constraints, which are to be determined from the
relations

{Hk + ¢r, Hr} = Cprc
{—=Hij + ¢ij, Hr} = CpEC.

Using the constraint algebra in the form (6.2), we obtain the following expressions
for ¢y and ¢;;:
b = [Alko — b"o(T -7 + 20 T iy )1 °
+5b™0(RY by + 2n(m R 3y )i (6.3b)
¢ij = 2brioj)’ + 2A4% 07
This completely defines the Poincaré gauge generator.

In order to check whether it generates the correct gauge transformations, we
shall introduce a more convenient set of parameters:

gk — E“bku el = ol + £V AU,
whereupon the generator G becomes (we omit | d3x for simplicity):
G=G+Gé)
G(w) = —3a" 1,0 — Lo §;; (6.4a)
G(€) = —&1OFum® + AT 7y;0) — §4P,
where
Pu= bk,ﬂ-lk - %Aij,uHij + bko,;ﬂko + %Aijo,uﬂ'ijo

0 0 (6.4b)
Sij = —Hij + Zb[i()n’j] + ZAS[i()JTSj] .
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Note that Py is equal to the total Hamiltonian (up to a three-divergence),

POZQTEHT—%D”

k

since Bko and AV o are nothing but the arbitrary multipliers u*¢ and uiy,

respectively: b¥o = {b*o, Hr} = u*o, AU = {AU, Hy} = u'ly.

Action on the fields. We are now going to show that the action of the generators
(6.4) on the fields W, bkﬂ and AY, produces the standard Poincaré gauge
transformations:

So¥ = Lo ;W — £V0,¥
Sob, = kb, — &> b, — E*8, b5, (6.5)
80AU , = gAY + 0l (A, — 0V —E* AU, — E2D, AT,

where 60X = {X, G}. To do that, we first rewrite P, and S;; in the form

Po = Hr
Po = mi" bl ) + 3R 80 AV ) + TV — dp(miPbl o + S P AV ) (6.6)
Sij = 2wt bj — 2msiM A jl — TV — g ¢

Then, it becomes straightforward to verify the »”/ and £% transformations. To
derive EO transformations, we shall use the fact that T does not depend on the
derivatives of the momentum variables on the constraint surface, i.e. 0HT/0m o ~
0 (this is correct for Lagrangians that are, at most, quadratic in velocities). Let us
first consider the transformations of b* w

800k, = — / B [EO(bE b0, 0) + EOBE . Hy — D' )]
- _ éobkoag _ ‘i:OAkM _ éo,abkoaz

where AX u is defined by the relation (b w Hph = Ak w6 (Ht does not depend on
a4, hence there is no 38 term on the right-hand side). Consequently,

8060k, = —£0 bk — EO(bF,, Hr) ~ —£0 bFo — £0BF,

in accordance with (6.5).
The result is valid only on-shell. Note that the only properties of the total
Hamiltonian used in the derivation are the following ones:

(a) Mt does not depend on dm4; and
(b) it governs the time evolution of dynamical variables: ¢* = {4, Hr}.

In a similar way we can check the transformation rules for the fields A%/ u
and V. Finally, we should also check whether the generator (6.4) produces the
correct transformations of momenta; that will be done soon.
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We note that the field transformations (6.5) are symmetry transformations
not only in the simple case characterized by the absence of any extra constraint,
but also in the general case when extra constraints exist, i.e. for an arbitrary choice
of parameters in the action. This fact motivates us to assume that the gauge
generator (6.4), in which the term Py is replaced by the new ﬁT, is the correct
gauge generator also in the general case.

The general case. Consider, now, the general theory in which extra constraints
are allowed to exist. The Poincaré gauge generator is assumed to have the form

G=-3"G}) - 1o GY) —irGD — 160 (6.7a)
where
(1) 0 0)
G\ = 1. GY) =S
l ity ) ) l.i) /l\] . (6.7h)
G = bk + 1A, 7,0 G =Ty ¢ = Pa.

The component G(()O) = Hr now differs from the previous case by the presence of
(u - @) terms; the part of (u - ¢) describing second-class constraints is included in
the redefined Hamiltonian | .

It is clear that the "/ and £ transformations on fields are again of the same
form as in (6.5). To discuss the £° transformations, it is essential to observe that
even in the general case Ht does not depend on the derivatives of momenta on
shell. The rest of the derivation leads to the same result as before.

To complete the proof, we have to show that the generator G produces
the correct symmetry transformations of momenta. These transformations are
determined by the defining relation 74 = 9£/9¢*, and the known transformation
laws for ¢4 and £. We can show that G also acts correctly on momenta.
Therefore:

the expression (6.7) is the correct Poincaré gauge generator for any
choice of parameters in the action.

This result enables us to study one of the most important problems of the
classical theory of gravity—the definition of the gravitational energy and other
conserved quantities.

6.2 Conservation laws—EC theory

Assuming that the asymptotic symmetry of Us theory is the global Poincaré
symmetry, we shall now discuss the form of the related generators. The general
idea is illustrated on the specific case of EC theory. A careful analysis of boundary
conditions leads to the appearance of certain surface terms in the expressions
for the generators. The improved generators enable a correct treatment of the
conservation laws of the energy, momentum and angular momentum (Blagojevié
and Vasili¢ 1988, 2000b).
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Asymptotic structure of spacetime

The asymptotic Poincaré symmetry. The global Poincaré transformations of
fields can be obtained from the corresponding gauge transformations by the
following replacements of parameters:

o' (x) = wl 68)
§M(x) = otyx? +e" =& '

where '/ and &” are constants, and 0", = 8! n;,. The indices of quantities
related to the asymptotic spacetime are treated as in M4: they are raised and
lowered by the Minkowski metric 7;;, while the transition between the local
Lorentz and coordinate basis is realized with the help of the Kronecker symbols

8;‘ and 81{. These replacements have been chosen so as to obtain the standard
global Poincaré transformations of fields:

SV = STV — £V,
Sob'y = ' b5, — w”, bt — EVALD, (6.9)
80AY |, = 0l AT, + 0l (AT — 0¥ AT, — VDAY .

The generator of these transformations can be obtained from the gauge
generator (6.7) in the same manner, leading to

G = 30" M;j — " P, (6.10a)
where
P :/d3x73u My, :/d3x/\/l,w

Ma/fi = .xapﬁ — .xﬁpa — Saﬂ
Mog = xoPp — xPo — Sog + bkﬁfrko + %Aij/gn’,'jo.

(6.10b)

As the symmetry generators act on basic dynamical variables via PBs, they
are required to have well-defined functional derivatives. When the parameters
decrease sufficiently fast at spatial infinity, all partial integrations in G are
characterized by vanishing surface terms, and the differentiability of G does
not present any problem. The parameters of the global Poincaré symmetry
are not of that type, so that the surface terms must be treated more carefully.
We shall therefore try to improve the form of the generators (6.10) so as to
obtain expressions with well-defined functional derivatives. The first step in that
direction is to define the phase space in which the generators (6.10) act precisely,
by an appropriate choice of boundary conditions.
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The boundary conditions. The choice of boundary conditions becomes clearer
if we express the asymptotic structure of spacetime in certain geometric terms.
Here, we shall be concerned with finite gravitational sources, characterized by
matter fields that decrease sufficiently rapidly at large distances, so that their
contribution to surface integrals vanishes. In that case, we can assume that the
spacetime is asymptotically flat, i.e. that the following two conditions are satisfied:

(a) There exists a coordinate system in which the metric tensor becomes
Minkowskian at large distances: g,, = nuv + O1, where O, = O(Fr™")
denotes a term which decreases like r—" or faster for large r, i.e. r"O,
remains finite when r — oo, and r2 = (x1)2 + (x2)% + (x3)2.

(b) The Lorentz field strength satisfies the condition of the absolute parallelism
for large r: Rij,w = Og4¢ (@ > 0).

The first condition is consistent with the asymptotic global Poincaré
symmetry. The second condition can be easily satisfied by demanding

() AV, = O14q.

In EC theory, the connection behaves as the derivative of the metric, so that
A = O;. The same law holds in general Uy theory when the field A is massive,
while massless A can have a slower decrease. Here, we shall limit ourselves, for
simplicity, to the EC theory, i.e. we shall assume that the boundary conditions of
the gravitational field have the form

bru=8k+01 AU, =0, (6.11a)

The vacuum values of the fields, b w = (SL and AV p = 0, are invariant
under the action of the global Poincaré group. Demanding that the conditions
(6.11a) remain unchanged under the global Poincaré transformations, we obtain
the following conditions on the field derivatives:

bkp,,v = 02 bku,UA = 03

y y (6.11b)
AY =05 AY vy = Os.
These relations impose serious restrictions on the gravitational field in the
asymptotic region, and define an isolated gravitational system (characterized, in
particular, by the absence of gravitational waves).

The requirements (6.11) are minimal in the sense that some additional
arguments may lead to better asymptotics, i.e. to a faster or more precisely defined
decrease in the fields and their derivatives. In addition to the boundary conditions
(6.11), we shall adopt the principle that all the expressions that vanish on-shell
have an arbitrarily fast asymptotic decrease, as no solutions of the equations of
motion are thereby lost. In particular, all the constraints of the theory are assumed
to decrease arbitrarily fast.
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In accordance with this principle, the asymptotic behaviour of the momenta
is determined by requiring

where O denotes a term with an arbitrarily fast asymptotic decrease. By using the
definitions of the gravitational momentum variables, equations (5.28) and (5.48),
we find that .
70, w0 =0
7% =0 (6.12)
;% = —4alnhj* + 0.

Similar arguments lead to the consistent determination of the asymptotic
behaviour of the Hamiltonian multipliers. From bk = uko, AVy = uly we
find that 3

uko =0, u’o = 0s. (6.13a)

The other multipliers are also seen to be related to the velocities, which results in
the following asymptotic behaviour:

Ulm, gy = O2 u;i- = Os. (6.13b)

Improving the Poincaré generators

The canonical generators act on dynamical variables via the PB operation, which
is defined in terms of functional derivatives. A functional

Flo,m] = / Ex fp(x), 9up(x), 7(x), By (x))
has well-defined functional derivatives if its variation can be written in the form
SF = /d3x [A(x)dp(x) + B(x)dm(x)] (6.14)
where the terms ¢, ;, and 87, are absent.
The global Poincaré generators do not satisfy this requirement, as we shall

see. This will lead us to redefine them by adding certain surface terms, which turn
out to be the energy, momentum and angular momentum of the physical system.

Spatial translation. Let us demonstrate how this procedure works in the case
of global spatial translation. The variation of P, yields

SPy = / dx 8P,

8Py = mi"8b' o + 37 HSAY o — 8Pl + AP AT ) g+ R.
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Here, we have explicitly displayed those terms that contain the unwanted
variations ¢, and 8 ;,, while the remaining terms of the correct, regular form
(6.14) are denoted by R. A simple formula

m“éb’p,a = (ﬂiﬂabiu),a + R
allows us to conclude that
mitsb' 0 =00 + R

according to the boundary conditions (6.12). Continuing with the same reasoning,
we obtain

8Py = 3miP8AU g) o — (AP AV ) g + R+ 90.
After taking into account the relation 67;; B Al g = O3, it follows that
8Py = —8(miiP AV 1484)7).) + R+ 005,
As a consequence, the variation of P, can be written in the simple form:

0Py = —06E4y+ R

- (6.15a)
E, = %dsy (JTij/sAl'/ [aaﬂ]”)

where E, is defined as a surface integral over the boundary of the three-
dimensional space. This allows us to redefine the generator Py,

P, — Py =P, + E, (6.15b)

so that the new, improved expression Py has well-defined functional derivatives.
We can verify that the assumed boundary conditions ensure finiteness of E,.

While the old generator P, vanishes on-shell (as an integral of a linear
combination of constraints), ﬁa does not—its on-shell value is E,. Since ﬁa
is the generator of the asymptotic spatial translations, we expect E, to be the
value of the related conserved charge—Ilinear momentum; this will be proved in
the next subsection.

Time translation. In a similar, way we can improve the form of the time
translation generator. Let us start with

SPy = /d3x SHr

§Hr = 8Hc + R = NSH | + N*6Hy — JAT05H;; + R.
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Using the formulae

§Hij = (O7ij*) .0 + R
§Ho = (mijP8AY 1587 + R+ 00
SHi = —2aJhi®hiP5AM g + R+ 00

we obtain the result

§Hr = 2aNJh Php*5A% 5 4 + R
= [2aJhoPhp*8AP g o + R + 005

with the help of §#A = O3. Hence,

8Py=—86Ey+ R

(6.16a)
Eo= fdsy (—2aJhy®hp? A%y)
and the correctly defined generator Py has the form
Py = Py + Eo. (6.16b)

The surface term E is finite on account of the adopted boundary conditions. As
we shall see, the on-shell value Eq of Py represents the value of the energy of the
gravitating system.

Rotation. To find the correct definition of the rotation generator, let us look at
the expression

SMyp = / dx SMop
5./\/10[/3 = xa(S’P,g — x/g(S’Pa + Snaﬁy,y + R.
Using the known form of 6Py, we find that

0Myg = —6Eq5 + R

) (6.17a)
Eap = %dsy [=7ap” + x1a (i 7 AY )]

In the course of the calculation, the term [ dsjexp) X, with X = m;;/ AV g,
has been discarded as ds, ~ x4 on the integration sphere. The corresponding
improved rotation generator is given by

~

Mg = Myp + Egp. (6.17b)
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A detailed analysis shows that the adopted boundary conditions do not
guarantee the finiteness of the surface term E,g, as the integrand contains O
terms. These troublesome terms are seen to vanish if we impose additional
requirements on the phase space, consisting of conveniently chosen parity
conditions (Regge and Teitelboim 1974, Beig and Murchadha 1978, Blagojevic¢
and Vasili¢ 1988). After that, the surface term Eyg is found to be finite and,
consequently, M op 1s well defined.

Boost. By varying the boost generator, we find that

dMog = /d3x SMog

SMop = x08Pg — xg8Ht + dmop” ., + R.
Then, using the known expressions for P and §H, we obtain

dMog = —8Eps + R

Eop = fdsy [—ﬂoﬁy +x0(ni,-“Aif[,38a]V) — x,g(ZaJhaahbyAaba)]

(6.18a)
so that the correct boost generator has the form

Mog = Mog + Eop. (6.18b)

Additional asymptotic parity conditions guarantee the finiteness of the surface
term Eqg.

All these results refer to EC theory. The general R 4+ T2 + R? theory can be
treated in an analogous manner.

Asymptotic symmetries and conservation laws

In the previous considerations, we obtained the improved Poincaré generators,
acting on the phase space with given asymptotic properties. To clarify the
physical meaning of these quantities, we now study their conservation laws. After
transforming the canonical generators into the Lagrangian form, we shall make a
comparison with the related GR results.

The algebra of the generators. The improved Poincaré generators are defined
as the volume integrals of constraints plus certain surface integrals. Their action
on the fields and momenta is the same as before, since surface terms act trivially
on local quantities. Once we know that the generators P w and M wv have the
standard action on the whole phase space, we can easily deduce their algebra to
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be that of the Poincaré group:
{P,, P} =0
(P Mun} = npw P = nn Py (6.19)
(M1, My} = mypMos = 0a My — (12 > v).

This result is in agreement with the general theorem, which states that the
PB of two well-defined (differentiable) generators is necessarily a well-defined
generator (Brown and Henneaux 1986a). Note, however, that the line of reasoning
that leads to this result does not guarantee the strong equalities in (6.19); they are
rather equalities up to trivial generators (such as squares of constraints and surface
terms). In what follows, we shall explicitly verify the absence of such terms in the
part of the algebra involving P, which will be sufficient to prove the conservation
of all the symmetry generators.

Conservation laws.  After a slight modification, Castellani’s method can also be
applied to study global symmetries. We can show that the necessary and sufficient
conditions for a phase-space functional G(q, 7, t) to be a generator of global
symmetries take the form

~ 0G
{G,H1} + P Cprc (6.20)
{G, o5} =0 (6.21)

where ﬁT is the improved Hamiltonian, ¢; =~ 0 are all the constraints in
the theory and, as before, the equality sign means an equality up to the zero
generators. The improved Poincaré generators are easily seen to satisfy the second
condition, as they are given, up to surface terms, by volume integrals of FC
constraints. On the other hand, having in mind that H T = Fo, we can verify
that the first condition is also satisfied, as a consequence of the part of the algebra
(6.19) involving Po.

The first condition is the canonical form of the conservation law. Indeed, it

implies a weak equality

% = {G, Po} + % ~Z (6.22)
wherefrom we see that the generator G is conserved only if the zero generator
term Z is absent. We shall now explicitly evaluate dG/dt for each of the
generators G = P ws M wv» and check their conservation.

As is clear from equation (6.22), in order to verify the conservation of the
improved Poincaré generators, we need their PBs with 130. Writing Ey in the form
Ey = —2a9§dSy AY, where AY = 82‘A“0a53, we see that the essential part of
these brackets is the expression {A”, G}, representing the action of the Poincaré
generator on the local quantity AY. Combining the relation §oAY = {AY, G}
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with the known transformation laws for the fields, equation (6.9), we can read the
relevant PBs:

(A, P} ~ —d,AY
{AY, Myp) = —(84 Ag + x00A7) — (a < )
[AY, Mog} ~ —(Ag” g — 8 Ao%e)
—AgYo — xg00AY 4+ x0dgAY + O3.

(6.23)

The last of these equations can be further simplified by using the equations of
motion. Thus, R,9 &~ 0 implies dgA? ~ 9, A*Y ¢, so that

A/gyo + x/g8()Ay ~ 3a(x/3Aay()).

(1)  Letus begin with the conservation of energy. First, we note that Po, being a
well- defined functlonal must commute with itself: {Po, Po} = 0. Furthermore,
8P0/ at = oH 1/9t = Cpgc, since the only explicit time dependence of the
total Hamiltonian is due to the presence of arbitrary multipliers, which are always
multiplied by the PFC constraints. Therefore,

dF() dEy

L0010 6.24
a o dr (6.24a)

and we conclude that the surface term E(, representing the value of the energy, is
a conserved quantity.

(2) The linear momentum and the spatial angular momentum have no explicit
time dependence. To evaluate their PBs with Po, we shall use the following
procedure. Our improved generators are (non-local) functionals having the form
of integrals of some local densities. The PB of two such generators can be
calculated by acting with one of them on the integrand of the other. In the case of
linear momentum, we have

[Py, Py) = /d3x {flr — 2ad, A7, Py} ~ —2a/d3x 3, (A", Py)
because 7:[T ~ ( is a constraint in the theory, and therefore, weakly commutes

with all the symmetry generators. The last term in this formula is easily evaluated
with the help of equation (6.23), with the final result

[Py, Pyl ~ 2a f dSy 9, AY =0

as a consequence of dy,AY = (3. Therefore, no constant term appears in
equation (6.22) for G = P, and we have the conservation law
dPy _dEq

~ ~ 0. 6.24b
dr dt ( )
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(3) In a similar way, we can check the conservation of the rotation generator.
Using equation (6.23), we find

{(Po, Myg) ~ —2a/d3x 3, (AY, Myp) ~ f(dSa xg — dSp x4)dy AY = 0.
The last equality is obtained with the help of the constraint
H| = aJRn_"_l,;lﬁ = —2a8VAV + Oy

which~implies dyA? = (4. Therefore, the Z term in (6.22) is absent for
G = Mg, and the value of the rotation generator is conserved:

dﬁaﬁ N dEup
dr dr

~ 0. (6.24¢)

(4) Finally, the boost generator has an explicit, linear dependence on time, and
satisfies the relation Mg/t = Pg ~ Eg. On the other hand,

{Po, Mog} ~ —2a / dx ) [—(Ao” p — 8] Ao%e) — du(xp A“ )]
=2a / d*x 0, (A" g — 85 Ao%e) = Ep

where we have used the PBs in (6.23). In contrast to all other generators, the PB
of the boost generator with Py does not vanish: its on-shell value is precisely the
value of the linear momentum Eg. Substitution of these results back into (6.22)
yields the boost conservation law:

d]V[oﬂ dEog
~ —- ~0. 6.24
dr dr ( )

In conclusion,

All ten Poincaré generators in EC theory are conserved charges in the
phase space with appropriate asymptotic conditions.

Comparison with GR. 'We now wish to transform our Hamiltonian expressions
for the conserved charges into the Lagrangian form, and compare the obtained
results with the related GR expressions. This will be achieved by expressing all
momentum variables in terms of the fields and their derivatives, using primary
constraints and the equations of motion.

To transform the expression for linear momentum, we start with the relation

7P AU 8 ~ 2a(AY o, — 87 A% ) + O3
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following from (6.12). Using equation (3.46) in the form
Ajji = —(bpij1k — bak).j + bjk.i) + O3
the right-hand side of this equation becomes
R~ —=2a[n®" (ba),p — b(ap),0 — bopy.a) + 85bP gol +4a®dPos2h) 5 + Os.

A direct calculation shows that this expression can be rewritten in terms of the
metric, i.e.
R = r)auhuoy + AO[V'B)[} + 05

where the term A,"#, which is antisymmetric in (y, 8), does not contribute to the
integral E,, and

A A A _ A
W = al(—g)(g" g™ — g 8", = H' .
The final result is
Ey = Ny f ds, nor.

In a similar way the energy expression can be brought to the form
Eo = f ds, ho.

Energy and momentum can be written in a Lorentz covariant form as
EN = /d3x oo gHY = R (6.25)

where 6"V is equal to the symmetric energy—momentum complex in GR.

Energy and momentum in the EC theory are given by the same
expressions as in GR.

For the rotation and boost, the calculation is similar but slightly more
complicated, and it gives the following result:

EW = fdsy G
(6.26)
KHVAL = xHpVAP _ x VA0 4 FAvp

where K satisfies the relation 8pK’“’)‘p = xHgv* — xvoHr

The angular momentum also coincides with the GR expression.

It should be noted that in the general R + T'> 4 R? theory we obtain the same
results only when all tordions are massive. The results obtained in this chapter
can be used to study the important problem of stability of the Minkowski vacuum
in PGT.
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6.3 Conservation laws—the teleparallel theory

Our previous treatment of the relation between gauge symmetries and
conservation laws refers to EC theory, which is defined in a U4 space. Teleparallel
theory is defined in a T4 space, so that the corresponding analysis must be changed
in some technical details, due to the presence of Lagrange multipliers in the action
(Blagojevi¢ and Vasili¢ 2000a, b).

As we are interested in the conservation laws of the energy—momentum
and angular momentum, we shall begin our analysis with the construction of the
Poincaré gauge generator.

A simple model

The T2 part of the teleparallel Lagrangian (3.61) is a special case of the general
R + T? + R? theory, the Poincaré gauge generator of which has already been
constructed in section 6.1. In teleparallel theory, this result is to be corrected with
the terms stemming from the A;;*" RU wv part of the Lagrangian. Since the general
construction procedure is rather complicated, we give here a detailed analysis of
the simple special case defined by the full absence of the torsion part from (3.61).
The results obtained will provide a clear suggestion for the construction of the
Poincaré gauge generator in the complete teleparallel theory.
The simple Lagrangian we are going to study reads:

Zo = )\‘ij,ule'j’uv. (6.27)

Clearly, the tetrad variables are absent, but Zo possesses all the gauge symmetries
of the general teleparallel theory. The field equations are:

Vurii" =0  RY,, =0,
A straightforward Hamiltonian analysis gives the total Hamiltonian which
coincides with H, equation (5.63), up to the tetrad related terms:

j‘ZT = —%Aij()/)q,'j — )»,'jaﬁﬁija/s + %uij()n’,'jo + %u,'jaﬁfrija/g (6.28a)
where - ,
Hij = Vorij® + 27 jioahsj1™
~. . , . (6.28b)
Hl]aﬁ = R”aﬁ — %V[aﬂUOﬂ] Z/Hljaﬂo
Among the primary constraints, 7; jo and 7'/ op are FC and, consequently,
responsible for the existence of gauge symmetries, while ¢;;* = m;;* — 44;; Oa
and " g are second class. The PB algebra of the Hamiltonian constraints has

the form - - -
{Hij, Hyy} = ik Hij + njxHi)s — (k < 1)

(H o, H) = SLH ap + 8] H145)8 — (k <> 1) (6.29)
{ﬁijaﬁ, j‘zlklyﬁ} =0.
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The Lorentz generator. We begin with the PFC constraint r; jo’ and define
(N;(a)) = —%d)ijﬂ’ijo — %a)ijgij. (6.30a)

From the second condition in (5.23b), we obtain §ij = —’}-[ij + Cpgc. Then,
using the constraint~ algebra (6.29) and the third condition in (5.23b), we find the
complete function S;; to read:

Sij = —Hij + 245107510 + A %P7 jrap- (6.30b)

It is easy to verify that the action of the Lorentz gauge generator G(w) on the
fields A", and A;;"*" has the expected form, coinciding with the w part of the
Poincaré transformations (3.64).

The A generator. The A gauge generator is obtained by starting Castellani’s
algorithm with the PFC constraint 7%/ og. All the steps of the construction, the
analysis and the final result are the same as in section 5.3. Thus,

6(8) = }Téijoaﬂﬂi'jaﬁ + %81']'0“/35”0(;3 — %ajaﬁyvan,ijﬁy (6.31)

with §¥ «p given by equation (5.73b).
The action of G (¢) on the fields is the same as in (3.65), while the action of
the complete generator G (w) + G (¢) yields:

- ki - .
80AY |, = 'k AY |, + 0l AV — Y

v kg oy VA (6.32)
Sorii Y = @i MM + @ MgtV + Vi g FU

These transformation laws exhaust the gauge symmetries of our simple model.
Note, however, that the Lagrangian Lo also possesses the local translational
symmetry, which has not been obtained so far. If Castellani’s algorithm is an
exhaustive one, then the translational symmetry must be somehow hidden in this
result. In what follows, we shall demonstrate that this is really true, namely
that the translational symmetry emerges from a simple redefinition of the gauge
parameters in (6.32).

The Poincaré generator. Let us consider the following replacement of the

parameters w”/ and ¢; i #v: in equation (6.32):

W = ol 4 g1 AT,

N N N N (6.33)

gt —> —(EHA T+ EV N+ ER A 1Y),
The resulting on-shell transformations of the fields AY,, and A;;*¥ are easily
found to be exactly the Poincaré gauge transformations (3.64). As we can see,
the local translations are not obtained as independent gauge transformations,
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but rather emerge as part of the A and Lorentz symmetries. The corresponding
Poincaré generator is obtained by using the same replacement in the gauge
generator G (w) 4+ G(¢). Thus, we find:

G = G(w) + G&) (6.34a)

where the first term, describing local Lorentz rotations, has the form (6.30), while
the second term, describing local translations, is given by

GE) = — &' AY om0 + Inij Pl op) — 0 Hr
— EY(3AY omi® — 304, 1Y op)

— £ Py — 10V 07 g, — L0, (i PY U p)]. (6.34b)

In these expressions, we used the following notation:

Po = Ho — $AY o Hij + 2040 HY op + 1708, AV (6.34¢)
Hoo = 370 0 Vg .

Note that the term ﬁa in G(g) has the structure of squares of constraints,
and therefore, does not contribute to the non-trivial field transformations.
Nevertheless, we shall retain it in the generator because it makes the field
transformations practically off-shell (up to R op ~ 0). This will help us to find
the form of the extension of G to general teleparallel theory straightforwardly.

The Poincaré gauge generators

Starting from the Poincaré gauge generator (6.34) of the simple model (6.27), and
comparing it with the earlier result (6.4), it is almost clear how its modification
to include the tetrad sector should be defined. The complete Poincaré gauge
generator of general teleparallel theory (3.61) is expected to have the form

G = G(w) + G) (6.35a)

where the first term describes local Lorentz rotations,

G(w) = -3 m;" — oSy (6.35b)

while the second term describes local translations,
GE) = — 20 om® + $AY om0 + §1i;P U op) — £9Py
— £ o + AV gm0 — 104, Y o)

— E%[ Py — 32ijPY 0amV gy — 30, 0P TV p)]. (6.35¢)
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Here, we used the following notation:
Sij = —Hij + 2bjiomj1® + 2A%i07sj1° + 225 P 75 j1ap
Py = Hr = Hr — 9 D* (6.35d)
Py =Ho — %Ai-/aﬁ,’j + 2)»,'j0ﬂ/gijaﬁ + 109,650 + %JT,'J'OBUA"-/()

where H, H,; j,ﬁij af> D% and Hr are defined in equations (5.63). The Poincaré
generator G is obtained from the simplified expression (6.34) by a natural process
of extension, which consists of

—  the replacements (e ﬁij, ﬁijaﬁ, Hr) — Ho Hij HY op, Hr); and
—  the addition of various 73" terms.

This amounts to completing the Poincaré gauge generator so that it also acts
correctly in the tetrad sector.

The proof that the Poincaré gauge generator has the form (6.35) is realized
by showing that G produces the correct Poincaré gauge transformations on the
complete phase space, i.e. on all the fields and momenta. Explicit demonstration
of this statement can be carried out in analogy with the EC case, and by using
only those relations that characterize an arbitrary teleparallel theory. Hence,

The Poincaré gauge generator has the form (6.35) for any choice of
parameters in the teleparallel theory (3.61).

Asymptotic conditions

Now we turn our attention to the asymptotic behaviour of the dynamical variables
and the related form of the symmetry generators.

Asymptotic Poincaré invariance. We restrict our discussion to gravitating
systems that are characterized by the global Poincaré symmetry at large distances.
The global Poincaré transformations of fields are obtained from the corresponding
local transformations (3.64) by the replacements (6.8). In the same manner, the
global Poincaré generators are obtained from the corresponding local expressions
(6.35):

G = 0" Mjj — " P, (6.36a)

where
P, = / &Expr, My, = / dx M,

Map = x4Pp — xpPo — Sap

Mop = xoPg — xgPo — Sog + bkﬁnko + %Ai-/,smjo — %)»,'ljoynijﬁy.
' (6.36b)
The quantities P, and S, = (SL(% S;j are defined in (6.35).
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Boundary conditions. We assume that dynamical variables satisfy the
boundary conditions

@) guy =nu + O1 and
(b) RY v = 02+a (a > 0)

which correspond to asymptotically flat spacetime.

The first condition is self-evident, and the second is trivially satisfied in
teleparallel theory, where R uwv(A) = 0. The vanishing of the curvature means
that the Lorentz gauge potential A/ , is a pure gauge, hence it can be transformed
to zero (at least locally) by a suitable local Lorentz transformation. Therefore, we
can adopt the following boundary conditions:

bly=8,+0, AU, =0. (6.37a)

There is one more Lagrangian variable in teleparallel theory, the Lagrange
multiplier A;;#*", which is not directly related to the geometric conditions (a) and
(b). Its asymptotic behaviour can be determined with the help of the second field
equation, leading to

Aij*Y = constant + O;. (6.37b)

The vacuum values of the fields, biﬂ =5, Ai-/ﬂ = 0and A;;"V = constant,
are invariant under the global Poincaré transformations. Demanding also that the
boundary conditions (6.37) be invariant under these transformations, we obtain
the additional requirements:

by = O b*vp = O3

Mt o =02 At pi = Os.

(6.38)

Boundary conditions (6.37) and (6.38) are compatible not only with global
Poincaré transformations, but also with a restricted set of local Poincaré
transformations, the gauge parameters of which decrease sufficiently fast for large
r.

The asymptotic behaviour of momentum variables is determined using the
relations 74 = dL/d¢*. Thus,

70 70 7 =0
7% = O (6.39)
% = 4)»,'./'0“ + O.
In a similar manner, we can determine the asymptotic behaviour of the
Hamiltonian multipliers.

Now we wish to check whether the global Poincaré generators (6.35) are
well defined in the phase space characterized by these boundary conditions.
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The improved Poincaré generators

The Poincaré generators (6.35), which define the asymptotic symmetry of
spacetime, are not differentiable. In the process of improving their form by adding
certain surface terms, we shall obtain the conserved charges of the gravitating
system, energy-momentum and angular momentum.

Spatial translation. The variation of the spatial translation generator P, has
the form

8Py = / dx 8Py
_ 7 1 Aij <i7.. 0B s17ij 0¢pk
8Po = 8Ho — 5AY o8Hij + 21ij P SHY op + 71 8b"0 o
+ 17 08AY o o — 0PV 8 gy o — L8P op)  + R
The relation nkO(S/l\Jko,a = (nkoébko),a + Ii in conjunction with the boundary
condition ;0 = O, leads to nkoébkojq =90 + R. Applying the same reasoning
to the terms proportional to nijo, ' ap, T op (present inH" og) and AY ,, we

find that _ .
8Py = 8Ho + 00 + R.

Finally, using the explicit form (5.63¢) of H,, we obtain
§Py = — 8(b'qmi?) y + (17 8b" ) o + 30 + R
= —8(b'qmi")y +3903+ R
where the last equality follows from ;¥ §b' y = O3. Therefore,

0Py = —6E4y+ R

(6.40a)
Ey = fdsy (b emi?).
Now, if we redefine the translation generator P, by
Py — Py = Py + E, (6.40b)

the new, improved expression P, has well-defined functional derivatives.

The surface integral for Ey is finite since bromiY = O, in view of boundary
conditions (6.39). The on-shell value E, of ﬁa represents the value of the linear
momentum of the system.

Time translation. A similar procedure can be applied to the time translation
generator Py:

SPy = /d3x §Po

5P = 8Hr — S(b*omi?) , + 00
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where we have used the adopted boundary conditions for A¥( and 7% g. Since
‘Ht does not depend on the derivatives of momenta (on shell), we can write

OHr 1 Mt
k—Sbk,u,a + - i
bk, o 204, ,

L, 1 3L
bk, T 20A1,,

SHt = SAY 4+ R

8AY 4+ R.

The second term has the form 9O + R, so that

oL ~
SHT A —0y <abk ab"u) +304+R=003+R
w.o
and we find
8Py = —8(b*omi”),, + 305 + R.
Hence,

6Py =—8Eo+ R

(6.41a)
Eo= fdsy (b o).
The improved time translation generator
Po=Po+ Eo (6.41b)

has well-defined functional derivatives, and the surface term Eq is finite. The
on-shell value Eg of Py is the energy of the gravitating system.

These expressions for the energy and momentum can be written in a Lorentz
covariant form:

E, = fdsy ). (6.42)

Rotation. Next, we want to check whether the rotation generator Mg has well-
defined functional derivatives:

SMyp = / dPx SMop
SMap = x48Ppg — xg8Py + 8ap” , + R
where 7,,° = (Sfléimjp. Using the known form of 6P, we find that

dMyp = —0Eqps + R

(6.43)
Eop = fdsy [xo (B* pi”) — xp (b o) — ap” ]
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where we have used the fact that ¢ dSj, xp)¢ = 0 (¢ = 7” 8b*,). The improved
rotation generator has the form

~

Mg = Myp + Eup. (6.44)

Although M op has well-defined functional derivatives, the assumed
boundary conditions (6.37)-(6.39) do not ensure the finiteness of E4g owing to
the presence of O terms. Note, however, that the actual asymptotics is refined
by the principle of arbitrarily fast decrease of all on-shell vanishing expressions.
Thus, we can use the constraints ﬁa and 77,'/, in the lowest order in r~!, to
conclude that

e p =04  2miap + e’y = O3 (6.45)

where ., = Sznvpmp . As a consequence, the angular momentum density
decreases like O3:
(ZX[aﬂﬂ]V - ﬂaﬁy))y == 03

As all variables in the theory are assumed to have asymptotically polynomial
behaviour in r~!, the integrand of Eqp must essentially be of an O type to
agree with this constraint. The possible O; terms are divergenceless, and do not
contribute to the corresponding surface integral (exercise 20). This ensures the
finiteness of the rotation generator.

Boost. The variation of the boost generator is given by

SMop = / d*x SMop
SMop = x08Pg — xp8Po + 8o’ + R.
Here, we need to calculate §Pp up to terms d(O4. A simple calculation yields
8 Mog = 8(mop” — xob*pmi? + xgbomi?) ., + (xpX7). + 005 + R

where the term X” = (3£/db*, ,,)8b* , is not a total variation, nor does it vanish
on account of the adopted boundary conditions. If we further restrict the phase
space by adopting suitable parity conditions, this term vanishes (Blagojevi¢ and
Vasili¢ 2000b). After that, the improved boost generator reduces to the form

Moﬁ = Mog + Eop

(6.46)
Eop = fdsy [xo(B* g ) — xp(b*omi?) — mop” 1.

It remains to be shown that the adopted boundary conditions ensure the
finiteness of Egg. That this is indeed true can be seen by analysing the constraints
‘Ht andH;; at spatial infinity, which leads to

7P p=0s  mop+mos” .y = Os (6.47)
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The first equation follows from ’}-A[T = Hrt — 3, D* ~ 0, which implies
ﬂoﬁ,,s ~Hr + Oy X s — L+ O4 = O

Now, it follows that the boost density decreases like O3 for large r. Then, the same
line of reasoning as the one used in discussing rotations leads us to conclude that
Eqg is finite. The improved boost generator M 0p is a well-defined functional on
the phase space defined by the boundary conditions (6.37)—(6.39) together with
the adopted parity conditions.

Using the Lorentz four-notation, we can write:

M, =M,, +E,,

(6.48)
Euy = fds)’ [xu(bkvﬂky) - xv(bkﬂnky) - nl”y]'

Conserved charges

The improved Poincaré generators satisfy the PB algebra (6.19), and their
conservation laws are determined by the general conditions, the essential content
of which is expressed by equation (6.22).

To verify the conservation of the improved generators, we need their PBs
with 130 ~ 55 dS, mo” . Using the Poincaré transformation law for 7,

Somit ~ gV + 8Vﬁ7tkﬁ + 80,3 — (" xV + Mo

abk, g
and writing it in the form 8omxY = {7x”, G}, we find that

{mo”, P,} = 8/1.7TOV

(M0, Map) ~ (85 mop + xadp70") — (ot <> B) (6.49)

{mo?”, Moﬂ} ~ nﬁV + ﬂaﬂ% — xﬁaono?’ —|—x08,37r0)’.

Furthermore, the field equations

oL oL
domo? ~ 9o )
“ b0,

O
3b0%0 + 0

imply the relation

s oL 5 L 0
x — — = Xg—— | +
970" — Nap T o ﬁaboa,,, 3

which can be used to simplify the last equation in (6.49).
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(1) The conservation of energy follows from the same type of arguments as
those used in discussing EC theory. Therefore,

dP, dE
0% (6.50a)
dr dr

and the surface term E(, representing the value of the energy, is conserved.
(2) The linear momentum has no explicit time dependence, and its PB with 130
is given by

(Po.Pal ~ [ Ex (8,07, P,

This expression is easily evaluated using equations (6.49), with the final result
{Po, Py} ~ fdsyaanoV =0

as a consequence of d,moY = (O3. Therefore, there is no Z term in (6.22) for
G = P,, and we have the conservation law
dPy _dEq _
dr dt

0. (6.50b)

(3) In a similar way, we can check the conservation of the rotation generator.
Using the formulae (6.49), we find:

{Po. Mog} ~ / &x (B, w07, Mop) ~ f (xo dSp — x5 dSx) 3, m0? =

becaus~e dymg” = 04, according to (6.47). Therefore, equation (6.22) for
G = M,p implies

dﬁaﬁ N dEup

a dr

~ 0. (6.50¢)

(4) Finally, the boost generator has an explicit, linear dependence on time and
satisfies

The evaluation of {ﬁo, M 0p} is done with the help of equations (6.49):

Sy oL

where we used the antisymmetry of 9.L/ 8b0a,y in («, y). These results imply the
boost conservation law: -
dMog N dEog N
e dr
Thus, all ten Poincaré generators of the general teleparallel theory are
conserved.

0. (6.50d)
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Comparison with GR. Now we shall transform our results into Lagrangian
form, and compare them with GR. All calculations refer to the one-parameter
teleparallel theory A+ B =1,C = —1).

We begin by noting that the momentum ;¥ is defined by the formula

mi¥ = —4bhI7 g;;° (6.51a)
where ,8,'.;0 can be conveniently written as a sum of two terms:
Bi® = B + Bii)
4b(Bi0) 1) = ahFO bV Hif + bV, HiE) — aV, H,Y (6.51b)
4b(Bi;%) ) = —a(2B — 1)bhk0?,¢,~k.

The energy—momentum expression (6.42) can be transformed into the
Lagrangian form with the help of relation (6.51a) that defines 7;?:

E, = fdsy 1" H = —4bb' hI7 ;0. (6.52)

' In opder to compare this result with GR, we use the decomposition of
f'u = b'y — 8, into symmetric and antisymmetric parts, fiy = siy + dip,
apply the asymptotic conditions (6.37)—(6.39) and obtain

Ho» =2a(s.57 — 5.7°¢) — 2aa” . + Os.

Note that the second term in S; jo, proportional to (2B — 1) and given by equation
(6.51b), does not contribute to this result. Now, using the quantity hHvh defined
in the previous section, we easily verify that

RO = 2a (s — 57 + Os.

Then, after discarding the inessential divergence of the antisymmetric tensor in
Hy"”, we find the following Lagrangian expression for E:

Eo = f ds, n%. (6.53)

Thus, the energy of one-parameter teleparallel theory is given by the same
expression as in GR.

In a similar manner, we can transform the expression for E,. Starting with
equation (6.51b), we note that the first term in g; jo’ which corresponds to GR|,
(B = 1/2), gives the contribution

(Ha") 1) = 2a[n" (4.0 — S00.p) + 8L (s0.c — 5%c.0)]
+ 4a(5([¥yaﬁ]()),/s + 03
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which, after dropping the irrelevant divergence of the antisymmetric tensor, can
be identified with 4,% . The contribution of the second term has the form

. . A
(He")2) = a(2B — 1)bb b7V BXOT ;4

A 0
=a@B - DTo"° + O3

A
where T'jx = Tijx + Tkij + Tjki. Thus, the complete linear momentum takes the

form 4
Eo = Nap f ds, [h*% —a@2B — 1)TH07) (6.54)

which is different from what we have in GR.
Energy and momentum expressions (6.53) and (6.54) can be written in a
Lorentz covariant form as

EV = fdsy RO = / d*x g0

A
G = e, pHP = pYP — q(2B — 1)THP,

(6.55)

In the case 2B — 1 = 0, corresponding to GR|, we see that MY coincides with
61| the energy—momentum complex of GR. When 2B — 1 # 0, the momentum
acquires a correction proportional to the totally antisymmetric part of the torsion.

The elimination of momenta from equation (6.48) leads to the following
Lagrangian form of the angular momentum:

Eu = fdsy o HYY — xo H Y — 40, ") (6.56a)

where we have used expression (6.51a) for 7%, and 7, ~ 48;5,’,)»,1/ Oy,

In order to compare this result with GR, we should first eliminate A. Omitting
technical details, we display here an equivalent form of the complete angular
momentum, suitable for comparisson with GR:

_ _ A
EM = /d3x {(x"0"0 — xV9"%) 4+ 2a(2B — 1)T"H0

. . A
+ 0¥ [2a(2B — DLROT 1ji — ;1) (6.56b)

For 2B — 1 = 0, we obtain the angular momentum of GR, which reduces
to the GR form if 60,'.; = 0. The terms proportional to 2B — 1 and 0’0,'./' give a
correction to the GR result.

6.4 Chern-Simons gauge theoryin D =3

The standard dynamics of gauge theories is determined by the Lagrangian (A.11),
which is quadratic in the field strength. Another possibility is defined by the
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Chern—Simons action; it became particularly interesting in the 1980s, after it
was realized that Einstein’s GR in three dimensions can be interpreted as a
Chern—Simons gauge theory (Witten 1988; see also appendix L). Although pure
Chern—Simons theory in D = 3 has no genuine propagating modes, it gives
rise to unusual dynamical phenomena at the boundary, characterized by a two-
dimensional conformal symmetry (Bafiados 1994, 1999a, b).

Chern-Simons action

To construct the Chern—Simons action in D = 3, we start from a gauge theory
on a four-dimensional manifold M4, with an action of the form (wedge product
between forms is understood):

I = f pTH(FF) = / F*Fyap
My
:%/ d4x8’“’M’F“WFbM,yab.
My

Here, F = dA+ AA = T, F“ is the field strength 2-form, A = T, A“ is the gauge
potential 1-form (A* = A%, dx*, F* = %F“W dx* dx"), T, is a basis of the Lie
algebra of the gauge group G, y4» = p Tr(T,Tp) represents an invariant bilinear
form (metric) on the Lie algebra, and p is a normalization factor depending on
the representation. We assume that y,, is non-degenerate, so that the action
contains a kinetic term for all the gauge fields. This is always true for semisimple
Lie algebras, but may be also fulfilled in some other cases. The action I is a
topological invariant. Denoting the integrand of I, by P (the Pontryagin form),
we have

P = (dA® + 3 fea" A°ADYAA" + 3 for” A A Yy
= (dA“dA® + f.r9A°AT dAD) yup.
The last equality is obtained by noting that the product of the four As vanishes on

account of the Jacobi identity for the structure constants f,;“. It is now easy to
see that P is a total divergence,

P=dLcs  Lcs = (A“dA” + 1 £ A°A°AD)yy,

where Lcs is the Chern—Simons Lagrangian. Applying Stokes’s theorem to the
action I» we can transform it to an integral of Lcs over the boundary of My.
The Chern—Simons action is defined by replacing d M4 with an arbitrary three-
dimensional manifold M:

Ics = /M Lcs = /M dPx e (A%, 0,AP ) + 1 foe AU A AP ) yap. (6.57)
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Example 1. For G = SO(1, 2), we choose the generators in the fundamental
representation to be Ty = %iaz, T = %03, T = %01 (o, are the Pauli matrices),

i.e.
Lo 1 1/1 0 170 1
T°_§<—1 0) Tl_E(O —1> T2_§<1 0)'
With the normalization p = —2, the metric is given by

Yab = =2Te(TyTp) = nap ~ Nap = (+1, =1, =1)

and the form of Lie algebra, [T,, Tp] = €4p T¢, implies fup¢ = €4p° (g012 = 1).
In these conventions, the gauge potential can be represented as

LA A® &) _ 40 4 4@
ZE(—A() A AD = A0 4 4@

Gauge invariance. Writing the finite gauge transformations in the form
Ay =g (A +008  Fl,=g¢ 'Fug (6.58a)

where ¢ = g(u) € G, we can easily show that the Pontryagin form P is gauge
invariant (using the cyclic property of the trace). Since P = dLcs, dLcs is
also gauge invariant, §o dLcs = 0; this implies d§o Lcs = 0, and consequently,
80Lcs = dv. Thus, the Chern—Simons action changes by aterm § [ Lcs = [ dv,
which does not alter the field equations (in particular, this term vanishes for
oM = 0). Explicit calculation leads to the result

Ies[A') = Ies[A] + / pTi(g™ dg A) — 5 / pTi(g™" dg)’.
oM M

Since in any variational problem the fields have to satisfy appropriate
boundary conditions, which necessarily restrict the form of the allowed gauge
transformations, the second term can be made to vanish by demanding that g — 1
sufficiently fast when we approach the boundary of M. The value of the last term
depends on the topological properties of the mapping g : M — G. If we restrict
ourselves to topologically trivial gauge transformations (such as the infinitesimal
gauge transformations, for instance), the last term also vanishes. Thus, the Chern—
Simons action is gauge invariant if (Zanelli 2000)

— g — 1 sufficiently fast when we approach the boundary of M; and
—  gauge transformations are topologically trivial.

These conditions are often fulfilled in practical applications. In particular, Ics is
invariant under the infinitesimal gauge transformations:

Sou)A®,, = =V, u' = —@,u” + fr" A u®). (6.58b)

The Chern—Simons action is also invariant under the diffeomorphisms of M, but
this is not an independent symmetry, as we shall see.
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Field equations. The variation of the action (6.57) yields
Slcs = / SA“FPyu + / A“SA Y.
M oM

If §A“ is an arbitrary variation on M, and its value on the boundary is chosen so
that the second term vanishes, we obtain the field equations

Fiu =0 (6.59a)

provided y,, is non-degenerate. The field equations imply, at least locally
(on some open sets in M), that A, is a gauge transform of the trivial field
configuration A;, = 0:

Ay =g 9.2 (locally). (6.59b)

Thus, there are no truly propagating degrees of freedom in this theory. The whole
dynamics is contained in the non-trivial topology, which prevents the relation
(6.59D) to be true on the entire manifold M.

The action and boundary conditions. Although the Chern—Simons theory has
no local excitations, its dynamical content is by no means trivial. We shall begin
the analysis of the Chern—Simons dynamics by choosing appropriate boundary
conditions. Then, using the canonical approach, we shall find an infinite number
of degrees of freedom living at the boundary.

Boundary conditions are necessary in order to have a well-defined variation
of the action, but they are not unique. Dynamical properties of the theory are
very sensitive to the choice of boundary conditions. Here, we are interested in
Chern—Simons theory on a manifold M having the topology R x X, where R
is interpreted as time, and X is a spatial manifold with a boundary dX that is
topologically a circle (which may be located at infinity). The simple examples
for ¥ are manifolds with the topology of a disc or R?. The theory may have
interesting topological properties related to the existence of holes in X, but
these effects will not be discussed here. We assume that there exist coordinates
x*=(t,r,¢) (u=0,1,2) on M such that the boundary 9 ¥ is described by the
standard angular coordinate ¢. Then, the boundary term in § Ics takes the form

8Bcs = / A%SA, = /dt dp (A%8Aup — A%p8Au).
oM

A simple way to cancel § Bcs is by imposing A; = 0 at dX. In this case the
symmetry of the theory (the subgroup of gauge transformations which leave the
boundary conditions invariant) is given by the gauge transformations that are
independent of time at the boundary. Another interesting possibility is to choose
one of the following two conditions:

A =—Ay or A=Ay (at the boundary). (6.60a)
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In this case, the gauge parameters at the boundary can depend on time, but this
dependence is not arbitrary.

Boundary conditions can be thought of as a mechanism for selecting a
general class of field configurations which have a specific dynamical importance.
Conditions (6.60a) include some very interesting solutions known from D = 3
gravity; they will be adopted as a typical choice in our subsequent discussion.

Thus, our intention is to study the Chern—Simons theory defined by the action
(6.57) supplemented with the boundary conditions (6.60a), which produces the
field equations (6.59a). We should note that there exist boundary conditions for
which § Bcs # 0; the related variational problem can be improved by adding an
extra boundary term to the action.

Residual gauge symmetries. Our next step is to determine the most general
set of gauge transformations that preserve the boundary conditions (6.60a).
Introducing the light-cone basis notation, xT=r+ ¢, the boundary conditions
can be written in the form

Ay =0 or A_=0 (at the boundary). (6.60b)

The invariance of the first condition, oA+ = —Viu = 0, implies dyu = 0 at
0X. Thus, the residual gauge symmetry corresponding to the boundary condition
A4+ = 0 is defined by the gauge transformations the parameters of which are
chiral, i.e. # = u(x™), at the boundary. The resulting symmetry is infinite
dimensional. Similarly, the second condition A_ = 0 is preserved if the gauge
parameters are antichiral, u = u(xT), at 9X. In both cases, the gauge parameters
are functions of one coordinate (x~ or xT) at the boundary. This fact will have a
significant influence on the structure of the canonical gauge generators.

Since Chern—Simons theory has no propagating modes, the non-trivial
dynamics occurs only at the boundary (holes in ¥ are ignored). In this context,
the residual symmetry at the boundary is usually called global (or asymptotic)
symmetry. Its content can be analysed most clearly by fixing the gauge, as will be
done in the canonical approach.

Canonical analysis

In order to precisely count the dynamical degrees of freedom in the Chern—Simons
theory, we turn to Hamiltonian analysis.
We write the Chern—Simons action in the form

I[A] = k/ dPx e (A%, 0,A", + 1 for AL AT VAP ) yan (6.61)
M

where k is a normalization constant, and §%12 — 1. The action is invariant

under the usual gauge transformations (6.58b) and the diffeomorphisms will be
discussed later.
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The Hamiltonian and constraints. The relations defining 7,” lead to the
primary constraints

¢’ =7~ 0 ba = 7," — ke"P A ~ 0.

Since the Lagrangian is linear in velocities, we easily find first the canonical, and
then the total Hamiltonian:

Hr = A%Ha + ua0d® + uaa§®® + 9 D*
Hy = —keo‘)‘ﬁFaaﬂ
D% = ke®P A% Ap.
The consistency conditions of the primary constraints have the form
ano ~0 = Hs=0
(baa ~0 = V/sAao — uaﬁ ~ 0.
The first relation yields a secondary constraint and the second determines u“g.
Taking into account that A%g ~ u“g, the second relation can be written in the
form F¢yg ~ 0.
Replacing this expression for u,g into Hr, we obtain
Hr = A%%Hy + ua09®® + 9, D*
Hay = Ha — Vpda = —ke"Pdy Aug — Vom,® (6.62)
DY = Aom,“.

Before going on with the consistency analysis, we display here the algebra of
constraints:

(6a”. 8,7} = —2kyape*’s

{qbaasﬁ/b} = _fabc¢ca5

{HGaH;g} = _fabccha
while all PBs involving ¢?° vanish. It is now clear that further consistency
requirements produce nothing new.

Thus, the theory is defined by the total Hamiltonian Ht and the following

set of constraints:
—  first class: 7, Hp; and
—  second class: ¢,*.
While the FC constraints generate gauge transformations, the second-class
constraints ¢,* can be used to restrict the phase space by eliminating the momenta

7,% from the theory. The construction of the preliminary Dirac brackets is
straightforward, and this leads to

1
{A%, Abg)® = ﬂmxm/“b (6.63)

as the only non-trivial result in the restricted phase space (A%, Ab 0, TL’CO).
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Gauge generator. We now apply Castellani’s algorithm to construct the gauge
generator:

Gle] = / d%x [(Voe")m,° + eH,). (6.64)
i
It produces the following gauge transformations on the phase space:

SoA%y = Vpe? S0A%, = Vye
507700 = _fabcsbnco Somts® = kgoaﬁaﬁsa - fabcsbnca-

We can explicitly verify that the equations of motion are invariant under these
transformations. In particular, §o¢p,* = — fabcebqbco‘ ~ 0.

In this construction, the standard gauge transformations are correctly
reproduced, but the diffeomorphisms are not found. However, by introducing
the new gauge parameters according to

et =§PAY, (6.65a)
we easily obtain
S0(8)AY, = €7 LAY, —E - DAY, +E°F . (6.65b)

Thus, the diffeomorphisms are not an independent symmetry; they are contained
in the ordinary gauge group as an on-shell symmetry (Witten 1988).

Fixing the gauge. Since there are no local degrees of freedom in the Chern—
Simons theory, the only relevant symmetries are those associated with the
boundary dynamics. Their content becomes clearer if we fix the gauge,
whereupon only the degrees of freedom at the boundary are left.

We have found two sets of FC constraints, rrao and H,, hence we are free
to impose two sets of gauge conditions. A simple and natural choice for the first
gauge condition is:

A%y = —A% or A%y = A% (6.66)

whereby our choice of the boundary conditions (6.60) is extended to the whole
spacetime, without affecting the physical content of the theory. After this step has
been taken, we can construct the related preliminary Dirac brackets and eliminate
the variables (A%, nao) from the theory; the PBs of the remaining variables
remain unchanged.

An appropriate choice for the second gauge condition is obtained by
restricting A, to be a function of the radial coordinate only:

Ar = b ()8, b(r) (6.67)

where b(r) is an element of G. By a suitable choice of the radial coordinate, we
can write
bry=¢e* = A =« (6.68a)



186 Symmetries and conservation laws

where « = «a®T, is a constant element of the Lie algebra. The condition
(6.67), together with the constraint F,, ~ 0, implies that the group element in
Ay = _laag can be factorized as g = h(z, ¢)b(r), which leads to

Ay =b"' AL, )b (6.68b)

where Aw = h_lawh. Demanding that the gauge condition be preserved in time,
we obtain the consistency condition V,(d,A¢) =~ 0. The general solution of this
equation, compatible with F = 0, is given by Ag = b~ 1Ao(t ¢)b. In these
expressions, A and Ao are arbitrary functions of (z, ¢).

Now, we can combine (6.67) with one of the gauge conditions (6.66), say
Ay = 0, to eliminate the arbitrary function appearing in Ag: Aol(r, Q) =
—Aw(t ¢). Moreover, the field equations F = 0 imply that A(/J = Aw(x_).
Thus, the canonical gauge conditions do not fix the gauge completely. We are,
instead, left with one arbitrary function at the boundary,

A_(x7) = Ao ™) — Ap(x ) = —A,(x7)

which is related to the chiral residual gauge symmetry, defined by g, = gu(x7).
The action of g, does not change A,, while A_(x ™) transforms in the usual way:

A_(x7) = A7) =g TA—(x7) + 0-1gu-

Analogous considerations are valid for the second, antichiral gauge choice in
(6.66).

The residual gauge symmetry at the boundary is defined by a chiral/antichiral
gauge parameter u(xT); it is an infinite dimensional symmetry, the structure of
which will be determined by studying the PB algebra of the related generators.

The improved generators. We now turn our attention to the question of the
functional differentiability of the gauge generators. After adopting one of the
gauge conditions (6.66), the effective form of the gauge generator (6.64) is given
by

Glel = / d%x e H,,. (6.69)
>

The generator acts on the restricted phase space (A%, m,%) with the usual PB
operation. For the gauge parameters that are independent of field derivatives, the
variation of G takes the form

5Gle] = /dzx e“6H, + R = —8E[e] + R (6.70a)
SE[e] = f Sy 9 (ke"P5 Ayp + 874%) (6.70b)

where dS,e%f = dxf. Therefore, if we can integrate SE to find E[e], the
improved gauge generator

Gle] = Gle] + Ele] 6.71a)
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will have well-defined functional derivatives:

c

5G] at

:kOaﬂV a_)eaf B r’q
» e T =T fY Py +8Aaﬁ ¢
~ (6.71b)
5G]
R = VT
Consequently, the PB of two Gs can be written in the form
{GI], GIAl} = Wi + W2 + W3 (6.72a)
where
Wy = 2k / d%x 9PV, 1 Vg,
Wy =— / d*x ¢PVE(F T p) (6.72b)

2 ate —
W3 = | d°x 34 Vgha |He — (T < 1),

ap

We expect that the complete improved generator G = G+ E will appear
on the right-hand side of the PB algebra (6.72a), but to show that we need to
know the explicit form of the surface term E, defined by (6.700). This will be
possible only after we impose some additional conditions on the behaviour of
gauge parameters at the boundary.

In what follows, we shall simplify the calculation of the right-hand side in
(6.72a) by using the second-class constraint ¢,* ~ 0, which leads to W, =~ 0.
The structure of the PB algebra can be further simplified by imposing the second
gauge condition (6.67).

Symmetries at the boundary

The affine symmetry. We begin this section by studying the simplest boundary
condition which allows us to find an explicit form of the surface term E[t]. We
assume that

m  gauge parameters are independent of the fields at the boundary.

This choice describes a residual gauge symmetry on the boundary stemming
from the standard gauge symmetry, in which the parameters ¢ = t¢ are field
independent on the whole spacetime. In that case, the expression § E[t] in (6.70b)
is easily integrated to give

E[t] = y§ Sy T2k A + a®) (6.73a)
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and the improved gauge generator takes the form
Glt] = / d2x [8y T4 (ke Ayg 4 714%) — T€ frop A ') (6.73b)

The functional derivatives are easily checked to have the form (6.71b) with
W3 = 0, since 7¢ does not depend on the fields.

Let us now return to the PB algebra (6.72) with W, =~ 0 and W3 = 0.
Integrating by parts in W; we obtain

Wy =— / dx (fo T )Mo + 2kfdxﬂ Vg

After introducing o® = f9¢f TeA f, the first term is easily recognized to have the
expected form —Glo] (weakly). In order to find the surface term E[o], we use
the relation

‘L'av/g)»a = —UaAaﬁ + ‘L’a8/3)\a

to transform the second term in Wj. This leads directly to
{G[z], GIAl} ~ —Glo] + K[z, A] (6.74a)

where K is a field independent term, called the central charge:
K[t, Al =2k 7{ dxP 9950 (6.74b)

The occurrence of central charges is an unusual feature of the classical PB
algebra; it is a consequence of the fact that G is an improved generator, which
differs from a linear combination of FC constraints by a boundary term.

We shall now fix the gauge in order to have a simpler description of the
degrees of freedom at the boundary. The chiral gauge condition is already used to
eliminate (A%, 7,°), and the second gauge condition (6.67) ensures F¢,, ~ 0.
Hence, we have H, = 0, and the whole generator (~;[t] reduces just to the
boundary term:

Glrl ~ E[t] ~ 2k7§dxﬁ T Agp.

The field equations F' = 0 together with the gauge conditions (6.66) and (6.67)
ensure that 7% and A, are functions of x~ or x+ only. Thus, if we use the Dirac
brackets defined by

—  the second-class constraints ¢,* and
— the gauge condition (6.66) and (6.67)

the PB algebra of the gauge fixed generators can be written in the form

(E[t], E[\)* = —E[o] + K[z, Al (6.75q)
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It is interesting to observe that the Dirac bracket { E[t], E[A]}* can be interpreted
as 6, E[r]. Indeed, we find that §, E[t] = 2k 9§ dx? 7%VgAy, in complete
agreement with the right-hand side of equation (6.75a).

The Lie algebra (6.75a) can be given a more familiar form by representing
it in terms of the Fourier modes. Since the boundary of X is a circle, we have

E[t] = Zk/dw (t, ) Ad(t, 9)
where A = Aw- If we now Fourier decompose A% and 7% at the boundary,

~ 1 . .
a —_ a lﬂgﬂ a — a 1m<p
A“(t, @) = o Aje i(t, @) = E T,,€

we find E[t] = — ) t“, Aan, and the Fourier modes A satisfy the affine algebra:

{A9, ALy = fab AC 4 Amkiy®n,ymo. (6.75b)

n—+m

Thus, if we adopt the boundary condition that the gauge parameters do not depend
on the fields, the residual gauge symmetry is described by an infinite set of
charges, which satisfy the affine extension of the original PB algebra.

The Virasoro symmetry. In Chern—Simons theory, the diffeomorphisms are
contained in ordinary gauge transformations as an on-shell symmetry. We now
wish to study boundary conditions that correspond to the freedom of making
diffeomorphisms at the boundary. This is achieved by assuming that

= gauge parameters have the form ¢ = £# A9, at the boundary.

After imposing the chiral gauge (6.66), the expression (6.70b) for § E[e] can
be written as

SE[E] ~ 2k7§dxﬂ 98 Aup = Zk/dgo [€7 A%, — £~ A%,16A gy

The integration of §E can be easily performed if we have §AY, = 0 at the
boundary. This property is ensured by the second gauge condition (6.67), which
asserts that A, can be adjusted so as to become a constant element of the Lie
algebra: A%, = o?. Thus, the integration of § E leads to

E[£] =2k f dp [ a - A(r, @) — 167 A%(1, 9)] (6.76)

where the integration constant is set to zero.

Returning now to the calculation of the PB algebra (6.72a), we introduce the
notation ¢ = §# A%, A = n* A%, and note that the term faefte)»fA”a in Wi
vanishes. In order to simplify the calculation,
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-  weuse ¢;* ~ 0 and
—  impose the gauge conditions (6.66) and (6.67).

This implies W, &~ 0 =~ Wj3, so that the only non-vanishing contribution comes
from Wj:

(G[z], GIM} ~ 2k / de T4 9phq. (6.77a)

The boundary term (6.76) is discovered with the help of the identity
/d(p 40pha = /d(p (0c"A o — %63@2) +o? / dp&"d,n"
where o = & - an* — n - 9&EH, so that the final result can be written as

{E[£], EMY* = Elo] + 2ka? / dp & 0,n". (6.77b)

Geometric interpretation of the Chern—Simons theory motivates us to
consider some specific solutions for A. In the case A4 = 0, these solutions
are defined by the requirements AG) = 1, AD =0 [while for A_ = 0, we
have A = —1, AD = 0] (Coussaert et al 1995). Gauge invariance of these
conditions restricts the values of the gauge parameters in the following way:

€ &) = (=BE.6) ' ") = (=m0

where B can be normalized so that 82 = 1, and £ and 7 are arbitrary functions of
x~ (or x1). In that case,

E[£] = 2k / dp £(Bad,A, — SAY) (6.78)
(E[€], E[n)}* = E[o] + 2ka2/d<p (BpE9;m).- (6.79)
Then, introducing the notation

—LL(W) = Ba®d,A, — LA?
4k ¢ 2

we can write
1
E[£] = —E/dwé(n QL @) ==Y & nLy

where L(t, ¢) = 3. L,e"?, &(t, ¢) = 3 £,e"¢. Written in terms of the Fourier
modes, this algebra takes the form

{Lp, Ly }* = —i(n — m) Ly + 4kain®8, 1 m.0. (6.80a)
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After shifting the zero mode of L,,, L,, — L, + 27tka25n,o, we find the standard
form of the Virasoro algebra with a classical central charge. In the standard string
theory normalization for the central charge, we have

co = —12 - dmka?. (6.80b)
Using the known Fourier expansion for A(t, ), we obtain

1

b . b
L, = ot ; VabAL AP 4 iny,,Ba® AL (6.81)

which is known as the modified Sugawara construction. The Virasoro generators
L, generate diffeomorphisms, while the affine generators A% generate the
standard gauge transformations at the boundary. This relation reflects the fact
that the diffeomorphisms in Chern—Simons theory can be expressed in terms of
the usual gauge symmetry. The Virasoro generators are the generators of the
two-dimensional conformal symmetry, which acts in the space of the residual
dynamical variables.

The boundary dynamics of Chern—Simons theory is described by a
conformally invariant field theory with the central charge c.

The derivation of the Virasoro algebra given here is valid for the general
gauge group. The appearance of the classical central charge in the canonical
realization of the residual symmetry is a consequence of the specific choice of
boundary conditions. In the Chern—Simons description of the three-dimensional
gravity we have 4wk = [/8G, a®> = —1, hence co = 31/2G.

Exercises

1. Find PBs between the kinematical constraints #;; and H, in the Uy space.
2. Derive the following relations in Uy:

{ni, Hij} = 2iqin 18

{hi® Hi;} = 2mqih s

{nk, Hg) = —(Vpb*o)nshi*s

{he® My} = (Vgb* ) (ngny >g®Y — hi” hs*)s — 84h” 0y
{AYq, Hp) = —RY 4p8.
3. Prove the following relations in EC theory:

{AY o, "} = —RY418

(i, H = (T g — hi%0a)8

(hi® H\ Y = W™ (=hPVgny, + Tar, — mTia1)8 + g% nidgs.
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10.

11.

12.
13.

14.

Symmetries and conservation laws

Use the result (6.1) to show that the algebra of FC constraints in the local
Lorentz frame has the form (6.2).

Consider EC theory with the Dirac matter field. Show that the multipliers u
and i, corresponding to the primary constraints ¢ and ¢, are determined by
the relations

N{p, Hi}+iJytu~0 N, Hi}—iJuyt =~0.

i.e. that they have the form NA | (b*o, AY o, %, 715%).

Consider the Lagrangians that are at most quadratic in velocities. Show that
the total Hamiltonian can depend on the derivatives of momenta only through
the determined multipliers, and that dHt/ 871,/3 ~

Show that the generator of the Poincaré gauge symmetry (6.7) produces the
correct transformations of the fields b*,,, AV, and W.

Assuming that £ is an invariant density under Poincaré gauge
transformations, derive the transformation rules for momentum variables:

38¢" 0 . AL
nB—a(pA +miEY o — Ak o Ty = bt

Smp = —

Let the asymptotic conditions (6.11a) be invariant with respect to the global
Poincaré transformations. Show, then, that the field derivatives satisfy
(6.11b).

Let G be the generator of global symmetries of the Hamiltonian equations
of motion. Show that G satisfies conditions (6.20)—(6.21). ~

Find PBs between A"/ . and the improved Poincaré generators P, and My,
in EC theory. Then, derive the relations (6.23).

Give a detailed proof of the boost conservation law (6.24d).

Construct the gauge generators for the system of interacting electromagnetic
and Dirac fields:

I = /d4x {Yly" (0, — eAy) —mly — 3 Fuy F*™).

Find the form of the surface term, and discuss the meaning of the
conservation law in the case when the gauge parameter behaves as a constant
at spatial infinity.

Consider the SU (2) gauge theory given by

/= /d4x (W[yH iV, —m]W — L F9,, Fo)

where W is the SU(2) doublet of Dirac fields (see appendix A). Find the
conserved charges and calculate their PB algebra in the case when the gauge
parameters are constant at spatial infinity.
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16.

17.

18.
19.

20.

21.

22.

23.

24.

25.
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On the basis of the adopted boundary conditions (6.11a) for the tetrads,
derive the relations:

n0=1+01 na:OI
N=1+0; N% = 0O J=1+0
Nap =nab+ 02 ngz =01 155 =O1.

Find the form of the field transformations (6.32) after introducing the new
parameters according to (6.33).

Find the £° transformations of A; 5 08 under the action of the Poincaré gauge
generator (6.35).

Derive the asymptotic relations (6.45) and (6.47).

Consider the vector field A with the following asymptotic behaviour:

a
A=—-+0; divA =03
r

where a = a(n).

(a) Show thatdiv(a/r) =0 forall r.

(b) Integrate div(a/r) over the region Vg outside the sphere Sg of radius R
and use Stokes’s theorem to prove that the integral ¢ a- ndS2 over Soo
vanishes.

(c) Finally, show that the integral ¢ A - dSover Sy is finite.

Use the general transformation rule for momentum variables (exercise 8) to
find the form of §omrxY . Then, derive the relations (6.49).
(a) Show that the Chern—Simons action can be written in the form:

Ics =k / dt/ dzx SOU’B(A.aaAb/S + AQOFba/S)Vab + B
)

where B is a boundary term.

(b) Find the transformation law of the Chern—Simons action under the finite
gauge transformations.

(a) Construct the preliminary Dirac brackets in the Chern—Simons theory,
using the second-class constraints ¢'*.

(b) Transform the gauge generator (6.73b) into a functional of A, using
q)f ~ 0. Then, use the related Dirac brackets to calculate
{Gl], GIADY®.

Combine the field equations of the Chern—Simons theory with the gauge

conditions Ay = 0 and A, = b=19,b, b = b(r), to show that A_ =

b~ A_(x7)b.

Consider the Chern—Simons gauge field satisfying Ay = 0, A =1,

AM = 0. Find the restricted form of the gauge parameters (£, £7).

Consider the affine PB algebra corresponding to the SO (1, 2) group:

(A APy =g AC,  +iZn®ns?

n—+m n+m-



194 Symmetries and conservation laws

(a) Write this algebra in the light-cone basis, and prove its invariance under
the exchange A" < A, A & —AD,

(b) Calculate the Dirac brackets corresponding to the following extra
conditions: Aﬁl_) =27 yég, A;l) = 0 (which can be treated as second-
class constraints).

(c) Use these brackets to show that, for y = 1, the remaining components
AE,JF) satisfy the Virasoro algebra.



Chapter 7

Gravity in flat spacetime

There are many attempts to understand the structure of gravity, but all of them can
be roughly classified into two categories according to whether they are focused
on the geometric or the particle aspects of gravity.

The standard geometric approach is based on Einstein’s GR, a theory in
which gravitational phenomena are connected with the geometry of spacetime.
Notable analogies between electromagnetic and gravitational interactions have
inspired many attempts to unify these two theories into a single structure.
Nowadays we know that any programme of geometric unification must
necessarily be more general, since the world of fundamental interactions contains
much more than just electromagnetism and gravity.

There is, however, another approach to unification, which is based on the
idea that gravity can be described as a relativistic quantum field theory in flat
spacetime, like all the other fundamental interactions. The construction must be
such that it can reproduce the following results of experimental observations:

gravity has a long range (force proportional to r~2); then,

it is attractive,

acts in the same way on all kinds of matter (PE) and

satisfies the standard classical tests (the gravitational redshift, the precession
of Mercury’s orbit, the deflection of starlight passing near the sun and the
time delay of radar signals emitted from Earth).

If we adopt the standard quantum field theory approach to gravity, the
gravitational force is explained by the exchange of a particle called a graviton
(figure 7.1). Which properties should the graviton have in order to reproduce the
basic experimental requirements?

In a field theory, long range forces are produced by the exchange of massless
particles, as in electrodynamics. Can we exclude the possibility of a very small
but finite graviton mass? The answer is affirmative, as we shall see.

Relativistic particles are characterized by definite values of mass and spin. In
order to determine the spin of the graviton, we shall analyse different possibilities

195
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Figure 7.1. The gravitational force is produced by the exchange of a graviton.

and try to identify those which are in agreement with the previous experimental
facts.

If the graviton were a fermion, i.e. a particle with half-integer spin, the
gravitational force could not be produced by the exchange of a single graviton. A
particle emitting or absorbing such a graviton would not remain in the same state
as it was initially. Hence, such an exchange would not result in a static force, but
rather in a scattering process. The exchange of two spin—% gravitons at a time is
found to give a force with the incorrect radial dependence. We can continue this
way and consider an exchange of a pair of gravitons between three masses (so
that any two objects also interact with a third one, which is far away and plays the
role of some effective average mass in the universe), but no satisfactory results
are obtained (Feynman et al 1995).

Thus, we limit our attention to bosons, particles with integer spin. The
most appropriate candidate for the graviton will be chosen on the basis of the
experimental properties of gravity.

7.1 Theories of long range forces

We begin with a review of some classical properties of massless fields of spin 0,
1 and 2, which will be useful in our attempts to construct a realistic theory of
gravity in flat spacetime (Feynman et al 1995, Kibble 1965, Van Dam 1974, Duff
1973).

Scalar field

The dynamical properties of free real scalar field of zero mass are defined by the
Lagrangian

Ls = 33,09"¢. (7.1)
The general sign of this expression is determined so as to have a positive

Hamiltonian. The choice of the overall numerical factor influences the
normalization of ¢, and the reality of the field implies its neutrality.
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When the coupling to other fields (‘matter’) is introduced, the field ¢ obeys
the inhomogeneous Klein—Gordon equation:

Kp=J=——F— (7.2)

where K = —[, and £ is the interaction Lagrangian. If we define the general
propagator (Green function) D by the equation

KiD(x —y)=48(x—y)
we can easily verify that the construct
o(x) = / d*y Dx = )J(y) (7.3)
is a particular solution of equation (7.2). If we take a solution D(x — y) which

obeys a specific boundary condition, then ¢(x) satisfies the same boundary
condition. In the momentum space the propagator is given by

d*k dx 1
D(x) _/ (Zn)4D(k)e D(k) = = (7.4)

We note that D(k) has poles at ko = Fwi, wx = x/p so that the Fourier
integral for D(x) is not well defined. Choosing different contours to avoid poles at
the real kp-axis, we get well-defined expressions, which obey specific boundary
conditions (the retarded propagator DR, the Feynman propagator Dg, etc). For
classical radiation problems, the appropriate physical boundary conditions are
those of retardation.

If the source J is static, we can integrate over yg in (7.3) and obtain
9(x) = [y D(x — y)J(y), where

S 1 1
Doy = [ Ik L it VZD(x) = 8(x).
*x) (2m)3 —k? 47 |X| (X) = 80)
For a field independent source we have £ = —J¢, and the interaction
Hamiltonian is H; = — f d3x £1. Hence, the interaction energy of a source Jj

with the field ¢ produced by J, is given as

Ex% = f &x J1(0)@2(x) = f Ex d*y 1) D — y)h ().

For static sources this energy is Coulombic.

Vector field

The free real vector field of mass p = 0 is described by the Lagrangian

Ly = =100y — dep) (39" — 3 pH) (7.5)



198 Gravity in flat spacetime
which is invariant under gauge transformations

Pu = @ = P+ .

This invariance is directly related to the masslessness of the field. To clarify the
meaning of this statement we shall first discuss some relevant properties of the
massive vector field, and analyse the relation between massless theory and the
limiting case > — 0 of massive theory.

Massive vector field. The Lagrangian for a free massive vector field,
Ly = =3 @upy — de) (30" — 83" 0") + 112 pu0" (7.6)
yields the following field equation:
0 (3" ¢" — 3"9") + u?p” = 0.

By differentiating this equation we obtain the extra condition d,¢" = 0 as a
consistency condition of the field equation. Note that this is true as long as
w? # 0. This extra condition simplifies the field equation,

@O+ )" =

and removes the spin-0 part of ¢".
The spin structure of the vector field is conveniently described by introducing
polarization vectors e;,. Consider the plane wave,

@u(x) = e et 4 eZe_ik'x
which obeys the field equation and the additional condition provided

K—u?=0 k-e=0.

The second requirement reduces the number of independent polarization vectors
to three: e&), A = 1,2,3. Since k is timelike, the polarization vectors are
spacelike, and may be chosen to be orthonormal:

ea) . e()\/) = —5”\/.

The completeness relation for the basis (k" /u, e&)) reads:

ukv )
Zemem + - =", (1.7)

Now, we take the momentum K along the z-axis, k = (kO, 0,0, k3), and
choose e(1y and e(2) to be orthogonal to k:

ey =1(0,1,0,0) e =(0,0,1,0)
e = (K3/11,0,0,k°/ ).
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The distinction between different polarization vectors is clearly seen from their
behaviour with respect to rotations around the z-axis:

1 0 0 0
0 cosf —sinfd O
o _ pit v B’y —
e’ =RVye (Ry) = 0 sin® cosfd O
0 0 0 1

Such a transformation leaves k* invariant, and transforms e(;) as follows:

e;:l:l) = eiiee(in e;o) = €(0) (7.8)
where
1 .
etl) = ﬁ(e(l) tiep) e =e@).

Thus, the vectors e(1y, ey, €(~1) describe polarization states of unit spin, s = 1,
with spin projections s3 = +1, 0, —1.
When ¢* is coupled to the matter fields, the field equation takes the form

8L
3, (0" " — V") + pl" = JV = — =L, (7.9a)
8¢y
Using here the consistency requirement ;23 - ¢ = 9 - J, we find
artaY
O+ phHeh = <n’” + 2z ) Jy. (7.9b)
A particular solution of this equation may be written as
Pl (x) = /d4y D" (x — ) Ju(y) (7.10)
where D"V is the propagator, the Fourier transform of which is
jnay 2 pHY UV _ v wpv/,,2 : o vk
DM’ (k, u?) = e PHY = gV — kR I = Zemem. (7.11)

r=1

The last equality follows from the completeness relation (7.7). In the rest frame
and for k> = 12, the tensor PV is the projector on the three-dimensional space,

0 foru=00rv=0

WY gy, 2
n k*kY [ {_5aﬁ foru =a,v =2,

hence, ¢* in (7.10) has only three independent components.
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The massless vector field. The field equation for a massless vector field
coupled to matter has the form

Ko’ =Ju Ky =0nuy — 0,0,. (7.12)

The consistency of this equation requires the conservation law d - J = 0.

Owing to the gauge invariance, the field equation has no unique solution.
Indeed, gauge freedom reflects itself in the singularity of the kinetic operator K,
K,w3"A = 0. Hence, we cannot define its inverse—the propagator—and every
solution of equation (7.12) is defined only up to a gauge transformation.

A unique solution of gauge invariant field equations may be found by
imposing convenient gauge conditions. The number of these conditions is equal to
the number of gauge parameters. For the vector field we can choose, for instance,
the covariant Lorentz gauge condition,

9-9=0 (7.13)

but now it cannot be deduced from the field equation. This condition does not fix
the gauge freedom completely: gauge transformations with parameters A(x), such
that O\ (x) = 0, are still allowed. The field equation is significantly simplified,

Ot = JH (7.14)

and can be solved for ¢*. In the space of functions which obey the Lorentz
condition, the operator K, is not singular (K, = On,,), and we can define the
propagator as the inverse of K ,,:

D" = —pV D, (7.15)

The propagator with a given boundary condition defines a particular solution of
the field equation (7.14): p#(x) = [ d*y D"V (x — y)Ju(y).

Any gauge-fixing condition must be accessible, i.e. it must be possible
to choose the gauge parameter A(x) which will transform an arbitrary field
configuration into a given, gauge fixed configuration. The Lorentz condition is
locally correct. Indeed, for any ¢** we can choose the gauge parameter such that
9 - ¢ + OA = 0, whereupon ¢'* obeys the Lorentz gauge (7.13).

Instead of imposing a gauge condition, we can break the gauge symmetry
by adding a suitable term to the original Lagrangian. Although the form of the
propagator depends on this term, we can show that physical predictions of the
theory remain the same. With the gauge breaking term —5 (9 -¢)?, the Lagrangian
(7.5) and the related propagator are given as

o 1 1 k*kY
ﬁlvzﬁv—a(a-fp)z D, = [W”(a‘l) }

k2 k2

For « = 1 we get the propagator (7.15). Another (transverse) propagator is
defined in the limit « — oco. The limit « — 0 is singular, since the additional
term in £}, vanishes, and the Lagrangian is again gauge invariant.
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The plane wave _ i
o = Gﬂelk'x + €;e71k~x
is a vacuum solution of the field equation (7.14) in the Lorentz gauge if
=0 k-e=0. (7.16)

The second condition reduces the number of independent components of €, from
four to three. Furthermore, without leaving the Lorentz gauge we have the
freedom of gauge transformations with the parameter A which obeys CJA = 0.
Choosing

A(x) = ineik~x _ in*efilox

the residual gauge transformation may be written as

€, =€y —nkp.
Since n is an arbitrary parameter, only two of three components of ¢, are
physically significant. This is a direct consequence of the gauge invariance.

If the plane wave is travelling in the z-direction, the condition k - € = 0 gives
eV = 63, and the choice n = €3/k3 yields e = 0. Thus, there are only two
polarization vectors that carry physical significance:

€y =10(0,1,0,00 €2 =(0,0,1,0).

Considering now the action of rotations around the z-axis, we deduce that €4 1)
are the polarization states with helicities A = =1, while the vector €3y =
(1,0, 0, 1) has no physical relevance (in contrast to the case u”> # 0), since it
may be transformed to zero by a gauge transformation.

The completeness relation takes a new form, different from (7.7), since now
;LZ = 0. Let us introduce the vector k = (kO, —Kk), which obeys, for k2 = 0, the
conditions

12220 12'6(1)212'6(2):0.

The vectors k + k and k — k are timelike and spacelike, respectively, and the
completeness relation is given as

2 JIyAY LTV
Zeg)e(“;‘) + % = nhv. (7.17)
r=1

Can the massless theory be understood as a limiting case of the massive
theory? The answer to this question is not so direct. In the limit 42> — 0 the
Lagrangian (7.6) becomes gauge invariant, and the propagator becomes singular.
What is then the meaning of this limit? If we consider the massive vector field
coupled to a conserved current (k, J* = 0), the limiting case w? — 0 represents
a sensible theory. The interaction between two currents Ji and J; is described by
the amplitude,

My = Iy DS, (k. u*)Jy.
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Here, DF is the effective propagator which is obtained from the expression
(7.11) by discarding all the terms proportional to k,. When u?> — 0 the
effective propagator is the same as the propagator (7.15) of massless theory. This
result is related to the fact that the third polarization state of the massive theory
eq) = (k3/1x, 0,0, k%/ 1) is decoupled from the conserved current J# in the limit
u? — 0.

The symmetric tensor field

We now wish to find a Lagrangian for the massless symmetric tensor field ¢,
requiring from the very beginning invariance under the gauge transformations

Py — goiw = Qv + Ay + Iy (7.18)

We begin by writing down all the possible quadratic terms that can be present in
a free Lagrangian:

Ly = QD;LU,J(/)MU’U Ly = QD;w,a(p'umv
L3 = @Mv’)h(ﬂ“a,a Ly = @MA’A(P’M
Ls = (P,M(P'M

where ¢ = ¢,". Not all of these invariants are necessary: £3 can be converted to
L5 by integration by parts, leaving only four independent terms. Thus, we assume
a Lagrangian of the form

Lr=ali+bLy+cLs+dLs.
Varying Lt with respect to ¢V we obtain the field equations:
_ZaD(p/w - b((ﬂp.cr,ua + @Ucr,,ua) - C(@,/}.U + WMVQD)LU’AU) - 2d77/w|:](,0 =0.

We now perform a gauge transformation, and the requirement of gauge invariance
gives

a4+ )0,y + Avp) + (b + )20, 1% + (¢ +2d)21,,0r5% = 0.

Choosing a general scale in Lt such that a = 1/2, we obtain b = —1,c¢c = 1,
d = —1/2, and the Lagrangian takes the final form (Fierz and Pauli 1939,
Feynman et al 1995).

Lt = %(PMU,UQDM’G — Qo """+ Quo T ot — %@,vfﬂ’uo (7.19a)

It is useful to introduce another set of variables,

Ouv = Quv — %nuv(p
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which simplifies the form of Lt:
Lt = %(P,uv,cr(ﬂuuﬂ - @/}.U,o@“mv - %(ﬁ,ué’v. (7.19b)
If ¢, is coupled to matter, the field equations are of the form

8L
Ky,0p9” = Jyv = _5</’7

7.20
Kyv,00 = =N Mvp)d + Mo 0v0p) + Mu(09u0p) (7.20)

_ncrpa,uav - nuu(aaap - nopD)'

They are consistent only if the current is conserved: 9#J,, = 0. Owing to gauge
invariance the operator K is singular (K, 500°A” = 0) and cannot be inverted,
so that there is no unique solution of the field equations.

We may choose the covariant gauge condition for ¢,

aﬂ(/—)p,v = aﬂq)ll” _ %8”(,0 =0 (721)

called the Hilbert gauge. This condition, like Lorentz’s, is locally accessible. On
the other hand, the condition d,,¢*" = 0, which seems at first sight to be as natural
as (7.21), is actually not a correct gauge choice (Kibble 1965).

The Hilbert gauge considerably simplifies the field equations,

_%(nukrlvp + NupMvr — Ny mp)Dpr = J* (7.22)
and leads to the propagator
DI = S (0" + " P — ) D. (7.23)

In order to overcome the difficulty with the singularity of K, it is also
possible to modify the Lagrangian L1 by adding a gauge-breaking term. If we
choose, for instance, £ = L1 — %(8M<,5“”)2, the corresponding propagator for
o = 1 goes over into expression (7.23).

A particular solution of equation (7.22) is obtained using a well-defined
propagator:

oM (x) = / dty DR (x — y) ().

If the current Jj, does not depend on ¢,,,, the interaction energy between currents
1 and 2 is

E(x% = f B dty I @)Dy g (x = I ().
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Polarization states. The plane wave

Ouv = €aneT 1 ezve—ik-x
satisfies the field equations in vacuum and the Hilbert gauge if

K> =0 (7.24a)
kM (€ — Snuver™) = 0. (7.24b)
Four relations (7.24b) lower the number of ten independent components of €,
to six, but of these six only two are physically significant. Indeed, the condition
(7.24D) allows the residual gauge transformations
€y = €uv — kyny — kyny

with four arbitrary parameters n,, so the number of physically significant
polarization components is reduced to 6 — 4 = 2.

When the plane wave is travelling along the z-axis, the conditions (7.24b)
can be used to express €1, €02, €03 and €37 in terms of the other six components,

1
€01 = —€3] €03 = —5 (€33 + €00)
€= —€3 €= —€]]

while a suitable choice of 7, leads to
!/ !/ /7 /7
€13 = €3 = €33 = € = 0.

Thus, only €;; = —e€2; and €12 have a definite physical significance, which
implies that there are only two physical polarization states (Van Dam 1974),

00 0 O 0 0 0 O
1 01 0 O 1 001 0
‘O="510 0 -1 0 ‘@= 51010 0 (7.25)
00 0 O 00 0 O
Here, €3 denotes the matrix (65\];).
Under rotations around the z-axis, €’/*V = R*; R" 0€°P, we find:
. 1
€l =et ey €4 = —(€(1) £ i€m)). (7.26)
(£2) (£2) (£2) ﬁ (D 2)

Thus, €(47) are polarization states with helicities A = £2.

Currents. The currents carrying helicities A = £2 are given as

Jao) = Efi)z) Juv = 3(J11 — Jo2 £ 2iJ12).
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Their interaction has the form

Z J(/)\)J(j) = %(11,1 - 12,2)(11*1 - 12*2) "‘211,2]1*2

A=12
= (111 + I d3n + 200,07 — %(11,1 + J2/2)(Jl*l + J5).
(7.27)
Since, on the other hand,
v crp* ,
> T = wa( DDA ) = J, 7 Jg,
=42 A=+2

we easily find the expression for the polarization sum (Schwinger 1970):

Avor — { S0 ") — g0y for p, v, 0. p # 0
0 at least one index = 0 or 3.

For general momentum k the result is obtained from the first line by the
replacement n*¥ — TI*Y = pHV — (K*k¥ + k"*k") /k - k

Y70 = 270" + n"*n*) — 3n""n""
+ k-dependent terms. (7.28)

The k-dependent terms may be discarded when we consider the interaction
between conserved currents.
The field equation (7.22) can be easily brought to the form

—Op” = JH — Inv = Jm. (7.29)

In order to clarify the role of the second term on the right-hand side, let us consider
the equation
—Opt? = JH*,

If we choose a particular solution "’ = J"V/k?, the interaction between @V
and J;,, may be written as

‘]l/tv(plw = ‘]Mv k12 T

In the frame where k = (kO, 0,0, k3) the current conservation reads k%Jo, =
—k3J3,. When we use this relation to eliminate all the terms with index 3
on the right-hand side, the interaction amplitude separates into two parts: an
instantaneous part, proportional to 1/(k)2, and a retarded part, proportional to
1/k2. For the retarded part we get the form

1
p(‘llll‘]“ + lezfzz +2J1,2J12)



206 Gravity in flat spacetime

which represents the sum of three independent terms or three polarizations. To
eliminate the spin-0 part we must add a term
— l J® L

27K kZJ”v

whereupon the retarded term reduces to the form (7.27), containing only a sum of
two polarizations. Adding this term is equivalent to a modification of the starting
equation,
1 A
—Op"” = g — g,

which becomes the same as (7.29). Thus, we see that the field equation (7.29)
really describe massless tensor field of helicity A = £2.

The sign of the static interaction

It is interesting to observe the alternating change of signs in expressions (7.4),
(7.15) and (7.23), defining the propagators of massless fields with spins 0, 1
and 2, respectively. These signs come from the signs of the Lagrangians (7.1),
(7.5) and (7.19), and are determined by the requirement of the positivity of the
respective Hamiltonians. They have an important influence on the structure of
static interactions between particles. In the static case it is only the quantity J
and the components J° and J% that do not vanish (an analogous property holds
for fields of arbitrary spin). This follows from the fact that the only vector we can
use to construct the currents is p*. The energy of the static interaction between
particles 1 and 2 takes the form

A
WDl JEDWIY T Dy’

with all indices equal to zero. It is positive or negative depending on whether the
spin of the field is even or odd.

The static force between like particles is, therefore, attractive only for
gravitons of even spin.

This is the main reason for rejecting the spin-1 field as a candidate for the
description of gravity.

At this point we wish to make a comment on the possibility of the existence
of negative masses. The interaction between a large positive mass M and a small
negative mass m would have the opposite sign of the static interaction (force).
However, in Newton’s theory we have

GM .
—mg7X = m;iX
so that if the PE holds (m; = my), the acceleration remains the same,

irrespectively of the change of sign of the force. In other words, Newton’s apple
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would fall on Earth even if it had negative mass. Gravitational repulsion could
occur in the case mj/mg < 0. There existed an idea that mg < 0 for antiparticles,
which would violate the PE (since m; > 0). However, all the experimental
evidence shows that matter and antimatter behave identically with respect to the
gravitational interaction. For an idea of antigravity in the context of supergravity,
see Scherk (1979).

7.2 Attempts to build a realistic theory

Previous arguments on the possible nature of the graviton indicate that

m the mass of the graviton is zero, as follows from the long range of the
gravitational interaction; and

m the spin of the graviton is even, otherwise the static gravitational force would
have the wrong sign.

After having discussed relevant classical properties of massless fields of spin O
and 2, we might now continue to study field theories with higher spins s >
2. However, there are general arguments from covariant quantum field theory
(appendix G) that lead to the following conclusion:

m  massless fields of spin s > 2 are not suitable candidates for describing
gravity.

Thus, for instance, the interaction energy of a test particle of spin-3 with a static
point like source has the form that violates the PE (Van Dam 1974). Hence,

massless fields of spin 0 or 2 are the only candidates for describing the
graviton.

In order to find out the most realistic possibility we shall now calculate some
observational consequences of these theories. The possibility of a small but finite
graviton mass will also be discussed (Van Dam and Veltman 1970, Boulware and
Deser 1972).

Scalar gravitational field

We begin our discussion with a scalar theory of gravity,
L=Ls+ Lym+ L1 (7.30)

where Lg is defined by equation (7.1), Ly describes free matter and Ly is the
interaction term,
L1 = —roT (7.31a)

with T being the trace of the matter energy—momentum tensor.
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Since T = 0 for the electromagnetic field, the scalar gravity does not interact
with electromagnetism. As a consequence, this theory predicts that gravity does
not affect the motion of an electromagnetic signal: there is no bending of light
by the sun, nor the time delay of radar echo, in contradiction to the experimental
data.

1. We assume that matter is described as a single particle with world line
" = z"(s):

Iv = /d4x Lyv(x) = —M/ds (7.31b)
I v

TR (x) = M/ e dz o 2(s))ds (7.31¢)
ds ds

where ds? = Nuv dz#* dz”, and M is the mass of the particle.

Let us find a field generated by a static particle. From the form of T/ it
follows T'(x) = M f 8(x — z(s))ds, and the integration over zO(s) = s yields
T (x) = M§(X). The field equation for ¢, —Og = AT, has a solution

A M

9(X) = AMD(X) =~ —. (7.32)

The interaction energy of a test particle of mass m with the static field is given by

0 / 3 / )‘2 M m
ExH) =1 IxT x)px)=———-—— (7.33)
4w 1 uf
where u? = dx%/ds. For a slowly moving test particle we have u° 2 1, so that
the previous expression represents Newron’s law if A% /4w = G.

The quantity A is a universal constant, in agreement with the PE.

The gravitational redshift may be derived from the law of conservation of
energy, applied to a photon in the context of Newton’s law of gravity. Consider
an atom in the static gravitational field (7.32), at a distance r from the pointlike
source. When r — 00, the energy of the ground state is E, the energy of the first
excited state is £, and the energy of the photon emitted in the transition between
these two states is given by 2w vy = E| — Ey. For finite r the energy of the ground
state is Eo(1 —2M G /r), and similarly for the excited state. Hence, the energy of
the emitted photon, as measured by an observer at infinity, is given by

2rv = (Ei — Eo)(1 — GM/r) = 27vy(1 — GM/r). (7.34)

The redshift predicted by this formula has been verified experimentally with an
accuracy of 1% (Misner et al 1970).

In order to find the equation of motion of a test particle in the static field
(7.32), we write the part of the action depending on z*(s) as

Ivi = —M/[l + Ap(2)]ds. (7.35)
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Introducing
g = (1 +2¢)* 100 (7.36)
this expression can be geometrically interpreted as the action for a point particle
in a spacetime with metric g,,. Varying with respect to z(s),
d dz¥ 1 gy dz* dz°
—(g—) == i
ds ds 2 az* ds ds

we obtain the geodesic equation in Riemann space with metric g..

2. Now we treat the gravitational field (7.32) as the field of our sun, and calculate

the precession of perihelia of planetary orbits using the Hamilton—Jacobi equation
(Landau and Lifshitz 1975)

w0101
dxH axV

where [ is the action, and m the mass of the planet we are studying. The
metric (7.36) is static and spherically symmetric, and in spherical coordinates
x* = (t,r, 0, ¢) it does not depend on ¢ and ¢. As a consequence, we can derive,
from the geodesic equations, two constants of the motion: the energy E and the
angular momentum L:

—m*=0 (1.37)

dr d
E=(+ k(p)za L=+ k(p)zrzd—f. (7.38)

The motion is restricted to a plane, which we choose to be the equatorial plane
6 = m /2, whereupon the Hamilton—Jacobi equation takes the form

U2 | (2 ) AN IRV AN 2o
— ) =) == —m-=0.

¢ a1 ar) ~ 2 \as

Looking for a solution of this equation in the form

I=—Et+Lop+1, (7.39)

we find that

I, = /[E2 —L?/r? —m*(Q + r)1 % dr
2GMm?* 1 V2
— /|:E2—m2+7m——2(L2+G2M2m2)j| dr.
r r

The change of the coefficient multiplying the factor » ~2 (with respect to Newton’s
value L?) leads to a systematic precession of planetary orbits. Since the equation
of an orbit is ¢ + d1,/d L = constant, the total change in ¢ per revolution is

Ap = ——Al
¢ ap Al
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where Al is the related change in I,. Expanding I, in powers of the small
parameter n = G2M?*m? we find that

d
AL = AIO + %8—LAI,(O)

where I,(O) corresponds to the elliptical motion. Differentiation of this equation

with respect to L, with —8A1r(0)/8L = A¢(0) = 2m, leads to

Ui
AP =21 — ﬁn.

The second term gives the value of the planetary precession per revolution,

G*M*m?

and it is equal to —1/6 times the prediction of GR.

Thus, the scalar theory is not satisfying, as it leads to no bending of light and
no radar echo delay, and the perihelion precession of Mercury’s orbit does not
agree with observations.

Symmetric tensor gravitational field
The tensor theory of gravity is based on
L=Lr+L v+ L (7.41)
where Lt is the Lagrangian (7.19), and the interaction term is given as
L1 = — g TH. (7.42)

1. The field equations for ¢ in the Hilbert gauge have the form (7.22), with
the replacement J,,,, — AT),,. A particular solution for *" is given by

o (x) = A / d*x’ DM (x — x)Thp(x')
= A/d“x’ D(x — x"T™ (x")

where TH> = THY — %r)‘“’T. For a static source, 7"V does not depend on x, and
THe — TP — (, so that
e%(x) = A / &x' D(x — x)IT(x)
9 (x) = (%) (7.3
"0(x) = 0.
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If the source is a single particle of mass M, T (X) = M§(X), then

A M
PP (x) = e (7.43b)

The interaction energy of a test particle of mass m with the static field is

MM 2
EG®) = / & Ty, (09" () = == — (Po = Zm—m) : (7.44)

For a non-relativistic motion py &~ m, and we obtain Newton’s law provided that
1\2/87 = G.

The universality of A is in accordance with the PE, and the correct redshift
formula is obtained from Newton’s law, as before.

The part of the action containing matter variables can be written as

ot = = [+ s e
Ml = —m Nuv Puv 2 ds ds s
(7.45)
== [ 100+ 200 €2 12 4 062
If we introduce the quantity
guv = Nuv + 22040 (7.46)

the matter equations of motion become geodesic equations in Riemann space with
metric gv.

2. To calculate the precession of planetary orbits we again use the Hamilton—
Jacobi equation (7.37), with the metric produced by a static pointlike source. It
has the form, for 6 = 7 /2,

ZIAN N IANR LIRS
(1= rg/7) 1(5> — (L+rg/r) 1[(5> +r—2(£>]—m2=0

where rg = 2GM. Searching for / in the form (7.39) we find that

1/2
1+ L?

I =/dr [¢E2——2—m2(1+rg/r)i| .
r

I —rg/r

Expanding I, in powers of r; /¥ we can identify the term of the type r2 as

1 1
——(L* —=2m’r) = == (L* = 8G’m*M?).
r r
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This leads directly to the value of the planetary perihelion precession per
revolution,

8GM>m?
which is 4/3 of the result from GR, and does not agree with the observational data
(for Mercury, 8¢ = 43.03"/century).

(7.47)

3. The motion of light signals in the gravitational field (7.43) can be described
by the Hamilton—Jacobi equation for an action i,

w

dxt dxv

(7.48)

which is deduced from equation (7.37) in the limit m> — 0. The radial part of
the action v, follows directly from /, in the same limit:

41 12 1/2
re/r
v = / g [LH7e/r 2 L7
l—rg/r r2
where the energy of the light signal is denoted by w.

The time dependence » = r(¢) for the trajectory of a light ray is defined by
the relation —¢ + 9V, /0w = constant, and has the form

2\ —1/2
/‘ L+rg/r (1+rg/r  p
t= [ dr - —
L—rg/r \1—rg/r r2
where p = L/w. Furthermore, the radial velocity dr/d¢f must vanish at the
distance r = b of closest approach to the sun, so that

1+rg/b

2 2
=b .
p 1 —r/b

Thus, p is equal to b only in the lowest order approximation in rg /b.

(i) We first study the deflection of light in the field of the sun. At great
distances we can ignore the gravitational interaction in ¥, (r, — 0), and the
equation of motion, ¢ + 9y /dL = constant, predicts motion on a straight line
r = p/cos ¢, passing at distance » = p from the sun (figure 7.2).

In the first approximation in r¢ /b the radial action is given by

2r 2\'/?
1s”rza)'/dr(14‘—8_'0_2) .
r r

Expanding the integrand in powers of r¢/r gives

Yy 1//r(0) + wrg Arcosh(r/p)
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Figure 7.2. The motion of the electromagnetic signal in the central gravitational field.

where wr(O) corresponds to a rectilinear motion of the light ray:

v = a)/dr \/1 —p/rt = a)\/r2 — p% — wp Arccos(p/r).

The total change in ;- as the light ray goes from a distance r = R (¢ < 0) to the
point 7 = b, and thento r = R (¢ > 0), is given by

Ay, = Ay 4 20r, Arcosh(R/p).

The related change in ¢ is obtained by differentiating A, with respect to
L = pw:

Ad ad Ay Agb(o) n 2re R
= - r = R —
oL P /R2 — ,02
where Ap©® = —BAI//r(O) /dL. In the limit R — oo we recover the same result
as in GR:
2rg
Ap =7+ —.
0
Since A¢ > m, the trajectory is bent toward the sun by an angle
2r 4MG
Sp="2="+= 7.49
¢ b b (7.49)

where we used p =~ b. For a light ray just touching the sun’s disc (b = Rs), the
deflection is 8¢p = 1.75”, in agreement with observations.

(i) We now want to calculate the time interval needed for a radar signal to
travel fromr = b tor = R (¢ > 0) (figure 7.2). From the change

Ay, = Al//r(o) + wrg Arcosh(R/p)
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the related time interval is given as

At—iAlﬁ = iAI//(O)+r Arcosh(R/p) +r _r
T T e T & P & JR2 _ 02
= A1 451,

Here, the term Ar©® = \/R2 — p2 corresponds to a rectilinear motion of the
radar signal, and the remaining terms represent the gravitational delay 7. A direct
comparison with Einstein’s theory gives

1 R_plﬂ
st=8tF + —r, [ —L) . 7.50
+ 57 (R+,0> (7.50)

When we consider a radar signal travelling from Earth to the sun (the distance
R1), and then to Mercury (or some other planet, at the distance Ry from the sun),
the complete delay is given as (p = b)

1 R —b\'?  [(Ry—b\'?
St; + 8ty = 8tF +81F + = - )
1 +on 1+ 2+2rg|:<R1+b) +(R2+b>

Einstein’s part is at a maximum when Mercury is ‘behind’ the sun, and the radar
signal just grazes the sun (b = Rs). The total round-trip excess in this case is
72 km =~ 240 ws, and it agrees with the radar data (although the realization and
interpretation of these experiments is extraordinarily difficult). The remaining
two terms are just a small correction (b < Rj, Rz), which is of no significance
for the basic conclusion.

Can the graviton have a mass?

The previous results show that a massless field of spin 2 describes standard
gravitational effects with significant success. Can a graviton have a very small but
still finite mass ©? We shall see that this is not possible without a notable violation
of the agreement with experiments. The reason for this somewhat unexpected
result lies in the fact that the propagator of the massive graviton differs from the
propagator of massless graviton even in the limit 42> — 0 (Van Dam and Veltman
1970, Boulware and Deser 1972, Schwinger 1970).
The theory of massive field of spin 2 is defined by the Lagrangian

L= Lr— 3u* (@™ — @) (7.51)

Note the form of the massive term, which contains not only ¢,,,¢"", but also @2
The field equation has the form

(-0- MZ)(pp.v + (Pup,vp + (pv,o,up —@,.uv — Npv [(Pop'ap + (0~ I/LZ)QD] = ATyy.
(7.52a)
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Taking the trace and differentiating with respect to x* we find that

A 2
$=373 <T - —2Tap"’”)
K s (7.52b)

2
04y = =250 T + 5230, (T = 2 T,,7).

The field ¢, in vacuum satisfies the field equations characterizing the massive
field of spin 2,

(O0—1P)guw =0 pu=0 ¢=0

which justifies the form of the Lagrangian (7.51).
Using the expressions (7.52b) the field equation becomes

A
(-=0- Mz)(!’uv = AT + E(a"T)‘“J +00Tp”)
A A d,0 2
_ L 1 oo _ L AN T - = o)
I/LZ Nuvdop 3 <7],uv + I/LZ le op

Going now to momentum space, we find a solution
Oy (k) = Dy p (k, kAT (7.53a)
where D(k, u?) is the propagator of the massive field of spin 2:

1
Duu,kp(kv ,U«Z) = m[%(})p.kpup + PMvaA) - %Puvpkp]' (7.53b)

Since Py, is the projector on the three-dimensional space of spin-1 states, the
field ¢, has six independent components, and the condition ¢ = 0 for k* = p?
reduces that number to five, which corresponds to the massive field of spin 2.

Polarization states. A plane wave of momentum k,

v (x) = ee* + e:‘lvefik'x
obeys the field equations in vacuum if
K—u>=0  ktfeyp=0  n*eu =0. (7.54)

The last two relations in the rest frame take the form

epw =0 ei1 +exn+ezz=0.
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Due to these five conditions there is only 10 — 5 = 5 independent tensors e,(f‘v) ,

and they can be chosen so as to be orthonormal (effv) eWmy — §rxy.

00 0 0 0000
1 fo1 0 o 1 loo 10
‘=510 0 -1 0 ‘=510 1 0 0
00 0 0 0000
0000 0000
1 1
w300 weg(tgY) oo
0100 0010
0 0 0 0
2o 12 0o o
“‘O=y3lo o 12 0
0 0 0 -1

where e,y denotes the matrix (e&v)).
Under rotations around the z-axis we obtain the transformation rules

e(iz) = e:I:ZiQe(iz) e;il) = eiiee(in EEO) = 6(0) (7.56)

where e(+2), e+1) and ¢(g) are the polarization states of massive field of spin 2,
with spin projections s3 = £2, £1 and 0,

1 , 1 .
e+2) = ﬁ(é’(n tiew)  ewn = \—fz(em tiew)).

Currents. Now we introduce currents with spin projections s3 = %1,
Teny = ey Ty = V2(T13 £ iT23)
with an interaction between them

> T Th) = 2V2(T]3T13 + Ty3Ta3).
A==%1

In the case of conserved currents the components 773 and 723 can be expressed in
terms of 7o and T (kOTOV = —k3T3v), so that the previous expression does not
contribute to the retarded interaction.

Similarly, the current with s3 = 0 is

Ty = e(gy Tuv = \/g[%(Tn + 1) — T3]
T('o) T(E) = %[}T(Tl/l + Tp)(Ti1 + Too) + 115 T3
— 3(T{, + Ty T13 — 5T{3(T11 + T)]
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where the first term corresponds to the retarded interaction,
§(T1, + T3)(Ti1 + Tao). (7.57)

The polarization sum follows from the equality

4

ny op* . i
Z T(/)n)T(j) = T;iv( E(A)E(A) >Tap = T;LUPMV UpTap
» 2=0

where the left-hand side is calculated using equations (7.28) and (7.57), that
describe the contributions of states with s3 = +2 and 0. The result is

puv.op _ { sPTNP +ent) — 3P for p,v, 0, p #0,3;
0 at least one index = 0 or 3.

This is the result in the rest frame. In the case of a general momentum, the result
follows from the first line by the replacement n*V — P#V:

PHOP = Lpho P 4 Py — IntinoP

+ k-dependent terms. (7.58)

Mass discontinuity. How can we relate this theory to the case u?> = 07 It is
clear that the propagator of the massive field is not defined in the limit 2 — 0,
since then the Lagrangian becomes gauge invariant. But, if the massive field is
coupled to a conserved current, k* T}, = 0 (which is necessary if the limiting case
is to be consistent), then the amplitude of the interaction between two currents has
the form

My =T, Df, ., (k. uHT??

where DF is the effective propagator obtained from (7.53b) by ignoring all terms
proportional to k:

E 2
Dy, oph, %) =

1
m[%(nwmp + luptve) = §Mlopl. (7.59)

This propagator differs from the effective propagator of the massless theory

1
DEv,op(k) = ﬁ[%(nuanw} + nuprlva) - %nuvnop]

even for u2 = 0.

What is the origin of this discontinuity in the graviton mass? In order to
explain this phenomenon, let us consider what happens with the massive graviton
for u? — 0. The massive graviton has five degrees of freedom. When pu? — 0 it
gives massless particles of helicities A = £2, 1 and 0. While particles with
A = =1 are decoupled from the conserved current, this is not the case with
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the scalar particle. Indeed, it is the contribution of the scalar particle which
changes the propagator of the massless graviton just so as to produce the effective
propagator of the massive graviton in the limit x> = 0:

1 1 1
—3Nwllop + gNuvlop = —3NuwwNop-
It is evident that experimental consequences of the massless theory and the theory

with an arbitrarily small graviton mass differ in a discrete way.

Experimental predictions. Let us now calculate the interaction constant of the
massive theory by demanding that the static low-energy limit gives Newton’s law.
The interaction energy of the massless theory is

E = 2T 1 - by
=X Ook_z( — 3)Too.
Using equation (7.53) we find an analogous expression for the massive theory:
E = 22(W)T, i(1 - T
- 2 00 k2 3 00-
If A2 is determined correctly (AZ = 87 G), then we must have

A(p) = 327 (7.60)

if the massive theory is to have a good Newton limit. But with this result for
A2(11) other experimental consequences become incorrect.

When we calculated these consequences in the massless theory, the sun was
treated as a static pointlike source of the gravitational field A(u)@,v, given by
equation (7.43). In the massive theory the field A(u)¢,, can be easily calculated
from the expression (7.53):

o = 2200 M
3 47 r
) (7.61)
() = n“ﬁli’”’)%.
3 47 r

While A(1)9® has the same value as in the massless theory as a consequence
of (7.60), A()p* differs by a factor % The calculation of the precession of
planetary orbits in the massive theory gives two-thirds of the result of the massless
theory.

The results for light deflection and radar echo delay can be obtained in
a simpler way. Consider the interaction of an electromagnetic signal with the
sun. Since the trace of the electromagnetic energy—momentum tensor vanishes,
the last term in the effective propagator DE(k, 1?) does not contribute to the
interaction amplitude. Since the same is true for the last term in the propagator
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of the massless field, the difference in interaction amplitudes stems only from the
different coupling constants. Hence, the ratio of the amplitudes is

Mo (1?) /Moy = 22 (u) /3% = 3.

The massive graviton produces light deflection by the sun and radar echo delay
which are by factor % different from the corresponding predictions of the massless
theory.

These results strongly indicate that the existence of an arbitrarily small but
finite mass of the graviton of spin 2 is excluded by the observations.

The consistency problem

Previous considerations show that the graviton is most successfully described as a
massless particle of spin-2. In studying various alternatives we neglected to check
the internal consistency of the theory.

Our theory of gravity (7.41) contains the interaction L1 = —A¢,, T*", where
THV is the energy—momentum tensor of matter. We may immediately ask the
following question: Why does the energy—momentum not include a contribution
from the gravitational field itself? We shall see that the suggestion contained
in this question is not only possible, but also necessary for a self-consistent
formulation of the theory.

Consider the field equation K, 5p9%” = AT,,. Since the operator K, 5,
is singular, taking the derivative of this equation gives the consistency condition

Ty, = (7.62)

which implies a free, rectilinear motion for the particle (on the basis of the

momentum conservation). It is clear that this condition is not fulfilled for the

interacting system of matter and gravity. Indeed, from the expression (7.31c¢) for
T}, we find

dZZU

0, T"(x)=M /

" ) ds?

Then, using the equation of motion for matter,
d2 7V
ds?
where g,y = Ny + 24,0, We obtain

S(x — z(s))ds.

dz* dz”?
ds ds

= _%gvo-(ga‘)n,p + gap))L — gkp,o)

(Mvo + 2A0v5) 0 THY = —[Xp, O’]T)Lp
(7.63)
[Ap, 0] = )L((pok,p + Qop,n — @kp,o)o
Thus, condition (7.62) is violated to order A.

In further exposition we shall attempt to correct this inconsistency by
replacing the matter energy—momentum with the complete energy—momentum for
the whole system matter + gravity. The consistency condition will be satisfied as
a consequence of the conservation of the total energy—momentum.
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Exercises

1.

Show that the three-dimensional propagator of scalar field theory has the
form

by = T am|x|

Show that Py, = nuy — kukv/u2 and Pd-v = kukv/u2 are projectors on
the massive states of spin 1 and 0, respectively, i.e. that for k> = u? the
following relations hold:

Pl,(,a‘ P(TU — PMU Plfa PJJTU — P[dJ)
Py + Py =nuw PP’ =0
nMVPMV:3 T]MVP:_UZI.

The quantities [T, = 1, — (kuky +koky) /k-k, Tz, = (kuky +koky) / -k,
where k = (kO, —Kk), are projectors on massless states of helicities =1 and
0, respectively. Prove the following relations, for k> = 0:

M M°" =10, M, I =T11,"
M+ My, =0 T, =0
rl'uvnluv = 2 n“”l’[tv = 2
Find the propagator wa(k) of the massless vector field, defined by the
gauge-breaking term —a(d - ¢)2/2.
The Lagrangian

1 o
V=Ly+ Euzwuw” -5 9)? — "

where 3 - J = 0, is convenient for studying the limit u> — 0.

(a) Show that 9-¢ obeys the Klein—Gordon equation with mass m? = u?/a.

(b) Find the related propagator Dl’iv(k) and examine its behaviour in the
cases (i)  # 0, u?> — 0; (i) u? # 0, ¢ — 0.

Prove that the polarization state of a massive vector field with s3 = 0 is

decoupled from the conserved current J# in the limit u?> — 0.

Consider a massless field ¢, of helicity &=2. Prove the following properties:

(a) The Hilbert gauge condition is locally accessible.

(b) Free gravitational waves must satisfy the Hilbert condition for k% = 0.

Find the propagator for the massless tensor field, determined by the gauge-

breaking term —a(8u¢3’”)2/2. Examine the cases « = 1 and o — o0.

Show that the projector on massless states of helicity £2,

np,v,kp = %(Huknv,@ + np,p Hvk) - %nuvnkp
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11.

12.

13.

14.

15.

16.

17.

18.

19.
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satisfies the following relations, for k2 =0:

a0, , A
[T, 11 £t = I ot n TIUpHuv,Ap =2
v
" My 20 = 0.

Find the trajectory u = u(¢), u = 1/r, that describes the motion of a test
particle in the spherically symmetric scalar gravitational field. Discuss the
limit G — 0.

Use the result of exercise 10 to calculate the precession of planetary orbits in
the scalar theory of gravity.

Find constants of the motion of a test particle in the spherically symmetric
gravitational field, in both the (a) scalar and (b) tensor theory of gravity.
Find the trajectory u = u(¢), u = 1/r, describing the motion of a test
particle in the spherically symmetric tensor gravitational field.

Use the result of exercise 13 to calculate:

(a) the change of angle A¢ during the motion of a light ray from r = R
(¢ <0)tor = R (¢ > 0) (figure 7.2);

(b) the coordinate time Atf required for a light ray to travel from r = b to
r =R.

(a) Calculate the interaction energy of a test particle of mass m with the
static tensor gravitational field produced by a pointlike source.

(b) Show that the interaction energy of a photon in this field is given by

M
E(x% = —2G6=)p".
r

Find the corresponding expression in Newton’s theory (using the
replacement: the mass of a test particle — the total photon energy).
A light ray is passing the sun at distance b (figure 7.2). Assume that the
sun’s gravitational field is the same as that described in exercise 15, and
calculate the deflection angle of a light ray as the ratio of the transversal and
longitudinal components of the momentum.
Prove that the projector on the polarization states of a massive spin-2 field,

Puvsp = 3(PunPop + PupPoz) — 3 Pu Pop
obeys the following conditions, for k? = p2:
PP = P M0 Py =5
" Puvap = 0.

Calculate the contribution of the scalar component of the massive tensor
graviton to the effective propagator, in the limit 42 — 0.

Show that the precession of planetary orbits in the massive tensor theory
of gravity, in the limit u> — 0, gives two-thirds the result of the massless
tensor theory.



Chapter 8

Nonlinear effects in gravity

As we have seen, in ordinary flat spacetime the graviton is best described as a
massless field of spin-2, but its interaction with matter is not consistent. A closer
inspection shows that this inconsistency stems from the fact that the graviton itself
has an energy—momentum, which has to be included in a complete theory. The
related correction leads to nonlinear effects: the energy—momentum of matter is
a source of the gravitational field, the energy—momentum of which becomes a
source of the new field, etc. Can this nonlinear correction account for the small
discrepancy in the precession of the perihelion of Mercury? Surprisingly enough,
the answer is yes. Moreover, the ‘simplest’ solution to the nonlinear self-coupling
problem leads to a theory which is identical to Einstein’s GR. This result gives an
unexpected geometric interpretation to the field-theoretic approach.

In order to express the essential features of this problem and its resolution in
the most simple manner, we first consider an analogous problem in Yang—Mills
theory. Then we go over to the gravitational field by studying, first, scalar and
then tensor theory (Feynman et al 1995, Van Dam 1974, Okubo 1978). Particular
attention is devoted to the first order formalism, which significantly simplifies the
whole method (Deser 1970).

8.1 Nonlinear effects in Yang—Mills theory

The nonlinear effects that occur in constructing a consistent Yang—Mills theory
are very similar to what happens with gravity. We shall therefore study this case
in detail, analysing separately the role of nonlinear effects in the pure Yang—Mills
sector and in matter and interaction sectors (Okubo 1978).

Non-Abelian Yang-Mills theory

Consider an SU (2) triplet of massless vector fields A%, (a =1, 2, 3), and a set of
matter fields ¥ belonging to some representation of SU (2). The free Lagrangian

222
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of vector fields,

o

LY = _Lpa Fev R4, =3,A% —8,A%, (8.1)

is invariant under global SU(2) rotations 6A“, = —e“bCObA"M, and local

Abelian transformations A%, = 9,A%. The SU(2) invariance of the matter

Lagrangian Ly implies the existence of the canonical (Noether) current Jj.
Now, we assume that the total Lagrangian of the system has the form

LO=2O0 4 on+L L= —gAr-Je (8.2)
where A“ is coupled to the canonical current J¢ of matter fields.
If the matter is described by an SU (2) doublet of Dirac fields,
V= @;) SW =i0"3rW  §U = —ig* Wi (8.3)

(t¢ are the Pauli spin matrices, 112 are the Dirac spinors), then

Ly =Gy -d—mw  Ji=Uy 3w, (8.4)

The field equations for A% have the form

MF,, = gJl (8.5)

and their consistency requires d - J¢ = 0. However, this condition is in conflict
with the matter field equations. Indeed, the Dirac equations for ¥ imply

a‘Ja:geabCAbUJ]f#o

showing an inconsistency of order g. The reason for this inconsistency lies in the
fact that J¢ is not the Noether current for the whole theory but only for the part
stemming from the matter fields, which cannot be conserved.

In order to resolve this problem we shall try to construct a new theory, on the
basis of the following two requirements:

»  The new Lagrangian £ = £© 4 A should give the field equation

8MFa;w=g(Jua+j3)Egjva (a)

m  The dynamical current J¢ is equal to the Noether current generated by the
global SU (2) symmetry of £ and is automatically conserved:

9T =0, (b)

Before starting the construction of £, we must note that there is an ambiguity

in the definition of 7“: we canreplace J' by J+0* Wy, where Wy, = =W,
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without changing the conservation law. Consequently, the requirement (a) may be
expressed as

[e]
8#}7‘“}“) =g(.7va+3“WZ,,) (a/)
In order to obtain a self-consistent interaction, we write the new Lagrangian as a

series in g, starting from LO:

L=LO+4gAD + AP ...

Step 1. We start the construction by calculating the Noether current
corresponding to the global SU (2) symmetry of £, Using the field equations,
the change in £© under the SU (2) transformations takes the form

- L® 5O L
L0 =9, [0 ——= + SV +5A = -0 75,
90, ¥ 99,V 99, A

where the Noether current
Ty =17+ jby (8.6)

contains two terms: J” is the contribution of matter fields and j(bo) the contribution
of gauge fields:

oLy
" 99, A9,

](li)l; — eabc c — GbcaAcv;au,u.
It is the term j(%) that is missing from the right-hand side of equation (8.5).

Now, in accordance with (a’), we try to change L 50 as to obtain the field
equation

QY FIY = (T8 + 8, W) (8.7a)

The presence of the current j(‘f)) in this equation can be realized by adding to £
a suitable term of order g:

LD = O gA(l)
. (8.7b)
AD — —ClAb . j(bO) — C]Abv(GbCQAC)\FaU)‘).

Varying £ with respect to A% and comparing the result with (8.7a) gives
c1 = 1/2, W& = €%¢AP; A¢,. Although this change of £ yields the correct
field equations, the problem is still not solved: the current .7(‘6) is no longer

conserved, since it is not the Noether current of the new Lagrangian £
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Step 2. The new conserved current is calculated from £1):

9L
99, A9,

T = et A = Ty +ge™ A, (ef1aT Aty (8.8)

In order for the current .7(”1) to be present on the right-hand side of equation (8.7a),

we change the Lagrangian again by adding terms of order g2:

£ = O + gA(l) + ng(z)

(8.9a)
A(Z) — —CZ[EabCACV(EefaAvaeM)]AbM
whereupon the field equations for A¢ take the form
 FHY = g(.Y(‘i‘; + 3, WIH) (8.9b)

if ¢ = 1/4, and W**’ remains the same.

Armed with the previous experience we are ready to face the problem that
.7(‘;) is not conserved, since it is not the Noether current of the Lagrangian £,
However, the term A®@ in £® does not contribute to the Noether current, because
it does not depend on field derivatives; hence j(%) = j(‘{)

Thus, the iteration procedure stops after the second step, leading to the
fulfilment of the requirements (a) and (b). The self-consistent theory is defined by
the Lagrangian £, and yields the field equations (8.9b) for A. The construction
of the theory is characterized by the occurrence of nonlinear effects, since the
source of the fields A? contains the fields A% themselves.

Gauge symmetry. The initial Lagrangian £©) has the global SU(2) symmetry,
while 4:0) possesses the additional local Abelian symmetry. What is the
symmetry of the final, self-consistent Lagrangian £®? After introducing the
quantity

o

Fa;w — Fa;w _ géabCAbMACU
we can easily check that
LY 4+ gAV 4 AP = _1pa, Fa = Ly, (8.10)

Thus, unexpectedly, we discover that the final theory is invariant under the local
SU (2) symmetry. In the process of building the self-consistent theory,

the original global SU(2) and incomplete local Abelian symmetry
merge into the local SU (2) symmetry.

In the light of this result it is useful to reconsider the form of the conserved
current and the field equations. Equations (8.8) and (8.6) imply

;7(1?; — Jbu + ebcaAchavp,
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where the second term represents the dynamical current corresponding to A%:

_ 0Lp _ ebcaAchau,u _ jb,u.
8Abﬂ
On the other hand, using the relation F¢,, — ng‘jU = F%,, the field

equations (8.9b) can be written in the form 9, F**" = gj(‘i‘)’ or
V FY = gJa” (8.10b)

where V, FO*’ = §, Fa*’ — geabc b FCiV is the covariant derivative. The
conservation law of the current .7(11) takes the form

V™M =0 (8.10¢)

which is also, at the same time, the consistency condition of the field equations
for A. The Lagrangian Lr + Ly + Ly describes the SU (2) gauge theory in the
covariant form (appendix A). These considerations can be directly generalized to
an arbitrary semisimple Lie group.

The assumption that matter is described by the Dirac field is of no essential
importance for the previous analysis. It has the specific consequence that the
interaction Lagrangian £y, which is independent of the field derivatives, does not
contribute to the Noether current 72, so that the form of the interaction remains
unchanged in the process of building the self-consistent theory. It is clear that
the same result holds for any matter field for which its interaction with A¢ does
not contain any field derivatives. In that case, the complete change of theory
is restricted to the sector of the gauge fields, in which the symmetry makes a
transition from local Abelian to local SU(2) symmetry. The Lagrangian Ly
remains unchanged in this process; its symmetry is, from the very beginning,
local SU (2), as can be clearly seen from the covariant form:

Lyvi =V(3iy - V—mV¥ = L0 — V).
What happens when the interaction depends on the field derivatives is the
subject of the subsequent analysis.

Scalar electrodynamics

Consider now a theory of the electromagnetic field in interaction with a complex

scalar field,
LO = Ly + Ly + ‘40) 8.11)
(8.
= —LFuWF™ 4 0,0%0" ) — mP¢*p — eAr T

where
Fuy = 0,Ay — 0,A, T =il¢*(0u0) — 0,0™)0].
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The total Lagrangian £© possesses the global U(1) symmetry, and Lgy is
invariant under § A, = 9, A. The field equations are

I FH = ey,
(0 —m?)p = ie[d, (A ) + A™3,p].

The consistency of the first equation requires the conservation of the current.

However, since J(‘Z)) is not the complete Noether current, this condition cannot be
satisfied. Indeed, BMJ(’S) = 2e0d,(A*¢*¢) # 0. The complete Noether current,
defined by the global U (1) symmetry of £, has the form

Lo gk
Jio) = oy — 2eA"9"¢

where the second term comes from the interaction E%O).
By changing the Lagrangian,

LO % L£=LO4e2A,A 0% (8.12a)
the field equations become

I FH = e(J('a) —2eAY9*P) = ej(‘f))
(—0 —m®)p = ie[d, (A D) + A»B,p] — €A AV P,

Since the additional term ¢>A2¢*¢ does not depend on the field derivatives, the
new Noether current is the same as j(‘(’)) , and the construction of the self-consistent
theory is completed.

The symmetry of the resulting theory is most easily recognized by writing
the Lagrangian (8.12a) in the form

L=—1FuF"™ + (3, +ieA,)$* (3, —ieA,)d. (8.12b)

The global U (1) symmetry of the original theory and the local Abelian symmetry
of the electromagnetic sector merge into the local U (1) symmetry of the final
theory.

This example illustrates the situation which occurs when the original
interaction depends on field derivatives: then, Eio) gives a contribution to the
Noether current, so that the self-consistent iteration procedure changes the form
of the interaction. Since the original global symmetry is Abelian, the Noether
current does not contain the contribution of the gauge fields.

In the general case the Noether current has contributions from both the
interaction term and the free gauge sector. The situation is significantly simpler if
the interaction does not depend on gauge field derivatives.
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8.2 Scalar theory of gravity

In the previous analysis of Yang—Mills theories the iteration procedure ended after
two steps. This will not be the case with gravity, where the iteration procedure is
infinite. In order to show how such problems may be treated, we consider here a
simpler, scalar theory of gravity, without assuming that the graviton is massless
(Okubo 1978).

We start with the Lagrangian
LO = £ + L+ L = 5@upd"p — 20" + L — 29T (8.130)

where T stands for the trace of the matter energy—momentum tensor. The field
equation for @ is

—(@+ u>)e = AT. (8.13b)

Since there are no requirements on the properties of the interaction, even when
the scalar graviton is massless (there is no gauge symmetry), this theory is
consistent as it stands, without any further modification. Bearing in mind the
physical requirement that the scalar graviton should interact with its own energy—
momentum tensor, we shall try to build a scalar theory of gravity which is based
on the following two requirements:

»  The new Lagrangian £ = £© 4 A should produce the field equation
—@+ e =MT +1) = 20. (@)

m  The quantity 6 is the trace of the total energy—momentum tensor, which is
conserved owing to the global translational invariance, 9,6, = 0.

The canonical energy-momentum 6%, = (3L/3d,p)dvp — 84 L is
conserved but not uniquely defined. It can be changed, without affecting the

conserved charge, by adding a term with vanishing divergence:

o1y = OFv + 8, WHP,,

(8.14)

WHP, = —WPH, = (8,07 — 870")W (@)

where W () is an arbitrary function of ¢. The trace of (8.14),
0 =6 + 30W(p) B

is the expression that should stand on the right-hand side of equation ().
We are now going to find a new theory using the iteration procedure in
powers of A, starting from the Lagrangian £©.
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Step 1. The trace of the canonical energy—momentum corresponding to £© has
the form
Do) =T + (=09 @ + 2u%¢%). (8.154)

The second term is the contribution of free scalar fields. We now want to find a
Lagrangian that will give the field equation

—(O+ u®)p = AT + (—8,00" ¢ + 21%9%) + 30W (9)]. (8.15b)
The new Lagrangian has the form
£ — 2O 4 3 A

where A obeys the condition sAV /8¢ = 8,03*¢ — 21up? — 3OW D (). A
solution for A reads:

A = pdupdtp — 317’
where W (¢) = %@2. After that £(1 takes the form

L0 = £ 4 Ly — 2T
" (8.16)
Lg) = 3(1+200)3upd* e — 31> (@* + 3197).

This change of £© yields the field equation (8.15b), but does not solve the
problem: the tensor 9(’6';, the trace of which occurs in (8.15b), is not conserved,

since it corresponds to the old Lagrangian £, and not to £V,

The exact solution. Continuing further we can find 9(“1';, obtain the new
Lagrangian £ which yields the field equation —(0 + u?)p = A6(1), etc. The
iteration procedure goes on and on, introducing higher and higher powers of A. It
is clear that this would change only L£s—the gravitational part of the Lagrangian.
Since a direct computation of higher order corrections becomes very tedious, we
would like to have a more efficient method.

There is a simple approach to finding the complete solution, which is based
on the following ansatz:

Ls = $F(9)d,03"¢ — G(p) (8.17)

as suggested by the lowest order results. The functions F'(¢) and G(p) will be
determined directly on the bases of the requirements («) and (8).
Varying £ with respect to ¢ we obtain

—FOp — $F'3,903"¢ — G' = AT (8.18)

where the prime stands for d/d¢. On the other hand, using the expression for the
trace of the energy—momentum tensor,

0 =T+ (—F +3W")3" 0d,p + 30pW + 4G
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the general requirement («) takes the form
—(143AW)0gp — A(—F +3W")d"0d,0 — (129> +40G) = AT. (8.19)
The field equation (8.18) will have this form provided
F(p) =1+431W'(p)
F'(p) = 2A[=F () +3W"(9)] (8.20)
G'(9) = ¢ +41G(9).

The last equation, written in the form e*¢[e=**G (¢)]’ = u?¢, implies

2
I 4
Gp) = (4)\)2(1 +4rp) +are™?. (8.21a)

Since G(p) ~ —1u’¢p? as ¢ — 0, we find a; = u2/(42)%.
Eliminating W (¢) from the first two equations we obtain
F(p) = are®*? (8.21b)
where a> = 1, from F(0) = 1. Then, the first equation gives
W(p) = % [%(e”‘ﬂ —a3) - <p} : 8.21¢)
From W () ~ ¢*/3, we find a3 = 1.
Thus, we obtained the self-consistent Lagrangian,
L=Ls+ Ly — roT
(8.22)

e

@ [ — (1 + 4r9)]

1
Ls = 562)‘“’8#(,08’%0 —
which leads to the field equation
12
—e?*Og — AeZA¢8M¢8“¢ — H(e“‘/J — 1) =AT.

If we introduce ® (x) = e**™), the Lagrangian Ls can be rewritten as

1 ,u,2
Ls = 508, Pd"d — ' —1—-4Ind 8.23
while the field equation becomes
, & — 1
—0® — =AT.

40

This procedure solves the self-consistency problem of the scalar theory of
gravity, in accordance with the requirements () and (8).
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8.3 Tensor theory of gravity

We are now going to construct a self-consistent theory of massless spin-2 graviton
field (Feynman et al 1995, Van Dam 1974). The naive formulation (7.41) is not
consistent since the matter energy—momentum tensor is not conserved. To make
the whole procedure as clear as possible, we start, as usual, from the requirements
that the theory should satisfy the following conditions.

m  The field equations for the graviton ¢,,, following from a complete
Lagrangian £ = £© + A, should have the form

Kuv,opﬁaap = M. (A)
»  The dynamical current is equal to the symmetric energy—momentum 6,
which is conserved:
946, = 0. (B)
The iterative procedure
The starting point of the iterative procedure is the Lagrangian
L9 =Lr+ Ly — 2" T (8.24q)
and the corresponding field equations for ¢, are:
Kyv,0p9”” = AT (8.24b)

The term which is missing on the right-hand side is the symmetric energy—

momentum tensor of the graviton field t,‘}?}. This deficiency may be corrected

by modifying the starting Lagrangian as follows:
L£O £ = £O L HAD (8.25q)
where the additional term A(D obeys the condition

ey
50 )
5(pp,v pv s

(8.25h)

We search A1) in the form of a general sum over all possible independent trilinear
products of fields and their derivatives (18 terms). Then, demanding (8.25b), the
precise form of this term is determined after a long and hard calculation:

—-AD = (puv(/_)(”(/_)uv,or + (pav(paﬂ(;z’uv,rr - 2(puv(pvr(/-)p.a'ar
+ 20087 087 e + Gow e + 3997 or. (826)
The modification £ — £ Jeads to the field equations

Kuv.op9™ = M(T9) +10) =260,
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Here, 9,&?}) is not conserved in the new theory, as it corresponds to the old
Lagrangian LD Since AD contains field derivatives, GISIU) differs from 6?}(3)) by
tezrms of the order A, so that the inconsistency in the field equations is of the order
A,

The term AD can be found by another, equivalent method which is,
however, more convenient for generalization. The tensor T(’é; obeys the relation
(7.63),

(oo + 2hgue)uT(o) = —[hp. o1T(()

which is found upon using the matter field equations. Noting that d,, T(’g; =00,
this equation can be written in the form

A
Mo du Ty = —[2p, 01T + O0G2).

On the other hand, since the inconsistency of the field equations is of order A2,

we have 8M9561; = O(1?) and, consequently,

A
nvaaut(%]; = [Ap, O—]T(O/)) + 0()»2).

This relation can be used to calculate A", Indeed, starting from the general cubic
expression for AW the last relation, written in the form

SAM p )
—TIW%W = [Ap, G]T(O) +00) (8.27)

determines all the constants in A, leading to the result (8.26).

The realization of the first step in the iterative procedure is followed by a lot
of tiresome calculations. It is obvious that the second step would be extremely
complicated, so that it is natural to ask whether there is some more efficient
approach to this problem. The following considerations are devoted to just this
question.

Formulation of a complete theory

It may be exceedingly difficult to calculate higher order corrections in a particular
expansion of some quantity but yet it might be possible to construct a complete
solution which effectively sums all higher order terms. This is the case with the
scalar theory of gravity, where the calculation of functions F and G corresponds
to a summation of all higher order corrections to the starting Lagrangian £©.
Following this idea we now make an attempt to deduce the complete form of the
theory based on the requirements (A) and (B).

Consistency requirements. We search for a complete gravitational action

I = /(ET + A)d*x
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which is determined by the requirement that the resulting field equation (A) may
be written in the form

= AT (8.28)

YO

where TV is the part of 8# that comes from the interacting matter fields. We
allow that in a consistent theory Try may be different from T(’S; . The consistency
of the gravitational field equation (8.28) and the equation of motion of the matter
may be checked by taking the divergence of (8.28),

Sl
dpuy

Ay = A9, T
and evaluating the right-hand side using the matter field equation. In order to be
able to realize this procedure we need to have some information about the nature
of the gravitational interaction. We assume that TV satisfies the same divergence
property as T(’é; :

gmaﬁ“” = —[uv, o] T, (8.29)

This property of T(’é; is derived from its form (7.31¢) and the corresponding
matter equation. For equations (8.28) and (8.29) to be consistent, the action Ig
should satisfy the following functional differential equation:

Slg Slg

— +[uv, o]
M&Puv Sy

8vo 0 =0. (8.30)

Solving this equation is an exceedingly difficult problem, since there is no
general procedure for generating the solutions. There is no unique solution of
this problem, even if we demand that for small ¢,,, the solution should behave
as described by equation (8.24a). There is, however, a ‘simplest’ solution, which
yields a theory identical to Einstein’s GR.

In order to find a deeper meaning to equation (8.30), we shall convert it to
an equivalent but more transparent form. We multiply (8.30) with an arbitrary
vector 2£7 (x) and integrate over all space, and then integrate the first term by
parts, which leads to

81
/d4x 3 g {(=(E7gov) . + [y, 01712 = 0. (8.31)
Puv

This form of the consistency requirement can be interpreted in the following way.
Let us introduce an infinitesimal transformation of ¢,

5090;/.1) = 2{(§Ug0v),p. — [, U]SU}
= é,u,v + gv,,u + Z)L((p/uréo,v + (pvoéo,,u + @Mv,créa)

which can be written as

50guv = 2)\(811,0%_0,1) + gvaga,u + guv,cga)~ (8.32)
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Equation (8.31) is an invariance condition, telling us that the action Ig
is invariant under infinitesimal local transformations (8.32).

The transformation (8.32) can be recognized as the transformation of a tensor
field g, under infinitesimal coordinate transformations:

x™" = x* =208 (x). (8.33)

However, the invariance condition (8.31) involves only the transformation (8.32),
without (8.33). For this reason we leave the possibility of a geometric
interpretation, which is based on both (8.32) and (8.33), for later discussion.

Pure gravity. Having understood that our central consistency requirement
(8.30) has a form of an invariance condition, we now proceed to examine the
form of various invariants under the transformation (8.32).

From the transformation properties of the determinant ¢ = det(g,,) under
(8.32), bog = 218(28° & + £7 8"V g 0.0), it follows that

/—g' = /=g + 20(v/—8E°) ,.

When we integrate this equation over all space, the integral of the total divergence
is irrelevant. Thus, we find one invariant solution for the action:

0
1 = /d4x N=rs (8.34)

This solution is not satisfying dynamically, since it involves no field derivatives.
But using an analogous method we shall be able to construct more satisfying
solutions.

Let us note that the scalar field is defined by the condition ¢’ (x") = o (x),
which in the case of infinitesimal transformations reads as §po (x) = 2A£7 9,0 (x).
Combining this with the previous results we obtain

—glo’ = /—go +20(/~g0E") ;.

Thus the product of ,/—g with a scalar changes only by a total divergence. Hence,

I = V/d4x«/—g6(x) (8.35)

is also a solution for the gravitational action.

Is there a combination of the fields g, and their derivatives which is a
scalar? Bearing in mind the hidden geometric meaning of the transformations
(8.32), it is not difficult to find the answer to this question using well-known
results from differential geometry. In the framework of Riemannian geometry,
the only tensor which can be constructed from the metric tensor and its
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derivatives is the Riemann curvature tensor. The construction of the action is
now straightforward, and the ‘simplest’ solution coincides with Einstein’s GR:

Ic = —2%2 d*x V—gR (8.36)
where R is the scalar curvature of Riemann space with metric g,,,,. The existence
of other solutions (such as the cosmological term (8.34), or invariants quadratic in
the curvature tensor) shows that there is no unique solution of the problem. The
solution (8.36) is normalized so that in the weak field approximation it reduces
to the Pauli-Fierz action IT. This is the gravitational part of the action which is
correct to all orders.

Matter and interaction. We now focus our attention on the part Iy that
describes matter and its interaction with gravity. The matter energy—momentum
THV in equation (8.28) is defined by

(8.37)

It is clear from the previous discussion that the assumption (8.29), concerning the
behaviour of 9, 7#", leads to the conclusion that Iy is invariant under (8.32):

/ gty ML = 0. (8.38)

dguv

The verification of condition (8.29), and, consequently, (8.38), demands the
explicit use of the matter field equations.

When matter is described by point particle variables, the action is defined,
up to terms of order A, by the expression

1
1O = /d4x (L1 + Ly — g Tly)) = Ir + Ly
The part I is invariant under local transformations 8o,y = 9,&, + d,&,., and the

complete action is invariant under global translations §x* = a*, which implies
the conservation of the total energy—momentum. This theory is inconsistent, since

condition (8.38) for I{;),

SI)

MLy = —AT @+ ) = 0 (8.39)
8uv

requires the conservation of T(’é; . However, if we limit our our considerations
to the accuracy of order A, this condition is correct. Indeed, using the geodesic
equation we find that 9, T(’S; = O()), which brings in an error of the order A% in
(8.39).
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The inefficiency of the method based on explicit equations of motion
motivates us to to ask ourselves whether condition (8.39) can be checked in some
other, more practical way. The answer is: yes. The automatic validity of this
condition may be ensured by extending the concept of local transformation (8.32)
to the matter sector.

Assume that the action 115,111) is invariant under extended local transformations,
which also act on the point-particle variables:

80(,0/111 = augv + 8v‘§,u

Sxt = al[E].
The invariance of 115/[11) leads to
(1) (€]
81y u 81y
(Sx—ﬂa [E]+ 88,“; 2)\(8/1.51) + 8\)5}1) =0. (8.40)

From the form (7.45) for 115/111) it follows that the invariance condition is satisfied
provided a*[£] = —2A&*(x). On the other hand, after using the equations of
motion for matter, the invariance requirement (8.40) automatically carries over
into (8.39).

The invariance requirement (8.40) is a very efficient method for building a
consistent theory. The generalized form of the local transformations is given by

SOg,uv = 2)»(gua$”,v + guaéo,,u + guu,oéa) (8.41a)
Sxt = —2)»5“ (8.41b)

while the invariance of the action is ensured by the choice

Ivi = —m / At \/guo ki, (8.42)

Local transformations of the point-particle variables (8.41b) can be realized
in a simple way by assuming that all points of spacetime are transformed in the
same way. In that case:

Generalized local transformations are nothing else but the complete
infinitesimal coordinate transformations.

The introduction of the concept of coordinate transformations becomes necessary
only when we consider the interaction between gravity and matter.
It is important at this stage to clarify the following two questions:

(i) Does the generalized symmetry influence the invariance of the gravitational
action Ig?
(i) Does it have the form (8.41) for all types of matter?
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The answer to the first question follows from the form of the gravitational
action (8.35). Since ¢’(x’) = o(x), and d*x \/—g is an invariant measure, it is
evident that the action I is also invariant under the generalized transformations
(8.41).

If matter is described not by particle variables, but by a field ¢, then its
energy—momentum tensor contains d¢. Without going into a detailed analysis, it
is clear that the construction of Iy requires an extension of the concept of local
transformations not only to matter fields ¢, but also to the derivatives d¢. The
result is, again, the infinitesimal coordinate transformation (8.41) followed, this
time, by the transformation rule for ¢.

In the process of building a self-consistent theory the symmetry structure has
changed, just as in the Yang—Mills case.

The original global translations and local Abelian symmetry of the
gravitational sector merge into the local translations (8.41).

It is useful to clarify here one simple property of T, Equation (8.29) tells
us that TV is not a tensor, but a tensor density. The true energy—momentum
tensor is introduced by TH' = Tw /~/—g- Relation (8.29) is the covariant
conservation law of T#.

The action I = Ig + Imy solves the problem of constructing a self-consistent
theory of gravity. It yields Einstein’s field equations, which are in agreement with
all experimental observations.

We should note finally that the essential step in this construction was the
assumption of divergence condition (8.29). In the next subsection we shall attempt
to obtain the final result in a simpler way, without additional assumptions of this

type.

8.4 The first order formalism

There is no general method for the transition from a linear, non-consistent theory
to a consistent but nonlinear formulation. The iterative formalism in the theory of
gravity requires an infinite number of steps and the use of an ansatz is not always
possible. Feynman’s approach is very elegant, but it is based on assumption
(8.29), the justification of which is seen only after we have solved the problem.

Now we shall see how a transition to the first order formalism significantly
simplifies the iterative procedure, so that the whole path to a consistent theory can
be shortened to just one step (Deser 1970).

Yang-Mills theory

We begin by applying the new formalism to Yang—Mills theory.
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Free Yang—Mills theory. The linearized theory of the free SU(2) Yang—Mills
field in the first order formalism is given by

L) = =3 FU(3,A%, = 9,4 + {FUUF, (8.43)

where A? and F¢ are independent dynamical variables. The field equations,
obtained by varying this with respect to A* and F¢,

A F ™M =0
Fy, = 0,A% —0,A%, = F,
are equivalent to the field equations 9, F**" = 0 of the second order formalism.

The theory is invariant under global SU (2) and local Abelian transformations.

m  As before, we want to change the starting Lagrangian E}(:O) so as to obtain the
following field equations:

8MFa,uv =g(jf+3”W;iv) (YM)
where j¢ is the Noether current associated with the new Lagrangian.

In the lowest order approximation, the Noether current is obtained from the
Lagrangian E(O), and has the form

j(aO]; — EabcAbuFC;w

which, after we have eliminated F“/*V, coincides with our earlier result. Following
the usual iterative procedure we shall search for a new Lagrangian in the form

1 0 .
[’I(:) ZE;) _ %gAa .ch())
where the factor % is chosen since A - j is quadratic in A. Thus, we obtain
L) = —JF(0,A%, —8,A%, —ge"P AP AC) + LFOVFA = Lr. (8.44)
We are slightly surprised that this expression essentially coincides with the Yang—
Mills Lagrangian (8.10a). Since A - j does not contain the field derivatives, the
Noether current of this Lagrangian is the same as j(“o), hence the construction of

a consistent theory is completed in just one step.
The new field equations can indeed be written in the form (YM):

aMFa,uv — g[jau + 8M(€abcAb'uAcv)].
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Interaction with matter. Now we want to find the interaction Lagrangian
corresponding to a general matter field ¢p. The total Lagrangian of a Yang—Mills
+ matter system yields the field equations

SLmr
wy _ vV —
V/J,Fa - g']a - 8Aa])
or, equivalently,
OuF = g[J* + j™ + 9, (e AP AM)]. (YMm)

We will assume that

m Ly does not depend on d A4, hence it does not influence the construction of
the current j¢; and

= the dynamical current J, is equal to the Noether current of Ly, generated
by the global SU (2) symmetry.

Hence,

00,9 ‘T gbAd,
where the T, are the SU (2) generators in the representation corresponding to the
field ¢. The solution of this equation reads:

Lyi(@, I, A%) = Lya(@, Vi) (8.45)
where V¢ = (3, + gA*, Tu) 9.

oL 18£
I, MI

The consistency requirement in the sector of matter fields and
interaction leads to the so-called minimal interaction.

Einstein’s theory

The first order formalism. The transition to the first order formalism in
symmetric tensor theory can be realized with the help of the Palatini formalism in
GR. In this formalism the action for GR has the form

1
I = —— [ d*x V=gg" R (D) (8.46)

S22
where the symmetric connection FffA is defined as an independent dynamical
variable. Varying this with respect to g,, and FffA we find the field equations

Ruw() — 38R =0
Fffp = %gua(gvo,p + &pov — gvp,a) = {,f:)}

which, after eliminating I", coincide with the standard Einstein’s equations. The
Palatini formalism is, in fact, the first order formalism in GR.
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Replacing g,v = nuv + 2A¢,, in I, and keeping only the terms that are
quadratic in the fields and their derivatives, we find the action

1 -
Ir=-53 d*x [-22¢"" RE, (D) + n*" R, ()] (8.47)
where R and RQ are the linear and quadratic parts of the curvature,

R,AILJV =8ﬂrﬁv_8vrﬂ RSU zrﬂrﬁv_rﬁargk

and 'y = sz- This action describes the tensor theory (7.19) in the first order

formalism. Indeed, varying this with respect to " and I'}j, we obtain the field
equations:

L gL =0
25 (8.484)

Fllfp = M“A(fﬂvx,p + @porv — (pvp,k)o

Putting the second equation into the first and going over to ¢*”, leads to

1 _ _ _ _
ﬁR(L,w)(go) = —0¢u + 2¢° (uv)o + 31w 0@ = 0. (8.48b)

If we rewrite equation (7.20) for ¢, in the form
_D(/_)p.v + 2§Z’G(u,u)a + %UMVD(Z) = Jp.v - %meAA
it is clear that (8.48Db) is the field equation of the tensor field in vacuum.
The consistency of pure gravity. A consistent theory of pure gravity can be
obtained by modifying the action It.

= A new action should yield the field equations

1 _ _ _
75 R @ = Ay + W7 1) (G)
where f_;w =ty — %n,wt, and 1, is the conserved symmetric energy—

momentum of the gravitational field.

In the first approximation, the symmetric energy—momentum tensor can be
calculated from Lt using the Rosenfeld prescription:

2 8L1(y)

LY .
A B S P

Here, L1(y) is the covariant Lagrangian obtained from Lt by introducing an
arbitrary curvilinear coordinate system with metric y,,:

1 Y Y
V=Y[=208" R}, (D) + YRS, ()] (8.490)

Lr(y) = 52
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Y
and R, (I") is obtained from R, (I") by the replacement 0 — V(G), where
G = G(y) is the Christoffel connection for the metric y,,.

Further considerations can be greatly simplified if we assume that "V is a
tensor density, rather than a tensor. In that case the covariant Lagrangian is given
as

1 14 14
() = =55 =2 R, (0) + /=y Y R, (D] (8.490)
This change is irrelevant for the form of the energy—momentum tensor. Indeed,
energy—momentum tensors obtained from the covariant Lagrangians Lt and £/
are the same, up to the field equations for ¢"V:

o0 0LT(Y)
oy = tuy — M@’

8@”0 y:y/.

Since the consistency requirement (G) is expressed as a statement about the field
equations, the tensors #,,, and t;w are equivalent as regards the construction of a
consistent theory. In what follows we shall work with #,,, which will be shown
to coincide with the energy—momentum tensor of the final theory.

When we calculate the Rosenfeld energy—momentum tensor by varying with
respect to the metric,

aL AL aG* aL aG*
— + ot 3 ot
y=n ayﬂv aGé‘L’ ay,uv r 8Gé“[ aaﬂyﬂv y=n

we should note that the second term does not give a contribution for y = n. After
rearranging this expression and separating the trace, we obtain

8L

Sy rv

o 1 ’_ 1 Q
=t = vt = =55 (R, (T) = 2h0y] (8.50)

where

Oy = 0 [=10 (@2 T — 5T,) = 20," T oy

= 200" T pav) + 204" Toyor — Guv T + 265 T)]-

The indices of ¢ and I' are raised and lowered with the help of 1, and ', =
P
NupT)5- _
Since t/,/w is a complicated function of the fields, it is not clear whether the
new Lagrangian can be found, as in the Yang—Mills case, by simply adding the
term —ApHY (O{f;,u))' A direct verification shows that we should first remove the

term oy, from 7], so that

Qo2

1
1 _
LL(F) = L1+ A" _Z)LZ(XR’%
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whereupon the correct result is deduced for o = 2:

1 Q

(8.51)
L0 — 2A)(RY, + RO, — ™ RE, ]
=Tt ¥ v ) 1 Kl

If we define
§ = V=gg" = ("' — 21" (8.52)

and discard the divergence n“”R};v = 9, (I'* —I'*¥}) , the Lagrangian E(Tl) can
be easily identified with Einstein’s Lagrangian in the first order formalism.

Note that the term ¢@*” RSU does not depend on y, so that the energy—

momentum tensor associated with E(Tl) remains the same as ¢,,, whereby the
construction of a self-consistent theory is completed in a single step. The
expression @V RSV remains y-independent because we chose ¢V to be a tensor
density. Were it not so, the corresponding energy—momentum tensors would be
equal only after using the field equations following from Lt and ﬁg}).

In order to verify condition (G) explicitly, we start from the equation
&C(Tl) /8T = 0 written in the form

—23@" 5 = g, — 25T

Differentiating this equation we can form on the left-hand side the expressions
Oghv, @we-v) p and Og, and combine them into R(LW). On the right-hand side
we should use g"V = n*¥ — 21¢"*Y. The result of this calculation is the correct
equation in the form (G):

55 Riun) @) = A,
Note that this equation is also correct in the strong gravitational field when ¢V is
not a small field.

The assumption that ¢*V is a tensor density reduces the generality and the
power of this method to some extent, but the simplicity and clarity of the resulting
structure is more than sufficient compensation.

Interaction with matter. We now want to find the form of the consistent
interaction between gravity and matter. In the presence of matter, the right-
hand side of equation (G) should contain a contribution from both the gravity
and matter fields:

1 _ _ _

ﬁR,‘;v (@) = My, +T ). (Gm)

We now introduce the following two assumptions:
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s [yg does not influence the construction of the gravitational energy—
momentum 7,,,, since it does not depend on 3¢;;.
m  The dynamical tensor T, is equal to the symmetrized canonical tensor.

Using the Rosenfeld definition of T,w the second assumption may be expressed
by the relation

LS| _ 1L
Sym |, A g
which implies
Lymi = L™ — 20"Y). (8.53)

In other words, Ly is equal to the covariantized matter Lagrangian, obtained
from Ly by the replacement ¥ — gH¥ = p#*¥ —2x¢"" and 9, — V,,.

The gravitational field is introduced in the sector of matter fields by the
minimal interaction, in accordance with the principle of equivalence.

The geometric interpretation of GR is seen to be a consequence of the self-
consistency requirement.

In conclusion, here is one final comment concerning the power of the first
order formalism. Qualitatively small changes in the first order Lagrangian lead to
significant changes in the theory, because they change not only the field equation
for ", but also the dependence I' = I'(¢p); this is why it becomes possible to
introduce the complete nonlinear correction in only one step.

Exercises

1. Consider the following SU (2) invariant field theory:
LO = —LF F 4 10,40 4" — m*¢" ") — gA® - J§

where the matter fields ¢“ belong to the triplet representation of SU(2) and
J (bo’; = —ebeapcyigp? is the canonical matter current. Construct the related
self-consistent theory.

2. The self-consistent action for the theory (8.2) has the form I = Ir + Ivy.

(a) Show that the matter current J)' satisfies the relation aJ) —
ge“bc Ab, J! =0, and derive the condition

5IF _ eabcAbai
"5 Aa S AC

(b) Show that this condition is equivalent to the SU (2) gauge invariance of
IF.
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10.

11.

12.

Nonlinear effects in gravity

Find the symmetric energy—momentum tensor t,(g,) of the tensor gravitational
field, described by the Lagrangian L. Show that the first correction A1 of
LT, given by equation (8.26), satisfies the condition —§ A /§¢p"¥ = t,‘}?}.
Show that the divergence condition (8.29), expressed in terms of the true
tensor THY = 7“”/\/—_, has the covariant form: V, T*" = 0.

Consider the tensor theory of gravity interacting with a massless scalar
matter field, described by Lm = %Buqbal‘q). Check explicitly whether
the matter energy—momentum tensor T(’é; satisfies the divergence condition
(8.29).

Derive the transformation law of g = det(g,,) under the transformations
(8.32). Show that the quantity | d*x /—go (x), where o (x) is a scalar field,
is invariant under infinitesimal coordinate transformations (8.41).

Show that the action of the relativistic particle Iy, given by equation (8.42),
is invariant under the generalized gauge transformations (8.41).

Prove the relation

SL(y)
sy

T 1
fwy =ty — 3Nl =

y=n

Use the relation gi*¥ = n*¥ — 2A1¢"*" to show that for a weak gravitational
field g0 = npv + 2@

Derive expression (8.50) for the Rosenfeld energy—momentum tensor of the
gravitational field.

Show that the equation of motion for I', obtained from the action Ifl), has
the form

28001} = §UVTY, — §TT ) — 8 e — 80 08} = 0.

Derive the relation g"” ) = g"'T") — 2§(W’F;/)), and solve it for I'.
Construct a self-consistent tensor theory of gravity starting from the
Lagrangian L1(y) in which ¢*" is a tensor, rather than a tensor density.



Chapter 9

Supersymmetry and supergravity

The concept of the unified nature of all particles and their basic interactions,
which started with Maxwell’s unification of electricity and magnetism, led in
the 1970s to a successful unification of the weak, electromagnetic and, to some
extent, strong interactions. One of the central goals of physics at the present time
is the unification of gravity with the other basic interactions, within a consistent
quantum theory.

The structure of spacetime at low energies is, to a high degree of accuracy,
determined by the Poincaré group. In the 1960s, there was conviction that the
underlying unity of particle interactions might have been described by a non-
trivial unification of the Poincaré group with some internal symmetries (isospin,
SU(3), etc). Many attempts to realize this idea were based on Lie groups, in
which particles in a given multiplet have the same statistics—they are either
bosons or fermions. The failure of these attempts led finally to a number of no-
go theorems, which showed that such constructions are, in fact, not possible in
the framework of relativistic field theories and standard Lie groups (Coleman and
Mandula 1967).

Supersymmetry is a symmetry that relates bosons and fermions in a way
which is consistent with the basic principles of quantum field theory. It is
characterized by both the commutation and anticommutation relations between
the symmetry generators, in contrast to the standard Lie group structure. The
results obtained in the 1970s show that supersymmetric theories are the only
ones which can lead to a non-trivial unification of spacetime and the internal
symmetries within a relativistic quantum field theory. One more point that
singles out supersymmetric theories is the problem of quantum divergences. Early
investigations of the quantum properties of supersymmetric field theories led to
impressive results: some well-known perturbative divergences stemming from
bosons and fermions ‘cancelled’ out just because of supersymmetry (see, e.g.,
Sohnius 1985).

Since the concept of gauge invariance has been established as the basis
for our understanding of particle physics, it was natural to elevate the idea

245
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of supersymmetry to the level of gauge symmetry, thus introducing the
gravitational interaction into the world of supersymmetry. The investigation of
globally supersymmetric models induced a great optimism that the new theory,
supergravity, might lead to a consistent formulation of quantum gravity. Quantum
supergravity is found to be more finite than ordinary GR. To what extent these
results might be extended to a satisfying quantum theory of gravity remains a
question for the future (see, e.g., van Nieuwenhuizen 1981a).

There is no firm experimental evidence that supersymmetry is realized in
nature. However, on the theoretical side, there is hope that supersymmetry could
provide a consistent unification of gravity with the other basic interactions, in the
framework of a consistent quantum theory. If this were the case, supersymmetry
would relate physical phenomena at two very distinct scales: the Planck and the
weak interaction scale. For the phenomenological applications of supersymmetry
and the structure of quantum theory, the reader should consult the existing
literature (see, e.g., West 1986, Srivastava 1986, Bailin and Love 1994).

This chapter deals with the basic aspects of supersymmetry (SS) and
supergravity in the context of classical field theories. Technical appendix J is
an integral part of this exposition.

9.1 Supersymmetry

Fermi—Bose symmetry

Consider a field theory in which there is a symmetry between the bosons and
fermions, by which a boson field and a fermion field can ‘rotate’ into each other
by an ‘angle’ ¢ (van Nieuwenhuizen 1981a, Sohnius 1985, West 1986, Srivastava
1986, Bailin and Love 1994). The general transformation law which ‘rotates’ a
boson into a fermion has the form+

8A(x) = ey (x)

where all indices are suppressed. This relation implies several interesting
consequences.

Spin. Since bosons have integer, and fermions half-integer spin, the parameters
& must have half-integer spin. The simplest choice is s = %; we assume that
& = (gy) 1s a four-dimensional Dirac spinor.

Statistics. In quantum field theory bosons are commuting, and fermions
anticommuting objects, according to the spin-statistics theorem. By taking the
h — 0 limit, we can retain these unusual (anti)commuting properties even in the
classical limit. Thus, we consider here a classical field theory in which

{80178/3}:{80!7 wﬁ}:{wav wﬁ}:() [8a,A]=[¢ﬁ7A]=0

+ In this chapter only, the usual symbol of the form variation §y) is replaced by §.
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Dimension. The canonical dimensions of the boson and fermion fields are given
by d(A) =1, d(y¥) = 3/2, in mass units, as follows from the fact that the action
is dimensionless. Hence, the transformation law § A = ¢y implies d(¢) = —1/2.
The inverse transformation cannot have the form 8§y ~ €A, since there is one
missing unit of dimension on the right-hand side. If the transformation law
does not depend on mass or coupling constants, the only object that can fill this
dimensional gap is a spacetime derivative.

Object: I d*% 9/ax* A Y €
dimension: 0 —4 1 1 3/2 —-1/2

Thus, purely on dimensional grounds we find
Y (x) = edA(x).

Reality. If we restrict ourselves to the simplest case and assume that bosonic fields
are real scalars and fermionic fields are Majorana spinors, then the reality of §A
implies that ¢ is a Majorana spinors.

Taking into account all these properties, we can write the exact formula for
the transformation law, with all indices and in completely covariant form:

SA = 8%y
S = —i(y"E)aduA.

Algebra. If these transformations are to represent a symmetry operation, they
have to obey a closed algebra. Consider the commutator of two infinitesimal
supersymmetric (SS) transformations on A,

[8(e1), 8(e2)]A = 2ig 1yt €20, A

obtained by using the identity £;y* e, = —&ry*e;. It shows that two global SS
transformations lead to spacetime translations. This is why global supersymmetry
is said to be the ‘square root’ of translations, while local supersymmetry is
expected to be the ‘square root’ of gravity. A discussion of the complete SS
algebra is given later.

Degrees of freedom. As we shall see, an important consequence of this basic
relation of the SS algebra is that a representation of supersymmetry contains an
equal number of boson and fermion components. A massless Majorana spinor
satisfying one complex field equation has two independent degrees of freedom.
Knowing this we might anticipate an SS field theory involving a Majorana spinor
and two boson fields.
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Wess—Zumino model. A simple example of an SS theory in M4 is the Wess—
Zumino model. We start with a Majorana spinor i and two boson fields, a scalar
A and a pseudoscalar B. The action for the free massless fields is given by

hp:/dﬁ{ﬁmNWA+%%Bwuw+§&yﬂ¢y 9.1)

On the grounds of linearity, covariance, dimension and parity we find the
following set of SS transformations:

SA=¢y 8B = eysy
8y = —iy"9,(aA + bysB)e

(9.2a)

where a and b are dimensionless parameters, and € is a Majorana spinor. We can
easily verify that these transformations are symmetries of the equations of motion:

OA=0 OB=0 iy-dy =0.

The variation of the action yields, up to a four-divergence,
8y = /d4x [, A0 (EY) + 8, B3* (Eysyr) + ¥ O(aA + bysB)e]
showing that the invariance holds provided @ = b = 1. Thus, the final form of SS
transformations is:
SA=c¢y 8B =¢ysy
. - (9.2b)
8¢ = —iy -9(A+ysB)e  [8y =igy"du(A — ysB)].

The commutator of two supersymmetries, with parameters €1 and ¢,, on the
fields A, B and v, has the form

[61,62]A = 2ig1yHer0, A
[61,62]1B = 2ig yHer0, B 9.3)
(81, 82]¢ = 2ig1ye20, ¥ — EryHeayuFy

where Fj = iy - 9y is the equation of motion for . In these calculations we
make use of the Fierz identity:

EV)(xe1) + Ev59) (X vse1) — (€1 < €2) = —(EvueD) (XY Y).

The invariance of the action holds without using the equations of motion
(off-shell), while the SS algebra closes only when the fields are subject to these
equations (on-shell). This can be explained by noting that the fields A, B and
carry an on-shell representation of SS, since the number of boson and fermion
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components are only equal on-shell. The boson—fermion balance can be restored
off-shell by adding two more boson fields, as we shall see soon.

There is a formulation of this model based on the fact that the kinetic term for
a Majorana field can be expressed in terms of its left (or right) chiral component,
as follows from the relation

Yy 0y =Yy dW— +Ygy 0y =29y - 0Y_ — 3 (Y_y¥)

where we have used ¥,y - 9y, = —(d¥_) - y¥_. Introducing the complex field
A = A + 1B, the action (9.1) can be written as

I = f dx (L0, A" A+ iy - 9] (9.4a)

while the SS transformations (9.2b) take the form

SA=5(1+iys)y = 284 y_

(9.4b)
SYy_ = P 8y = —iyteyd A
where P_ = %(1 + iys) is the chiral projector. The expression for §y_ is
obtained using P_y - 3(A + y5B) = y - dAP+. An attempt to reduce the
number of bosons to one by setting B = 0 is not consistent, since it leads
to real .4 while .4 remains complex (41— is not a real quantity). We see
that infinitesimal SS transformations can be realized on the massless doublet
of complex fields (A, ¥_) with helicity (0, %). This doublet constitutes an
irreducible representation of a new kind of algebra—the superalgebra.
We also note that the action (9.1) is invariant under two additional global
transformations—chiral and phase transformations:

v — ey A—ePA 9.5)

Super-Poincaré algebra. The field transformations (9.2) can be expressed in
terms of the infinitesimal SS generators Q:

§ =&"Qq

where Q is, like &, a Majorana spinor, which acts on the fields A, B and ¢
according to

04 (A) =Yy 0« (B) = ys5¥a
Qu(Yp) = —ily - 9(A + y5B)Clga-

Here, Q(¢) denotes the result of the action of Q on ¢, and can be equivalently
represented as the commutator [Q, ¢].



250 Supersymmetry and supergravity

If we discard the term proportional to the equations of motion in the algebra
(9.3), it can be written as

[81, 82] = 2ig 1y e20).

The left-hand side of this equation can be expressed in terms of the SS generators
as [81, 821 = —&%E5 {Qy, Op}, which implies

{Qu, 0p} = 2i(y" C)ap Py (9.6a)

where P, = —9,. The generators Q, together with P, and M, give rise to
a closed algebra called super-Poincaré algebra. The transformation properties of
the constant Dirac spinor Q. under Lorentz transformations and translations are
expressed by

[Muy, Qo] = —(0,)e" Op (9.6b)
[Py, Q] =0 (9.6¢)

where o, are Lorentz generators in the appropriate representation.

The relations (9.6a, b, c¢), together with the commutation relations of the
Poincaré algebra, express the (on-shell) SS structure of the Wess—Zumino model
in terms of the super-Poincaré algebra:

My, Mypl = 5 fuvo™ Mo
My, Pl = nua Py — nua Py [Py, P,]=0
My, Qul = —(0)e? Qp [Py, Qul =0
{Qu> 0p} =2i(¥"ClapP {Qu» Op} = —2i(y")ap Py.

9.7a)

Since Q, is a Majorana spinor, the expression {Q, Qﬂ} is not independent of
{Qu, Op}, butis displayed here for completeness.

It is not difficult to see that this algebra remains unaltered under chiral
transformations Q — e*¥5Q. The invariance of {Qy, Qp} follows from
ys(y*C) + (y“C)yST = 0. The super-Poincaré algebra may be enlarged by
adding the chiral generator R satisfying

[R, Qul = (V5 Do (9.7D)

while R commutes with P and M.

Relation (9.6a) is the basic relation of the SS algebra. It clearly shows
that supersymmetry is a spacetime symmetry, the ‘square root’ of translations
(Q? ~ P). Itis also clear that localization of supersymmetry will lead to gravity.
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Supersymmetric extension of the Poincaré algebra

As we have already mentioned at the beginning of this chapter, in the 1960s
physicists attempted to find a symmetry that would unify the Poincaré group with
an internal symmetry group in a non-trivial manner. After much effort it became
clear that such a unity could not be achieved in the context of relativistic field
theory and a Lie group of symmetry.

Coleman and Mandula (1967) showed, with very general assumptions, that
any Lie group of symmetries of the S matrix in relativistic field theory must be a
direct product of the Poincaré group with an internal symmetry group. If G is an
internal symmetry group with generators 7,,, such that [T, T;,] = fun' T, the
direct product structure is expressed by the relations

[T, P,u] = [T, M,uv] =0.

It follows from this that the generators 7;, commute with the Casimir operators
of the Poincaré group:

[T, P1=0 [T, W2 =0.

In other words, all members of an irreducible multiplet of the internal symmetry
group must have the same mass and the same spin.

Only the inclusion of fermionic symmetry generators opens the
possibility of a non-trivial extension of the Poincaré symmetry.

Supersymmetry algebra. The structure of a Lie group in the neighbourhood
of the identity is determined entirely by its Lie algebra, which is based on the
commutation relations between the generators. The essential property of an SS
algebra is the existence of fermionic generators which satisfy anticommutation
relations. Every Lie algebra is characterized by the Jacobi identities being the
consistency conditions on the algebra. Similar, generalized Jacobi identities
also exist in SS algebras. If we denote bosonic generators by B and fermionic
generators by F, an SS algebra has the form

[Bi1, B2] = B3 [Bi, F2] = F3 {F1, 2} = B3 (9.8a)
and the super-Jacobi identities read:

[[B1, B2l, B3]+ [[B3, B1l, B21+ [[B2, B3], B1] =0

[[B1, Bz2l, F3]1+ [[F3, Bil, B2l + [[B2, F3], Bi] =0

{[Bi1, F21, F3} + {[F3, B1l, F2} + [{F2, F3}, Bi] =0

{F1, P2}, F31+ [{F3, F1}, P21+ ({F2, F3), Fi]l = 0.

(9.8b)

We can verify that these relations are indeed identities by explicitly expanding
each (anti)commutator.
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An algebra of the type (9.8) is in mathematics known as a Z, graded Lie
algebra, and can be defined by the following general requirements.

Grading. To each generator (an element of a vector space) we associate a grading
g from Z, = (0, 1): g(B) = 0, g(F)=1. For each two generators we define a
product rule o, such that g(G1 o G3) = g(G1) + g(G2) (mod 2). This defines a
Z graded algebra.

Supersymmetry. The product rule satisfies the condition of SS or graded
antisymmetry: G| o G, = —(—)8182G; 0 G.

Super-Jacobi identity. The product rule satisfies the consistency condition:

(—1)8183Gy 0 (G 0 G3) + cyclie(1,2,3) = 0.

The first two properties are realized by choosing G| o G, = [G1, G3] or
{G1, G2}, in accordance with (9.8a), while the super-Jacobi identity reduces to
(9.8b).

Consider now an SS extension of the Poincaré algebra. Let us introduce an
SS generator Q, which is, by assumption, a constant (translation invariant) Dirac
spinor. These assumptions can be expressed by the relations (9.6b, ¢). We now
check various super-Jacobi identities. Identities for (P, P, Q) and (M, P, Q) are
easily verified. To prove the identity for (M, M, Q) it is essential to observe that
the matrices o, form a representation of the Lorentz algebra. Indeed, the relation

[[M/ws M)Lp]v Qa] + [[QO(? MMU]! M)Lp] + [[M)Lps QO(]? M/w] =0

after using the expressions (9.7a) for [M, M] and [M, Q], reduces to
%f,uv,kpot Ogtr — [Uuw Ukp] =0.

This is a correct result since the matrices o, satisfy the Lorentz algebra.
The anticommutator of two SS generators is, in general, given as a linear
combination of bosonic generators,

{Qu, Qﬂ} = ia(VMC)aﬂPu + ib(auvc)aﬂMuu

where the right-hand side is symmetric under the exchange of o and 8, as follows
from the properties of gamma matrices, and a and b are constants. The Jacobi
identity for (P, Q, Q) implies b = 0, while the identities for (M, Q, Q) and
(0, O, Q) are automatically satisfied.

We can impose some additional restrictions on Q, without changing the
structure of the algebra. Four complex operators O, have eight real components.
If we assume that Q, is a Majorana spinor, then Q, and Q, are no longer
independent. We can show that this assumption does not represent a loss of
generality in the present case (West 1986).

Up to now, the coefficient a has remained arbitrary. We shall see that the
positivity of energy implies a > 0, and the standard choice a = 2 is achieved by
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rescaling Q. This yields the standard SS extension of the Poincaré algebra, as in
equation (9.7a).

The previous discussion assumes that there is only one SS generator Qg
and that the internal symmetry is trivial. A non-trivial internal symmetry may be
easily incorporated into the preceding analysis. Consider a set of SS generators
QF (m = 1,2,..., N) belonging to an irreducible representation of some
internal symmetry group with generators 7;,:

[Tma Tn] = fmnka [Tm’ QZ] = tmnkQ]&

(9.9a)
[M/ws Tm]=O [P/u Tm]zo'
In this case we find the following result:
{04, 0} =28""(y" Clap Pu + CapZ" + (r5C)ap Zy" (9.9b)

where the antisymmetric objects Z{"" and Z%"" commute with all the generators
and represent the so-called central charges of the algebra.

If there exists only one SS generator Q, we have a simple supersymmetry,
while the case N > 1 describes an extended supersymmetry. Even in the case
of simple supersymmetry we may have a non-trivial internal symmetry, but only
of the U (1) type; this symmetry, known as the chiral symmetry, is expressed by
equation (9.7b).

This concludes our exposition of possible SS extensions of the Poincaré
algebra. If all masses are zero, the Poincaré symmetry carries over into the
conformal symmetry, and the related SS extension is called the conformal
supersymmetry. We limit our discussion entirely to the super-Poincaré symmetry,
often using the more general term supersymmetry to mean the same for simplicity.

Consequences. There are several immediate consequences of the SS algebra,
which have important physical implications.

Mass degeneracy. The relation [P, Q] = 0 implies (P2, 0.1 =0,1ie. P2 is
a Casimir operator of the SS algebra. Hence,
all particles in a multiplet of supersymmetry have the same mass.

However, there is no experimental evidence that elementary particles come in
mass-degenerate SS multiplets. Hence, if supersymmetry has any relevance in
nature, it must be realized as a broken symmetry.

Positivity of energy. From the relation {Qy, Qg} = ia(y*C)qp Py, and using the
fact that Q, is a Majorana spinor, we find that

{Qu, Qp} = —ia(y")ap Py.
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Replacing here P, — i(E, — p), multiplying with ¥ and performing a trace over
spinor indices, we find that

Y (0aQF + OF Qo) = 4aE.

If the space in which SS generators act has a positive definite norm, the left-hand
side of this equality is always > 0, hence, for a > 0, the following statement
holds:

The energy in SS theories cannot take negative values: E > 0.

The boson—fermion balance. We have seen that SS theories can be realized on
a set of fields of definite mass and spin. Every representation of the SS algebra
can be decomposed into representations of the Poincaré subalgebra. We can use
relation (9.6a) to derive a useful theorem that relates the number of bosonic and
fermionic degrees of freedom in each representation of supersymmetry.

Since SS transformations relate bosons and fermions, each representation
space of the SS algebra can be divided into a bosonic and a fermionic subspace, B
and F. The bosonic generators map each of these subspaces into itself, while the
fermionic generators map B into F, and vice versa. Note that these mappings are,
in general, not onto. Consider the action of a composition of two SS generators
on the bosonic subspace B (figure 9.1):

Qu:B—>F CF Qp:F1— B, CB.

The anticommutator { Oy, Og} has a similar effect. If the mapping P, : B — Bis
onto and 1-1, then, as follows from the relation (9.6a), the mapping {Qy, Qg} :
B — B is also onto and 1-1, which implies that Q, must be onto and 1-1;
consequently, B> = B. Similar arguments applied to the mapping ¥ — B — F
lead to the conclusion /1 = F. In other words, the bosonic and fermionic
subspaces B and F have the same number of elements or the same dimension.
What exactly is the meaning of the ‘number of elements’ for a given
representation remains to be seen in more precise considerations. In the case
of finite-dimensional representations on fields, this number is determined by the
number of independent real field components (the number of degrees of freedom),

N

S
B F B

Figure 9.1. Dimensions of the bosonic and fermionic subspace.
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as we could have expected. As we shall see later, this number may be calculated
with or without using the equations of motion. Therefore, for a large class of
representations, in which the mapping P, is onto and 1-1, we have the following
theorem:

The number of fermionic and bosonic degrees of freedom in each
representation space of the SS algebra is equal.

There is a couple of cases when the conditions of this theorem are not fulfilled
(Sohnius 1985).

The free Wess—Zumino model

The previous theorem on boson—fermion balance tells us that the fields A, B and
Y in the Wess—Zumino model cannot carry a representation of the SS algebra off-
shell. Indeed, without use of the equations of motion the Majorana spinor ¥ has
four real components, while the number of bosonic components is two.

In order to establish the boson—fermion balance off-shell, we introduce two
additional scalar fields, F' and G. These two bosons should give rise to no on-
shell degrees of freedom, since an on-shell balance already exists (two bosons
and two fermions). Such fields are called auxiliary fields. Since the free action is
bilinear in the fields, the contribution of new boson fields has the form F? + G2
and, consequently, their mass dimension is fwo.

On dimensional grounds it follows that the SS transformations of the new
fields have the form

SF = —igy -9y 8G = —isysy - 0y

where we have assumed that F is a scalar and G a pseudoscalar. Similarly, we
conclude that F and G cannot occur in § A and § B, but their contribution to 5 is

8¢ = (8¥)o + (@F +bysG)e

where (§v)¢ denotes the previous result, obtained in (9.2b). The modification is
of such a form that on-shell, for F = G = 0, we regain the old transformation
law (9.2b).

For a = b = 1 these new transformations form a realization of the SS
algebra, and their complete form reads:

SA=8y 8B =zysy
8y = —iy - 3(A + ysB)e + (F + y5G)e (9.10)
SF = —igy -9y 8G = —ifysy - 9y

The invariant action has the form

K, = /d4x [18,A0"A+18,B0"B + Ligy -9y + L(F? + GH1. (9.11)
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This procedure is typical for the construction of free SS theories. We
started with a set of fields (A, B, ¥y), transforming according to an on-shell
representation of the SS algebra, and constructed the action (9.1), which is
invariant under these transformations off-shell. In the next step we introduced
auxiliary fields F and G which ensure the closure of the algebra off-shell. Finally,
we constructed the new invariant action (9.11).

The first step is the standard one since, as we shall see, there is a systematic
way to determine on-shell representations of the SS algebra, and construct the
related invariant action. The second step, in which we try to find a set of auxiliary
fields that lead to an off-shell algebra, is the most difficult, as there is no general
rule as to how to do that. The reason lies in the fact that the number of degrees of
freedom changes in a complicated way when we turn off the equations of motion,
so that it is not easy to control the boson—fermion balance by introducing auxiliary
fields. For many SS theories the auxiliary fields are unknown.

The situation becomes even more complicated when we consider interacting
theories, which are the subject of our real interest. The form of the interaction
is often dictated by some additional principles such as the gauge invariance or
general covariance.

Because of great problems which we encounter when trying to introduce
auxiliary fields, it is natural to ask the question whether we really need them.
Without auxiliary fields the SS algebra closes only on-shell. It is usually believed
that this situation may lead to problems; for instance, in the functional integral
all field configurations are important, not only those which satisfy the classical
equations of motion. However, there are very powerful methods of quantization,
such as the Becchi—Rouet—Stora—Tyutin (BRST) approach, which can be applied
even when the algebra does not close off-shell. Nevertheless, it is true that a
theory with a closed algebra is easier to quantize.

With or without auxiliary fields, an SS theory is characterized by a symmetry
in which the generators obey certain algebra. This is of particular importance
for the construction of interacting theories. As an illustration of this statement,
consider the simple model

I = /d4x (30, A"A + 3y - 9y)

which is invariant under the transformations §A = g, ¥ = —iy - d A¢ that mix
fermion and boson fields. In spite of some similarity with the Wess—Zumino
model, this symmetry has nothing in common with supersymmetry. Indeed,
(a) the algebra of these transformations cannot be generalized to become the
symmetry algebra of an interacting theory; and (b) there is no boson—fermion
balance on-shell, which is necessary for SS representations. The symmetry
structure of an SS theory relies on the existence of the corresponding SS algebra
(West 1986).
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Chiral symmetry. Consider now the realization of the chiral symmetry (9.7b)
on the Wess—Zumino multiplet. Introducing the fields A = A 4+ iB and F =
F —iG, the SS transformations (9.10) take the form

SA=28y_  8F = —2igy - dvr_
SYy_ = —iyey - d0A+ Fe_.

We define the chiral transformation of ¥_ by dg¥— = aqys¥— = a(—ig)y—_,
where ¢ is the corresponding chiral charge. The chiral charge for the other
members of the multiplet can be found with the help of (9.7b). By applying
this relation to 4 we find

Sr8s A — 3sdr A = aeys Q(A) = a(—i)ds.A.

If ¢’ denotes the chiral charge of A, g A = a(—ig’).A, we obtain from the
previous relation

a(—ig)ss A — a(—ig")ss A = a(—i)ss.A

which yields ¢’ = ¢ — 1. Analogously we find that the chiral charge of F is
q" = q+ 1. Therefore, the chiral transformation acts on the multiplet (A, ¥_, F)
as

(A, Y, F) = (A, ', F)y=e @ Do g y_e io Fe2ie), 9.12)

The SS transformations of the new fields take the same form, but with the chirally
rotated parameters: &’ = e~*"5¢ = (e'%e_, e %e).

Supersymmetric electrodynamics

We now examine the possibility of constructing a free SS theory based on the
massless multiplet (v, A,), with spin s = (%, 1). On-shell, the Majorana spinor
carries two degrees of freedom, and the massless boson A, three. However,
taking into account that a massless four-vector must have an additional freedom
of Abelian gauge transformations, the bosonic number of degrees of freedom
reduces to two, and the boson—fermion balance is satisfied. The construction of
this model leads to an SS generalization of the free electrodynamics.
The local U (1) symmetry on the set of fields (¥, A,,) has the form

SA,=0.h  SY =0,

As a result, the Majorana spinor carries no charge.
On dimensional grounds and Lorentz covariance, an SS transformation has
the following general form:

A, =iy, ¥
8¢ = (ac”"F, +bd - A)e
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where a and b are constants. The group of symmetries consists of the
supersymmetry and local U(l) symmetry. The commutator of an SS
transformation and a gauge transformation on ¥ has the form

[6(e), (W)Y = —b(A)e.

Since the result is neither a supersymmetry nor a gauge transformation, it follows
that we must take b = 0. Next, the commutator of two SS transformations on A,
is given by
[81. 8214, = 1aB2y 0™ €1 Frp — (e1 <> £2) = 2ia(E2y"e1) Fuv
= —2ia(Ery"e1)dy A, + 8, (2iagrAsy).

The first term is a translation if a = 1, and the second term represents a gauge
transformation with parameter 2ie; Ae1, which depends on A. The commutator
of two SS transformations on v,

[61, 821¢ = 2i(E1 10, ¥)0 " er — (61 < &2)

shows that the supersymmetry is closed on ¥ on-shell, i.e. for y - 9y = O.
Therefore, the final form of the SS and gauge transformations is

A, =iy, + 0 A

(9.13a)
S =MV Fye.
An action invariant under these transformations has the form
I = /d4x (=2 Fu F™ + Sigy - 9y). (9.13b)
Indeed,
8l = /d4x [—FH 8, (ipy ) — iF* 8, (Y ypoume)] = 0
where we have used 9, * F*” = 0.
The algebra of the SS transformations is given by
[61, 8214, = =2i(g2yVe1)d A, + B,L(Ziézz&el)
(9.13¢)

[81, 8219 = —2iE2y €10, + —(E20™E104p + 5821 1Y) Fj.

We now wish to find an off-shell formulation of the model. The counting
of bosons and fermions off-shell should be applied only to gauge independent
degrees of freedom. Four components of A, minus one gauge degree of freedom
yields three boson components off-shell, while Majorana spinor ¥ has four
degrees of freedom. The simplest restoration of the boson—fermion balance is
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achieved by adding one boson field D. If D is a pseudoscalar, we find the
following generalized form of the SS and gauge transformations:

A, =18y + uh
8y = (c"VFyy —aysD)e (9.14a)
8D =igysy - 0.

The closure of the algebra requires @ = 1 and the invariant action is given by

19 = f dhx (—LF ™+ Sigy <oy + 407, (9.14h)

9.2 Representations of supersymmetry

It is clear from the previous discussion of free SS theories without auxiliary
fields that their construction is based on the existence of on-shell representations
of the SS algebra, that is multiplets consisting of a set of fields, or particle
states, on which the SS algebra is realized only on the equations of motion.
These representations give a clear picture of the particle content of the theory.
However, it is also desirable to have multiplets on which the SS algebra is realized
independently of any equations of motion. This will allow us to develop a tensor
calculus, which plays an important role in efficient constructions of interacting
theories and facilitates the building of quantum dynamics where the fields must
be taken off-shell. These two types of the SS representations are the subject of the
present section (Sohnius 1985, West 1986, Srivastava 1986, Miiller-Kirsten and
Wiedermann 1987).

Invariants of the super-Poincaré algebra

For m? > 0, the irreducible representations of the Poincaré algebra are specified
by the values of the Casimir operators P> and W2, where

1 VA pp
Wy = 5&uapM™" P".

In the case of the super-Poincaré algebra, P? is still an invariant operator, and the
field components (or states) in a supermultiplet have the same mass. However,
W2 is not an invariant operator and a supermultiplet contains fields (states) of
different spins. Indeed,

[Wa, Qal = —5(PYuys Qe + 5 (v5Qa Pu
(W2, Qal = =W*(Pyuys Qu + 3 P? Qa-
In order to find an SS generalization of w? we first introduce an axial vector
N, = $i0yuy50, such that [Ny, Ou] = —3(Pyuy5Q)a. Then, we define

another vector, B
Xpy=Wy—Ny=W, - %iQVMVSQ
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which obeys the relation [ X, Qy] = %(ys Q)o Py,. It is now easy to see that the
tensor
Cuw=X.,P,—X,P,

commutes with all Q, and that the square C,,C*" = 2X2P2 — 2(X - P)?
represents the generalization of W2 we were looking for, since it commutes with
all the generators of the super-Poincaré algebra.

The irreducible representations of the simple (N = 1) super-Poincaré
algebra are characterized by the values of P2 and C2. The meaning of the
invariant C2 is clearly seen in the rest frame where P#* = i(m, 0, 0, 0)%:

C? =2m>X? X4 = —imM*° — %iQy“)gQ = —imY“?.
The operator Y obeys the commutation rules of the SO (3) group,
[Ya Yb] — 8abCyc

and represents an SS generalization of the angular momentum M¢. Its eigenvalues
define the superspin y:

Yi=—y(+1)  y=031,....

Since Y¢ does not commute with M“, an SS multiplet must contain components
of different spin. Explicit particle content of these SS multiplets will be discussed
later.

Similar considerations for the massless case lead to the concept of
superhelicity.

The irreducible representations of the Poincaré group can be found using the
Wigner method of induced representations (appendix I). The method consists of
finding a representation of a subgroup of the Poincaré group corresponding to
some standard momentum p (the little group), whereupon a representation of the
full group, for an arbitrary momentum p, is found by an explicit construction.
The physical interpretation of the method is very simple: a representation
corresponding to momentum p is obtained by ‘boosting’ a representation for p .

This procedure can be generalized to the whole super-Poincaré group.
In what follows we shall consider only the irreducible super-Poincaré
representations corresponding to the standard frame, having in mind that all the
other representations are thereby uniquely determined.

We also assume that the central charge is absent. In this case the part of
the super-Poincaré algebra that contains Q has the following form, in the two-
component notation:

(o, 0F) = —2i6"™"(0") 4 Pu
[M,va QZL] = _(U/w)abQ? [M/ws QZI] = sz (@w)b.do

% Since we are using anti-Hermitian generators, the corresponding eigenvalues in unitary
representations are imaginary: P* = ipH, MH*Y = imM", etc.

(9.15)
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Massless states

We begin by considering the representations of the super-Poincaré algebra on one-
particle massless states. They are particularly interesting since the most important
SS models are generalizations of non-Abelian gauge theories or gravitation,
which contain complete massless supermultiplets.

For a massless state, we can always choose the standard momentum in the
form 1; " =w(1,0,0, 1), so that the little group contains the generators Q7/, P,
and T, since they all commute with P, and leave p unchanged. Moreover,
the momentum p is invariant under the infinitesimal Lorentz transformations
provided the parameters obey the conditions 0°! = &>, 0" = 2, ©w* = 0.
Hence, the Lorentz generators appear in the combinations

Ey = Mo + M3, Ey = Moy + M3; My;.

These generators form the Lie algebra of E(2), the group of translations and
rotations in the Euclidean plane. In finite-dimensional unitary representations
of E(2) the generators E| and E; are realized trivially (with zero eigenvalues),
so that physically relevant representations are determined by the generator M|,
alone. These representations are one-dimensional and we have

Mplw, L) =ii|w, A) Wylw, M) = Apulw, 1) (9.16)

where A is the helicity of the state |w, A), A =0, :l:%, +1,....

Since M1, does not commute with Q,, every supermultiplet contains states
with different 1. The action of Q, on the standard state |w, A) leaves the energy
and momentum unchanged since [ P, Q«] = 0. The helicity of the state Q,|w, A)

is determined from
M2 Qulw, Ay = (QaMi2 + [M12, QuDlw, A) ©.17
=10+ 10 Qplw, 1). '

Substituting the explicit form of o3, we see that Q1 raises the helicity for % while
0> lowers it. A similar calculation for Q,; shows that Q; lowers and Q; raises

the helicity for % (the commutators of Q, and Q; with M1, have opposite signs).
The SS algebra on the standard states reduces to

ab

and we find _ _
(0. 0"} =0 {(Q. 0"} =4ws™

_ (9.18)
{0, 0} =1{0,0}=0.

The first relation implies

(@, A1 QT (O + (2" Q' |w, 1) = 0.
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Assuming that the norm of physical states is positive definite, we have
O, 3) = Qflw, 1) = 0. (9.19)

The remaining SS generators define the Clifford algebra for N fermionic
degrees of freedom,

qm = (4(1))_1/2Qm2 qm = (40))—1/2le

In each irreducible representation of this algebra there is a Clifford ground state
defined by
q"12)=0 |Q) = o, Ao). (9.20)

This ground state should not be confused with the concept of a vacuum as the
lowest energy state. The existence of the ground state follows from the following
simple argument: if |8) is not the ground state, since, for instance, ¢!|8) # 0,
then ¢'|B) is the ground state, as follows from ¢'(g'|8)) = 0, and similarly for
other modes. All the other states are generated by successive application of the
operators g™

7"1Q) = lw. ho + 3. 1)
@M @MIQ) = |w, ko + 1, mn)
etc. We should note the double role of g and ¢: they are not only the creation and
annihilation operators in the Clifford algebra but also the operators that change
the helicity for :I:%. The Clifford states are totally antisymmetric in the internal

labels m, n, ... carried by the operators ¢g”. In the set of states generated over
|2), there is the highest state

@H@H - @"IR) =lw, r0 + 3N, 1,2,..., N)

on which any further application of g produces zero. Each application of g
raises the helicity for % and the multiplicities of states are given by the binomial
coefficients:

Helicity: A0 o + % . Ao+ %N

Multiplicity: <](\)’):1 (7)=N <x>:1.

For a given N it is not difficult to calculate the total number of states, and
check the balance of bosons and fermions. Using the notation

N [N/2] [(N=1)/2]
B N\ _ v 3 N B N
”—Z<k)—2 ’“—Z(zk> m= 3 <2k+1>'
k=0 k=0 k=0
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we find that the binomial expansion of (1 — I implies n1 — np = 0, showing
that each irreducible representation of supersymmetry contains an equal number
of bosonic and fermionic states.

If we include the spatial inversion I, as the symmetry operation, then to each
state with helicity A we should add a similar state with helicity —A (except for the
so-called PCT self-conjugate multiplets, which automatically contain both sets of
states).

This is the structure of irreducible representations for the standard
momentum p . General representations are obtained in accordance with the
Wigner method of induced representations.

The number N of independent supersymmetries is restricted by physical
requirements. Spin—% fields do not allow renormalizable coupling in quantum
field theory. Also, spin-% fields are believed to have no consistent interaction
with gravity. Therefore:

Renormalizability of quantum theory requires Ny, = 4;
consistency of the gravitational interaction requires Ny qax = 8.

For theories in which N > 4 (or N > 8), particles of spin higher than A = %
(or %) will occur in the physical spectrum of the model.

Examples. The simplest N = 1 supermultiplet (with I, symmetry included)
has the following structure:

Chiral multiplet A9 = —3

Helicities: — 0 0

States:

—_ N
— N

This corresponds to the massless Wess—Zumino model, which is realized as the
theory of massless fields (A, B, ) (scalar, pseudoscalar and Majorana spinor)
and is called the chiral multiplet.

We display here two more N = 1 multiplets:

Gauge multiplet Ao = —1

Helicities: —1 — % % 1
States: 1 1 1 1
Supergravity multiplet Ag = —2

o 3 3
Helicities: -2 -5 5 2
States: 1 1 1

The first one is used in SS electrodynamics and is realized on the set of massless
fields (A, ¥) (photon and photino); the second describes the particle structure of
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N = 1 supergravity and corresponds to massless fields (¢,,,, ¥,) (graviton and
gravitino).

Comment. Limiting our attention to the case N = 1, we write the operator N*
(the SS contribution to the angular momentum) in the two-component notation as

N* = (06" Q — Qa" Q).

In the space of states with standard momentum, built over the Clifford ground
state |€2), it has the form

N" = 3(0302 — 0205)(1,0,0. 1) = 3(Gq — qq)p *

and satisfies the conditions N1 = N2 = 0, N# N, = 0. Therefore, the operator
Y* is proportional to the standard momentum, which enables us to define the SS
generalization of helicity (Srivastava 1986).

Massive states

Going now to the irreducible representations on massive one-particle states,
we choose the standard momentum to be the rest-frame momentum: ]3 no=
(m, 0, 0, 0). Finite-dimensional unitary representations of the Poincaré group are
defined by the representations of the little group—S O (3). The states are labelled

by the mass m, the spin j and the spin projection jz, and obey the conditions
M2|j, 3y =—=j(G+Dljja)  j=0,51,...
3ys in s . coor ©.21)
M>1j, j3) = ij3lJ, j3) B=—j,—j+1,..., ]

In the absence of central charges, the little group of supersymmetry is
generated by P,, M, Oy, T™. The algebra of the supercharges in the rest frame
reduces to B

{or, 0"} =2ms" (02,5 = 2ms™3

while {Q, 0} = {Q, O} = 0. After a rescaling, this algebra becomes the Clifford
algebra for 2N fermionic degrees of freedom:

g2-q"} =8""8,,  f{a.q}=14.4}=0 9:22)

where (g,q) = 2m)~Y2(Q, Q). Unlike the massless case, none of the
supercharges is realized trivially, so that the Clifford algebra has 4N elements.
The irreducible representations of this algebra are found in the usual way. Starting
from the ground state |€2),

9, 12) =0 Q) =], j3) (9.23)
the representation is carried by the states

q"12). 43",
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The maximal spin state is obtained by the application of 2N different operators
q. Each state is totally antisymmetric under interchange of the pairs of labels
(m,a) < (n,b).

The particle content of a given irreducible representation is not particularly
clear, as we do not see how many states of a given spin are present. More details
will be given for the simple case N = 1.

Consider, first, the value of the SS spin on the Clifford ground state. In the
standard (rest) frame we have

1 - 1 - -
Y¢ =M+ S—Qy”ysQ =M*— —i(Qc0Q0 — Qo Q)
m 8m

which implies that the operator Y¢ has the same value as the standard spin
operator M%: y = j, y3 = j3.
The effect of the action of Q, on the ground state is seen from the relation

M120419) = (QaMi2 + [M12, QuDIQ) = i(j3 + 109" 0p1Q).  (9.24a)

Each g raises the spin projection for %, and g; lowers it, while for g the situation
isreverse: gj lowers and g5 raises the spin projection for % Thus, the states g |€2)
and g5|€2) have spin projections jz — % and j3 + %, respectively.

Applying two different operators g to |2) we obtain the state with spin
projection j3:

M12G;3519) = [GiM12 — 3i(6%)1°3;13;192)
= Gi3:M12|Q) = 1/33{35|).

(9.24b)

Summarizing these results, we see that for each pair of values (m, y) of
the Casimir operators the space of an irreducible representation is split into
2y + 1 subspaces, according to the possible values of the superspin projection
y3 = —y,—y + 1,...,y; each of these subspaces contains the states with four
projections of the physical spin: j3 = y3, y3 — %, y3 + %, ¥3.

Examples. Here are two simple examples. The smallest representation
corresponds to the ground state |€21) with y = y3 = 0. This state is bosonic, since
j = j3 = 0. The representation is four-dimensional and contains the following
states:

y=0, y3=0.
States: [€21) qil21) q51€21) qi951€21)
ja: 0 -1 ! 0

From the representation of I, in the spinor space it follows that two supercharges
carry negative parity. Thus, if [€21) is a scalar then gjg;|€21) is a pseudoscalar,
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and vice versa. This representation is used in the massive Wess—Zumino model
(scalar, pseudoscalar and spin—% particle).

The second example is related to the ground state |2;) with y = % This
state is fermion, since it has j = % In this case there are two subspaces with

y3 = :I:%, and each of them contains states with four spin projections j3. The
structure of these subspaces is given in the following tables:

y=133=73

States: [€22) qilS22) q51€22) 4iq51822)
J3: % 0 1 %

VE : 1,0 1 !
y=1 y=-1.

States: 1973 ) 351922) 4iq51§22)
Ja: -1 —1 0 -1

jt ! 1 1,0 !

The fermionic ground state |€27) has effectively one spinor index: it transforms
like Q;|B), where |B) is a boson. The states |$2;) and qiq51922) describe two
particles of spin %; linear combinations of the states g |€22) and g5|£22) describe
a spin-1 particle and a spin-0 particle (pseudoscalar). The vector state and the
pseudoscalar state arise from the product of two spinors:

0,3) ® (0, 5) = (0, 1) + (0, 0).

The fermion—-boson balance. In the simple examples considered previously,
we easily found an equal number of boson and fermion degrees of freedom. Since
this is not so clear in more complicated cases, we present here a general proof of
this statement, which follows from the basic relation (9.6a) of the SS algebra. We
first introduce the fermion number operator:

Np = { 0 on bosonic states
1 on fermionic states.

This operator anticommutes with Q,. For any finite-dimensional representation
of the SS algebra in which the trace operation is well defined, we have

Trl(— DM {Q4, 03} = Trl(—= 1) 0, 01 + Tr[Qu(— 1M Q1= 0

where the last equality follows from (—1)MQ, = Q.,(—1)~!. On the
other hand, using relation (9.15) it follows that the previous result implies
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Tr[(-1)M] =0, ie.

D (BI=DYB)+ Y (FI(DY|F) =ng —np=0.  (9.25)

B F

Thus, in each SS representation the number of boson and fermion states (degrees
of freedom) is found to be equal.

Supermultiplets of fields

Particularly important SS representations are those on fields, as they are used in
the construction of interacting field theories. In this subsection we consider their
off-shell structure for N = 1.

The chiral multiplet. We present here the general method for constructing off-
shell SS field multiplets, step by step, on the simple example of the N = 1 chiral
multiplet (Sohnius 1985).

1. We begin by choosing some complex, scalar A(x) as the ‘ground state’ of
the representation.
2. We define the fields v, and F by the following transformation laws:

SA =2&y 8¢ = —aiy*ed A+ Fe.

The dimensions of the fields are: d(A) = 1,d () = 3/2,d(F) = 2.

3. Then we impose the constraint that v is a chiral spinor: ¥ = v _. This
constraint defines what we know as the chiral multiplet, and means that
Y is a massless field (Weyl spinor). It can be written equivalently as
0+(A) =0+, Al =0.

4. Demanding the closure of the algebra on A we find the coefficient a in 81/:
a=1.

5. The transformation law of F does not introduce new fields, since their
dimension would be higher than two; hence,

8F = —2bizy"d, .

6. Enforcing the closure of the algebra on v determines the coefficient b in § F:
b=1.
7. Finally, we check the algebra on F and find that it closes.

Thus, we have constructed the multiplet ¢ = (A, ¥, F), known as the chiral
multiplet, for which the SS transformation laws are:

SA =28y
SY_ = —iyte 9, A+ Fe_ (9.26a)
§F = 2igyHa, ¢—.
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The component F is transformed into a divergence, which is always the case with
the highest-dimensional component in any multiplet.

The degrees of freedom are counted as unconstrained real field components
in the multiplet. There are two complex scalar fields .A and F with four boson
degrees of freedom, and a chiral spinor v with four fermion degrees of freedom.
The number of 4 4+ 4 degrees of freedom is the smallest possible number, since
each multiplet must contain at least one spinor, and every spinor has at least two
complex or four real components. Therefore, the chiral multiplet is irreducible.

Instead of the complex fields A, F, we can introduce the corresponding real
components,

A=A+iB F=F—iG

while the chiral spinor 1/_ can be replaced by the related Majorana spinor ¥. The
transformations laws for the chiral multiplet ¢ = (A, B, ¢, F, G) follow from
the complex form (9.26a):

SA=¢y 8B = gysyr
8y = —iy - 93(A+ ysB)e + (F + y5G)e (9.26b)
§F = —igy - 0y = —(Z,‘F‘ﬁ 8G = —igysy - 0y = —5)/5F1/‘/.
The essential property of the multiplet, namely that ¥ is a Majorana spinor, is
reflected in the fact that the spinor in § B is equal to y5 times the spinor in §A.
In a similar way, by replacing the constraint Yy = y— with ¢ = ¥ in step

3, we can obtain an antichiral multiplet ¢. This method can also be applied to
more complicated multiplets, as we shall see.

The general multiplet. If we repeat the previous construction starting, again,
from some complex field C(x), but without imposing the chirality constraint, the
result is a larger multiplet,

V:(C’ Xas Ma N’ Au’ 1//05, D) (927(1)
with the following transformation rules:

8C =¢ysx
dx =M+ ysN)e —iyH (A, + y59,C)e
SM =&y —iy - 9x)
SN =gys(y —iy - dx) (9.27b)
A, = ey + 0ux)
8y = (0" Fuy — ysD)e
8D =igysy - oY
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where ¢ is a Majorana spinor. The scalar M, the pseudoscalars C, N and D, and
the vector A, are complex fields, and x and v are Dirac spinors. We note that
the component D with the highest dimension transforms into a divergence. This
multiplet has 16 + 16 degrees of freedom, and is called the general multiplet.
The general multiplet is a reducible representation of supersymmetry.
Imposing a reality condition
Vv=vTt (9.27¢)

(all components are real or Majorana), we obtain the real general multiplet, with
8 + 8 degrees of freedom.

The most general SS multiplets can be obtained from a general multiplet by
attaching an additional Lorentz index to each of its components.

Reducibility and submultiplets. A multiplet is reducible if it contains a subset
of fields which is closed under SS transformations. We assume that none of these
fields satisfy their equations of motion, although some of them may obey some
other differential conditions.

The real general multiplet is reducible. Indeed, the fields ¥, Fj,, = 9, A, —
dyA, and D transform among themselves, and form a submultiplet—the curl
multiplet dV:

dV =, Fu, D) (9.28a)

which has 4 + 4 real components. The transformation laws
(SFIJ.U = ié(Vuau. - V,uav)w
8y = (0" Fyu — ysD)e (9.28b)
8D =igysy - 0y

represent the algebra provided F;,, is subject to the condition 9, * F*V = 0.

We can also write this multiplet in the form dV = (¥, A,, D), where A,
realizes the local U (1) symmetry: A, — A, + 9.

If we constrain V by demanding dV = 0, the remaining components of V
form the chiral multiplet,

¢1 =(A7Ca XOHMa N) (929)

where the scalar A is defined by the solution A;, = 9, A of the condition F,, = 0.

Tensor calculus and invariants

For any symmetry group there are rules of how to combine two multiplets to
obtain a third one. These rules are an analogue of combining two vectors into a
tensor or a scalar. They can be used, among other things, to build invariant objects,
which is of particular importance for the systematic construction of actions. A
similar analysis also exists for the super-Poincaré group, and is called the SS
tensor calculus.
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A. We can combine two chiral multiplets, ¢; = (A1, ¥, F1) and ¢ =
(A3, ¥r2, F>), and form a third multiplet which is based on the lowest component
A3z = A1 A2 = (A1A2 — B1By) +i(A1B2 + A2B)).

The multiplet ¢3, obtained from A3 and the known transformations of ¢ and
¢, is also chiral. Explicit calculations show that the components of the product
multiplet

@3 =1 - P2 (9.30a)

are expressed in terms of the components of ¢; and ¢; in the following way:

Az =A1A2— B1B2

B3z =A1B>+ AxB;

V3 = (A1 — ysB)Y2 + (A2 — ys B2) Y (9.300)
F3 = A|F, + B1Gy+ AyF| + BoG — Y1y
G3 = A1Gy — B1F> + A2Gy — BoFy + Y ysin.
This product is symmetric and associative,
1 -2 =¢2- 1 (P1-92) - 3= @1 - (¢2- $3)

hence, the product of any number of chiral multiplets is well defined. Multiplying
¢ with the two constant chiral multiplets 1 = (1,0,0,0,0) and 1= =
0, 1,0,0,0), we obtain

¢1+:¢ ¢'1*:(_B7A7_y5ves_F)'
A similar product can be defined for two real general multiplets, V = V;-V>,
starting from the lowest state C = C1C5.

B. We can now combine two chiral multiplets in another symmetric product,

V=¢1 X 9.31a)

which starts from A1 A> + B B; as the lowest component and represents the real
general multiplet:

C=A1A+ B1B;
x = (B1—ysADY2 + (B2 — ysA2) Y
M = B1F,+A1Gy + BoF1 4 A2Gy
N =BG, — A1 F>+ BoGy — AyF) (9.31b)
Ay = BlgMAz + Bzg,u‘h + iY1yuysv2
¥ =[G+ ysF1+iy-9(B1 —ysADY2 + (1 < 2)

D = —2(F\F»+G1Gy+ 8A1-3A+ dB; - 9B2) — i1y - dvn.
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C. The particular combination
PrAPr=(d1-1-) X

antisymmetric in ¢; and ¢», has the lowest component A;jB, — A,Bjp, and
represents a real general multiplet.

D. The chiral multiplet ¢ = (A, B, ¥, F, G) can be used to form another chiral
multiplet, based on F' as the lowest component. It is called the kinetic multiplet
and has the form

T = (F,G,—iy -0y, —0OA, —OB). (9.32a)
Doing this we again find the relation
TT¢ = —-0¢ (9.32b)

which explains the name kinetic. The operator T is an SS generalization of the
Dirac operator iy - 9.

Invariants. Having found the structure of various SS multiplets and the rules
for their multiplication, it remains to clarify the structure of invariant quantities,
in particular invariant actions.

The highest component F of the chiral multiplet ¢ varies into a divergence.
This is not an accident, but follows from the fact that F' is a component of the
highest dimension, so that, on dimensional grounds, its SS variation must be of
the form d(other fields). Therefore, the integral

I = / d*x [¢]1F (9.33a)

is invariant under SS transformations. If the chiral multiplet ¢ is a product of
other multiplets, for instance ¢ = ¢ - ¢2, then I] contains products of the usual
fields, and can be taken as an action integral.

In a similar way we conclude that the highest component D of a real general
multiplet V may be also used to define an action:

L= / d*x [V1p. (9.33b)

The interacting Wess—Zumino model

The most general SS action for a single chiral multiplet, which contains no more
than two derivatives and no coupling constants of negative dimensions, has the
form

Iz = / dx(Lg-Top+Lmp-¢—Lgp o o)r (9.34a)
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and defines the massive Wess—Zumino model with interactions. The term
[¢ x ¢]p does not give anything new, since it differs from —2[¢ - T¢]r by a
divergence. Using the rules of tensor calculus, we can find the component form
of the Lagrangian:

Lwz =Lo+ Ly + L,
Lo=18,A0"A + 18,Bo"B + Liyy - 9y + L(F? + G?)
Ly =m(AF + BG — 3y )
Ly = —g[(A* — B)F +2ABG — (A — ysB)¥].

(9.34b)

This Lagrangian is invariant under SS transformations (9.26b). The related
equations of motion can be written most compactly in the super-covariant form:

To=—-m¢p+gg-9.

The field equations for F' and G do not describe propagation in spacetime, but are
purely algebraic,

F=-mA+g(A>—B?>  G=-mB+2gAB

which can be expressed equivalently by saying that F and G are auxiliary fields.
The elimination of these fields leads to the Lagrangian

Llyy = 1(0,48" A — m*A%) + 1(3,B8"B — m*B?)
+ 10 Gy -9 —m)y + mgA(A® + B?)
—1g%(A2 + BH? + gU (A — ysB)Y (9.35a)

which represents a generalization of expression (9.1), containing the mass and
interaction terms. We should observe that the masses of all the fields are
equal, and that all interactions (A3, AB2, A*, B*, A’B2, Ay and Byysy) are
determined by two parameters: the mass m and the coupling constant g. The
Lagrangian (9.35a) is invariant under the SS transformations:

SA=8y 8B =zysy
Y =[—(y-0+m)+g(A+ysB)I(A+ysB)e

obtained from (9.26b) by eliminating F' and G.

The role of auxiliary fields is to establish the boson—fermion balance off-
shell. Transformations (9.26b) obey the SS algebra without any additional
conditions and their form does not depend on the dynamics, i.e. coupling
constants, which is not the case with (9.35b). It is interesting to observe that the
set of field equations is also an SS multiplet. The elimination of auxiliary fields,
which is realized by enforcing their field equations in both the action and the
transformation laws, is not an SS invariant procedure. This is why the resulting
SS algebra closes only on-shell.

(9.35b)
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9.3 Supergravity

When the supersymmetry is localized, the SS algebra contains a local translation,
which is an indication that gravity has to be an intrinsic part of a locally SS
theory. Such a theory, called supergravity, represents a natural framework for the
unified treatment of gravity and other basic interactions. Its quantum properties
are much better than those of Einstein’s gravity. The advantage of supergravity
with respect to ordinary SS theories is that it allows a more natural introduction
of spontaneously broken modes, which are necessary for phenomenological
applications (see the end of this section).

In this section, we want to discuss the SS theory of gravity or the gauge
SS theory, following the analogy with SS electrodynamics. We start with the
linearized theory, in order to be able to recognize the essential features of the
full supergravity in the simpler context. In the linearized approximation, the
graviton is described as a massless spin-2 field. In an irreducible representation
of supersymmetry, the graviton may be joined with either a spin-% or a spin-
% fermion. If we exclude the spin-% field as it seems to have no consistent
gravitational interaction, we are left with the supergravity multiplet (2, %). The
related particle content is described by a symmetric tensor ¢, (the graviton) and a
Majorana vector spinor v/, (the gravitino), subject to their field equations. After
giving a short review of the Rarita—Schwinger theory of gravitino, we examine the
construction of first the linearized and then full supergravity and clarify the role
and structure of the auxiliary fields (Schwinger 1970, van Nieuwenhuizen 1981a,
West 1986, Srivastava 1986).

The Rarita—Schwinger field

The free-field Lagrangian for a massless gravitino in M4 can be constructed
starting from the requirement of invariance under gauge transformations

Y = Yy = + 3,0 (9.36)

where the parameter 6 is a Majorana spinor. The most general Lagrangian with
first field derivatives has the form

L =iy, (ay™d" +bd"y" + ey -3 +dy"y y - ).
Varying £ with respect to ¥, yields the equations of motion
ay"d -y + bty -y +cy - Yt +dyHyVy - 0y, = 0.

The requirement of gauge invariance for these equations implies a + d = 0,
b 4+ ¢ = 0. The invariance of the action is achieved if @ + b = 0. Choosing
a= —% as the normalization condition, and using the identity

Yt =yt gt — y Ryt = e P ysy,
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we end up with the Rarita—Schwinger Lagrangian:
L = 3ie"" Y, ys100,¥s = Lrs. (9.37)
We display here several equivalent forms of the gravitino field equations:
[ =1eM sy, 0,05 = 0
~ily -8y ) =8 -Yl=3y - f

' (9.38)
v Wjn=~(fu = 3vuy - )
i+ vutij + vivu) = epijuysf’
where VY, = 0,y — 0.
Mass and helicity. Let us choose the gauge condition
Q=y-¢v=0 (9.39a)

which is locally admissible since §(y - ) = y - 96 can be solved for . Then, the
field equations imply

iy oyt =0 id-¢y=0 (9.39b)

showing that the gravitino field is massless, as we expected.

We now show that v, describes two physical modes with helicities A =
:l:%. Consider the plane wave y* = wu’(k)e **, moving along the z-axis,
k = (kO, 0,0, k3). Using the complete set of vectors (€, €4y, k, k), where

ex = (0,1, +i,0,0)/v2and k = (k°,0,0, —k%), we expand u* (k) as
ut = eéi)uf + eé‘+)u+ + kfug + k*us.

Here, u_, u,, uo and u3 are Majorana spinors, and k> = 0. The first condition in
(9.39b) means that all spinors are massless:
ku_ = 12u+ = lzuo = 12u3 =0

while the second one implies (k - Kusz = 0, i.e. u3 = 0. The gauge condition
(9.39a) allows the residual gauge symmetry ¥, — v, — ku, which may be used
to eliminate ug. Thus, after fixing the gauge we have

ut = eéi)uf + eéﬂr)qu. (9.40)
Consider now the meaning of the gauge condition for the remaining degrees of
freedom. Multiplying this condition with €y, and using €—yé—y = 0, we obtain

eémr =—(1=2%uy =0

where X3 = %iy1 y? is the spin projection operator. This relation means that u
has helicity 4. Similarly, helicity of u— is —1. Since (1, carries helicity £1,
we conclude that u#* describes a helicity :I:% field.
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The propagator. The field equations for v, in interaction with an external
source are

KWy, = JH

_ (9.41a)
KM =ily"o" +oky? —y - an™" —yHy - 3y°].

Gauge invariance implies that the operator K*" is singular, 9, K*" = 0, hence the
consistency requires d, J* = 0. In order to solve these equations it is convenient
to go to the momentum space (i0 — k):

(=K — kY + k™ + vy V), = —JH. (9.41b)
It follows from this that

kyr —kly g = =" =gyt y - D)

whereupon the application of the gauge condition yields

Yyt =G"J,  G" = —k@" - y*y")D (9.424)
where D = 1/k%. The previous result for G can be written equivalently as

G" = —kly'y*D = 1yky*D (9.42b)

where, in the last step, we have ignored the term proportional to k", which yields
zero when acting on the conserved current.
This procedure for finding the propagator is clarified by introducing

Puy =T — 37 Ly =37 A = kuko/ K (9.43)

Wl

where I, = nyy — kﬂkv/kz, Vi = Yu — kﬂlg/kz. These objects are projectors
in the set of solutions of the field equations for v,,. Equation (9.41b) may be
rewritten in terms of the projectors as

(Pp.v - ZLMV)IGI//V = _(Pp.v + Lp.v + A;w)-]v

which implies A, JV = 0,i.e. k- J = 0. The projections of this equation with P
and L take the form

(Puy + L)k = —(Puy — SLu0)J"
él/fﬂ - ]gA;wl//U = _(77;w - %?MVV)JV-

Now, multiplying the last equation with y** we find —12()/ )+ k- =y J/2
Then, after fixing the gauge we easily obtain the solution (9.42a).
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Energy. The interaction energy between two currents is given by
E=J'GuJ". (9.44)

We shall show that this energy is positive, thus justifying the choice of sign for
the Lagrangian. The residue of the expression for E may be written as

R = Jun™ys Ayyan Jy.
Consider now the following identities:
1 = €Ol Felneln T KR HRTRD /(-
iC\ = I/L_L_l_ + I/L+L_l+.

The first identity represents the completeness relation for the set of vectors

(e(), €4, k, IE), valid on-shell where k2 = 0, and the second one holds in the

space of massless spinors, normalized according to uu_ = uiu.,r = 2k°. The

terms in R proportional to k* can be ignored, since k-J = 0 and lgqu = 0. Using,
further, the relations

which tell us that the helicity of u (z_) cannot be raised (lowered), we find that
the residue is given by

R=Yi_éyecy I+ Slipe e - J1? (©.45)

where |A|?> = At A, which proves its positivity.

Linearized theory

The field equations for a graviton and a gravitino are invariant under the gauge
transformations

Sepuv = 0u€y + 0véy, Soy = 0,u0. (9.46)

The linearized on-shell simple supergravity can be constructed in analogy with
SS electrodynamics, so that its full symmetry is supersymmetry combined with
the gauge symmetry (9.46).

SS transformations. On dimensional grounds the general SS transformations
are

Beuy = i%(éyuwv + eyvuy) +cinuey -
Se¥y =2c2 ajwiﬂaije +¢30°¢,8

where ¢ is a constant Majorana spinor, and the constants ¢; will be determined by
demanding that the algebra of the SS and gauge transformations closes on-shell.
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For the commutator of a local § symmetry and a global supersymmetry on ¢,
we find
[8, 8elpun = 13 EYudnd + Eyu0,6) + cinuvey - 96.

The result is a gauge transformation with the parameter §, = iey,,6/2, provided
c1 = 0. The commutators [8g, 6.1, and [d¢, 8¢, automatically vanish, while

[85, 8y = 220, (3;E) 0 & + ¢30°(3pE, + 0,uEp)e

is a gauge transformation with parameter 8 = 2¢9; g0 ¢, provided c3 = 0. We
now test the commutator of two supersymmetries on ¢, ,:

[8eys 8y )@ = iC2[E27u0 7 €18 010 + (b <> V)] — (81 <> €2)

.o i o (9.47)
=ico[e2y/ €100 — du B2y e10i0)] + (1 < V).
The result is a gauge transformation with parameter &, = —iczézyj €1¢jv, and a
translation. The translation has the correct form if ¢ = —1.
Thus, the final form of the SS transformations reads:
Spuv = i3 Gyt + Evvn)
S (9.48)

8Yy = =200 .

The algebra is closed only by taking into account both the global SS
transformations and gauge transformations, in analogy with the electrodynamic
case.

Finally, it remains to verify the algebra of the transformations on v,

(8, 8, )W = 10i By Wy + E1yu¥rj)o 62 — (61 < £2)
= — 1@ T a2 T4i0; (v ¥y + yurj) — (61 < 2)
= — 3iETue)d T (v Vin + 5vutij)
— 510,[E1Ta82)0 " Ty ],

Here we have used the Fierz identity in which, due to antisymmetry with respect
to (e1 < 8__2), the only terms that su_r_Vive are 'y = {Vm, 2i0mn|m<n}, and also the
relation o 0; (yj ¥ + vu¥j) = oY yjip + %ymﬁl’j + 9, (y;¥i)]. The second
term has the form of a gauge transformation on v, while the first one, on the field
equations, becomes —ig|[ye20" 'y, + O(f). Using, further, the identities

ij _mn 1 _mn_,i

- 1 . .
ol yj = —%0™y CT”J/mJ/j — j)/m)/l —2pim

we can see that the contribution of ' = ¢™" has the form O(f), and the
evaluation of the contribution of I'* = y™ leads to the final result:

[8e, ey 1V = Zi(élVPSZ)apwu
— 9u[2iE 1y e2)¥m + FiEITue2)d Ty i1 + O(f). (9.49)
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The action. We have found an on-shell irreducible representation of
supersymmetry combined with an Abelian gauge symmetry, carried by the fields
¢uv and ¥, The action invariant under the SS transformations (9.48) and gauge
transformations (9.46) represents the linearized supergravity theory, and is given
as the sum of the free Fierz—Pauli and Rarita—Schwinger actions for the graviton
and gravitino, respectively:

I = /d4x (30"Gpy + 3V f") = Iep + Irs (9.50)
where
L L 1 L
le = le — inle

RlIZv = —0¢uv + 07 uvo + 9700 — 9u0ve R“= WMUR;IZV

The invariance holds without use of the equations of motion.
The gauge invariance of the action implies the following differential
identities:
L
8“GW=O o f, =0.

Complete supergravity

Full supergravity may be obtained from the linearized theory by introducing
nonlinear gravitational effects, and this has to be done in accordance with
supersymmetry. The linearized theory possesses an Abelian gauge symmetry and
global supersymmetry. The transition to a consistent self-interacting theory may
be realized by applying the Noether coupling method, which leads to a theory with
gauge supersymmetry or supergravity (West 1986). There is, however, another
approach to the complete supergravity, in which the results of the linearized
supergravity are super-covariantized, i.e. covariantized so as to ensure the validity
of both the Poincaré gauge symmetry and supersymmetry. This leads to a
supersymmetrized Poincaré gauge theory or gauged super-Poincaré theory.

From the point of view of Poincaré gauge theory, it is natural to expect
the full supergravity action to have the form of an Einstein—Cartan theory with
a massless Rarita—Schwinger matter field§:

1 i -
ISG = /d4x (_ﬁbR + Eguvpkwu)/s)/uvﬁw)h) (951a)

where V, ¥, = (9, + %Ai-/ 00ij)¥. Using the Riemannian connection A = A
would be inconsistent, since the presence of spinor fields implies a non-trivial
torsion. In the gravitino action there is no factor b, since g"VP is not a tensor, but
§ The usual gravitational constant k = 87 G/ % has dimension —2. In order to simplify the form

of the SS gauge transformations we shall use, in this section, the redefined gravitational constant:
K — K-,
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a tensor density. The first term in /sg may be rewritten in a more convenient form

as
1

1 Ak ol pmr
LG = —mbR = @efjf;ﬁlb o' A R™ 1 (A) (9.51b)

while the second term represents the covariant Rarita—Schwinger action. In the
forthcoming discussion we shall see that the action (9.51a) is in agreement with
supersymmetry without any additional modification.

Field equations. The variation of Lg with respect to A, by making use of the
Palatini identity §4 R™";,, = V,(8A™"),) — V,(8A™" ), yields (up to a four-
divergence)

1 s
8aLc = @em (Vub* )bl 8A™

while the variation of the Rarita—Schwinger Lagrangian has the form

- U ok -
8aLgs = —§8fnjﬁl b U,y s A™

where we have used ysykomn — %8kmnlyl . This implies the field equation for A,

2
K<, -
T*,, = bk, — v, bk, = 711//,,;/"1//” (9.52a)
which can be solved for A:
Ajju = Ajju — %(Tijm — Toij + Tjmi)b™ . = Ajjpi (9.52b)

Thus, the dynamics implies that the spacetime has a non-vanishing torsion.
The variation of the action with respect to »', and v, yields the field
equations

b _
F' = =G + 31" U, ysvi Vo,
e (9.53)
FH = igMVpAVSVUpr)L
where Gvi = Rui — %hiuR.

Gauge invariance of the theory implies that these two equations are not
independent, but obey certain differential identities: their covariant derivatives
vanish on-shell. Consider, for instance, an explicit proof of the identity V, F/* =
0. We start from the equality

Vi F* = ie" P ys[(Vub ) vi Vo + v Vi Vil
= 3" yslic® Wy Vi)V Vowi + RY upyvoij v,
where we have used torsion equation (9.52a). In the second term we expand the
product y,,0;; in terms of y, and ysy;, using the cyclic identities

. . N . W
e ysyuoij U RY p = P biy RY Lpysyjwa — 26G 1y Yy,
SMVPAR/'VW — SWMVPT./W
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and express G*; from the equation F;* = 0. That the expression we have obtained
vanishes follows from the Fierz identity for undifferentiated gravitino fields.

Different forms of the gravitino field equations can be easily obtained from
the related linearized equations in Mj.

Local supersymmetry. We now demonstrate that action (9.51), in which the
connection A is treated as an independent variable, is invariant under local SS
transformations (Deser and Zumino 1976):

8bt, = Kkizy'yy, (Shi* = —kisy™ ;)

, (9.54a)
SYu = _;V"S
and L ;
§A™ = B™"y — 30"y B + 30" BT (9.54b)

mnvp

B™, = kigysy, Vope

In further exposition we shall often use k = 1 for simplicity.
Let us first consider the variation with respect to o', 1, and yr,,, which we
denote by §’. The variation of the gravitational action yields

§'Ls=—b(R') — $b W R)(—igy ).

Variation of the gravitino action yields three terms, produced by varying with
respect to ¥, ¥, and y, = b¥ ,yi. The first term is given by

s . AT 1. AT ..
8, Lrs = —ie"" Py, ysyyV,Vae = —Lie"P 1, ysy, 01 RY 5.
The second term reads:

8yLrs = — ie""PM (V&) ysyu Vot
= ie"PEys[(Vuyn) Voun + »VuVodnl = A + B.

The second part of this expression, taken together with 8’ Lg and S’IZRS, yields
zero. Indeed, the relation

81 Lrs+ B = — TiehPR R o [V ysyvoije — EYsyvoij
= — %iRijpASMUpAkaSkijllﬁuyls = ib(Ri)L — %biAR)I/_/,')/AS

directly implies that 8{ZRS +B+8Ls=0.
Thus, we are effectively left with the first part of 85 Lrs, and BgﬁRs:

1 A -
A = Fie"PAT™ | EBYsym Vv,

SyLRs = — 1M P (Y ysym V) (BY ™ Y).
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The last term can be further transformed using the Fierz identity:

Y™ Y0) WuysymVevs) — (U <> v)
= —L@EY"Taysym Vo) Wl ) — (u < v).

Here, due to the antisymmetry in (u, v), only those terms that contain I', €
{vk, 2iok K<} may give a non-vanishing contribution. In addition, oy; should
also be discarded since ¥ oy v, = 0. The calculation with I'; = y4 leads to

EY" ) W ysym Vo) = $EysvVovn) Wy )
which implies
A+ 85Lrs = Fie" (T 1y — 300y " Y)YV Vp ¥
In the next step, we calculate the variation with respect to A:
A .-
SA(LG + Lrs) = Jehty (T* 4 — Sivny )bl s A™ ,.
That this term cancels the contribution of A + 8’3ZR5 follows from the identity

Extmn b, 8A™ p) = iEYsViVap.-

This completes the proof of the local supersymmetry of action (9.51), in the first
order formalism.

Algebra of local supersymmetries

In the rest of this chapter we shall replace the variable A;;,, by the expression
(9.52b), going thereby to the second order formulation of supergravity. The
resulting action is invariant under the local super-Poincaré transformations with
parameters (a”, 0, &4):
Sbiﬂ = —apapbiﬂ — ap,,lbip + wisbsﬂ + Kiéyiwﬂ
2 (9.55)
SYp = —afdp Py —a’ yWp + 30 oYy, — ;V,Ls.

The connection is not now an independent variable, and its on-shell
transformation law is derived from the identification A;;,, = A;j.:

StAY, = —af3,AY , —a” ,AY,
SLAY ) = ' sAY | + ! (AT — 3,007
8sAY = Yk (—ey Yt +Eyiv —Evuyt).

where 6t = 8,4, 01, = 6, and 8s = 5.
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The Poincaré subalgebra has the standard form,
[6T(a1), é1(az)] = dr(ai - dax — az - day)
[OL(@), d1(a)] = 8L(—a - dw) (9.56)
[BL(@1), S1.(@2)] = 81 (@) — ;)

while the commutator of a supersymmetry transformation and a Poincaré

transformation reads:
[8s(8), d1(a)] = ds(a - 3¢)
B . (9.57)
[8s(8), dL(w)] = ds(580 - w).

The commutator of two supersymmetries on b’ w18 given by
[8s(E1), 33 (E2)1b" s = [81(—a”) +8L(@P A™ p) + 85 (—a’ P10 (9.58a)
where a” = 2ig|y”e;. The result follows from

—2i8yy Vel — (81 <> €2) = — 210, (B2y'e1) — 21A™ L Eayie)
= — 210, (E2y e1)bl — 2i(E2y e Vb,

and the torsion equation.
The commutator of two supersymmetries on yr,, is more complicated:

[81. 8210 = —2iE1y" e2Vpum — E1y*e2Vap FP + 810 e2Tuppup FP - (9.58b)
where the structure functions V and T are given by

bV, = Yalup + 2bg Aysy)‘
aup aNpp app 9.58¢)

2bTopup = (MapNpu — Npplap) — Oaplup — beapps.
We note that the first term has the same form as the commutator on b¥ o
—a* . = [br(—a”) + 8L(a” A™ ) + 8s(—a”Y,) 1Y,

while the structure functions V and 7' describe terms proportional to the equations
of motion.
In order to prove the result (9.58b) we start from the equality

[81, 821 = iGE1y vu)oijer + LGy Doijer — (61 < €2)

which is obtained after using the transformation law for A%/ ,. The right-hand side
is transformed by means of the Fierz identity into

Ry = —3i(E1T4e2)0 " T (viyuj + 3vutij)
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where, because of the antisymmetry with respect to (¢; < &2), the only non-
vanishing contribution comes from I';, € {y, 2i0mnlm<n}-

The term with ', = y,, is calculated by a suitable transformation of the
expressions o'/ y™y; and o'/ ™ YuVij, and using different forms of the gravitino
field equation:

RV = —2ig 1y exum — E17*€2Vaup F” .-

The term containing I'y = (2i0 |m<n) 1s also proportional to the field equation.
After a straightforward calculation we obtain

RP =510 &) Tunyp F”

which proves the final result (9.58b).

Auxiliary fields

We now wish to find a formulation of supergravity with auxiliary fields, in which
the algebra closes without imposing any field equations.

Linearized theory. The general idea for the structure of the auxiliary fields
comes from the boson—fermion counting rule. Off-shell the symmetric tensor
@uv contributes 10 degrees of freedom minus four gauge degrees of freedom
(local & symmetry), giving six independent bosonic degrees of freedom. On the
other hand, four Majorana spinors v, contribute 16 degrees of freedom, which,
after subtracting four gauge degrees of freedom (local 6 symmetry), yields 12
fermionic degrees of freedom. Thus, the auxiliary fields must be chosen so as to
compensate for the six missing bosonic degrees of freedom.

The choice of auxiliary fields is not unique. We shall try to construct a
minimal formulation, in which there are no auxiliary spinors. We assume that
the set of six bosonic fields consists of a scalar S, a pseudoscalar P and a
pseudo-vector A, and that these fields occur in the action as squares, and are
of dimension d = 2. If the auxiliary fields are chosen so as to vanish on-shell,
they must transform into the field equations. Then, on dimensional grounds we
find the general form of the new SS transformations:

Spuv = 3iEVu Yy +Epri)
Yy = —23j(piu(ri-/e +zALyse + %iyu(S + ysP)e + clyuy5As
8S = cigy - F
8P = c3igysy - F
A, = c4&ysFy + csEysyuy - F.
These transformations reduce on-shell (§ = P = A, = 0) to the form (9.48).

The constants ¢, are determined by requiring that these transformations, together
with the gauge transformations (9.46), form a closed algebra.
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The commutator of two SS transformations on S gives
[81, 8218 = —dic281y €20, + dca(z — Be))[E2ys0 ™ el — (21 <> €2)19, A,
which implies ¢; = z/3, ¢co = —1/2. Similarly, the correct form of the
commutator on P is obtained provided c3 = —1/2. Finally, carrying out the
commutator on A,

[81,82]1A, = —4icszE1yPe20,A, + 4iz(cs + %04)[52%/)3”1481 — (g1 < &2)]

we find zcs = —1/2, zcq4 = 3/2. Thus, all constants except z are determined, and
z can be reduced to one by a rescaling of A,.
Using the relation

8 = 20j@iuEo’ + zAuEys — LiE(S + ysP)yu + ciEAysy,
in the variation of ZRS, we obtain
8Lrs = —LiE(S +ysP)y - F + z8ys(Fu — Syuy - F)AM.

Furthermore, it follows from 38£~Rs = 5(52 + P24 ZZAZ), with z = 1, that the
invariant action is of the form

=15 - /d4x 1($*+ P? 4+ A%). (9.59)

Upon eliminating the auxiliary fields S, P and A, this action reduces to the form
(9.50). The final form of the SS transformations reads:

8puv = 51EVLYy + Evuy)
8y = —20j@in0 e + Auyse + iy (S + ysP —iysA)e
88 = —3igy - F (9.60)
8P = —Ligysy - F
SAM = Leys3F* — yHy - F).

The complete theory. Analysis of the linearized theory suggests that the action
of the full nonlinear supergravity with auxiliary fields will have the form

I=1Isg— / d*x 1b(S* + P? + A?). (9.61)

The factor b gives an additional contribution to the variation of the action, and
complicates the construction of SS transformations.
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From the linearized transformation laws for b*, and v, we find the
following covariant expressions:

sv*, =igyky,
. R (9.62)
Y = —2Vye + Apyse + 3iyu(S + ysP —iysA)e.
Let us now check, by calculating the commutator of two transformations on b w
whether this result is in agreement with supersymmetry. The contribution of the

term —2V ¢ is the same as before, while the contribution of the auxiliary fields
is changed by the term

[81. 8216}, 1aF = [FieayPe16™" , Ay — 5820 (S + y5 Pe11bry
which represents an additional Lorentz rotation. The complete result for the
commutator of two supersymmetries on b, is:

[81,82] = 61(—a”) + S(a? A% ) + 8s(—a’ )

A . , (9.63)
Atkp = Atkp _ %8lkmpAm
where a” = 2ie;y”e;. The algebra closes without use of the field equations, and
the covariance is in agreement with supersymmetry.
The covariant transformation of the auxiliary field S is given by

8§ =—ey F+-..

(and similarly for P and A,) where dots indicate possible corrections due to
supersymmetry. Applying this transformation rule to the action yields a non-
vanishing result, due to the presence of the term (8b)S? . Therefore, the
expression for 45 must contain an additional term proportional to (6b/b)S,
in order to compensate for the contribution stemming from (6b)S? (a similar
mechanism operates for P and A,,).

In order to find the exact form of the additional terms, we observe that the
transformation law for v, can be written as

Sy = —ZVI(,_:e ij =V, - %Aﬂys — %iyur]

where n = (S+ysP —iys A) /3, and VE is the so-called super-covariant derivative
which contains, in addition to V,,, some extra terms that reconcile covariance and
supersymmetry. Define, further, the object

: 2 1 1:
FE = Ffly_ye =ie"™" sy (Vo — 5 Apys¥a — 3iven¥n)
which represents the super-covariant extension of F*.

We determine the transformation laws for the auxiliary fields in the
same way as for 8y, by the replacement V,;, — Vg.
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In this way we obtain:

88 = —3igy - Fc
§P = —1igysy - Fc (9.64a)
SA™ = J5ysBFE —y™y - Fo).

Explicit verification shows that these transformations, together with (9.62), really
represent the symmetry of action (9.61). Using the equalities

y-Fc=y- -F+iysA- ¥ +y*(S+ysP)Yy
3FE = —LiePry A + 2014 (S + ysP)yn + iysAly - ¥ — iysytA -y

the transformation laws for the auxiliary fields may be written in a more explicit
form:

8S = —YiEy - F + J&ysA - — 3igy, (S + ys P)y?
8P = —3iEysy - F — 38A -y — 3iEysy,(S + ys PYy’
SA™ = 3EysBF" —y™y - F) = 38y5(S + ysP)y”

—Yigy -y A" + Lie™S B ysynyn) As.

(9.64b)

Dimensional analysis of the right-hand sides of equations (9.62) and (9.64)
shows that the contributions of the auxiliary fields carry one unit of dimension
more than is necessary. This dimensional excess is a consequence of our choice of
units in which ¥ = 1, and disappears if we reintroduce the gravitational constant
«, with dimension d (k) = —1.

General remarks

Bearing in mind that the exposition in this chapter aims to introduce only the
basic aspects of gravity in the context of supersymmetry, we want to mention
here several closely related and important topics. More details can be found in
the additional literature (see, e.g., van Nieuwenhuizen 1981a, Sohnius 1985, West
1986, Srivastava 1986, Bailin and Love 1994).

Matter coupling. The interaction of supergravity with matter fields is
determined by the rules that follow from the structure of local supersymmetry
multiplets and the related local tensor calculus. The supergravity multiplet
(¥ w Y, P, S, A™) is defined by the transformation laws that lead to the local
SS algebra (9.63). The local multiplets of matter fields must also have SS
transformations that realize the same algebra. Thus, the first problem is to
define local analogues of the general multiplet, chiral multiplet, etc. The most
transparent method to construct a local multiplet is to apply the Noether coupling
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procedure to the algebra of SS transformations: we start with a global multiplet
and the related SS algebra, and modify both the transformation law and the SS
algebra, order by order in k, so as to achieve the local algebra (9.63). The
essential step in the construction consists in replacing all partial derivatives
with supercovariant derivatives. If a field F transforms under supersymmetry
according to  F = ¢ f, then its supercovariant derivative is defined by the relation

C 1.7

The transformation law of VSF does not contain de. In the next step, we find the
rules for combining two local supermultiplets into a third one; we can define the
products ¢ - ¢2, ¢1 X ¢ and @1 A @2, with a structure that parallels the related
global results, with the replacement 9, — Vﬁ. The last part of the local tensor
calculus consists in finding formulae for the construction of invariant actions,
which generalize the related formulae of global supersymmetry. After that we
can construct realistic models of supergravity in the interaction with matter fields,
and study their physical implications.

Spontaneous supersymmetry breaking. Exact supersymmetry implies that
bosonic and fermionic states in every supermultiplet have the same mass, so that
all the known elementary particles should have superpartners with the same mass.
Since no such mass degeneracy is observed in nature, supersymmetry must be
broken. In realistic applications supersymmetry is broken spontaneously. This
mechanism can make the unobserved superpartners highly massive, ‘explaining’
thereby their unobservability, whereas the standard particles acquire different
masses.

Particle Spin Superparticle Spin
electron % selectron

quark % squark 0
photon 1 photino %
gluon 1 gluino %
w#, z0 1 W-ino, Z-ino %
graviton 2 gravitino %

As we have seen, in a theory with global simple supersymmetry we have
E > 0 for every state. The vacuum state |0) has vanishing energy, Ey = 0,
if and only if all the SS generators annihilate it. The state with Eg = 0
is the supersymmetric vacuum, while Ey > 0 means that supersymmetry is
spontaneously broken. Thus, the vacuum energy is an indicator for spontaneously
broken supersymmetry.

For a given field ¢ we have §¢ = [£Q, ¢], so that supersymmetry is
spontaneously broken if and only if (6¢) # O for some §¢. Consider as an
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illustration the interacting Wess—Zumino model. The Lorentz invariance of the
vacuum implies (V) = (9, A) = (3, B) = 0, hence the only field variation that
may have a non-vanishing vacuum expectation value is (8v) = ((F) + y°(G))e.
A closer inspection of the Wess—Zumino model shows that both (F) and (G)
vanish, so that supersymmetry is not broken.

The Wess—Zumino model may be modified so as to have (F) = A. In that
case, we find an inhomogeneous term in the transformation law for ¥, (§vr) = Ae,
which implies that ¢ is a Goldstone fermion, or goldstino. This massless particle
is an analogue of the usual Goldstone boson.

The fact that the goldstino is not found in nature represents a problem for
theories with broken global supersymmetry. The local supersymmetry resolves
this problem through the super-Higgs mechanism: the massless goldstino is
‘gauged away’ and absorbed by the gauge field v, the gravitino, which becomes
massive.

Superspace and superfields. A Poincaré algebra may be realized by a set of
transformations of points in M4. Analysing the behaviour of ordinary fields
¢ (x) in M4 under Poincaré transformations, we can define representations of the
Poincaré (and Lorentz) group on fields and use them to construct relativistic field
theories.

We have seen that an SS algebra may be represented on supermultiplets of
fields. A very useful technique for dealing with SS theories is to represent a
supermultiplet by a superfield, which is defined on a superspace with coordinates

M= (x*, 0,,6%

where # and # are anticommuting spinors. Supersymmetry transformations may
be conveniently represented as transformations of points in superspace.

In order to indicate the role of superspace, we begin by considering Poincaré
transformations in My. Let ¢ be a scalar field on My, and g(A, a) an element of
the Poincaré group. Acting with the transformation g(A, a) on ¢, = g(1, x)¢ (0)
and using the group composition rules we obtain g(A,a)¢, = g(1, Ax +
a)$(0) = dAx+q. This shows that the Poincaré transformation g(A, @) may be
realized as the coordinate transformation x’ = Ax + a of points in M.

In a similar way we can obtain a representations of supersymmetry as a
transformation of points in superspace. Let g(x, 6, 6) be an element of the super-
Poincaré group generated by (P, Q, Q), which describes an ordinary translation
and a super-translation in superspace. We define a scalar field @ at (x, 6, 6) as

D5 =8x.0,0)P0)  gx,60,6)=exp(x-P—60—60).
Then, g(a, &, E)P(, g gy = P g gy» Where

X" =xt gt —i(Ec™O — OoHE)

9;:90+§a éézéd+§d~
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This defines ordinary and SS translations on superspace. In this representation,
the SS generators have the form

Qu =80 —i(6"0)ady 0% =% +i(00")D,

where 9, = 3/36%, 3% = 8/36,, and P, = —9,,, as before.

Superfields are constructed so as to carry representations of the super-
Poincaré group, in analogy with ordinary fields in M4 which carry representations
of the Poincaré group. They contain just those components that form
supermultiplets. The use of superfields leads to a very elegant formalism
that keeps the supersymmetry manifest. Field theories defined in terms of
superfields become very compact compared with component formulations.
Superfields are particularly useful for calculating quantum corrections, where a
superfield Feynman diagram gives a compact description of many component—
field diagrams.

Quantum effects. In perturbative calculations of physical processes in quantum
field theory, we find divergent integrals with divergences that originate
from integrations over small distances or large (ultraviolet) momenta. In
renormalizable field theories, the problem of ultraviolet divergences is treated
by redefining a finite number of physical parameters, such as masses, coupling
constants, etc, in such a way that physical predictions of the theory remain
finite. The procedure by itself is mathematically not well founded, but has
a clear physical interpretation and leads to theoretical predictions that are in
good agreement with experiments. The gauge theories of electroweak and
strong interactions are renormalizable, but all attempts to construct a consistent,
renormalizable quantum theory of gravity have failed. This is certainly one of the
most important problems of present day elementary particle physics.

In addition to unifying bosons and fermions, SS theories are also attractive
because of their renormalizability properties. Quantum corrections come from
integrations over loop diagrams. Since fermions are anticommuting objects,
fermion loops contribute with an opposite sign compared to boson loops. If the
parameters of the theory (masses and coupling constants) are mutually related
in a convenient way, the contributions of boson and fermion loops may cancel
each other. This is just what happens in SS theories, to some extent. One of the
most impressive cases of this kind is the N = 4 non-Abelian gauge theory, which
is not only renormalizable, but actually finite (to any order of the perturbation
theory): ultraviolet divergences coming from different types of particles ‘cancel’
each other, and we are left only with finite contributions. Physically, however,
this theory seems irrelevant, since its particle spectrum is not realistic.

Einstein’s theory of gravity is finite at the one-loop level. Analysing a large
number of different diagrams at the two-loop level it has been found that the
theory is divergent (Goroff and Sagnotti 1985, 1986). If matter fields are present,
the renormalizability is lost even at the one-loop level.
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Experience with globally SS theories raised the hope that quantum
supergravity might be a renormalizable theory. Explicit calculations in some
supergravity models have proved finiteness at one and two loops, while possible
problems arise at the three-loop level. Although supersymmetry significantly
improves the renormalizability properties of gravity, it seems that standard
supergravity does not represent an appropriate framework for a renormalizable
quantum gravity.

Exercises

1. Consider the relations

{Qu, Q/fi} = ia(V“C)a/sPu + ib(Uﬂvc)aﬁM;w
[Py, Qul = c(v)a” Op
[M,va Qul = d(a,uv)aﬁQﬂ'

Use the Jacobi identities to find the values of the parameters b, ¢ and d.
2. (a) Find the algebra of the SS transformations (9.10) in the Wess—Zumino
model.
(b) Calculate the corresponding Noether current.
Derive the algebra of the transformations (9.14a) in SS electrodynamics.
4. (a) Show that the simple super-Poincaré algebra is invariant under the chiral
transformation Q — e*¥s Q.
(b) Find the realization of chiral transformations on the Wess—Zumino
multiplet (A, B, ¥, F, G).
5. Derive the following relations, using the super-Poincaré algebra (9.6):

{Qu, 0p} = =2i(y"apPu {Qus Qp} = —2i(C™'y")ap Py
[M,va Qa] = Qﬂ(a,uv)ﬁao

6. Verify the two-component form (9.15) of the simple super-Poincaré algebra.
7. (a) Show that for m? > 0 the operator X* = WH — %iQy“)gQ obeys the
relations:

(O8]

[X", Qul = 5 (y5Q)a P"
[Xl, Xz] = —imX3 etc (in the rest frame).

(b) Prove that N* = §iQy"y50Q = §(05"Q — Qo™ Q).
8.  Find the helicity structure of the SS multiplets of massless states:
(@ N=4xr=-1L
(b) N=38,x=-2.
9. (a) Show that in the Clifford ground state |$2) for m? > 0, the superspin
operator in the rest frame has the same value as the usual spin operator:
y=17,y3=J3



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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(b) Calculate the spin and superspin projections (j3, y3) for the members
of the massive multiplets built over the ground state |$2) for which (i)
y=0,y3=0;(G)y =1/2,y3 = 1/2; (i) y = 1/2, y3 = —1/2.

(a) Show that the complex form of the transformation law for the chiral
multiplet (9.26a) realizes the SS algebra.

(b) Derive the transformation law for the chiral multiplet ¢ =
(A, B, ¥, F, G) from its complex form.

(a) Prove that the transformations (9.27b) of the general multiplet realize
the SS algebra.

(b) Derive the transformation law of the curl multiplet dV, and verify the
related SS algebra.

(c) Show that the real general multiplet constrained by dV = 0 becomes a
chiral multiplet.

(a) Find the components of the antisymmetric product ¢; A ¢ of two chiral
multiplets.

(b) Prove that the kinetic multiplet 7'¢ is a chiral multiplet.

(c) Show that [¢ x ¢]p differs from —2[¢ - T¢]F by a divergence.

Prove the following relation:

EY) ) — (Eysy)uysyn) + (Y1 < ¥2)
= —(Y1¥2) (iie) + (Y1ysv2) (iyse).

Express the interacting Wess—Zumino Lagrangian in terms of the variables
F=F+[mA—g(A>— BY)]and G = G + [mB — 2gAB], and derive their
SS transformations.

Find the Noether current corresponding to the SS symmetry of the interacting
Wess—Zumino model.

Show that the quantities Py, L, and A, defined in equation (9.43), are
projectors, i.e. that they obey the relations:

Pp,v + L;w + Auv = Npv
Pl =0  Pu,A"=0 LA =0
PPt =P L,L" =L,  AnA" =A%
Find the explicit form of the term O(f) in the commutator (9.49), and
calculate the related structure functions defined in (9.585b).
(a) Prove the different forms of the gravitino field equations (9.38) in Mj.
(b) Find the related gravitino field equations in full on-shell supergravity.
Verify the consistency condition V, F* = 0 of the gravitino field equation
in full on-shell supergravity. -
Prove that R*;,, = C';,, — T’ has the following transformation laws:
5TRi)LM = —ap,uRiAp — a’O,)LRipM — ap8pRiAu
5LRiAM = wiSRSAM + a)is,)LbSM — (1)is,ubs)L
SRy = ic[ =8y (Vun = Vi) + A” uEys¥n — A3 8ys ¥l



Chapter 10

Kaluza—Klein theory

The spacetime in GR is a Riemannian four-dimensional continuum Vs. In
accordance with the principle of equivalence, gravity is determined by the
geometry of spacetime. Very soon after the discovery and experimental
verification of GR, Kaluza (1921) proposed that the four-dimensional spacetime
be supplemented with a fifth dimension, in order to give a unified account of
the gravitational and electromagnetic interactions, the only two basic interactions
known at the time. Although the physical effects of gravity and electromagnetism
are seemingly very distinct (all particles are subject to gravity, but only charged
particles are subject to electromagnetism), Kaluza showed that both can emerge
as different manifestations of a five-dimensional GR. In this theory point particles
move along geodesic lines in a five-dimensional Riemann spacetime Vs, and these
trajectories are seen in Vj as trajectories of particles subject to both gravitational
and electromagnetic forces.

Kaluza studied only the classical structure of the five-dimensional gravity.
The first analysis of the compatibility of this theory with quantum mechanics
was given by Klein (1926). Later investigations generalized Kaluza’s idea to a
spacetime having more than five dimensions, giving rise to a unification of gravity
with non-Abelian gauge theories. All higher-dimensional theories that attempt to
unify gauge theories with gravity are now called Kaluza—Klein (KK) theories.

In the papers by Kaluza and Klein it is not clear whether the fifth dimension
should be taken seriously or merely as a useful mathematical device necessary
to obtain a unified four-dimensional theory, whereupon its physical meaning is
completely lost. Nowadays, it is widely accepted that the fifth dimension should
be considered as a true, physical dimension. The explanation of why the new
dimension has not been detected up to now is ‘found’ in the assumption that the
spacetime along the fifth dimension is curled up into an exceedingly small circle,
so small that it could not yet be observed. This is also true for small gravitational
fields, so that the ground state structure of the five-dimensional space Vs has to be
essentially different from that of Ms. It can be pictured as an ordinary spacetime
V4, with a tiny circle ‘attached’ to every point of it.

293
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Significant advances in our understanding of the fundamental interactions in
the 1970s brought a revival of interest in Kaluza’s ideas. There are several reasons
for this. First, since the electroweak and strong interactions can be successfully
described as gauge theories, the KK approach may serve as a framework for
studying their unification with gravity. Then, the existence of the ground state
which does not have the form of M5 can be best understood as an effect of
spontaneous symmetry breaking. Finally, using the idea of supergravity in KK
theory it is possible to have a geometric description of both gauge fields and spinor
matter.

In spite of many advances, the realization of these ideas has been
accompanied by many difficulties, so that even today, more than seven decades
after its birth, there is no realistic KK theory. Nevertheless, having a feeling
that there must be at least a part of the truth in these intriguing ideas, physicists
continue to study them, since ‘it appears hard to believe that those relations, hardly
to be surpassed in their formal correspondence, are nothing but an alluring play
of whimsical chance’ (Kaluza 1921).

10.1 Basic ideas

We begin our exposition of KK theories with the theory in five dimensions. The
basic motive of the five-dimensional KK theory is the unification of gravity and
electromagnetism. The realization of this goal demands a deeper understanding of
the role of ground state in gravitational theories (see, for instance, Orzalesi 1981,
Witten 1981a, 1982, Mecklenburg 1983, Freedmann and van Nieuwenhuizen
1985, Bailin and Love 1987).

Gravity in five dimensions

Five-dimensional KK theory is defined in a five-dimensional Riemann space Vs
with metric gy of the signature (+, —, —, —; —). The upper-case Latin letters
(M,N,... = 0,1,2,3,5) denote coordinate indices in V5 and the lower-case
Greek letters (i, v,... = 0,1, 2,3) denote, as before, the coordinate indices
in four-dimensional Riemann space V4. The original KK theory is simply five-
dimensional GR, determined by the action

1 ~
o= 5 /dsz@e (10.1)
K

where z¥ = (x*,y), § = det(gun), R is the scalar curvature and @ the
gravitational constant in V5. The possibility of having additional matter fields
will be considered later. The equations of motion are

ie\MN == 0
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The action (10.1) is invariant under general coordinate transformations:

azh ozl
97 WgRL(Z)'

M=z  gnE) =

Kaluza’s mechanism. In order to ensure the unobservability of the fifth
dimension, Kaluza introduced the assumption that there exists a coordinate
system in V5 such that the metric tensor is independent of the extra coordinate:

dy8un = 0. (10.2a)

The so-called cylinder condition (10.2a) is not generally covariant, but there
is a wide class of coordinate systems in which it holds true. Going over to
new coordinates we find that condition (10.2a) remains fulfilled provided the
partial derivatives (3x"*/dx*, dx*/dy, dy’/dx*, dy’/dy) do not depend on y. It
follows that the permitted coordinate transformations have the form x'* = x'*(x),
vy = py + &(x), where p is a constant.
The metric tensor g,y has 15 components, which can be naturally grouped
in the following way: guv = (§uv. 845, 855)- Starting from the idea that 10
components g, describe gravity and four components §,.5 the electromagnetic
field, the component gss appears as a redundant degree of freedom. Following
the ideas from the early period, we eliminate this component by imposing the
additional condition
gss = —1. (10.2b)

The negative sign of gss corresponds to having y spacelike. Condition (10.2b)
restricts the value of p to p = 1, so that the residual coordinate transformations
have the form:

x' = x'(x) (10.3q)
y =y+ek). (10.3b)

The metric. The previous suggestion concerning the physical interpretation of
the metric components can be checked by looking at their transformation laws.
Under transformation (10.3a) the components §,,, and 2,5 transform according

to
o x* 9xP | A, ax*
Euv = M—,Mmgm 8us = mgxs
i.e. as the usual four-dimensional tensors. Next, consider the transformation
(10.3b):

g;u) = gu,v - au£§v5 - 3US§M5 — 8u88v8
g,:LS = éuS + 3M8.

Formally, §,5 transforms like the electromagnetic potential. However, if we
recall that gauge transformations in electrodynamics are, in fact, local U (1)
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transformations, we see that the identification of g,s with the electromagnetic
potential could be accommodated by postulating the extra dimension to be
geometrically a circle. In that case any movement along y in V5 may be
interpreted as an Abelian gauge transformation of g,5.

On the other hand, it seems natural to demand that the metric of the physical
four-dimensional space be invariant under translations along y, which is not the
case with g,,. What, then, is the metric of the physical spacetime V4? By
observing that the combination

v = g,uv + g;LSgUS

is invariant under (10.3b), we conclude that g, is the correct metric of V4.

Using the quantities g,, and §,5 = —B,, which have a direct physical
interpretation, the original five-dimensional metric takes the form
gy = ( S0~ BuBv —Bu) (10.4a)
—B, -1

The inverse metric has the form

. e _BH
o = (va o BABA) (10.4b)

where g"” is the inverse of g,,, and B* = g/¥B,,. Four-dimensional indices are
raised and lowered with the help of g"¥ and g, .

The reduced action. A physical interpretation of the theory derives from the
effective four-dimensional form of thei action (10.1), restricted by conditions
(10.2a, b). The Christoffel connection I'¥, is given by

f‘llfp = Fll)lp + %(FMUB/) + Fﬂva)

3, = L(VyB, + V,B,) — 1 B*(F.B, + FipBy) (10.5a)
A5 1pa U AR NS
Fsp—_iB Fip FS,O_EFMP Fss—rss—o

where F,, = 0, B, — 9, B,. Then a direct calculation yields
Ruv = Ruy + $(BuV,FPy + BV, FP ) + 1B, B F2 + L PP, F,,
Rus = 5VoF*u + 3BuF?  Rss = ;F?
(10.5b)
where R, = Ry, (Vs), and F? = F,, F*¥. This implies
R=R+ 1F,,F". (10.5¢)

Now, using the equality \/E = ./—g we see that the integrand in (10.1) does
not depend on y. Therefore, in order to have a finite action the domain of the
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fifth coordinate has to have a finite measure. This is true, in particular, if the
extra spatial dimension is compact, with the geometry of a circle, 0 < y < L, in
accordance with the physical interpretation of g,s. Then, the integration over y
in (10.1) leads to the following, reduced four-dimensional action:

1 .
1 = _Z/d“x V=8(R+ 1FF*™)  k=R/L. (10.6a)

The form of the first term in the action shows that « is the usual four-
dimensional gravitational constant, »/k /8¢ = 1.6 x 10733 cm. Moreover, it is
evident that the Maxwell action is not well normalized. Since B, is dimensionless
and the electromagnetic potential has the dimension of mass, we define

B,=fA, fP=2% (10.6b)

where the condition f2/2k = 1 ensures the standard form of the Maxwell action:
—}TF 2(A). Had the extra dimension been timelike, g55 = +1, we would have
obtained the wrong sign here.

While the original action (10.1) is invariant under five-dimensional general
coordinate transformations, transition to the Kaluza metric reduces this symmetry
to the form (10.3). Because of the cylinder condition, all that remains from the use
of the fifth dimension is the increased number of fields in d = 4: the reduced four-
dimensional theory describes gravity and electromagnetism. This procedure, in
which the resulting four-dimensional theory is obtained starting from a higher-
dimensional theory in such a way, that its properties can be studied without
attributing physical existence to the extra dimension, is called a dimensional
reduction.

On the other hand, we can accept the fifth dimension as a physical reality,
and obtain all geometric properties of Vs, including the compactness of the extra
dimension and the cylinder condition, by relying on the five-dimensional field
equations. This approach, based on the modern concept of spontaneous symmetry
breaking, is known as spontaneous compactification. It makes the idea of higher-
dimensional gravity more natural and attractive.

Now, it is useful to identify several shortcomings in Kaluza’s original
approach.

—  The physical meaning of the fifth dimension is not clear (Is it a genuine
physical dimension or merely a mathematical device necessary to obtain
unification in four dimensions?).

— The cylinder condition that accounts for unobservability of the fifth
dimension does not have a natural explanation.

—  The metric component gss is eliminated from the action by imposing an ad
hoc condition. This is not consistent from the point of view of the original
theory, as we are thereby lacking the field equation Rss = 0.

—  The theory does not account for the electroweak and strong interactions.
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— The approach is purely classical; it does not address itself to the quantum
nature of basic interactions.

—  The obtained geometric unification of gravity and electromagnetism does not
include matter.

Some of these objections are given from the point of view of our present
understanding of the basic physical interactions. In the subsequent exposition
of the five-dimensional theory we shall show how the first three objections can be
eliminated. Inclusion of the weak and strong interactions demands a transition to
higher dimensions, and will be discussed in section 10.3. The real explanation of
the last two objections lies outside the scope of this book, although some aspects
of the problems will be mentioned in passing.

Ground state and stability

An important step in studying physical properties of a dynamical system is to
find its ground state or vacuum. Then, the low-energy physics is obtained by
introducing physical fields as excitations around the ground state.

It might seem natural to assume that the ground state of the theory (10.1) is
the five-dimensional Minkowski space M5. However, such an assumption, if true,
shows that the theory (10.1) is wrong, since we certainly know that the space we
live in is not even close to M5. Kaluza’s basic idea can be expressed by stating
that the true vacuum state is the product of four-dimensional Minkowski space
My with a circle S;:

(V5)o = My x Si.

It is assumed that the circumference of this circle is very small so that the fifth
dimension is unobservable in standard experiments.

In a large class of field theories the ground state is determined as the stable
solution of the field equations with the lowest energy. However, this definition is
not relevant for gravitational theories where the concept of energy is very subtle
and depends on the boundary conditions. We shall now discuss this problem in
more detail.

Classical vacuum. In classical field theories, the positivity of the energy plays
an important role for the stability of the vacuum. The energy is usually of the
form E = f d3x Tyo, where Tyo = 0 in the vacuum, and Ty > O for all other
configurations. Conservation of energy then implies the stability of the vacuum:
there is no other configuration to which it could make a transition, respecting the
conservation of energy. Besides the true vacuum state, a field theory may have
other classically stable solutions, for which the energy has only a local minimum.

Consider now, as an illustrative example, the simple scalar field theory in
1+1 dimensions: £ = 1(3,¢)> — 1(3x¢)? — V (¢). The Hamiltonian is

+00
H = / dr [139) + L(0:0)7 + V($)1.
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Without loss of generality, the condition that the energy is bounded from below
may be replaced by the positive energy condition: E > 0. This means that the
potential has to be a non-negative function of ¢, V (¢) > 0. Moreover, we restrict
ourselves to finite energy configurations, which implies the following boundary
conditions:

0, 0y, V(p)— 0 as x — *+oo.

Consequently, the field ¢ tends to a constant value at infinity, and this value must
be one of the absolute minima of the potential V (¢):

X — oo ¢ — ¢p+ V(ps) =0.

The constants ¢_ and ¢ need not be equal.

The classical vacuum ¢ is the solution of the field equations that has the
lowest possible energy, Eg = 0. It follows from the form of the Hamiltonian that
¢o must satisfy the relations

Orpo =0 Ox¢o =0 V(¢o) = 0.

Thus, ¢ is a constant field for which V (¢) has an absolute minimum. In general,
the classical vacuum is not unique.

The classical vacuum is a stable, static solution of the field equations. Its
dynamical role becomes clearer if we analyse all stable and static solutions of
the theory. A static solution ¢o(x) is a field configuration for which the potential
Wig] = [dx [%(8)((1))2 + V(¢)] has an extremum:

SWIP) o
el 326 + V'(¢) =0.

We should note that for static solutions W[¢] = H|[¢]. Classically stable static
solutions correspond to the minima of W[¢], i.e. to the minima of the static energy
functional. Thus, the classical stability of a solution is tested by its behaviour
under small perturbations (perturbative stability).

When W{[¢] has a single minimum, there is only one static solution, the
unique classical vacuum. More interesting situations arise when W[¢] has several
minima.

When W[¢] has an absolute but degenerate minimum, it is called the
degenerate classical vacuum. A simple example is given by the non-trivial ¢*
theory: V(¢) = (A/4) (¢* — v3)%. The potential W[¢] has two absolute minima,
¢o = =+, so that the classical vacuum is degenerate.

A solution ¢p may only be a local minimum of W[¢]. Returning to the
previous example, we note that for any finite energy solution there are four
possible types of boundary conditions: (¢—, ¢+) may take the values (—v, —v),
(4v, +v), (—v,+v) and (+v, —v). Accordingly, the set of all finite energy
solutions can be broken into four sectors. Classical vacuum solutions, ¢g = —v
and ¢9 = +v, belong to the first two sectors (vacuum sectors). The remaining
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two sectors are topologically non-trivial (non-perturbative sectors), and the related
solutions are called the kink and antikink, respectively. They correspond to the
local minima of W[¢], and each of them has the lowest energy in its own sector
(Felsager 1981, Rajaraman 1982).

Classical stability. Now, we are going to consider small fluctuations around a
static solution ¢ (x):

@(t,x) = ¢o(x) +n(t, x) In(t, x)| < |po(x)].

Using the series expansion 7n(t, x) = Zk Nk (x) exp(—iwkt) over a complete set
of static solutions 7, (x), the field equation for ¢ (¢, x) takes the form

[—92 + V" (o) Ik (x) = i (x).

Since the operator [—83 + V”(¢)] is Hermitian, the modes n; are orthogonal,
and w,% is real. For the stability of ¢p we must have w,% > 0. Indeed, the existence
of a negative w,% (imaginary wy) would imply the appearance of the exponential
factors exp(%|wy|f) which, for some value of time, become large, and contradict
the stability.

The stability condition can be expressed as a condition on the energy of
the system. Let ¢o(x) be a static solution for which the Hamiltonian H[¢] =
fdx [%(8)@)2 4+ V(¢)] has a minimum. By varying ¢o(x) in the set of static
functions, d¢o(x) = en(x), the variation of energy takes the form

8Hl¢o] = %82/dx n)[—82 4+ V" (¢o)In(x).

Using, now, the series expansion of n(x) in terms of the orthogonal modes,
n(x) =Y, axnk(x), this relation reads as

SH(go] = 3&* > ajoy.
k

Thus, the requirement w,% > 0 can be translated into 6 H [¢g] > 0.

The condition a),% > 0 is necessary but not sufficient for stability. If all
wy are real and not zero, which means that all w,% > 0 (there is a strong local
minimum of the energy), then ¢y is a classically stable solution. If all wy are real
but some of them are zero, the solution ¢ may be either stable or unstable. Thus,
the appearance of zero modes complicates the formalism, and demands additional
criteria for stability (Mecklenburg 1981).

Zero modes are solutions 1 (x) with wr = 0. They are often related to the
existence of different static configurations which have the same energy and are
connected by a continuous symmetry. In that case any symmetry transformation
of the state ¢o(x) is the zero mode deformation. Consider, for example, the
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translational invariance of the scalar field theory. It implies that configurations
¢o(x) and ¢o(x + €) = ¢o(x) + €0x¢o(x) have the same energy, i.e. the
perturbation along dy¢o(x) does not change the energy of the state. To see that
explicitly, we should differentiate the equation of motion for ¢o(x) with respect
to x:

[—82¢0(x) + V" (¢0)18x¢o(x) = 0.

For stability, the translation mode should be the lowest one. We can often use
general arguments to show that the eigenvalue wy = 0 cannot be the lowest,
which implies instability.

This analysis applies to all static solutions, including both local and absolute
minima of the potential, and can be generalized to more complex dynamical
systems (Rajaraman 1982, Mecklenburg 1983).

Semiclassical instability. Standard treatments of quantum field theory are
usually based on perturbation theory. However, perturbation theory is not an
ideal small-coupling approximation, as there are a lot of interesting physical
phenomena in the small-coupling regime that are not covered by perturbation
theory. A typical phenomenon of this kind is quantum tunnelling, which is not
seen in any order of perturbation theory.

There are computational methods based on the semiclassical (small h)
approximation, in which the functional integral is dominated by the stationary
points of the action. Many nonlinear classical field theories possess non-trivial
stable solutions corresponding to the local minima of the energy functional. If
two local minima are separated by a finite potential barrier, semiclassical analysis
shows that the system can funnel from one configuration into the other. The
tunnelling is associated with a localized solution of the corresponding Euclidean
field theory that interpolates between the two local minima, called the instanton
(Coleman 1985).

Semiclassical instability in field theory may be investigated by instanton
methods in the following way:

(a) First, we find a local minimum solution of the Euclidean field theory.

(b) Then, we look for a bounce solution—a solution of the Euclidean theory that
asymptotically approaches the local minimum configuration.

(c) Finally, we check the stability of the bounce solution against small
perturbations. If the bounce solution is unstable, its contribution to the energy
of the ground state is imaginary, which indicates the instability of the ground
state (Mecklenburg 1983).

The KK ground state. We now want to apply these considerations to gravity
and to find whether the space M4 x S; could be the ground state of the five-
dimensional KK theory. The first step would be to compare the energy of M4 x S
to the energy of M5. However, the definition of the gravitational energy depends
on the boundary conditions, so that this comparison would be meaningless.
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A field theory is defined not only by an action but also by boundary
conditions. General covariance describes the symmetry of the action but the
physical symmetry is determined by the symmetry of the boundary conditions.
The choice of boundary conditions defines the asymptotic symmetry of spacetime
and, consequently, the associated concept of time; this time is, then, used to
introduce the energy for generally covariant dynamical systems (see chapter 6).
Therefore,

we can compare energetically only those solutions that have the same
boundary conditions.

Thus, for instance, we may compare the energy of all solutions that are
asymptotically Minkowskian but no more.

With these limitations in mind, we can now understand the real meaning of
a typical positive energy theorem. Consider, for instance, a class of solutions of
Einstein’s equations that are asymptotically Minkowskian. If we can show that
all solutions in this class, which are different from M4, have positive energy and
only M4 has zero energy, then it follows that the Minkowski space is stable (there
are several proofs of this theorem in GR).

Since the definition of the gravitational energy depends on the boundary
conditions, and the boundary conditions for Ms and M4 x S; are different, ‘a
comparison between them is meaningless, like comparing zero apples and zero
oranges’ (Witten 1981a).

The only criterion for the choice of the gravitational ground state
remains stability.

Consequently, in KK theory we should impose the requirement that M4 x Sy
should be stable, both classically and semiclassically.

The space M4 x Si is classically stable configuration. As we shall see,
the spectrum of small excitations consists of a finite number of massless modes
(a graviton, a photon and a scalar field), expected for symmetry reasons and an
infinite number of massive modes. All frequencies are real and exponentially
growing modes are absent.

In order to explore the semiclassical stability of M4 x S1, we first define
the Euclidean KK ground state by ds?> = dr? + dx? + dy? + dz? + d¢?, or,
after introducing spherical coordinates, ds> = dp? + p?dQ? + d¢?. Here, ¢
is a periodic variable, 0 < ¢ < 2mr, and d$? is the line element on the three-
dimensional sphere S3. Then, we observe that there is a bounce solution specified
by
dp?

ds? = —5—
SRRy

+ 02 dQ% + (1 — a?/p?) d¢?

where a > 0 is a constant. For large values of p this solution approaches the
KK vacuum. To obtain a non-singular behaviour at p = a, ¢ has to be periodic
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with period 27 /a, and p is restricted to run from a to infinity. Studying small
fluctuations around this solution we find that it represents an instability of M4 x S7.

By an appropriate Minkowskian continuation, we can find a solution into
which the KK vacuum decays. That space (a) contains a hole in it and differs
topologically from M4 x Si, (b) has the same asymptotic behaviour and (c)
its energy is zero. Therefore, the KK vacuum decays in the process of the
spontaneous formation of a hole, going over into a final state with the same energy.
However, the interpretation that this bounce solution describes an instability of the
KK vacuum is correct only if spaces with topologies different from My x Sj are
allowed dynamically, which is not quite clear. If such spaces are not considered,
the positive energy theorem also holds for the KK vacuum. Moreover, the effect of
the instability could be eliminated by adding elementary fermions (Witten 1982).

In our further exposition we shall leave aside these interesting aspects of the
five-dimensional KK theory and continue to analyse its classical properties. It
should be stressed, however, that the question of the stability of the ground state
has to be clarified in every serious attempt to construct a realistic KK theory.

10.2 Five-dimensional KK theory

In the preceding section we introduced the basic ideas of five-dimensional KK
theory and shed light on the important role of the ground state for its physical
interpretation. Now, we are going to give a systematic account of the geometric
and physical structure of the theory (see, e.g., Zee 1981, Salam and Strathdee
1982, Gross and Perry 1983, Mecklenburg 1983, Duff ez al 1986, Bailin and Love
1987).

Five-dimensional gravity and effective theory

We begin by discussing the general structure of the five-dimensional gravity and
its effective form in d = 4.

Gravity in five dimensions. Let Xs be a five-dimensional differentiable
manifold with local coordinates z¥. At each point of this manifold we define
the tangent space T5 with a local Lorentz basis (pentad) &: && = n,, where
ny = (+,—, —, —; —). Here, (1,7, ...) are local Lorentz indices, and (M, N, . ..)
are coordinate indices. An arbitrary vector of the coordinate basis &, can be
expressed in the Lorentz basis as &, = b',&, and the inverse relation reads as
& = hMéy,.
In each tangent space 75 we can define the metric in the usual way:

gMN = &,6y = bIMbJNnIJ'

If, in addition, we introduce an antisymmetric, metric compatible connection
AY, = —A",, the theory takes the form of PGT in d = 5, and (X5, g, A) is
a Riemann—Cartan space Us.
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The theory of gravity in Us is invariant with respect to local translations
(general coordinate transformations) and local Lorentz rotations SO (1, 4). From
gauge potentials b'y and A”,, we can construct the corresponding field strengths:
the torsion 7",y and the curvature R”,,. We assume that the dynamics of the
gravitational field is determined by the simple action

1 A A
Ig = _—A/dSZ bR(A) (10.7)
2Kk

where b = det(b'y) = \/§ Matter fields can be coupled to gravity by
generalizing the well-known four-dimensional structures (at the expense of losing
the simplicity of Kaluza’s original idea).

Example 1. The real massless scalar field in Us is described by the action
Is = /dSz Vé(—1eOp).

By varying Ig + Is with respect to A we obtain T’MN = Vyub'y — Vyb!y, = 0. This
algebraic equation can be explicitly solved for A:

A[JM — AUM = %(CIJK _ CKIJ + C./KI)bKM

where C'yy = 0yb'y — dyb’y. Going into coordinate indices A”,, becomes the
Christoffel connection f‘,"jR. Thus, the condition T = 0 converts Us into the
Riemann space V5. By replacing A = A into the original action we obtain an
equivalent formulation of the theory (the second order formalism).

In five dimensions the Dirac field is just a four-component spinor. The
dynamics of the massless Dirac field in Us is determined by

Ip = / &z Libgry*n Vi + H.C.

where yX = (y*, y7) are the d = 5 Dirac matrices, V¥ = (3 + %A“Mau)l//,
and H.C. denotes the Hermitian conjugate term. The equations of motion obtained
from Ig + Ip can be solved for A:

AIJM — AUM+ KIJM

where the contortion tensor K is bilinear in ¥ and v. The connection is not
Riemannian, and we have here an analogue of EC theory in Us. The replacement
A = A in the original action does not give an equivalent theory. However, this
theory by itself represents a consistent theory of the Dirac field in Riemann space
Vs.
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Ground state. As we have seen, it makes no sense to compare asymptotically
different gravitational solutions on energetic grounds, hence there is no satisfying
criterion for the choice of the ground state of Us. We shall, therefore, adopt
Kaluza’s ansatz by itself,

(Us)o = My x 81 (10.8a)

and explore the consequences.
After introducing local coordinates z” = (x*, y), with y being an angle that
parametrizes Si, the metric of the ground state takes the form

. 0
8oy = v = (”g” _1> : (10.8b)

Note that it has the same form as the five-dimensional Minkowskian metric, since
Ms and M4 x S are locally isometric. This metric is a solution of the classical
field equations, Ruy = 0. Studying small oscillations around (10.8) we find that
there are no exponentially growing modes, hence the ground state My x S is
classically stable. Semiclassical analysis indicates that M4 x S may be unstable.

The form of the ground state M4 x S; can be understood as a sort of
spontaneous symmetry breaking. The symmetry of M5 is the five-dimensional
Poincaré group Ps, while the symmetry of M4 x S7 is only P4 x U(1). The
possible maximal symmetry of the ground state Ps is spontaneously broken to
P4 x U(1). Since S; is a compact manifold, the emergence of the ground state
My x S is called spontaneous compactification.

We know that GR in d = 5 with the ground state M5 can be understood
as a theory based on the local P; symmetry. In a similar way, KK theory with
the ground state M4 x Sp is a theory based on the local P4 x U (1) symmetry.
The local Py is responsible for the presence of gravity in d = 4, while local
U (1) describes electromagnetism. This is why KK theory can unify gravity and
electromagnetism.

The harmonic expansion. Having found the ground state, we can now expand
every dynamical variable around its ground state value and determine the
spectrum of excitations. Harmonic expansion is introduced to describe these
excitations. Since the fifth dimension is a circle, we have y = r6, where r is
a constant and 6 an angle, 0 < 6 < 27. Any dynamical variable defined on
My x S can be expanded in terms of the complete set of harmonics on Sy:

P, ¥) =Y on(X)¥a(y) (10.90)

where the Y, are orthonormal eigenfunctions of the operator O, = —8y2:

Yu(y) = Qur)~!/2emim/r

(10.9b)
O, Y (y) = ?/rH)Ya(y) f dy Y () Y (Y) = Sum.
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In five dimensions this is the Fourier expansion of the function ¢(x, y) periodic
in y € S1, with the coefficients that depend upon x.

Example 2. The physical spectrum of excitations of the five-dimensional metric
can be determined by expanding g, around its ground state value,

gMN(x7 Y) = Ny + hun(x, y)

and using the equations of motion. If we choose an appropriate gauge condition
the field equations R,y = 0 take the form

ahMN(xv y)=0

where 0] = n"Ndydy = Ox+0y. Thus, hyy are massless fields in five dimensions.
Now, we can make the Fourier expansion hyy(x, y) = Zn hyy(x) Y, (y) and
obtain the equations for the Fourier components:

Oy +n?/rHh" (x) = 0.

We have here an infinite number of four-dimensional fields 4}, (x). The nth mode
of the metric has the (four-dimensional) mass squared m,zl = (nhc/r)?, that stems
from the kinetic energy of the motion along the fifth dimension. All the modes
withn # 0 are massive and 29, (x) is the only massless mode. The massless mode
reflects the existence of local symmetries (to be discussed later) and m% > 0, so
that there are no exponentially growing modes.

If r is of the order of the Planck length, [, = (hG/c3)1/2 =1.6 x 10733 cm,
the modes with n % 0 have masses of order fic/r ~ 10'° GeV. At energies well
below the Planck energy, these modes are very hard to excite. If we restrict our
considerations to the low energy sector of the theory, E < hic/r, and neglect all
massive modes, the metric g,y becomes independent of the fifth coordinate. This
gives a clear meaning to the cylinder condition.

In order to express the complete five-dimensional theory in an equivalent
four-dimensional form, we should Fourier expand all the dynamical variables in
the action, and integrate over the fifth coordinate.

The information about the fifth dimension is completely contained in
the presence of all modes of the original fields in the effective four-
dimensional action.

Very often, we limit our considerations to the zero mode contribution, which
is independent of the fifth dimension. In doing so, we expect the higher excitations
to be too massive to be accessible at present energies. However, more detailed
investigations show that discarding the massive modes is not always consistent
with the higher-dimensional field equations (Duff e al 1986).
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Choosing dynamical variables

We now introduce a suitable parametrization of the five-dimensional metric, so
that the usual gravity and electromagnetism are directly included in the massless
sector of the effective four-dimensional theory (Zee 1981, Salam and Strathdee
1982).

The metric. We want to investigate the general structure of the space Us,
assuming that the ground state is M4 x S1. Let &, = (&,, &) be the coordinate
basis of the tangent vectors, associated with local coordinates z¥ = (x*, y). The
metric gy = &6y has the general form

A _ é’/w g,uS
X, =1 A ~ .
gMN( y) (gSV 855 )

We assume that the space Us has a layered structure, as represented in
figure 10.1: for each fixed point x* in V4 there is a (one-dimensional) manifold
V1 (layer or fibre), and the coordinate y labels the points in Vj. This means
that Us locally has the structure of the Cartesian product Us x Vi, which is not
necessarily true globally. Two neighbouring points (x, y) and (x,y + dy) in a
layer V; define an infinitesimal displacement (0, dy) = dyés, the square of which,
ds? = %55 dy?, defines the metric in V;: gs5 = 3ss.

Next, we define the spacetime Uy by demanding that each displacement in
it should be orthogonal to a given layer V. The motivation for this choice is
found in a simple physical interpretation: any displacement in spacetime should
be orthogonal to the internal space. A displacement (dx,0) = dx"&, is not
orthogonal to (0, dy) since &,65 = g,5 # 0. Hence, the four-dimensional space
the points of which are (x, y = constant) cannot be the physical spacetime. The
desired displacement orthogonal to V; has the form (dx, Ay) = dx*&, + Ayés,
where Ay is determined by the orthogonality condition:

dx"8, + Ayés)es =0 = Ay =—g"gs, dx".

_/\

/ y+dy
/
Vi
/ (x+dx,y)
xy) /L /

Ay

Figure 10.1. The layered structure of Us.
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Here, the quantity g is the inverse of gss = gss, and should be clearly
distinguished from g3. The length of the displacement vector (dx, Ay) can be
computed to be

(dx*, AY)gun(dx”, Ay) = Gy — 87 8us8vs) dxt dx¥ = g,y dx# dx”

where the last line defines the metric g, of spacetime Us.
If we introduce the notation

8ss=¢ss  8us = &ssB,

and then, for simplicity, omit the indices 5 in ¢s5 and Bi, the metric of Us takes

the form

5 _ (8w +¢BuB, ¢By

gun(x,y) = < OB, o (10.10a)
whereupon we find

AMN (8" —BH

8 (x,y)—<_BU 6+ BB ) (10.10D)

This result is an expression of the local orthogonality of V| and Us, and leads to
the following form of the interval:

ds? = g, dx* dx¥ 4 gss(dy + B, dx*)(dy + B, dx"). (10.10¢)

The pentad. These considerations can be expressed in a suitable form by using
the formalism of orthonormal frames. We observe that the first four vectors
of a Lorentz frame & = (&, &) define the Lorentz frame in T4, the tangent
space of Us. Each vector of the coordinate basis &, can be expressed as
&, =b'y&+b° n€s. Applying this expansion to the vector & in the layer V, and
using the local orthogonality of V| and Uy, we conclude that the expansion of és
cannot contain any of the vectors & in Uq:

A _ i oA 5 4 A 15 A
&, =0b,6+b,6 &5 = b 56s.

Thus, the local orthogonality condition takes the form

i 1 bili 0
b's=0 <= bulx,y)=| 3 s - (10.11a)
b’y b5
From this we easily find the inverse pentad:
it R
M _ i i
hy (x,y)—< 0 h55> (10.11b)
where h;* is the inverse of biﬂ, h§5b55 = 1, and h;° satisfies the condition

biuhiS + bk’ = 0.
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In terms of the pentad components, we can construct the metric of Us in the
standard way:

gp.v = biuijnij + bsp,bszSS = 8uv — bsubsv

Sus = b°b7snss = —b° b5
§ss = b>sbsnss = —b sb’s.
After making the identification B, = thbéu, we recognize here the result

(10.10a).
Using the basis (&, &), we can define the local Lorentz coordinate system

GRS
' = by dxt dE% = b sdy + b, e = bs(dy + By, dx’)
in which the interval has the form ds? = »; j dé Ldgd + nss(dg 5 )2.

There is another, very convenient, choice of basis obtained by taking
(Eu. Es) = (0,6, 65), ie.

& =E,+B,Es & =Es

which is naturally related to the local orthogonality of Vi and Us. This basis
defines the local coordinate system (X", Y):

dX* = dx* dY =dy + B, dx*
in which the metric is block-diagonal:
ds? = g,p dX* dX" + gss dY2.

It is important to realize that this is not the coordinate basis, which influences the
calculations of various geometric objects (Toms 1984).

After introducing the metric structure of Us by the condition (10.11a), we
can also obtain the related (4 + 1) splitting of the Christoffel connection.

Residual symmetry. The original five-dimensional action (10.7) is invariant
under general coordinate transformations and local Lorentz rotations. The
transformation law of 5’ under general coordinate transformations has the form

. oxY . ay .
noo__ i i
b w = —8)6/'“17 v+ 8x/ﬂb 5.
If we wish to preserve the fundamental condition 's = 0 which defines the

layered structure of Us, we have to allow only those coordinate transformations
in which x” does not depend on y:

x'=x'(x) y =y'(x,y). (10.12)
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The related transformation rules of the metric components (g, By, ¢) are:

. x> xP dy dy

— /— _
Y T 8x/ug)‘/’ ¢ = ay’ dy’

ax* [dy’ ay’
B’ ZL le—i .
B 9xm \ 9y dx*

If we recall the omitted indices 5 in ¢ and B, these rules become much clearer:

(10.13)

(a) guv 1s a tensor with respect to the indices (u, v);

(b) ¢ = ¢s5 is a tensor with respect to (5, 5);

(¢) B,=B Z is not a tensor, as it transforms inhomogeneously, but in the special
case y/ = y’(y) it becomes a tensor with respect to (5, ).

The coordinate transformations (10.12) reduce to the form (10.3) if we demand
that ¢ = ¢ (x).
The massless sector of the effective theory

In our previous considerations, we defined the general geometric structure of
the space Us, in which the metric components are functions of all coordinates
M = (x*, y). Now, we focus our attention on the truncated theory that contains
only y-independent, zero modes.

Instead of discussing the general Riemann—Cartan space Us, we restrict our
attention to the important case 7 = 0, corresponding to the Riemann space Vs.
Using metric (10.10) and assuming its independence of y, we find the following
result for the Christoffel connection:

I =Tl — S(F*,By¢ + F*, By + By B,d" )
[, = —3(F*op + Bpotp) 5= —30"¢
3, = 3(VuB, + V,B,) + 5 B*(FyyByp + FiyByp + B,B,di¢)  (10.140)
+36 71 (Bydvo + Bud,o)
13 = LB Fipp + B, B osp + ¢~ '0,0) T35 = 1B 0.
A straightforward (but lengthy) calculation leads to the curvature scalar:
R=R—1¢FF" — ¢~ 'O + Lo 0, 08,0

5 (10.14b)
=R— 1¢F F" — ﬁﬂx\/—qb.

Since \/E = /—g+/—¢, the expression \/—gk\ does not depend on the fifth
coordinate, and the integration over y in action (10.7) yields the following



Five-dimensional KK theory 311

effective low-energy theory:

10 =~ [ @ yTRVR(R — SoFL ) =L (10.15)
2K

where we have dropped a four-divergence term. This result represents the
zero mode contribution to the effective four-dimensional action, and should be
compared to expression (10.6), which holds for ¢ = —1.

This theory can be recognized as a variant of the Brans—Dicke theory,
with 0 = ./—¢ identified as the massless scalar field coupled to gravity
and electromagnetism. The scalar field effectively defines the strength of
the gravitational interaction. ~While Brans-Dicke theory contains a term
wd,o00to /o, with w > 6, here w = 0. Also, the coupling of the scalar ¢ to
matter is completely fixed by the five-dimensional covariance, whereas in the
Brans—Dicke theory this coupling is absent.

The presence of the multiplicative factor ,/—¢ in the action does not
correspond to the standard formulation, in which the coefficient of ./—gR is
constant. The theory can be transformed into the usual form by a local Weyl
rescaling of g, and ¢. Recall that the scalar curvature in V4 transforms under
Weyl rescaling as

guw=2""guw  R(g) =A[R(E) +30Inr — 31728 9,23,1].
Thus, if we define
gow=2""g0 =29 =@ (10.16a)

the effective four-dimensional theory assumes the usual form

0 _
I57 = -

1 - - . -
Z/d“x V=8R —Lp Fu, F* — 16725"9,40,8)  (10.16b)
where we have dropped another four-divergence.

Note that the electromagnetic part of the action is not properly normalized.
This is easily corrected by introducing

B,=fA, fr=2% (10.16¢)

where the condition f2/2x = 1 ensures the standard form of the Maxwell action
for ¢ = —1. We choose f to be negative, by convention.

The final form of action (10.16b) is obtained by a local Weyl rescaling of
guwv and ¢, which is equivalent to the rescaling of the complete five-dimensional
metric (10.10a):

() = (=)~ 173 (g’” ng“B” q_bg“) . (10.17)
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This rescaling changes the form of the Christoffel symbol T, as compared to result
(10.14a) for I.

Thus, KK theory at low energies describes the massless scalar field s =
In(—)/+/6k coupled to gravity and electromagnetism. While the gravitational
coupling is constant, the electromagnetic coupling is proportional to (—¢)'/? =
exp(v/3k/25).

Always bearing in mind that the final form of the metric is given by
equation (10.17), we shall omit the overbars for simplicity.

Dynamics of matter and the fifth dimension

The coupling of matter to five-dimensional gravity is fixed by the invariance
properties of the theory. The dynamical behaviour of matter gives us a new insight
into the physics associated with the fifth dimension (Salam and Strathdee 1982,
Gross and Perry 1983, Mecklenburg 1983).

Classical particle. A classical point-particle in the five-dimensional gravita-
tional field (10.17) has the action Iyy = —m f ds, and the equations of motion
are five-dimensional geodesics:

dZZM . dZN dZR B

dr? VR dr dr
Very interesting information concerning the motion along the fifth dimension
may be obtain by studying the metric restricted by the conditions ¢ = —1 and

guv = Nuv (Vasili¢ 1989). By these assumptions we are neglecting the effects
of the scalar and gravitational fields, so that the motion of the test particle is due
merely to electromagnetism. If we also ignore every y dependence, we come to
the following form of the metric:

vy = (M~ BuBv —Bu (10.18)
—-B, -1
where B, = fA,. The Christoffel connection is easily calculated from the

relations (10.5a). Keeping only first order terms in the electromagnetic coupling
for simplicity, we find
ﬁllfp =0, ]:‘Sp = %(8VB,0 + 8,0BU) )
f‘g‘p = %F ®, remaining components = O,

where (> denotes second or higher order terms in B,,. Using these expressions
the geodesic equation takes the form (Vasili¢ 1989)

dut

S FFR (Al = 0,

dr

du’

= S f@OuAy + A u"u” = O;.
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The second equation implies u = (u)p+0O1, where the constant (1) represents
the initial value of the particle’s velocity in the direction of the fifth dimension.
After this, the first equation yields

dut
= FW)F" ,(Auf = 0,.
Here f = —+/2«, and we recognize the well-known equation for the motion of

an electrically charged particle in the electromagnetic field, if the charge of the
particle ¢ is identified with

q/m = ~2ku). (10.19)

Thus, we deduce a surprising conclusion concerning the nature of the electric
charge:

The electric charge of a particle is a manifestation of its motion along
the fifth dimension.

Now, we use very simple arguments from quantum theory to show that the
electric charge is quantized, i.e. that g is a multiple of some elementary charge
e. If we apply the old Bohr—Sommerfeld quantization rule to the periodic motion
along the fifth dimension, (ps)o - 277 = n - 2 h, we deduce that (p°)o = (n/r)h,
ie.

qn = ne = n(hv/2k /r). (10.19b)

The radius of the fifth dimension is thus fixed by the elementary electric charge.
From the known value of the elementary charge, we find that r is of the order of
the Planck length:

2
1 2 h
¢ ~ r=— K—%3.7x10732cm.
dwhc 137 JaV 8rc

If we could find the radius r from some other considerations, this relation might
be used to calculate the electric charge. The idea of calculating the elementary
electric charge has attracted physicists’ attention for a long time, but no satisfying
solution has been found.

The real scalar field. We are now going to examine the fifth dimension using a
real, scalar field ¢(x, y). If we apply the coordinate transformation y’ = y + ¢,
the scalar field changes according to ¢’(x, y) = ¢(x, y — &). Making the Fourier
expansion ¢(x,y) = > ¢, (x)Y,(y), we find that the transformation law of the
nth mode is

@ (x) = @ (x)el /e

This means that ¢, (x) has an electric charge ~ n/r.
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The same result follows from the form of the effective electromagnetic
interaction in V4. The action of the free, real, scalar field in V5 is given by

Is = /d5z VE(—1e0p — Im?e?). (10.20a)

Using the metric (10.18) we find that

o~

O = 9" (8, — Budy)(d, — B,dy) +0,.

Substituting the Fourier expansion for ¢(x, y) in the action, and making use of
the orthonormality of the harmonics Y, to integrate over y, leads to

=3 / d*x V=gher (—V2 + mD)g, (10.206)
n

where

V2 = g" (8 — ignA) By — ignAy)
qn =n(2c/r)  m2=m*+n?/r%

The effective four-dimensional theory is seen to consist of one real field ¢o of
mass m, and an infinite number of complex scalar modes ¢,, with masses m,,.
If the original field in d = 5 is massless, the masses of the higher modes are
m, = n/r. Each higher mode has charge ¢, and minimal coupling. The
connection between the electric charge and the radius of the fifth dimension is
the same as that predicted by point-particle dynamics. In the limit » — 0 all
modes but the zero mode become very heavy. It is usual to assume that all the
massive modes can be discarded at sufficiently low energies, where the zero mode
is dominant. We should note, however, that this may lead to inconsistencies (Duff
et al 1986).

The Dirac field. The action for the massless Dirac field is defined as in
example 1:

Ip = / &z $ibyy*n"Vyy + H.C. (10.21a)

More explicitly, we have
Ip = /dSZ Liby [y* (i, + i 9y) + ¥ hz 8y + y wily + H.C.

where wx = %A” ko1 Now, we neglect four-dimensional gravity and set ¢ = —1,
so that the inverse pentad takes the form

n 5
he(x) = <5’6 h’f ) he = —8' By (10.22)
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We assume that the connection is y independent and use the Fourier expansion
for the Dirac field ¥ (x, y) = > ¥, (x)Y,(y), whereupon the integration over y
in Ip yields

1 = > / d*x 3y 8 Vo — iy mp + y¥oxlyn + HC.  (10.21b)

where V,,;, = 0, —ign Ay, my, =n/r.

Similar results are also obtained in the presence of four-dimensional gravity.
This five-dimensional theory of the Dirac field in interaction with gravity is
defined in Riemann—Cartan space Us, in which the connection A“ is not
Riemannian. The equations of motion for the connection are algebraic, and can
be solved to yield A = A + K. Hence, the replacement A = A is not consistent
from the point of view of the theory in Us.

We may, alternatively, start from action (10.21a) with A=A, representing
a theory of the Dirac field in Riemann space Vs. It can be shown that y* A, gives

rise to a non-minimal coupling, proportional to the Pauli term y° F; joi-/ .

Symmetries and the particle spectrum

The nature of the mass spectrum of the effective four-dimensional theory is best
characterized by the related symmetry properties (Dollan and Duff 1984).

The massless sector. Five-dimensional KK theory is invariant under general
coordinate transformations and local Lorentz rotations. The condition of the
local orthogonality between V| and Vi restricts the coordinate transformation to
the form (10.12), whereas the related transformations of the metric components
guwv(x,y), Bu(x,y) and ¢(x, y) are given by the rule (10.13). In the truncated
theory (10.15), the metric components are independent of y. The condition
&uv = &uv(x) does not imply any restriction on the coordinate transformations
(10.12), while the conditions B, = B (x) and ¢ = ¢ (x) imply that dy’/dy and
dy’/dx do not depend on y. Therefore, the truncated theory (10.15) is invariant
under the restricted general coordinate transformations,

X =xx) Y =py+EW (10.23a)

where p = constant, and, correspondingly,

ax* 9xP dy dy
/ _ - / AR
B = G g &4 ¢ = dy’ dy’ ¢
(10.23b)
Y S
m ax/l‘p AT

Bearing in mind the physical interpretation of the effective low-energy
four-dimensional theory (10.15), it is convenient to divide these symmetry
transformations into three groups.
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(a) Transformations
x'=x'(x) y =y (10.24a)

are general coordinate transformations in V4, under which the fields g, By
and ¢ transform as second order tensors, vectors and scalars, respectively. Weyl
rescaling by a factor (—¢)'/3 defines new variables 8uvs BM and ¢. Since ¢ is a
scalar, the transformation rules for the new variables g,,,, and Bu remain the same
as for the old ones.

(b) Next, we consider

M=xo Y=y 4w

(10.24b)
S0 =0  Soguw=0  SoBy=—03.E(x).

Originally, the parameter £ corresponded to the change in the periodic fifth
coordinate y, that represented local U(1) symmetry. However, since the
truncated, y-independent action (10.15) has no memory of the periodicity in
y, these transformations are now realization of the local (non-compact) T}
symmetry, which corresponds to the real coordinate y. After Weyl rescaling,
the transformation rule remains the same since §o¢ = 0.
(c) The remaining component of the residual symmetry consists of global
dilatations of the fifth dimension:

=
Il
=
<
Il

Py
(10.25)

(bl =/0—2¢ B,,L ZPBM g;/w = 8uv-

Direct application of this transformation to the action (10.15) yields a slightly
unexpected result—the action is not invariant, I — pIg. However, if we recall
that the four-dimensional coupling constant « is defined by x ~! = £ ~! [dy, it
becomes clear that global dilatations induce the change k = — p«k~!, whereupon
the invariance of the action is recovered.

Symmetry transformations that involve transformations of the coupling
constant are not customary in four-dimensional theory. Observe, however, that
action (10.15) possesses another, completely standard symmetry—symmetry
under global Weyl rescalings W:

¢'=2""¢ B, =iB, g, =21"gu. (10.26a)

Expressed in terms of the variables (q_b, BM, &uv), it takes the form
¢ =20  Bu=iB, g, =3iuw- (10.26b)

The geometric meaning of this symmetry can be illustrated by looking at the
interval along the fifth dimension, d552 =¢ dy2: since My x S is a flat space, it
satisfies field equations for every value of the radius r+/—¢.
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The global Weyl invariance of action (10.15) is spontaneously broken by the
KK vacuum (¢9 = —1), giving rise to the appearance of the Goldstone boson ¢,
called the dilaton. However, W symmetry is only an ‘accidental’ symmetry, valid
in the massless sector of the classical theory; the inclusion of higher, massive
modes and/or quantum corrections breaks this symmetry. Therefore,

the field ¢° = ¢(x) is actually a pseudo-Goldstone boson of global
rescalings.

We expect massless modes of an approximate theory to remain massless in
a complete theory if there is a symmetry that ensures their masslessness.
This is indeed the case with the graviton g,,(x) and the electromagnetic
potential B, (x), since four-dimensional coordinate transformations and local
U (1) transformations are the symmetries of the full theory. Certain aspects of
the symmetry of the full theory are discussed later.

In the complete theory the field ¢ becomes massive and the radius of the fifth
dimension is determined. In the massless sector, however, the radius is usually
fixed by hand, so as to reproduce the experimental values of the electric charge and
the gravitational constant. If there were some dynamical mechanism determining
the radius of the fifth dimension, pseudo-Goldstone bosons would not exist and
the electric charge would be calculable.

Kac-Moody symmetry. In order to analyse the symmetry of the complete
effective theory in four dimensions, we write the general coordinate
transformations in the form

5 =80, y) =Y ENWun©)  un(0) = V2rrY,(y) =e "

where the choice y = rf reflects the geometry of the ground state.

Whereas the general coordinate transformations (10.24a) and the local U (1)
transformations (10.24b) correspond to the zero modes of £¥(x, y), the global
rescaling (10.26) is no more a symmetry of the complete theory. Indeed, any W
transformation can be regarded as a composition of (i) the global rescaling of the
metric: &/, = A*3 8w, i.e.

¢' =2y BL=B. g, =+"gu

and (ii) the general coordinate transformation of a special kind:

Y =hy
-2
¢ =1""¢ BL = ABy, g;w = guv-

Under transformation (i) the action Ig goes over into Alg, so that the classical
equations of motion remain invariant, but transformation (ii) does not satisfy the
periodicity requirement for y. Hence, W is not a symmetry of the field equations
of the full theory.
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Global Poincaré invariance in four dimensions may be regarded as a special
case of the general covariance, x* = &#(x), in which the parameter £ is
restricted to the linear form: &* = " + w"’x,, "’ = —w"*. An analogue of
this symmetry in five dimensions is obtained by linearizing the parameter & (x):

EM(x) =l +wlVx,  E)(x) =cur (10.27)
where ¢/, w}” and ¢, are constants. If ¢(x, y) is a scalar function, it transforms
under(10.27) according to

Sop == un(&l 0y + &0 =Y (el Pl + S0l M), + cuLn)g
where P, L, and L, are the corresponding generators:

P'=—u,(0)0 M! = u,(0)(x,0, — x,0,)
" S po T T (10.28)
Ly =un(0)roy = un (6)0.

These generators define the following infinite-parameter global Lie algebra:

(M}, M2 ] = s ME™ — 0 MO — i M ™ + nupM:’f'"( 10.290)
. a
(ML, P"] = mp PL™ = P[PPI =0
[Ly, L] =i(n — m)Ln+m
m : n+m m : n+m (10.295)
[Ly, PM 1= —lmPM [Ly, MW] = —lmMW .

Equations (10.29a) define the Kac—-Moody extension of the Poincaré algebra
and equation (10.29b) represent the Virasoro algebra without a central charge,
extended by the set of spacetime generators P, and M. If we restrict our
attention to the sector n = m = 0, we find the usual Py x U(1) algebra, where
Py = P(1,3). By adding the generators L; and L_i, this finite-dimensional
subalgebra can be enlarged to P4+ x SO(1, 2).

The algebra (10.29) describes the symmetry of the complete effective four-
dimensional action, containing all the modes of dynamical variables.

Spontaneous symmetry breaking. Since the KK ground state has only Py x
U (1) symmetry, the Kac-Moody symmetry (10.29) is spontaneously broken.
The parameters &' (x) and S,? (x), given by equation (10.27), describe a global
(infinite-dimensional) symmetry. The zero modes gé‘ and gg correspond to the
ground state symmetry, while all higher modes &, and £}, n > 0, describe
spontaneously broken Kac—Moody generators (table 10.1). As a consequence,
the corresponding fields are expected to be Goldstone bosons. In order to identify
Goldstone bosons, we shall look at the transformation laws of all higher modes of
the fields, and find those that transform inhomogeneously under the action of the
broken generators.
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Table 10.1. Symmetries of the five-dimensional KK theory.

Symmetry Py x U(l) P4 xS0(1,2) Kac—Moody

Parameters &), &; g 65.60.6%, &8

Example 3. To illustrate the transformation rule of Goldstone bosons, we return
to example 2.5. There we considered a triplet of scalar fields ¢, with an action
invariant under three-dimensional internal rotations: ¢* — R%,?. Since the
third component has a non-vanishing value in the ground state, (¢>)o = v, it is
convenient to define new fields n<,

ol = p! o? = o =v+
having the vanishing ground state values. The fields n' and n* are Goldstone
bosons corresponding to spontaneously broken symmetry generators. The new
fields transform under rotations as

773 — R3177l + R32772
n* — R + R*3w+nd)  a, =12

Thus, the field n3 transforms homogeneously whereas Goldstone bosons
transform inhomogeneously.

In the same way, starting from the transformation rules of the fields
gu(x,y), Bu(x,y) and ¢(x,y) with respect to the general coordinate
transformations in d = 5, and the form of the ground state, we can determine the
transformation properties of gl’iv, Bl'i and ¢" under the transformations (10.29),
and identify the Goldstone modes. The result of this analysis is the following:

The fields Bﬁ and ¢", n > 0, are Goldstone modes of the broken Kac—
Moody symmetry.

These considerations suggest that the fields B, and ¢", as well as 821; and

BS, are massless, while q)o is massive as the pseudo-Goldstone boson. What
happens with g7 A complete and clear picture of the mass spectrum can be
obtained only after the presence of gauge symmetries in the theory is taken into
account.

The Higgs mechanism. In theories with spontaneously broken symmetries
which also possess gauge invariance, the Goldstone theorem does not hold, and
the physical mass spectrum is determined by the so-called Higgs mechanism:
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there are no physical particles corresponding to Goldstone bosons—they are
‘gauged away’ and absorbed by the corresponding gauge fields, which become
massive. This mechanism is also responsible for the particle spectrum of the KK
theory.

(a) Five-dimensional KK theory possesses a gauge symmetry described by the
parameters £, (x) and the gauge fields (ggv; guv-n > 0). The Higgs

(b)
()
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Table 10.2. Particle spectrum of five-dimensional KK theory.

Fields ¢° BY g% g, B 4"
Degrees of freedom 1 2 2 5 — —
Type m#0 m=0 m=0 m#0 Gb Gb

mechanism acts in the following way:

This is why the full theory, which is invariant under general coordinate
transformations in d = 5, has an infinite tower of massive fields.

the gauge field gﬁv remains massless, as a consequence of the local Py

symmetry [with parameters £/ (x)];

the gauge fields gy, (n > 0) (with two degrees of freedom),
corresponding to the broken generators, absorb the potential Goldstone
bosons Bl'i and ¢" (with 2 + 1 = 3 degrees of freedom) and become

massive fields (2 + 3 = 5 degrees of freedom).

Local U (1) symmetry ensures the masslessness of the gauge field BB.

Global rescalings do not represent a symmetry of the full theory, hence ¢° is

merely a pseudo-Goldstone boson, i.e. a massive field.

In conclusion, the particle spectrum of KK theory contains massive scalar
¢, massless gauge field Bg and massless graviton 82w with the whole tower of

massive modes 8Zu (table 10.2).

10.3 Higher-dimensional KK theory

Kaluza and Klein suggested the unification of gravity and electromagnetism
starting from five-dimensional GR. By generalizing this idea to higher
dimensions, we can account for the unification of gravity and non-Abelian gauge
theory (see, e.g., Zee 1981, Salam and Strathdee 1982, Mecklenburg 1983, Duff

et al 1986, Bailin and Love 1987).

General structure of higher-dimensional gravity

We assume, for simplicity, that a non-Abelian generalization of KK theory is

realized in a Riemann space V;,d =4 + D.
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Table 10.3. Properties of maximally symmetric spacetimes.

A Spacetime Symmetry E > 0? SUSY?

< 0 de Sitter SO(1,4) No No
=0 Minkowski Poincaré Yes Yes
>0 antide Sitter SO(2, 3) Yes Yes

The ground state. Let V; be a d-dimensional Riemann space with local
coordinates z" = (x*, y¥). At each point of V; there is a metric gy, of signature
(+,—,—, —; —,...). If matter fields are absent, the dynamics is determined by
the covariant action

1 — ~
Ic = % / dz VIgI(R+ A) (10.30a)
where A is a cosmological constant. The equations of motion are
Ry — $8uv(R+A) = 0. (10.30b)

We now look for the ground state solution of the form

0
(Vao=Vax Bp  ie. §3N<x,y)=<g“”(x) 0 ) (1031)

0 82,3 )
where V; is Riemannian spacetime with the usual signature (+, —, —, —), and Bp
is a D-dimensional space with Euclidean signature (—, —, ...). It is a standard

assumption that Bp is a compact space (it may be visualized as a closed bounded
subset of a Euclidean space; see appendix K). Since a compact space in D > 2
is, in general, not flat, the metric ggﬁ depends on y. The field equations for the
ground state metric (10.31) are

RY, — 3O (R*+RP+A0)=0 R — Lg% (R +R” +A)=0

where R* = R(V4), RP = R(Bp).

It should be noted that in this theory it is not easy to obtain an acceptable
ground state solution with a flat spacetime V4. Indeed, from R;‘;v = 0 and the
field equations it follows RZS = 0, which represents, as we shall see, too strong a
limitation on Bp.

Thus, we restrict ourselves to maximally symmetric spacetimes Vz, hence to
spaces of constant curvature, R;‘;Mp = %A(gg)\ggp — ggpggk), according to the
possibilities shown in table 10.3 (Duff et al 1986).

Constant curvature spaces are Einstein spaces: R;‘M = )»ggk.

As far as extra dimensions are concerned, we assume that

m  Bp yields physically important non-Abelian gauge symmetries; and
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m  Bp is compact, in order to guarantee a discrete spectrum in four dimensions.

To check the consistency of these assumptions, we start from the relation
Rﬁv = kggv for V4, and use the field equations to obtain that Bp is also Einstein:

st = ,oggﬁ, where p = A. The following theorem holds for Einstein spaces
(Yano 1970):

Compact Einstein spaces with the Euclidean signature (—, —, ...) and
p > 0 have no continuous symmetries.

Thus, an Einstein space Bp may have non-Abelian symmetries if A < 0. On the
other hand, in order for the space V; to admit a positive energy theorem (stability)
and supersymmetry, we must have A > 0. Both of these requirements are satisfied
only for A = 0, i.e. V4 = M. Field equations then imply Ro?ﬂ =0.

A simple example of a space that admits a spontaneous compactification with
Ré) = 0isa D-torus: Bp = S| x §1 x ---x S (D times). However, this solution
yields the Abelian gauge symmetry U (1) x U(1) x --- x U(1).

A very economical and simple mechanism for realizing non-Abelian gauge
symmetries is obtained when Bp is a coset space. Physically interesting spaces
of this type are Einstein spaces with p # 0, but then V4 cannot be flat.

Therefore, the ground state M4 x (coset) cannot be obtained without
introducing additional matter fields. In that case, of course, the original simplicity
of the KK idea is lost. More detailed considerations concerning the mechanism
for spontaneous compactification are left for the end of this section.

The layered structure. In order to simplify the physical interpretation of
massless modes, it is convenient to express the metric of V;; in locally orthogonal
form. We assume that V; has a layered structure: for each fixed point x* in V4
there is a (D-dimensional) hypersurface Vp with coordinates y*. Thus, locally,
V4 can be viewed as V4 x Vp. If &, = (&,, &) is a coordinate frame in Vy, the set
of vectors &, defines the coordinate frame in Vp. Furthermore, let & = (&, &,) be
a Lorentz frame in Ty (vielbein); then, & and &, are Lorentz frames in 74 and Tp,
respectively. Every coordinate frame &, can be expressed in terms of the Lorentz
frame: &, = b’ & + b*,&,. The condition of local orthogonality of V4 and Vp
means that the expansion of &, in Vp does not contain any vector & in Vy, i.e.

; bt 0
bly=0 b’M(X,y)=<ba’; b%)' (10.32q)

The inverse matrix 4,/ has the form
L o
hi'(x,y) = hi h’a : (10.32b)
0 hg

The usual construction of the metric in V yields
guv + dap BSBY  Blidpa )

(10.33q)
¢aﬂ BL/? (baﬁ

gMN(xa J’) = <



Higher-dimensional KK theory 323
where we have introduced the notation
8wy = biuijnij ¢ocﬁ = gaﬁ = baabbﬁnab
Bl‘f = h%b, or b, = b“aBl‘f.

The inverse metric is given by

(10.33b)

Y _ohP go
gMN(x’ y) — < g g 4 >

_ngpv ¢0!/3 + gkpr Bg

where g"V and $*# are the inverses of guv and @qgp, respectively.
This form of the metric is directly related to the local orthogonality of V4

and Vp. The components g, and ¢op have a clear geometric meaning: ¢qg is

the metric in Vp, while g, defines the distance between neighbouring layers.
The interpretation of B;‘ follows from the symmetry structure of Bp.

The residual symmetry. General coordinate transformations in V,; that do not
violate its layered structure, expressed by condition (10.32a), have the form

x'=x'(x) y =v(x,y). (10.34a)
Under these transformations the components of the metric transform according to

, ax* dxP , dy” ay°
v = Ix/M 9x’v 8rp ¢Dl/3 = Ay’ 8y/ﬁ ¢V5

av a/a a/o(
BLO(_X()’ Bl))’_y .

(10.34b)

— ox'm \ 9yr dxV
Therefore,

(a) guv(x,y)isatensorin Vy,

(b) @up(x,y)isatensorin V; and

(c) Bj(x,y) transforms inhomogeneously, except in the case y' = y'(y) when
it becomes a tensor in V.

In particular, we note that the quantities gy, Bl"j and ¢qp are Vy tensors (i.e.
tensors under x’ = x’(x), y = y), and also Bp tensors (x' = x, ¥y’ = y'(y)).

Isometries and harmonic expansion. We expect that geometric symmetries of
the space Bp will lead to non-Abelian gauge symmetries of the massless sector in
four dimensions. The symmetry properties of Bp are precisely expressed using
the concept of isometries (appendix K).

Consider, first, an infinitesimal coordinate transformation on Bp, which can
be written in the form

5y = e“E%(y) = £°Tyy® Ta=E%, a=12....m (1035
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where the & are constant parameters and the I';, the generators of the
transformations. The number of parameters m is, in general, different from the
dimension of Bp. These transformations represent a faithful realization of the
group G on Bp if the generators I', satisfy the commutation rules

[Ca,Tpl = fup’Te & E%0,E) — ES0,EF = f°EF  (10.36a)

coinciding with the Lie algebra of G.

Of particular importance are those transformations that do not change the
form of the metric: ¢(’¥ﬂ (y) = ¢up(y); they are called isometries of Bp. The
condition that the infinitesimal transformations (10.35) are isometries of the space
Bp, 80¢as = 0, can be written in the form

VoEap+ VgEsa =0  Eaq = papEF (10.36b)

which is known as the Killing equation. Isometry transformations of a given space
Bp are determined by the solutions E of the Killing equation (Killing vectors).
They form a group G, called the isometry group of Bp, which gives rise to the
gauge group of the massless sector, as we shall see.

A space Bp is said to be homogeneous if for every two points P and Pj
in Bp there exists an isometry transformation that moves P into P;. Thus, every
tangent vector at P is a Killing vector. The number of linearly independent Killing
vectors at any point P of a homogeneous space Bp is D, and they can be taken
as a basis for Tp.

A space Bp is said to be isotropic about a point P if there is a subgroup Hp
of the isometry group G that leaves the point invariant. Isotropy transformations
around P may be imagined as ‘rotations’ around an axis through P. The
number of linearly independent Killing vectors corresponding to the isotropy
transformations is D(D — 1) /2.

The number of independent Killing vectors may be higher than the
dimension of Bp. The maximal number of linearly independent Killing vectors in
a D-dimensional space is D(D+1)/2. A space with a maximal number of Killing
vectors is said to be maximally symmetric. Homogeneous and isotropic spaces are
maximally symmetric: counting the Killing vectors yields D + D(D — 1)/2 =
D(D + 1)/2. The specific structure of maximally symmetric spaces enables us to
express every vector at P in terms of the set of D(D + 1)/2 linearly independent
Killing vectors at P.

A simple illustration for these concepts is the sphere Sy, which represents
maximally symmetric space of the rotation group SO(3) and has three Killing
vectors. The action of SO (3) on any point P in $; is realized in such a way that
only two rotations of SO(3) act non-trivially on P, whereas the third one, the
rotation about the normal to S, at P, leaves P invariant. Thus, S, is the coset
space of SO(3) by SO(2): S, = SO@B3)/SO2), where Hp = SO(2) is the
isotropy subgroup of SO (3) at P (see example 4, appendix K).
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Knowledge of the symmetry structure of Bp enables a simple transition to
the effective four-dimensional theory, with the help of the so-called harmonic
expansion. If a compact space Bp is homogeneous, a complete, orthonormal set
of eigenfunctions Y[, (y) of the Laplacian [, exists on Bp, so that every function
®(x, y) can be expanded in terms of Y|,

O(x,y) = Y Ppuy(®) Y (). (10.37)
(]
This expansion is known as the harmonic expansion on Bp; it is a generalization
of the Fourier expansion on S7 (Salam and Strathdee 1982, Viswanatan 1984).

Example 4. Consider a real scalar field ¢ in a six-dimensional KK theory, in
which the space B; is a sphere > of radius . The Laplacian [J on Vs may be
shown to reduce as

O = g""(Vy — B%3,)(V, — BPdg) + O,

where V is the covariant derivative on V4 and O, = V1D~ 0o (VP9 %P dg) is
the Laplacian on B». In spherical coordinates (6, ¢) the metric on B, has the form
ds? = —1’2(d02 + sin? 6 d(pz), and the operator [, becomes

- 1| 1 8 /. 52 N 1 92
=——|—==|smb— —— = |-
Y r2 | sin6 96 90 sin2 6 9¢>

Its eigenfunctions are the spherical harmonics Y;,, (6, ¢):

I +1
DlengYlm (1=0,1,2,...00;m=—l,—+1,...,+I).

2
Using the expansion of the scalar field ¢(x, 80, ¢) = Z,’m Oim (X)) Y1 (0, @)
in the six-dimensional action and integrating over S>, we obtain the effective
four-dimensional theory. It contains an infinite number of modes ¢, (x) with
masses given by ml2 =Ill+1)) r2. Every mode ¢y, (x) carries an irreducible
representations of SO(3), the isometry group of the sphere S».

Every dynamical variable in a given d-dimensional theory can be expanded
in terms of Bp harmonics, equation (10.37). Replacing this expansion in action
(10.30) and integrating over y (using the orthonormality of the harmonics Y,))
we obtain an effective four-dimensional action, in which the effect of extra
dimensions is seen in the presence of an infinite number of higher modes ®,.
The mass spectrum of the effective four-dimensional theory depends on the choice
of B D-

The massless sector of the effective theory

After discussing the structure of the effective four-dimensional theory, we now
turn our attention to the zero modes that characterize the low-energy properties of
the theory.
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The metric. In contrast to the full five-dimensional theory, the metric of the
massless sector contains a reduced y-dependence:

Zuv = 8u(x)  Pap =ap(y) By = E;(y)B(x) (10.38)

where EY is the Killing vector of Bp. Let us now discuss in more detail the
meaning of this ansatz.

The condition g,, = guv(x) means that all higher modes in the complete
metric g, (x, y) in V4 are discarded.

In general, the space Bp is not flat, and the metric ¢4 cannot be constant,
but must depend on y. The condition ¢og = ¢pup(y) means that all excitations
around Bp are neglected.

The structure of the field B is based on the symmetry properties of Bp.
The space Bp admits an isometry group G with Killing vectors E. The quantity
Bl‘j, which is a vector on Bp, can be expressed in terms of the Killing basis:
Bl‘f = EY Bﬁ. Now, we can impose the restriction Bﬁ = Bﬁ (x), thus obtaining
the last relation in equation (10.38).

Non-Abelian gauge symmetry. Now, we come to the most exciting point of
the KK theory: the isometry group of Bp is seen as the non-Abelian gauge
structure in the massless sector of the theory. To see why this is true, consider
an infinitesimal coordinate transformation in Bp:

't = xH Y=y +EYx,y) = y* + Eg(y)ea(x, y) (10.39a)

where the parameters £% are expressed in the Killing basis.

Under these transformations g, (x, y) is a scalar. The same is true if we
assume that g,, = g,v(x), so that this condition does not impose any restrictions
on the parameters £“.

If we use the expansions ij = E¢ (y)Bl‘i(x, y) and £* = E(y)e“(x, y) in
the transformation law (10.34b) for B%, we obtain

EZ80BS = [—d,6" + foc"Bje® + (¢, B, — e“Bl )E!]ES.
The limitation B); = B} (x) now implies & = & (x), so that
SoBj, = =" + foc" Bpe®. (10.40)

This is precisely the transformation law of a gauge field with respect to the
gauge transformations 6y* = EJ(y)&?(x) of the group G, as defined in equation
(10.35).

The metric ¢qg(y) is invariant under these transformations, since EJ; are the
Killing vectors of Bp:

80¢ap = —Vg&a — Vobp = —Sa(VﬁEaa + Vo Eq) =0.
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It is not difficult to see that the transformations x’ = x'(x), y/ = y are
general coordinate transformations in four dimensions. Thus, we conclude that
the adopted form of the metric (10.38) implies the invariance of the theory under
the reduced general coordinate transformations

X =xM(x) Y =y 4 () EY(y). (10.39b)

The field g, (x) is the metric of the four-dimensional spacetime, and
B (x) is the gauge field associated with the isometries of Bp.

These results give a simple interpretation of the zero modes in terms of the
basic physical fields—the graviton and the non-Abelian gauge field.

The effective action. After a straightforward but rather lengthy calculation we
obtain from the metric (10.38) the following relation:

R=R*+RP — Lgup ESE] FO, FP" (10.41)

where fjv =0,B—0, B,‘i—fbca BZB,f, and FHY = gl“‘g"f’ Ffp. Using, further,

the factorization of the determinant, § = g¢, where ¢ = det(¢ag), action (10.30)
takes the form

0 1
19 =5 / d*x dPy =g /IBI(R® + RP + A — Lgup ESEL FO FP1).

We now choose the constants & and A in the form

[Py Ve IRP ()
J Py VeI

where « is the four-dimensional gravitational constant, and A is chosen so as to
cancel the contribution of R” after the integration over y. If we normalize the
Killing vectors according to the rule

A%:K/dDy ol A=

1
% / dPy V1o (»)|pap EC (y)El’,3 (¥) = dab (10.42)
the effective four-dimensional action takes the form
1
19 = / d*x /=g <— > RY(x) — }Ff, (x)F”’”(x)) (10.43)

corresponding to the standard theory of gravity in interaction with non-Abelian
gauge fields.
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The graviton-scalar sector. In the previous discussion we assumed that ¢yg is
independent of x. Consider now the ansatz

dte) = (S 0 ) (10.44a)

which allows the x dependence of ¢ug, while the gauge fields are neglected for
simplicity. This metric leads to the following (4 4+ D)-dimensional action (Cho
and Freund 1975)

0 1
0 =-= f d*x dPy v=gVI¢I(R* + R® + A — ¢*P VIV, dup

2K
— AVr GV, 9P — L9 PV opd? Vs
+ 10°P VOV oy, V,ips). (10.44b)

Using the harmonic expansion of ¢y and integrating over y we can obtain the
effective theory in four dimensions.

The coupling constants. The normalization of the Killing vectors by equation
(10.42) determines the gauge coupling constant. Indeed, if the Killing vectors are
not normalized in accordance with (10.42), the change in their norm implies the
change of the coupling constant contained in f;°:

Ej — gE; = fu' — gfap".
Example 5. We illustrate this effect in the case when Bp is the sphere S, with
radius r. The metric of Sy in spherical coordinates y* = (8, ¢) is determined
by ds? = —r2(d9? + sin® 6 dp?). Solving the Killing equation we obtain the

generators

'y = sin@dy + cotd cos @a,
'z = cos @dp — cotd sin g,
'3 =0,

that satisfy the commutation relations [[';, I'p] = —&4p.¢. Using the formulae

8t
/d2y VIgl=drnr? - /dzy V10|pap EEL = —5dab

it follows that & = x47r2, and the Killing vectors are normalized as

1 2
-5z / 42y 163 bap EC D EL () = ——ba.
K 3k
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In order to reconcile this relation with (10.42), we have to rescale both the Killing
vectors and the structure constants:
1
EgﬁgEg Eabc — 8€abc gE;V3K

where g is the coupling constant of SO (3). If the value of g is close to unity, the
radius r has to be very small—of the order of the Planck length.

When the internal space is a D-dimensional sphere, the isometry group is
SO (D + 1), and the coupling constant has the value

8§ = l\/K(D +1). (10.45a)
r

In this case the quantity r/+/D has to be small, which can be achieved not only by
having small r but also by increasing D. Since the sphere Sp is Einstein space,
RLy = poop with p = —(D — 1)/r?, we find that

g =Vk(=p)(D+1/(D—1) (10.45b)

which implies that the constant (—p) must be large.

A similar connection between the coupling constant and the diameter of
Bp also exists for the general Bp (Weinberg 1983). If Bp is not isotropic,
there are several coupling constants. Going back to isotropic Bp we note
that after rescaling f,,¢ — gf4°, the field strength takes the standard form:
F¢, = 0,B —3,B% — gfy." B} BE.

Spontaneous compactification

The field equations following from action (10.30) do not have classical solutions
of the form M4 x Bp, where Bp is a compact space. The compactification of
the D extra dimensions can be realized by introducing matter fields (for other
possibilities see, e.g., Bailin and Love (1987)).

The KK dynamics of gravity plus additional matter fields is described by the
action

1 — ~
I=—E/dzv|g|(R+A)+IM. (10.46)
The gravitational field equations are
Ruy — Laun(R + A) = R Ty (10.47)

where Ty is defined by the relation Iy = % [ dz/181Tyndg"N. If the ground
state is of the form M4 x Bp, then R, = 0 implies

Cy L pD
Ty = 7”’” C4 = —5(R” + A) = constant.
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Similarly, demanding that Bp be an Einstein space, ﬁaﬂ = pdyg, it follows that
Cp 1, pD
Top = 7%’3 Cp = —53(R” + A — 2p) = constant.
It then follows from the field equations that
R, =(Cp—Ci)dop A =(D—2)Cq— DCp.
This shows that compactification occurs provided
p=Cp—C4<0. (10.48)

This condition ensures that a compact space Bp with signature (—, —, ...) has a
continuous, non-Abelian group of symmetry. In addition, we shall demand that
C4 — Cp =~ 1/k, which follows from g =~ 1 and (10.45b).

Freund-Rubin compactification. There is a mechanism for compactification
that arises naturally in 11-dimensional supergravity. It is based on a third-rank
antisymmetric tensor field A,yp, with field strength Fy;yy = 0x Ay — oAk +
Oy Ankr — 0. Ayng and the action (Freund and Rubin 1980)

Iv = — 55 | 4z V18] Fauun F*™. (10.49)

The field equation for Agyy is 9x(y/|1g| F*™) = 0, and the energy—momentum
tensor is

1 1A
T, = —g(FKLMIFKLMJ - ggIJFKLMNFKLMN)'

The field equation has a solution
FWM — Fehvie ) [—o all other components = 0 (10.50)
where F is a constant. The related energy—momentum tensor takes the form
Tuw = 5F 0 Tup = —3F ¢

Thus, C4 = —Cp = /2F2/2, and the compactification condition (10.48) is
satisfied. The cosmological constant takes the value A = k(D — 1)F 2,

It should be noted that in 11-dimensional supergravity this mechanism
is not satisfying, since a non-vanishing cosmological constant destroys the
supersymmetry.

Extra gauge fields. The presence of extra gauge fields contradicts the spirit
of the original KK approach, where all gauge fields are expected to arise from
the metric g,y. Nevertheless, we shall consider this possibility as an interesting
illustration of the compactification mechanism (Luciani 1978).
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The action for extra gauge fields has the form

I = —i/dWIélFﬁNFyN (10.51)

where F}, is the usual field strength and the energy—momentum tensor is given
by

Tuv = _( I?MFQKN - %gMNFI?LFaKL)-

We assume that the non-Abelian gauge group G coincides with the isometry group
of Bp. There is a solution to the equations of motion that has the form

A% =0  AY=aqE?
(10.52)
¢0!/3 — bEg Eb/sgab

where a and b are constants, E{ are the Killing vectors of Bp, and g“b the Cartan
metric of G. Since only the components Fo‘jﬂ have a non-vanishing value, the
substitution in 7}y yields

Cp Cy |1
1
— = LFg, FooP = % — —Fi,FP,

~ ~

K K D

This is consistent with the compactification condition (10.48). The quantity
Fo‘jﬁ F4B is positive and can be made sufficiently large by a suitable choice of
a.

General remarks

The dimension of Bp. The basic idea of KK theory is that four-dimensional
internal symmetries are, in fact, spacetime symmetries in the extra dimensions.
One of the first problems that we face when trying to construct a realistic KK
theory is the choice of the dimension and symmetry structure of Bp. If we
want our (4 + D)-dimensional theory to describe known (electroweak and strong)
particle interactions, Bp must contain SU(3) x SU(2) x U(1) as a symmetry
group. A simple choice for Bp is C P, x §> x S1: SU(3) is the symmetry group
of the complex projective space C P> (= SU(3)/SU(2)), SU(2) is the symmetry
of the sphere S7, and U (1) is the symmetry of the circle S;. This space has
44241 = 7 dimensions. We should note that C P> x S> x S7 is not the only seven-
dimensional spaces with SU(3) x SU(2) x U (1) symmetry, but no space with
smaller dimensionality has this symmetry. These seven extra dimensions together
with the usual four dimensions of spacetime make the total dimensionality of a
realistic KK theory to be at least4 +7 = 11.

On the other hand, there are convincing arguments that d = 11 is the
maximal dimension in which we can consistently formulate a supergravity theory.
These arguments are based on the fact that a supergravity theory in d > 11 has
to contain massless fields of spin greater than two, which are believed to have
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no consistent coupling to gravity. This intriguing numerical coincidence, that the
maximal dimension for supergravity is the minimal dimension in which one can
obtain SU(3) x SU(2) x U(1), suggests that the dimension of the world we live
in is just /7 (Witten 1981a).

Fermions. To have a realistic description of nature we have to overcome a
number of difficulties, such as the incorporation of fermions (quarks and leptons)
and Higgs bosons (necessary for SU(2) x U(1) breaking). On the KK scale,
the fermions should have essentially zero mass. To illustrate the situation, let us
consider massless Dirac field in d = 4 + D dimensions:

iy"VyV = iy*V, U +iy*V,¥ = 0.

The observed fermion masses are determined as the eigenvalues of the mass
operator M = iy*Vy,, MV = AW. The operator M on a compact space Bp
has discrete eigenvalues, with the spacing set by the size of Bp: A = 0 or
~ 1/r. Since 1/r is of the order of the Planck mass, the observed fermions
must correspond to the zero modes A = 0 of the mass operator.

However, in many interesting cases the mass operator has no zero
eigenvalues. If Bp is Riemannian space, then

MW = (—V2+ IRPY V2 = ¢V, Vg

The operator —V? is positive definite, as can be seen from the relation

/ dPy Vil ¥ T (-VHw = / dPy V1o|(Ve ¥ ) (Vew)

where we have used the metricity condition Vy¢g, = 0. Thus, the Dirac operator
has no zero eigenmodes on a manifold Bp with positive scalar curvature RP (Zee
1981). We can overcome this negative result by introducing torsion on Bp (Wu
and Zee 1984). However, it seems that the massless fermions so obtained do not
have realistic quantum numbers. Another possibility is to introduce extra gauge
fields, which would modify the form of the Dirac operator.

An explicit analysis of the effective Dirac theory in four dimensions shows
that parity violation only occurs in the massive sector. From the physical point
of view, however, we would like to have parity violation in the zero mode
sector. Thus, the problems of zero modes and parity violation should be treated
simultaneously.

The zero modes of the operator M, if they exist, form representations of the
(internal) symmetry group Go = SU(3) x SU(2) x U(1). These representations
do not depend on the helicity of fermions. This result, however, contradicts
some of the basic facts about the observed quarks and leptons. We know that
the fermions of a given helicity belong to a complex representation of G, i.e.
left chiral components of the fermions transform differently from the right chiral
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components. The interesting possibility of obtaining massless fermions with
left-right asymmetry is suggested by the following consequence of the index
theorem: the zero modes of the Dirac operator with a definite helicity form a real
representation if extra gauge fields are absent. Thus, in order to have the chance
for the zero modes of fermions to form a complex representation of G we should
introduce extra gauge fields (in topologically non-trivial configuration). Another
solution of the same problem would be to start from a set of chiral fermions in
D dimensions, which contains parts of both chiralities in four dimensions. Then,
of course, the left-right asymmetry in four dimensions would not be a derived
property, but rather a separate assumption.

Similar problems occur for the Rarita—Schwinger field of spin % To obtain a
realistic structure for the fermions is a very difficult problem in KK theory (Witten
1982, Mecklenburg 1983, Bailin and Love 1987).

Anomalies. An important property of chiral fermions is that their interaction
with gauge bosons depends on the chirality, i.e. the coupling of gauge bosons to
left and right chiral fermions is different. This feature of chiral fermions leads, in
general, to anomalies (the quantum effects generate a breakdown of the classical
gauge invariance). Since theories with anomalies cannot be quantized in the
standard manner, we usually solve the problem by constructions in which the
anomalies cancel. The requirement of anomaly cancellation imposes additional
restrictions on the structure of fermion representations. In particular, the gauge
group of extra gauge fields must be much larger and, as a consequence, we find a
lot of additional fermions, most of which do not correspond to the physical reality
(Bailin and Love 1987).

Super KK. Apart from the matter fields that are introduced in order to
have spontaneous compactification, fermions are also introduced as additional
matter fields, so that the unified picture for all fields is definitely lost. In the
supersymmetric version of KK theory bosons and fermions are treated in a unified
way. This is why, according to some opinions, ‘the most attractive Kaluza—Klein
theories are the supersymmetric ones’ (Duff er al 1986).

A supersymmetric KK theory is based on supergravity formulated in
more than four dimensions. As we have already mentioned, the structure of
supergravity gives a restriction on the dimension of space: d < 11. Ind = 11 the
Lorentz group is SO (1, 10), and the Dirac spinor has 23 = 32 components, which
corresponds to eight four-dimensional spinors in M4. Thus, in four dimensions
there are eight supersymmetry generators (N = 8), each of which can change

the helicity for % so that the helicity in a supersymmetric multiplet can take the

values A = —2, —%, R %, 2. In other words, the statements—(a) A < 2 (in

d=4),(b) N <8(ind =4)and (c)d < 11 (with N = 1)—are equivalent.
The form of supergravity in d = 11 is uniquely determined by the structure
of supersymmetry (Cremmer et al 1978). Consistency requirements imply that
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it must have only one supersymmetry generator (N = 1). The theory contains
the following fields: the vielbein b7, (the graviton), the Rarita-Schwinger field
Wy, (the gravitino) and the antisymmetric tensor field A,z (connection is not an
independent dynamical degree of freedom). The symmetries of the action are:
general covariance in d = 11, local SO (1, 10) Lorentz symmetry, local N = 1
supersymmetry and local Abelian symmetry of the antisymmetric tensor field.

An antisymmetric tensor field with non-zero F2 enables a natural mechanism
for spontaneous compactification of d = 11 supergravity into AdSs x B7, where
Ad Sy is a four-dimensional anti de Sitter space and B7 is a compact space which
may have several different forms (seven-sphere, squashed seven-sphere, etc). The
separation of four physical dimensions of spacetime is a direct consequence of
the existence of four indices of the field F*"** (Freund and Rubin 1980). If F? is
zero, the compactification may give the ground state of the form M4 x Ty, where
Ty = (S1)’ is the seven-torus. This leads to N = 8 supergravity in d = 4.

The important questions of unbroken supersymmetries in four dimensions,
the value of the cosmological constant and the effective symmetry of the massless
sector are related to the structure of B7.

Cosmology. Extra dimensions in KK theory have little direct influence on
particle physics at low energies (compared to the Planck scale). In cosmology,
where the energy scale is much higher, the situation might be different. In the
very early Universe, at extremely high energies, we expect all spatial dimensions
to have been of the same scale. How can we explain the evolution of the Universe
to its present form V4 x Bp, with two spatial scales? In order to understand this
problem dynamically, it is natural to start with the metric

ds? = dr® — a(0) gy dx™ dx’ — b(r) gap dx® dx?

where a(t) is the scale of the physical three-space and b(f) the scale of the
compact space Bp. There are explicit models which describe the mechanisms
by which the two scales could have been developed in the dynamical evolution of
the Universe. According to these models, at some moment in the past scale a(z)
started to increase more rapidly than scale b(¢). In many of these considerations
we use fine tuning of the initial conditions, which is regarded as an unattractive
explanation. Although many interesting effects are found, the importance of KK
models in cosmology seems not to have been completely investigated (Bailin and
Love 1987).

Instead of a conclusion. KK theory is 80 years old and it has retained
its original charming attractiveness but its physical predictions were never
sufficiently realistic. Why is this so? Looking backwards from today’s
perspective, we can note that the original five-dimensional theory was premature.
The structure of the fundamental interactions was insufficiently known and the
idea of spontaneous symmetry breaking had not yet found its place in physics.
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What we do not know is whether the time is finally ripe for Kaluza—
Klein theory, whether there still are crucial things we do not know, or
whether the idea is completely wrong. Time will tell. (Witten 1981b).

Exercises

1.

2.

(a) Find the Christoffel connection f‘%R corresponding to the metric (10.4a).
(b) Then, prove the relation R=R+ }T FunFM.

Derive the factorization property for the determinant of metric (10.4a):
g = —g, where ¢ = det(gun), g = det(gy).

Find the field equations following from the reduced action (10.6a), and
compare them with the five-dimensional equations ﬁ,w =0, ﬁﬂs = 0 and
§55 =0.

Consider the scalar field theory in 1 4+ 1 dimensions:

L= =) —V(p) V() = (/D(@* —vH

Prove the following statements:

(a) Excitations around the classical vacuum ¢y = v are physical fields of
mass m? = 212

(b) Functions ¢x(z) = *vtanh(z), z = m(x — c¢)/2, where ¢ = constant,
are static solutions of the field equations (the kink and antikink,
respectively).

(c) Both solutions have the same static energy (mass): My = m> /3.

(d) no(z) = xv/ coshz(z) is the zero mode perturbation around ¢y.

(a) Find the Christoffel connection corresponding to megic (10.10a).

(b) Calculate the five-dimensional scalar curvature R when the four-
dimensional space V4 is flat, g, = n,y. Then find the general form
of R.

Show that under Weyl rescalings g, = p&uv, the Christoffel connection of
a d-dimensional Riemann space transforms according to

T =T + 16 0 + 8 py — Gorp™

where o, = 9, Inp, p* = g"”p,. Then derive the transformation rule of
the scalar curvature:

R(g) = p~'[R@) + (1 —=d)p~'Op + (7d = 6 — d*)p2g" 3, pdup].

(a) Assuming the rescaling of variables according to (10.16a), prove the
following relations:

V=8V=9R = V=ZIR +OIn(=¢) — 1$22"5, 43,4
V=gV = (=) Fpy F* = /=& (=) Fpup F*.
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10.

11.

12.

13.

14.

15.

16.

17.

Kaluza—Klein theory

Then derive action (10.165) from (10.15).
(b) Express Christoffel connection (10.14a) in terms of the new variables.
A point test particle of mass m moves along the geodesics of the Riemann
space V5 with metric (10.18).

(a) Show that the quantity (B, u* + u’) = §/m is a constant of the motion.

(b) Derive the equation describing the effective four-dimensional motion of
the particle.

A point test particle of mass m moves along the geodesics of the Riemann

space Vs with metric (10.10a).

(a) Show that &y = g5 = (¢ By, ¢) is the Killing vector of Vs.

(b) Show that the quantity &yu" = ¢(Buu* + w) = —q/m, where
uM = dzM/dz, is a constant of the motion.

(c) Derive the equation describing the effective four-dimensional motion of
the particle.

Find the effective four-dimensional action of the scalar field theory (10.20a),

assuming that the metric has the form (10.10a) with g,, = .., and without

y dependence.

Consider the Dirac action in Riemann space Vs, assuming that the pentad is

given by equation (10.22).

(a) Show that the non-vanishing connection coefficients A, are
proportional to F;;, and calculate the form of the term y*wy.

(b) Find the effective four-dimensional theory.

(a) Derive the Kac—-Moody algebra (10.29).

(b) Show that the generators PY, Mgv, Ly, Ly, and L_1 define the P4 x
SO(1,2) algebra.

Show that if the ground state metric is of the form (10.31), then R =

R4+ Rp.

(a) Find the displacement vector (dx, Ay) in the spacetime V4, orthogonal
to the layer Vp. Then determine the metric g, of V4.

(b) Using vielbein (10.32) derive the form of the metric (10.33a).

(c) Find the connection between local coordinates (X, Y) associated with
the basis (E,, Eq) = (biué,', &,), and the original coordinates (x, y).
Show that in these coordinates ds? = guv dXH dXY + ¢gp dY® dy”s.

Show that the Laplacian & = §"¥V,,V, corresponding to the metric (10.33)

with g, = 1y, can be expressed as

0= 0" @, — B%3.) (3, — BE3p) + 00,

where [, is the Laplacian on Bp.

Find the transformation of the field B;‘ under the infinitesimal coordinate

transformations: §x* = 0, 8§y* = e%(x,y)ES(y). What happens if

e = eg%(x)?

(a) Derive the factorization property for the determinant of metric (10.38):
& = g, where § = det(gu), g = det(gyu)., ¢ = det(dup).



18.

19.
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(b) Find the scalar curvature R for the metric (10.38) in the case g, = Nyv-

Starting from metric (10.44a) with g,,, = 1y, find the (4+ D)-dimensional

action for the scalar field ¢og(x, y).

(a) Derive field equations and the energy—momentum tensor for the action
(10.51), describing extra gauge fields.

(b) Check that (10.52) is a solution to the equations of motion, and calculate
the value of the cosmological constant in the related KK theory.



Chapter 11

String theory

The description of hadronic processes in the 1960s was based on models with
an infinite number of states, lying on linear Regge trajectories. An important
theoretical realization of these ideas was given by the Veneziano (1968) model,
which actually describes the scattering of one-dimensional objects, strings. The
inclusion of fermions into the theory laid the ground for supersymmetry (Ramond
1971, Neveu and Schwarz 1971). A radical change in the interpretation of the
model has been suggested in the 1970s: the hadronic scale is replaced with the
Planck scale; and the string model is interpreted as a framework for the unification
of all basic interactions including gravity (Neveu and Scherk 1972, Scherk and
Schwarz 1974). The importance of these ideas became completely clear in 1980s,
after the discovery that string theory was free of quantum anomalies (Green and
Schwarz 1984, 1985).

Theories of fundamental interactions are usually formulated starting from
certain symmetry principles, which are then used to construct an invariant action
and derive the S-matrix describing physical processes. In complete contrast, the
first step in string theory was made by Veneziano, who guessed the form of the
hadronic scattering amplitude. In a certain sense, that was an ‘answer looking for
a question’ (Kaku 1985).

The significant success of string theory in providing a consistent treatment of
quantum gravity led to a renewed interest for identifying the underlying symmetry
principles of strings, and construct the related covariant field theory. Although, in
principle, we can discover all the relevant properties of a theory by using a given
gauge, this may be difficult in practice. Our understanding of non-perturbative
semiclassical phenomena and spontaneous symmetry breaking has been devel-
oped in the gauge-invariant framework. Let us mention that standard quantum
consistency requirements imply that strings live in the spacetimes of critical di-
mensions D = 26 or 10. The transition to the effective four-dimensional theory
is a non-perturbative effect. Thus, the identification of gauge symmetries plays an
important role in the formulation of realistic models. We also expect the quantum
properties of the theory to be more transparent in a covariant formulation.

338
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We should note, however, that the construction of the covariant field theory is
only a first step towards a full understanding of the string geometry. The situation
could be compared to one in which a field theorist would study the covariant GR
perturbatively, without having any idea about the Riemannian geometry behind
the theory.

It is our intention here to present an introduction to the covariant field theory
of free bosonic strings, which will cover the main features of the classical theory.
Our exposition is based on the gauge-invariant Hamiltonian formalism, which
clearly relates the two-dimensional reparametrization invariance, given in the
form of the Virasoro conditions, with gauge invariances in field theory. The
bosonic string is used to illustrate the common features of all string models,
without too many technical complications. In particular, we shall see how the
gauge fields, the photon and the graviton, are obtained from string dynamics.
Interacting models and supersymmetric formulations can be described in a similar
way but are technically more involved.

11.1 Classical bosonic strings

The fundamental constituents of standard field theories are point particles. The
replacement of point particles by one-dimensional extended objects—strings—
leads to important changes in our understanding of the nature of the basic
interactions. The root of these changes can be traced back to the classical
dynamics of strings (Scherk 1975, Sundermeyer 1982, West 1986b, Brink and
Henneaux 1988, Bailin and Love 1994).

The relativistic point particle

Many of the concepts used in discussing string theory are already present in the
simpler case of relativistic point particles. We start, therefore, by discussing this
model first.

Classical mechanics. A point particle moving in spacetime My describes the
world line x* = x*(r), where t is the evolution parameter. The relativistic
action that describes the motion of a point particle is proportional to the length of
its world line:

I = —m/dr,/nwie“)’c” E/dl’L (11.1)

where x# = dx*/dr. The action is invariant under reparametrizations of the
world line: 7 — 1t/ =7 + &(1), xH* = xH* (7)) — x* (1) = e(7)x™.
In order to define the Hamiltonian formalism, which is the first step in the
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quantization procedure, we introduce the canonical momenta by

JdL m)'cﬂ %) L.
Pu = 8)6—“ = _—? xX° = nwx“x”.

Since the momenta are homogeneous functions of velocities, they satisfy the
constraint
— 2 2 &
¢p=p° —m-~0
and the canonical Hamiltonian vanishes: H. = p,x* — L ~ 0.

In the presence of constraints, the equations of motion are generated by the
total Hamiltonian,

Hy = H. +v(t)e =~ v(T)d

where v(7) is an arbitrary multiplier. Using the basic Poisson brackets {x*, p,} =
8!, we find that the consistency of the primary constraint ¢ is automatically
satisfied for every v(r), ¢ = {¢,Hr} ~ 0, and no further constraints are
generated in the theory.

The vanishing of the canonical Hamiltonian and the existence of an arbitrary
multiplier in H are directly related to the reparametrization invariance of the
theory, which is clearly seen from the Hamiltonian equations of motion:

i = {x", Hr} = 2v(r) p"
p={p", Hr} =0.

The presence of v(t) is a sign of the arbitrariness in the choice of 7 (in order for
a non-trivial motion to exist, the multiplier v(r) must be different from zero).

The reparametrization invariance can be easily broken by imposing a suitable
gauge condition, such as = x%(r) — ¢ ~ 0, for instance. The consistency
requirement on 2 determines v(7):

. R 0
QE{Q,HT}—i-a—:Zv(r)p —-1=0
T

whereupon the reparametrization invariance is lost.

The first quantization. The canonical transition from the classical to quantum

mechanics in a gauge invariant theory can be realized in the following way (Dirac
1964):

(a) the basic dynamical variables are elevated to operators:
x(t) > i)  p)— p()
(b) the PBs go over into commutators with an appropriate factor of —i:

{A, B} —> —i[A, B]

+ This choice yields different sign compared to the usual physical momenta.
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(c) first class constraints become conditions on the physical states:
Ply) =0

(d) the physical state vectors satisfy the ‘Schrodinger equation’:
.0 A
i5-¥) = Hrly).
T

As ¢ is the only constraint in the theory, it is first class. The quantum
condition on the physical states has the form

PlY) = (p* —m?)|y) = 0. (11.2)

Since Hr is proportional to ¢AS, the right-hand side of the ‘Schrodinger equation’
vanishes, and we find that |¢) does not depend explicitly on 7. The essential
dynamical information is contained in the quantum dynamical variables x(t) and
p(7), which satisfy the Heisenberg equations of motion.

Classical field theory. If we realize the quantum dynamical variables in the
coordinate representation, x# — x*, ﬁu — —idy, the state vector |) becomes
the wavefunction ¥ (x) = (x|¥), which is independent of 7 and satisfies the
Klein—Gordon equation (11.2): (—O — mz)l/f(x) = 0. The action that leads to
this field equation is given by

[ = /d4x v (=0 = mH)y (x). (11.3)

Classical field theory is an infinite system of classical point particles that occupy
each point X of the three-dimensional space. It is interesting to observe that
the original reparametrization invariance is absent from the field theory; its only
remnant is the Klein—Gordon field equation.

The second quantization. The canonical description of the classical field
theory (11.3), or one of its generalizations that may include interaction terms,
is realized in the phase space (¥ (X), w(X)). Like any other dynamical system, it
can be quantized in the same manner as that described earlier. This procedure is
now called the second quantization, and the related quantum field theory describes
an infinite system of quantum particles.

We now wish to see how these steps can be repeated for strings.

Action principle for the string

A string in D-dimensional Minkowski space Mp is a one-dimensional extended
object that sweeps out in time a two-dimensional world sheet ¥, x* = x#(z, o),
labelled by local coordinates £* = (t, o). The string curve at fixed t may be



342 String theory

Figure 11.1. World sheets of closed and open strings.

closed or open (closed or open strings as in figure 11.1), and the spatial coordinate
o in both cases takes values in the range [0, 7], by convention.

The action of the relativistic string is taken to be proportional to the area of
its world sheet X (Nambu 1970, Gotto 1971),

1
/ @2 =y = / @8 L(x(®), £(6)) (11.4a)

2o/
where y is the determinant of the world sheet metric y,g induced by the
embedding of X in Mp, Vg = Nuwdaxdgx” = dox - 9gx, and o’ is a constant
of the dimension [m~2].
An alternative expression for the string action is given by

1
/ d’t /—gg*Pdux - dpx (11.4b)

4o’

where the metric g,g is treated as an independent dynamical variable (Polyakov
1981). This expression, in contrast to I, is quadratic in the derivatives of x*,
which is more convenient in the path integral quantization. We can think of
I’ as the action describing D massless, scalar fields x* (&) in two dimensions,
interacting with the gravitational field gqg.

The new action I’ is classically equivalent to /. Indeed, the equations of
motion obtained by varying /" with respect to gqg are

I=—

I' =

Yap — %gaﬁgﬁm =0.

These equations imply the relation /—y = %4 /—gg”‘syyg, which, when
substituted back into I, yields exactly I%.
The action I’ is, by construction, invariant under

(a) global Poincaré transformations in Mp:
SxP* = ot x¥ + at

S5 =0 8gup =0

% The proof of the quantum equivalence is not so simple, and holds only for D = 26.

(11.5q)
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Figure 11.2. The variation of the world sheet for open strings.

(b) local world sheet reparametrizations:
S =& —E% = —e%(&)
dxt =0 (Sox* = %0y x™) (11.5b)
808ap = 0a€V gyp + 08EY gay + €V 0y gup

(note that x* are scalar fields on X) and
(c) local Weyl rescalings:

8gap = N(&)gup
Sxh =0,  5£% =0.

(11.5¢)

Local Weyl invariance is an accidental property of the geometric action in two
dimensions, and is absent when we consider higher-dimensional objects, such as
membranes. We shall see that it imposes important restrictions on the structure of
the theory.

In our further exposition we shall use the action (11.4a), although all the
results can also be obtained from the quadratic form (11.4b).

Consider the action /I where the initial and final positions of the string (at
T =1 and T = 1) are fixedand 0 < ¢ < m (figure 11.2). Introducing the
notation

S % ©) _ oL
S S
where x = dx/dr, x’ = dx/do, the variation of the action with respect to

xH(z, o) yields

%) T

T 17}
51 = / do m, 5x" +/ dtnl(f)éxl‘
0 T1

T1 0

(%) T
—/ dt/ do 37y + p\7))8x" = 0.
71 0
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At all points in the interior of the world sheet, the variations §x* are arbitrary and
independent, and the last term in §/ implies the following equations of motion:

ey + dom) = 0. (11.6)

The consistency of the variational principle depends on the vanishing of the
boundary terms, and can be ensured by imposing suitable boundary conditions.
Since the initial and final string configurations, x*(t1, o) and x* (2, o), are held
fixed, the first term in §1 vanishes. As regards the form of the second term, it is
convenient to distinguish between closed and open strings.

(i) For the closed string, i.e.

xM(z,0) = xH (7, ) (11.7a)
we have §x*(t,0) = dx*(t, ), n,(f)
in §1 vanishes.
(ii) For the open string, the situation is more sensitive. If x*(z, 0) and dx* (7, )
are independent variations, it is natural to demand the following boundary
conditions:

(7,0) = n,(f)(t, 1), and the second term

7'=0 ato=0,7. (11.7b)
This means that no momentum can flow out of the ends of the string.

Thus, the Lagrangian equations of motion have the usual form for both
closed and open strings, provided we impose these boundary conditions.

Hamiltonian formalism and symmetries

We now introduce the constrained Hamiltonian formalism, which is particularly
suitable for studying the gauge symmetries of the string theory.

Hamiltonian and its constraints. The canonical momenta
9L 1 )'c,lx’2—xl/l()'c'x’)

9% (o) 2ma’ NET

are homogeneous functions of the velocities. They satisfy two primary

constraints:

(o) =

Go(o) =2 +x?/Q2na)2 =0
(11.8)
Gilo)=nm-x'~0.

The canonical Hamiltonian vanishes, H. = f do 7, (0)x* (o) — L] ~ 0, and the
total Hamiltonian contains two arbitrary multipliers,

Hy = /ﬂ do [v°(0)Go(0) +v' (6)G1(0)] (11.9)
0
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as we expected it would.
Using the basic PBs, {x"(¢), m,(c')} = 8/'8, where § = 8(o, ¢’), we can
check that the primary constraints Gy and G are first class, since

1
{Go(0), Go(0)} = ——=[G1(0) + G1(6')]3,8
(a’)
{G1(0), Go(0")} = [Go(0) + Go(07)1953
{G1(0), G1(0")} = [G1(0) + G1(07)]956.

(11.10)

The consistency conditions are automatically satisfied, without producing any
new constraints.

The presence of two arbitrary multipliers vo(a) and v!(o) in Hr is related
to the general reparametrization invariance on X.

The conformal gauge. The reparametrization invariance can be fixed by
imposing convenient gauge conditions. This can be done so as to maintain
the manifest Lorentz covariance in Mp, which is of particular interest for the
construction of Lorentz covariant field theory.

The Hamiltonian equations of motion read:

= (x", Hr) = 2007H + vl 3™ (11.11a)

it = {z" Hr) = 3 (WOx"M) 4 3, (v' ). (11.11b)

Qra)?

They are complicated and intractable. In order to proceed, we use the fact that

v? and v! are arbitrary multipliers, and choose their forms so as to simplify the

equations of motion. One possible choice is
W=—ma vl=0 (11.12)

With this choice the Hamiltonian equations yield the well known M p-covariant
wave equation for x*:
it —x"* =0. (11.13)

It is clear that any definite choice of arbitrary multipliers in Hr is equivalent
to a gauge condition, as it represents a restriction on the form of general
reparametrizations. In order to find the geometric meaning of conditions (11.12),
let us write the first equation of motion in the form

Tt = —x"*2ma’. (11.14)
Combining this with the constraints G and G| we find the relations

Yoo+ v =x24+x?~0
)/OIE)'C-X/%()
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which imply

ds? = yup d&® d&# = ypo(dr? — do?). (11.15)
Hence, these gauge conditions do not fix the coordinates on ¥ completely.
The residual reparametrizations are those that leave the form of interval (11.15)
invariant; they are known as the conformal transformations in ¥. The total
Hamiltonian now has a simpler form:

T
HTz—na'/ do Go(0). (11.16)
0

The gauge fixing that leads to the metric yog = /—¥1ap, as in equation
(11.15), is called the conformal gauge; it is consistent with Lorentz covariance in
Mp. Note that conditions (11.12) are in agreement with x? <0, %2> 0,ascan
be seen by comparing equation (11.14) with the definition of /.

Poincaré symmetry. Let us now return to global Poincaré symmetry (11.5a),
which is related to the fact that the string is embedded in Mp. The quantities
x*M(E&) (w = 0,1,..., D — 1) are scalar fields with respect to the coordinate
transformations in X. Global Poincaré transformations look like internal
symmetry transformations in X, as they relate fields x* (&) at the same point &
in X.

Starting from the known form of global Poincaré symmetry, we can find the
conserved currents associated with the translations and Lorentz rotations. The
related conserved charges§ are

P :/don“(a)
(11.17)
MH = /da x*(o)n" (o) — xV (o))" (0)]

and satisfy the PB algebra of the Poincaré group.

The dimension. So far, the dimension D of the space Mp in which the string
moves has remained completely arbitrary. It is interesting to mention here that the
usual consistency requirements in quantum theory lead to D = 26. The transition
to an effective theory in four dimensions is realized through the mechanism of
spontaneous compactification, and represents one of the most difficult problems
of realistic string theory.

11.2 Oscillator formalism

Since the constraints are quadratic in the fields, a natural way to analyse the string
dynamics is Fourier expansion (Scherk 1975, Sundermeyer 1982, West 1986b,
Brink and Henneaux 1988, Bailin and Love 1994).

§ The physical values of the linear and angular momentum have opposite signs.
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1 @)

(a)

\

Figure 11.3. Possible extensions of open strings.

Open string

Boundary conditions (11.7b) for an open string in the conformal gauge take the
form

xL:O at o =0,m7. (11.18)

We now want to find a Fourier expansion of the real function x*(t, o), that is
defined on the basic interval 0 < o < s for a fixed value of 7, and satisfies
boundary conditions (11.18). This can be done in several equivalent ways:

(a) We can Fourier expand x*(t, o), defined on [0, 7], in terms of cos 2no and
sin 2no.

(b) We can first extend the definition of x*(z, o) to the region [—m, 7] in
accordance with the boundary conditions, and then expand in cosno and
sinno.

(c) If the extension is symmetric, the Fourier expansion contains only cos no.

(d) An antisymmetric extension is only possible if x(z, 0) = 0.

It is clear that the simplest choice is (c). Hence, the Fourier expansion of the
field x (t, o) has the form (L.3) (appendix L)

XM, 0) = Zxrllzeino — x(’)‘ + ZZx,’Z‘ cosno (11.19a)
n

n>1

where x}' = x* n " = x™). Similarly, the related expansion of the momentum

variable 7 (7, o) reads
ah(r,0) = Zn}l‘ei”” =7t(’)‘+2271,’f cos no (11.19b)
n n>1
J B

where m, =nl, (7 = ™). The time dependence of coefficients x and 7}
is determined by the equations of motion.
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The basic PBs between x (o) and 7 (o) (the dependence on 7 is omitted for
simplicity) have the form

{x" (o), my(c")} = 818 (o, o). (11.20a)

Since x(o) and 7 (o) are symmetric functions on the basic interval [—m, 7],
expression § (o, o) should be defined as the symmetric delta function, 8 (o, 0’) =
ds(o, 0’), as in equation (L.7) (appendix L). We shall consider instead the
expressions (11.19a, b) on the interval [0, 7], and, accordingly, change the
normalization of the delta function:

8(o,0’) = 28s(o, o).

This implies
v v 1
{X,’:’, JTm} = 77“ ;(5n,m + 5n,—m) (n,m > 0). (11.206)

Let us now introduce the quantity

"

I+ =gk
@) + 2o’

—nm <o <m. (11.21a)

It is interesting to note that the two constraints Go(o) and G1(o) on the interval
[0, ] can be unified into one constraint on [—, 77]:

1°(0) = Go(0) + Gi(0)/ma’

where Go(—0) = Go(0), G1(—0) = —G1 (o). Fourier expansion of TT# reads:
-1 )
M* (o) = atem’ (11.21b)
w20’ ; "
where
—alt =\t + " xH* ) 2’
" " gl

or, equivalently,

1

(al + a)

iv2a' 1
2

m
xk = (alf —aZ)).

The basic PBs can be expressed in terms of a,, as

(al,a’,} = indyun  (1m=1) (11.22)
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which suggests that in quantum theory a, and @, = a—,, (n, m > 1) will be the
annihilation and creation operators of the string modes (up to the normalization

factors \/n, /m, respectively).
The time dependence of the string modes is determined by the equations of

motion (11.13):
¥4 n?xl = 0.
Using 7, = —X,/2ma’ and the definition of a,, we find that
an(®) = ap e (n #0)

while the time dependence of the zero modes is

xy =x" 4 ptr ny = —pt/2md
where the variables (x*, p*) describe the centre-of-mass motion, and satisfy

{x*, p"} = —n"" 2a").

The general solution of the equations of motion for an open string is given by

1 . .
xt (o) = x§ +iv2e/ Z —[ak(0)e ™" — a",(0)e" ] cos no
n

n>1
- (11.23)
V2! ; ;
(o) = n(’)‘ — an/ Z[a,’f(O)e*"” +a”, (0)e" ] cosno.
n>1
Closed strings
For a closed string defined on [0, 7], the Fourier expansion is given by
XM(O') — x(l)‘~ + Z(X#CZMJ +x’;;,*e—2ina) — ZX’;ZLGZinU
n>1 n
= . . . (11.24)
JTM(CT) — 7'[6/' + Z(ﬂ#esz + 71’#*872"1”) — Zﬂ#ebno'
n>1 n

Here, x,, # x_, and 7, # 7m_,, in contrast to the open string case (but, as before,
Xop =X, T_y =TT))).

The basic PBs have the form (11.20a), where the periodic delta function is
defined in equation (L.8), and, consequently,

1
{‘xrlzls ﬂim} = n'uvgan,m (ns m = 0)

In analogy with (11.21a, b), we introduce on the interval [0, 7] the following
quantities:
x'* -1 ~
— 2 p,eZma
2ra’ g2 Xn: n
~ x'* -1 )
M =gk — —— = ———" 2pke™,
2ra’ w2a Xn: "

M* =xt*+
(11.25)
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Here,
—2al' = (n,’f + ]Ti’;,x,’l‘> v 20
-2t = (n,’f - %x,’f) 20!
(a—, = a;, b_, = b}) and, consequently,
a ﬂ# - 7/ 2a’ (a# +blin)
b= ;1“/ @ —b").

For an open string we would have a, = b,,.
The basic PBs, when expressed in terms of a,, and b,, become

{aff, azm} = inan,mnﬂU = {bﬁf, bv7m} (n,m>1)

(11.26)
{al', b}y =0

showing clearly the existence of two types of mode.
The time dependence of the modes is given by

an (1) = ay(0)e ™" by(r) = by(0)e 3" (n #0)

xy =xt+ptc ml=-p"/2nd

with

{x, p"} = ="’ 2a).
We can now separate the left-moving and right-moving waves in the expressions
(11.24):

i 1 . .
¥(0) = xf + V203 Y —laf )" — bl (0)e )
n#0

(11.27)
V2o . .
() = mlf = 3 Y Ll ") 4 bl 0)e T,

n#0

Classical Virasoro algebra

Reparametrization invariance of the classical string action reflects itself in the
existence of two first class constraints, Go(o) and G1(o), which satisfy the PB
algebra (11.10). After fixing the gauge as in equation (11.12), the symmetry of the
theory is reduced to conformal symmetry in two dimensions. It will play a crucial
role in the construction of covariant string field theory. We shall now study the
classical form of this symmetry in the oscillator formalism.
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Open strings. As we have seen, for an open string the two constraints, Go(o)
and G1(o), defined on [0, ], can be unified into one constraint, [1%(c), on
[—m, w]. The Fourier components of 1'[2(0), at T = 0, are given as

ma' g * 2
Ln=-= *(0)T1%(0) do (11.28a)
-7

where f,(0) = exp(ino). The constraint 1'[2(0) is completely determined by the
set of coefficients L,, and vice versa. The algebra of G,(c) and G{(c) can be
easily rewritten in the form

{Ln, Lin} = —i(n — m)Lytm. (11.29)

The coefficients L, are referred to as the Virasoro generators (Virasoro 1970) and
their algebra is the conformal algebra in two dimensions (note that this result is
obtained without any gauge fixing).

Using expansion (11.21) the Virasoro generators can be expressed in terms
of the Fourier coefficients a, at T = 0:

Ly=-3%Y ar-an,. (11.28b)

This expression, combined with (11.22), can be used to rederive the classical
Virasoro algebra (11.29).

The total Hamiltonian Hr is a linear combination of constraints, hence it can
be represented as a linear combination of the Virasoro generators. Indeed, the
expression (11.9) for Ht can be brought to the form

Hy = /ﬂ dov(0)1?(0)  2v(o) =1°(0) + wa'v' (o)

-7

where 19(—o) = 19(0), vl_(—cr) = —vl(0). After that, the Fourier expansion
v(o) = —(d'/2) Y, vee ™7 gives the result

Hy = Z vnLy. (11.30a)
n
In the conformal gauge we have v(o) = —ma’/2, and
Ht = Ly. (11.300)

It is interesting to observe that L can be expressed in terms of the ‘number
of excitations’ N:

L():—%ao-ao—Za:-arz—%ao-ao+N (11.31)

r>1
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where
alf = —nlnv2a = p"/V 20

We should note that N = ) rN,, where N, is the number of excitations of the
type a,, as a consequence of the factor /7 in the normalization of a,. For this
reason N is not the true number of string excitations. However, for the lowest
level excitations with » = 0, 1, which we are going to consider, this difference is
irrelevant.

In classical theory the coefficients a, commute with each other and satisfy
the PBs (11.22). In quantum theory they become operators and we have to take
care about operator ordering.

Closed strings. The closed string is treated in a similar manner. We have two
types of Virasoro generators:

ma [T 2 !
Lo=-= fr (@) (0)do = =5 > "ar - ay,
) ox g (11.32)
'3 e * 12 1
Ly=-= fo L)) do = =3 ) by buer
r
with two independent classical Virasoro algebras:
{Ln, L} = —i(n —m)Lytm
{Ln, L} = —i(n — m)Lusm (11.33)

{Ly, L) = 0.

The total Hamiltonian is given as a linear combination of L,s and Zns.
Indeed, the relation

s
HT=/ do [vI1? + 9117
0

where 2v = 10 + no/v_l, 20 = 0 — 7a'vl, after using the Fourier expansion
v=—(wa'/4) Zn vnez""’, and similarly for v, implies
Hy = Z(”nLn + 0pLy). (11.34a)

n
In the conformal gauge we have
Ht = 2(Lo + Lo). (11.34b)
Introducing the excitation numbers N and N we obtain
Lo = —%a%— Za:-ar = —%a§+N
r>1
- — . - (11.35)
Lo=—3b§ = b} -br=—3b5+ N

r>1
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where
ay = bl = p"/2N2a’.

Closed strings have an additional invariance, an invariance under global
‘translations’ of 0, 0 — o 4+ a. The generator of these transformations is the
following first class constraint:

Lo— Lo~ 0. (11.36)

Unoriented strings are defined by invariance under 0 — —o. The existence
of two independent types of excitations makes the closed string intrinsically
oriented, in general. However, there are solutions that are invariant under a, <
by; they define an unoriented closed string.

11.3 First quantization

The quantum mechanics of strings is the first step towards a string field theory.
The quantization procedure will be carried out using the standard canonical
approach for dynamical systems with constraints (Peskin 1985, West 1986b,
Green et al 1987, Brink and Henneaux 1988).

Quantum mechanics of the string

To quantize the string model we use the covariant approach outlined in discussing
the point particle. We begin with the open string case.

(a) The basic dynamical variables x (7, o) and 7 (t, o) become the operators:
x(t,0) = x(1,0) n(r,0) = 7 (t,0).
(b) Each {PB} is replaced by (—i) x [commutator]. In particular,

[£(0), #y(0')] = 818(o,0")  8(0,0") = 285(0, ). (11.37a)

In the x-representation we have x* — x*, 7, — —i-3_. Transition to the Fourier

Bx\!
modes yields

A A i
(£ 7] = HWZ(‘S’L’" + 8p—m) (n.m > 0)
[ay,abt] = —ndy mnH (n,m>1) (11.37b)

[x*, p¥] = —in"" 2a").

The x,-representation is given by

Xt — xk Ty — i 0 + 0
X —_ .
" " " 2w \ox)  oaxY,
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(c) First class constraints L, are imposed as quantum conditions on the physical
states, the Virasoro conditions:

(Lo — ap)|¥) =0 (A)
Loy)=0  (m=>1). (B)

(d) Physical states satisfy the ‘Schrédinger equation’:

a
i=2 V) = Hrly) ~ 0. (11.38)
T

The right-hand side of this equation vanishes because Ht & 0, and physical states
do not depend explicitly on time (the time dependence is hidden in dynamical
variables).

The form of Virasoro conditions (A) and (B) differs from what we might
naively expect, and this deserves several comments.

— In order to give a precise meaning to the Virasoro operators I:n, we assume that
they are determined in the harmonic oscillator representation (11.28b). It is, then,
natural to choose a Fock representation for the Hilbert space of states, which is
based on the existence of a vacuum state, annihilated by all destruction operators
a,,n > 1.

— Upon quantization the Virasoro operators suffer from operator ordering
ambiguities, since a_, no longer commutes with @,. A closer inspection shows
that it is only Lo that is afflicted by this ambiguity. To resolve the problem we
normal order the a,s in I:():

I:oz—%Z:a,roarzz—%Za,roar—i—ao (11.39)
r r

where the colons indicate normal ordering with respect to the Fock vacuum, and
o is the normal ordering constant appearing in (A).

— Equation (B) tells us that the physical states do not satisfy the condition
I:nlw) = 0 for all n # 0, since this would lead to a conflict with the quantum
Virasoro algebra, as we shall see shortly. However, the condition (B) implies

Ly = (Y|Laly) =0

for every n # 0 (since I:,n = I:,J{), so that the mean value of I:n vanishes,
in accordance with the classical constraints. Equation (B) is analogous to the
Gupta—Bleuler quantization condition in electrodynamics.

— In the covariant approach the Lorentz covariance is maintained in the
quantization process. However, the indefiniteness of the Minkowski metric
implies the existence of negative norm states, or ghosts, which are forbidden by
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unitarity. Ghosts are absent from the physical Hilbert space in two cases only
(see, e.g., Green et al 1987):

(@A ag=1 D =26
b)) ap=<1 D < 25.

(11.40)

With the constraints and states as given in (A) and (B), the covariant quantization
is possible only in D = 26. In D < 26 we have to add the so-called Liouville
modes (Polyakov 1981). We shall limit our discussion in the remainder of this
chapter to the critical dimension D = 26 (and g = 1).

For a closed string the basic commutation relations in the oscillator
formalism have the following form:

Su
[x],

R i
ﬂzm] = 77“”;5n,m (n,m > 0)
[a¥, avr] = (6%, b = —nbumn™”  (,m > 1)

[x*, p"] = —in""(2a")

while [aF, l;};f] = 0. They are realized in the x,-representation as follows:

N N i 0
X =k Ty —> ————.
T ox,)

In the rest of this chapter we shall study the meaning of the quantum Virasoro
conditions (A) and (B) in detail and use them to construct a covariant field theory.
We shall see that these conditions have an enormously rich content in field theory,
a content that we might not have expected.

Quantum Virasoro algebra

The fact that the quantum Virasoro generators are normal ordered brings a change
into the Virasoro algebra (11.29). In calculating the commutator [I:n, I:m] the
problem of normal ordering arises only when the result contains the term Lo, ie.
for n = —m. Let us, therefore, concentrate on the expression

[in’ if—n] = _% Z[(n —7)ar - Q—y +Ta—pir - Ap—r].

r

Both terms in the infinite sum have to be normal ordered and this is a delicate
problem. In order to do that in a proper manner, we shall first regularize definition
(11.39) (Peskin 1985),

A
r : 1 . .
L, = lim -3 E tam Ap—m
A—o0
m=—A
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and then perform the normal ordering before taking the limit A — oo. In
this way, the regularized sum for [I:n, I:,n] becomes finite, and c-number terms
arising from normal ordering are calculated by a change of the summation
variable, with the result

[in, —]—2nL0+nDZr__D Z (l’+n)r

A—n+1

Here, io is normal ordered, the dimension D originates from the contraction of
8!, and at the end we should take the limit A — oo. The last step is actually
trivial, since the evaluation of the previous expression shows that it does not
depend on A:

A oA A D 5
[Ly, L_;,] =2nLy+ En(n —1).

This result is easily generalized to give
A oA A D ,
[Ln, Lin]l = —m)Lpim + En(n - 1)Brz,—m~ (11.41)

The new, c-number term on the right-hand side, the so-called central charge,
arises as a consequence of the normal ordering in [L,,, im], and represents a
typical quantum effect.

A change in the algebra of the Virasoro constraints indicates a change in the
symmetry structure of the theory after quantization. Indeed, in classical theory
all L,s are first class constraints, which generate the conformal symmetry of the
theory, while the presence of the central charge in the quantum algebra implies
that only the SL(2, R) subalgebra generated by (Lo, Lil) is first class. The
change of symmetry is a direct reflection of the so-called conformal anomaly in
the theory.

Let us now return to the Virasoro condition (B). It is evident that we cannot
consistently demand I:n|l//) = 0 for every n # 0, since in that case algebra
(11.41) would imply |) = 0, due to the presence of the central charge.

Fock space of states

Since the ‘Schrédinger equation’ only tells us that the physical states are time
independent, the most important dynamical informations are contained in the
Virasoro conditions (A) and (B). We have formally defined the quantum Virasoro
generators by the normal ordering of the a,s. The true meaning of this
prescription can be understood only after we have specified the space of the
states on which these operators act. Since aj, and a, have harmonic-oscillator
commutation relations, it appears natural to choose a Fock representation for
states.
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In order to clarify the physical interpretation of the theory, it is useful to
introduce the mass operator for string excitations. Using the equality a(’f =pht=
i0* and relation (11.31), we find (in units 2o’ = 1):

2Ly = 1) = —p* + M

(11.42)
MZ=2(N-1)

where N = -3 _,af - ap, and M? is the mass squared operator, with
eigenvalues 2(n — 1). The state with n = 0 has M? < 0, and is called the
tachyon, while the states with n = 1 are massless. The tachyonic ground state is
a problem for the bosonic string, which can be solved in superstring theory.

In a similar way, using the relation a(’f = bg = pH/2, we find, for a closed
string:

4(Lo— D+ (L -] =—p? + M?
M2=4(N+N -2).

Here, n = n = 0 is the tachyonic ground state and n = n = 1 are massless states.
Let us now define the string ground state by the condition

(11.43)

aml0) =0 (m=>1)  p"l0)=0. (11.44)

In the coordinate representation it has the form

2
(x(0)]0) = @ = l_[ Cm €XP <”2le> .
o

m>1

Note that ®©@ does not contain xg, the zero mode of x(c). The set of states
obtained by applying a product of the creation operators a;; (m > 1) on the
ground state constitutes the basis of the Fock space of string excitations||. Each
state in this basis is an eigenstate of the occupation number N, and, hence, of the
mass square operator M>.

A state of the string |1) can be given in the coordinate representation as a
functional ¥ [x(c)] = (x(o)|y). The scalar product is formally defined by the
functional integral

W) = / D) x (@) [¥alx(0)]

with a suitable measure. Every string state ¥[x (0)] can be expanded in terms of
the occupation number basis as

Ylx(@)] = [p() —iAu()a)™ — hu)alTa]t — -

—iB,()ah T — Ly (x)ak eyt — - 0@ (11.45)

|I In general, we can also ‘create’ the centre-of-mass momentum k by application of exp(—ik - x):
W) = exp(—ik - x) @@, po® = koK),
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where the dependence on the zero mode x = x is present in the coefficient
functions ¢ (x), A, (x), etc. It should be stressed that the a,J[ s are the creation
operators of the string modes, not of the physical particles. The information about
the physical fields resides in the coefficient functions, which are determined by
the Virasoro conditions (A) and (B), and the equation of motion (11.38).

In the case of closed strings, the invariance under 0 — ¢ + a can be
expressed as the condition

(Lo — Lo)¥[x(0)] = (n — i)Y[x(0)] =0 (11.46)

where we have omitted the hats over the Virasoro generators for simplicity.

11.4 Covariant field theory

We now turn to the problem of finding a covariant field theory for free strings
which would be consistent with the Virasoro constraints (Peskin 1985, West
1986b, Bailin and Love 1994).

Classical string field theory is constructed in the following way:

— Quantum-mechanical single-string state [y) is promoted to a classical field
Y[x(o)], which satisfies the same field equation and the same Virasoro
conditions.

— Then, the corresponding action for the free field theory is constructed. This step
is much more complicated than in point-particle theory.

— Finally, the interactions are introduced in accordance with certain physical
principles, and an attempt is made to describe realistic physical processes.

After that, we can proceed to construct quantum field theory. We begin
by developing the canonical formulation of classical field theory, i.e. we define
momenta 77 [x (¢)], find the constraints, Hamiltonian and the equations of motion.
Then, in the process of second quantization, the basic dynamical variables
Y[x(o)] and 7 [x(0)] become the operators, etc. If the classical theory describes
the interactions, so does its second-quantized version.

The central point in the forthcoming exposition will be to find a covariant
action of classical field theory for free strings. Trying to solve this problem we
shall discover some fundamental symmetry principles of the theory. This is of
great importance not only for operator quantization, which we are using in the
present context, but also for path-integral quantization, where knowledge of the
classical action and its symmetries is of crucial importance. The important subject
of string interactions lies outside the scope of this book.

Gauge symmetries

Virasoro conditions. In order to construct a covariant action, let us consider the
meaning of the Virasoro conditions for open strings:

(Lo — D[x(0)] =0 A)
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Lyy[x(0)] =0 (n=1) B)

where we write L instead of L, for simplicity. A physical state {¥[x(o)] is
represented by equation (11.45) in the Fock space, where the components ¢ (x),
A, (x), hyy(x), etc, are the standard fields of increasing spin.

Condition (A) represents an equation of the Klein—Gordon type for each
component field of ¥[x(c)]. It implies that the field ¢ (x) is a tachyon, A, (x)
is a massless field, /., (x) is a field of mass (o)~1/2, etc.

In order to discover the meaning of (B), let us recall the definition of the
Virasoro generators forn = 1, 2:

L1=—(ao-al+afr-a2+a;r-a3+---)

Ly=—(ap-az+ 3a1-ar+aj -az+--)
where a(’f = p* = i9*. Acting on ¥ [x(o)] with L1 and L, we find that

Liylx(o)] = [iPMAM + (zpﬂhlw +iBu)aij+ +~']CD(O)
Lyy[x(0)] = [2ip" By — h"y + 10O

From these equations we can read off the form of conditions (B) in terms of the
component fields:

A, =0  20'h,, + B, =0

(11.47)
20"B,+h", =0
The Virasoro conditions at the massless level lead to the standard gauge
condition: d* A, = 0.

This is rather an unexpected result. In classical theory the Virasoro
generators are related to the reparametrization invariance. After choosing the
conformal gauge, they describe the conformal symmetry in the theory. In field
theory the Virasoro conditions become related to the gauge fixing conditions.

A field theory based on Virasoro conditions (B) would represent a theory
with fixed gauge symmetry. We wish to find an action which possesses gauge
invariances, for which conditions (B) would be a possible gauge choice and
equation (A)—the equation of motion.

Gauge transformations. If Virasoro conditions (B) are interpreted as gauge
conditions on [v), it is natural to ask: What form do the related gauge
transformations take?

Let us try to construct gauge transformations of ¥[x(o)] with the L_, as
symmetry generators. Consider the open string and the transformation

S =—-L,A (=1 ©
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where A is a functional ‘parameter’ of the gauge transformation:
Alx(0)] = [h(x) + it (0)al™ +ie, (0)ah ™ + 100,
Forn =1, 2, we use

— L =(afr'ao+a;r~a1+a;r.a2+...)

—L,2=(a;'ao+%al+oal++a;r'a1 + )
and obtain

—L_ 1A= (pﬂ)xai‘Jr + ipﬂ)wa{HarJr — i)wagJr + )

—LooN = (puaayt + Vel af +-- 90O,

From these expressions and equation (C) we can derive the transformation law for
component fields. The ground state field is gauge invariant:

dp(x) =0. (11.48a)
The massless field transforms as
A, = —0uA (11.48b)

which is just the gauge transformation of a vector field. At the next mass level we
obtain

Shyuy = d(uhy) — %”uv)‘/

(11.48¢)
8By = Ay — 2.
The transformation (C), at the massless level, represents exactly the
gauge symmetry for which we have been looking.

At higher mass levels it yields many other gauge symmetries, the existence of
which could have been hardly expected. Similar results are also obtained for
closed strings.

Thus, we found that gauge symmetries, at the level of free field theory,
have the simple form (C), which is a very important step towards a deeper
understanding of the geometric structure of the theory. These symmetries take
a complicated form when expressed in terms of the component fields, but their
physical interpretation at the massless level becomes very simple.

These considerations shed a new light on Virasoro conditions (A) and (B),
and suggested the form gauge symmetry (C) should have in a complete, covariant
formulation. Now, we shall try to incorporate these results into an action principle.
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The action for the free string field

We seek a free field action for strings in the form

I = —%/Dx(cr)w*[x(cr)] Kylx(o)]l = —%(1//, Ky). (11.49)
The condition that gauge transformations
Sy =i) calnA
n>1

are a symmetry of the action leads to

i

81 = = Z cn(W, KL_,A) +C.C. = 0.
n>1

We also demand that Virasoro conditions (A) are fulfilled as the equations of

motion.

The Verma module. It will be helpful for the construction of K to first define
some mathematical properties of the Virasoro algebra (Goddard and Olive 1986).

The Virasoro algebra is an expression of conformal symmetry in two
dimensions, and has an infinite number of generators. According to (11.41), we
conclude that L is the only generator of the commuting subalgebra. Bearing in
mind the application to string theory, we impose the requirement that (a) Lo be a
positive definite operator:

Lo > 0.

In addition, we shall restrict our considerations to unitary representations of the
algebra, for which (b) a state space is equipped with a positive definite scalar
product, and (c) L} = L_, (hermiticity).
Let H[x(0)] be an eigenstate of Ly with eigenvalue &. According to the
relation
LoLn, = L,(Lo —n) (n=1)

the action of L, on H[x(o)] lowers the eigenvalue of Lo by n units. In view
of the positive definiteness of Lo, there must be states ¥/9 on which this process
stops:

Ly,yo=0 n>1
Loy = hio.
In states ¥, the eigenvalue 7 > 0 of L is the lowest one possible, hence the
eigenvalues of M? and N are also the lowest. These states are said to be the

states at level v = 0. They are also called the physical states, since we recognize
here the structure of the quantum Virasoro conditions.
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States at level v = 1 are formed by applying L_; to a zero-level state v,
states at level v = 2 are L_»¥o and L_1L_1vy9, etc. The space of all states
constructed from a particular v is called a Verma module. States at different
levels in a Verma module have different eigenvalues of L, and are orthogonal to
each other; for instance, (L—_1 Y0, ¥0) = (Yo, L1¥o) = 0.

Thus, starting from a given state 1y, we can build up a representation of
the Virasoro algebra level by level. A description of the strings at finite levels
of excitation needs only a finite number of generators. This construction is a
generalization of the standard techniques in the theory of finite Lie groups.

The action. The condition of gauge invariance for the action can be fulfilled if
we find an operator K for which

KL.,A=0 (n>1).

Since the state L_, A is at least of level v = n, this condition is easily satisfied if
K is proportional to the projector P on the states of level v = O:

K = KyP PL_,=0 (n=>1).

The construction of projector P is known from mathematics (Feigin and Fuchs
1982). Demanding that Virasoro condition (A) holds on the level-0 states, we
conclude that K should be proportional to Ly — 1, so that, finally,

K =2(Lo— 1)P. (11.50)

The action defined by equations (11.49) and (11.50) solves our problem. It
defines a covariant field theory for free strings, which yields Virasoro condition
(A), and possesses gauge symmetry (C), on the basis of which we can impose
Virasoro conditions (B) as gauge conditions. In this way, the conformal symmetry
of the classical string carries over, in field theory, into a gauge symmetry which
will produce, at the massless level, electrodynamics and (linearized) gravity.

We shall see that action (11.50) is non-local, but this non-locality can be
absorbed by introducing a set of auxiliary fields.

Electrodynamics
Up to the first v-level, the projector P for the open string is given by
Poy=1-31L,L5'Ly.
Indeed, acting on the level-0 and level-1 states of a Verma module we find
Payyo = o Py =¥ — %L—lLo_l <2LovYo = 0.
The operator K is given, with the same accuracy, as

Kiy=2(Lo—1)Puy=2(Lo—1)—L_1L,
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and the action takes the form
Iy = —%/Dx(U)W[X(G)]K(l)lﬁ[X(G)]. (11.51a)

Here, the string functional ¥/[x(o)] is assumed to contain the lowest and first
excited levels (n = 0, 1) without any constraints, while higher excitations are
ignored. The action is invariant under the gauge transformation

8% = —L_1 Ao. (11.52q)

Since 81 must have the same structure as i, we take Ao to contain only the
lowest, n = 0 excitation level, hence L1 Ag = LoAg = --- = 0. The invariance
can be checked explicitly by showing that P(;)L_1A¢ = 0. Expressed in terms
of the component fields in a Fock space, the symmetry transformation (11.52a)
takes the form of the usual Abelian gauge transformation:

S =0  SA,=—0du (11.52b)

What is the content of the action /(1) in terms of the component fields? At
the lowest level,
Kaiylo = (=p* +m*)pd®
where m? = —2 (the tachyon). Using the expression
Kay=—=p*+2(N =) = pupua}Taj +- -
we find, at the first excited (massless) level, that

Kyl = (=p* — pupvaltal)(—iAsal T o®

=ip?M,,Ata) T o©
where I, = nuw — pupv/ p?. Let us normalize the integration measure by
demanding
/ Dx(0)0V* 0@ = / dPx [ Pxa @@ 0@ = / dPx.
n>1

Then, at the massless level we find
Iy = _%/de AP TI, A = _%/de Fuy F™ (11.51b)

where Fy,, = 9, A, — 0,A,.

This is just the action of free electrodynamics, the result that could have
been expected on the basis of the gauge invariance (11.52).

On higher levels, we find gauge-invariant theories of higher spin fields.
These theories are already non-local at the second level, but they can be made
local by introducing auxiliary fields. We shall see how this general phenomenon
arises at the massless level of closed string field theory.
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Gravity

Repeating this procedure for a closed string, we shall discover linearized
gravitational theory.

We begin by considering the meaning of the Virasoro conditions for closed
strings. Closed strings have a doubled spectrum of normal modes, and two sets of
commuting Virasoro generators, L, and I:n. String fields in the Fock space have
the form

Ylx(0)] = [px) + tuw(@)al Ty 40O

where we have used n —7i = 0, and here ®(© is the ground state for both types of
excitations. The field ¢ is the tachyon, #,, is the massless field, etc, as seen from
the form of M?2. The Virasoro constraints become:

(Lo =Dy = (Lo— Dy =0 (A)
Liy =Ly =0 (n=1). (B

At the massless level, conditions (B’) give the usual gauge condition:
Mty = 08Vt = 0. (11.53)

Using similar arguments as before, we find that the covariant action for the
closed string is given by

I=- W, ky) K=4(Lo—1)+(Lo—DIPP (11.54)

where P and P are projectors on the respective level-0 states. This action is
invariant under the gauge transformations:

Sy =—L_,L—L_,A (n>1). ()

Let us consider the form of this symmetry at the massless level. Using the
equality Zag = 2bg = p"* = i9*, and following the procedure for the open
string, we obtain

Sty = —3(Buhy + duhp). (11.55q)

Now, the tensor #,, can be decomposed into its symmetric and antisymmetric
parts, ¢,y = hyy + by, with the transformation laws

1 3
Lo+

ff‘ a (11.55b)
_Z()‘u_)w)~

S S S —
Shuy = 905 + 8,05 A5 =

8buy = Oy — Al AL

We can identify &, with the linearized gravitational field, since its transformation
law is just a linearized general coordinate transformation, while the expression
for 8b,, represents a natural gauge transformation of the antisymmetric tensor
field.
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The action for the component fields b,, and %,, can be worked out by
evaluating expression (11.54) at the massless level. We first note that, at the level
n = n = 1, the following relation holds:

K(li)tuva{Hb'f"'CI)(o) = —pZH)‘“Hp”tﬂvaaprQD(o).
This result is obtained with the help of
PafT o) = af @@ PhyTe©) = n7bf & ©
A[(Lo — 1) + (Lo — D1lj; — —p>.

Then, the action for ¥ can be written in the form

Iny = —1@°%al bf @O, K(ﬁ)t“”affubf;@(m)
(11.56)
- %/de 6o PP TP 1y,
where we have used the normalization [ Dx(0)®@*®© = [dPx.
The part of the action which is quadratic in b, is found to be
I(b) =4 / dPx Hypp H"™ (11.57)

where H,,,5 = 0ubvy + 01buy + 0vbyy, is the field strength for by, which is
invariant under gauge transformation (11.55).

To obtain the part which is quadratic in %, is slightly more complicated.
We start with

I(h) = /de hyp pH(TIPHTIPY 4 TIPETIY Yy,
Then, we add and subtract a conveniently chosen term:
I(h) = / dPx iy, p?[(TTHATTPY 4 TIPHTIYY) — 20T TTY 4 211 TT#V TRy, .

The first three terms of this expression may be recognized as the Pauli-Fierz
action for a massless field of spin 2:

Ipp = /de (AR e h™ = By B 4 by ™ = Sh o) (11.58a)

where i = h",. This action coincides with the quadratic term of the Einstein—
Hilbert action,

1
Igu(h) = ~ 53 dPx /=gR (11.58b)
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where R is the scalar curvature of Riemann space with metric g, = 7y +24h
(see chapter 8).

Using R = 21(0"3"hy, — Oh) = ZApZH“”hMU, the last term in 7 (k) can
be written as a non-local expression:

1 D 1
INL:_Z_)@ d )CRER (1159a)
This term can be made local by introducing an additional, auxiliary scalar field
¢(x). Indeed, the action

Is = /de (30,08 9 — 27 1oR) (11.59b)

reduces to Iy when ¢ is eliminated with the help of its equation of motion:
Op+21"'R=0.
Thus, the final action we have obtained is given by

Iy = 1(b) + Ien(h) + Is(p, h). (11.60)

The closed string action at the massless level contains an antisymmetric
tensor field by, a graviton hy, and a scalar field ¢.

The field ¢ appears indirectly as a device to remove the non-locality in the
action. This is a generic situation at all higher levels of (open and closed) string
field theory. All non-localities can be eliminated by introducing auxiliary fields,
which are also necessary to complete the particle content of the theory.

11.5 General remarks

To complete the present exposition, we shall mention here several additional
topics, which have played important roles in the development of string theory.

The superstring. The bosonic string is not considered to be an entirely
satisfactory theory for at least two reasons: first, it does not contain fermionic
states; and second, there is a tachyon in its spectrum. A tachyon appears as
a consequence of the positivity of the parameter g, which is related to the
ordering ambiguity in Lo. It is therefore natural to try to find a supersymmetric
generalization of the model, where we could expect a cancellation of the
contributions of bosons and fermions, leading to o9 = 0. There are two different
ways to introduce supersymmetry into string models.

(a) We can think of the bosonic string as a two-dimensional field theory
describing D scalar fields x*(&) coupled to gravity. The theory is invariant
under two-dimensional reparametrizations, which can be generalized to a local
supersymmetry (Neveu and Schwarz 1971, Ramond 1971). The critical
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dimension is now D = 10, and the parameter o takes the value % (Neveu—
Schwarz) or 0 (Ramond), depending on the boundary conditions. The potential
problem of tachyonic ground state may be avoided by introducing certain
restrictions on the states (Gliozzi et al 1977).

(b) The bosonic string is invariant under global Poincaré symmetry in M p, which
can be enlarged to global supersymmetry. This leads to the second version of the
superstring, which is anomaly free in D = 10 (Green and Schwarz 1982, 1984).

Surprisingly enough, the first formulation of the superstring, after
appropriate restrictions as mentioned earlier, becomes equivalent to the second
one. While the existence of global supersymmetry in Mp is not evident at
first glance, two-dimensional local supersymmetry does not appear in an obvious
way in the second formulation. There is no formulation in which both types of
supersymmetry would be obviously present. The form of supersymmetry in four
dimensions depends on the compactification mechanism.

It turned out that the realistic gauge field content in string theory, which is
necessary to describe the electroweak and strong interactions, can be obtained
by combining elements of both bosonic and supersymmetric strings. Such an
approach is known as a heterotic string (the concept ‘heterosis’ denotes ‘increased
vigour displayed by crossbred plants or animals’) (Gross et al 1986)

Covariant quantization. Historically, string theory was first developed in the
non-covariant, light-cone gauge (see, e.g., Scherk 1975, Green et al 1987), in
which only the physical dynamical degrees of freedom are left. This formalism
is manifestly ghost-free, but not manifestly covariant. The conditions of Poincaré
invariance led to the critical dimension (D = 26 or 10), but the gauge symmetries
and the geometric structure of the theory remain unclear.

In the present chapter we have used the gauge-invariant canonical approach
to explore some basic features of the field theory of free bosonic strings. The
method is develop so as to respect Weyl invariance on the world sheet and Mp-
covariance, and yields a remarkable correspondence with the usual, point-particle
fields, which are components of the string functional {[x (o )] in the Fock space
of states. The gauge properties of field theory are ‘derived’ from the Virasoro
constraints, which stem from the conformal invariance on the world sheet. A full
understanding of string geometry demands a direct geometric interpretation of the
‘vector’ ¥r[x(o)].

An important stimulus to the development of a geometric understanding of
string theory came from the modern covariant approach—the BRST formalism
(Kato and Ogawa 1983, Hwang 1983, Siegel 1985, Siegel and Zwiebach 1986),
based on the experience with non-Abelian gauge theories. In this approach all
field components, physical and pure gauge degrees of freedom, are treated as
dynamical variables on an equal footing. The unitarity of the theory is ensured by
introducing additional fields, ‘ghosts’, which compensate for the unwanted effects
induced by pure gauge fields.
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Some problems of the covariant quantization of strings are often studied on
the simpler superparticle models.

Interacting strings. String theory is, by its very nature, a theory of quantum
gravity. Its importance stems from our belief that it lay at the foundation of
a consistent quantum theory of all the basic interactions in nature. Here, of
course, we have to include also string interactions. Earlier studies of string field
theories were based on the light-cone gauge formalism (Kaku and Kikkawa 1974,
Cremmer and Gervais 1974, 1975). Although this formulation is completely
acceptable in principle, there are questions for which it cannot give clear answers.
There is a hope that covariant field theory will enable a deeper understanding
of non-perturbative phenomena, which might be of importance in the process of
compactification. In the covariant formulation, the basic principles of the theory
become evident. As usual, the action is constructed starting from symmetry
principles. First, the structure of the free field theory is clarified (Neveu et al
1985, Neveu and West 1985, Banks and Peskin 1986, Siegel and Zwiebach 1986),
and then the interacting theories are constructed (Hata e al 1986, Neveu and West
1986, Witten 1986). The outstanding power of the BRST method is particularly
useful in treating interacting strings (see, e.g., Thorn 1989).

Effective action. The theory of strings embedded in flat space can be
generalized to the case of a curved background space. Our discussion of the
bosonic string in Mp shows that conformal symmetry is of essential importance
for the structure of the theory. Even in the flat space Mp, there exists a
conformal anomaly, which can spoil the conformal invariance of the quantum
theory; the anomaly is absent only in D = 26 (Polyakov 1981). The problem of
conformal anomaly is expected to become more severe in a curved background
Vp. The requirement that quantum string theory maintains its classical conformal
invariance, which can be expressed as the condition that all the 8 functions vanish,
implies the field equations of the background geometry. In the bosonic theory of
closed strings, these equations are nothing but the classical field equations for the
massless background fields (the graviton, antisymmetric tensor field and dilaton),
including the Einstein equations for gravity (Fradkin and Tseytlin 1985, Callan et
al 1985). These equations can be derived from an effective action as the equations
of motion.

If we now identify the background fields that describe the geometry of Vp
with the massless string fields, this result can be interpreted as a derivation of
the effective action for the massless sector of the closed string. We can think
of the background fields as condensates of the string fluctuations. In this way,
conformal symmetry, in the form of a consistency condition, yields the covariant
field equations for the massless sector of the string. Note that these equations are
not the string equations of motion, they are only consistency conditions for the
string dynamics. Thus, the general covariance of the background field equations
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follows directly from the conformal invariance of the string dynamics. It would
be very interesting to interpret the meaning of these results in string field theory.

Anomalies and compactification. Classical field theories may have symme-
tries that are broken by quantum effects known as anomalies. These effects origi-
nate from certain Feynman diagrams, which do not admit a regularization compat-
ible with all classical symmetries. Anomalies in local symmetries, such as internal
gauge symmetries or general covariance, lead to inconsistencies at the quantum
level, which show up as a breakdown of renormalizability and unitarity. Anoma-
lies can be avoided by imposing certain restrictions on gauge couplings, so that
contributions from anomalies in different Feynman diagrams cancel each other.
Studying these requirements for supersymmetric theories in ten dimensions, it
has been found that the cancellation of gauge and gravitational anomalies singles
out superstring theories based on SO (32) and Eg x Eg gauge groups (see, e.g.,
Green et al 1987). The latter possibility has led to phenomenologically promising
heterotic string models.

In any superstring theory we should be able to construct a realistic four-
dimensional spacetime, starting from the space of D = 10 dimensions in which
the superstring ‘lives’. As in KK theory, this problem could be solved by
spontaneous compactification: we should find a ground state which is ‘curled
up’ in six dimensions at a sufficiently small scale, unobservable at currently
available energies, so that the physical spacetime has effectively 10 — 6 = 4
dimensions. The form of the the true ground state seems to be the central problem
of string theory. If we knew the ground state, we might be able to discover
whether superstring theory is a consistent unified field theory of all fundamental
interactions. However, trying to solve this problem (perturbatively) we discover
thousands of possible ground states, without being able to decide which one is
correct. Clearly, until this fundamental problem is solved by non-perturbative
calculations, we will not be able to build a unique and realistic string theory (Kaku
1991).

Membranes. String theory can be further generalized by considering higher-
dimensional extended objects, such as membranes. The problem is
mathematically more complex, since the basic equations are highly nonlinear (see,
e.g., Collins and Tucker 1976, Howe and Tucker 1978, Taylor 1986, Kikkawa and
Yamasaki 1986).

Exercises

1. A relativistic particle is described by the action

I[x, g, Rl = —/dt [Ry&" — Lg(R? — mH)].



370

String theory

(a) Find the form of the action I[x, g], which is obtained from I[x, g, R]
by eliminating R using its equation of motion. Then, in a similar way,
eliminate g from /[x, g] to obtain /[x].

(b) Construct the canonical gauge generators for the action /[x, g, R], and
find its gauge symmetries.

(c) Repeat the same analysis for I[x, g].

Find Noether currents corresponding to the global Poincaré invariance of the
classical string. Prove the conservation of the related charges P, and M,
using the equations of motion and the boundary conditions.

Calculate the quantity 7@ = 3£/dx’, and derive the relations

@) +:2/2Qra )P =0 7@ . %k =0.

Show that the end points of the open string move at the speed of light, in the
direction orthogonal to the string.
A rigid, open string in My rotates uniformly in the x'—x? plane around its
middle point located at the origin.

(a) Show that its motion is described by the equations

=1 =0

x! = A(oc —m/2)coswt x2=A(cr—7t/2) sinwt

where %na)A =1.

(b) Prove that a light signal travels from one end of the string to the other
for a finite amount of time.

(c) Compute the values of the mass M and angular momentum J of the
string, and derive the relation J = o’ M>.

Consider a closed string in My that is, at time t = 0, at rest, and has the form
of a circle in the x'-x? plane:

x! = Rcos20o x% = Rsin20 X=x3=0.

(a) Find x° = x(t) near = 0 by solving the equations of motion and the
constraint equations in the conformal gauge.
(b) Calculate the energy of the string.

(a) Use the oscillator basis to calculate the Virasoro generators for an open
string, and check the form of the classical Virasoro algebra. Derive the
form of the Poincaré charges in the same basis.

(b) Repeat the calculations for a closed string.

Verify the form of the quantum Virasoro algebra using the regularization

A
7 : 1 . .
L,= lim —5 E Tam  Ap—m: -
A—o00
m=—A
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Consider the quantum Virasoro algebra with a central charge:
[I:l’ls I:m] =(n— m)I:ner + C(n)én,—m.-

(a) Show that C(—n) = —C(n).

(b) Prove the relation C(3n)+5C (n)—4C(2n) = 0 using the Jacobi identity
forn =2m # 0.

(c) If C(n) is a polynomial in n, then C(n) = cin + c3n’. Prove it.

(d) Calculate c1 and c3 directly from the values of [I:n, I:,n] in the Fock
space ground state, forn = 1, 2.

Show that the physical state conditions are invariant under Lorentz

transformations, i.e. that [M“”, I:n] =0.

The form of the Hamiltonian in the light-cone gauge is obtained

from expression (11.28b) by the replacement n,, — —d45: H =

I3, a%a” Sap, wherea, p =1,2,...,D —2.

rr U —r
(a) Prove the relation H =: H: —ag, where og = —%(D —2)> ot
(b) Evaluate the regularized value of the sum ), r using a zeta function
regularization. Show that D = 26 yields ogp = 1.
Show that the constraint Lo— Lo, in the closed string theory, generates global
spatial ‘translations’, 0 — o + a. A
Show that the implementation of the conditions L,y = 0, n # 0, is in
conflict with the quantum Virasoro algebra.
Consider the physical state = —ie - alJFCID(k), where &/ (k) is a polarization
vector, and ®® = exp(—ik - x)<I>(O) is the Fock vacuum of momentum k.
(a) Show that L1y = 0 implies ¢ - k = 0.
(b) Calculate the norm of the state .
(c) Use (Lo — ap)yr = 0 to show that the norm of i is negative for op > 1.
Consider the physical state ¢ = [a{Ir . ar + Bag - a; + y(aop - a1+)2]<1>(k).
(a) Use the Virasoro conditions and g = 1 to find the values of k2, B and
Y.
(b) Show that the norm of  is negative for D > 26.
Derive, in the field theory of the open string,

(a) the gauge conditions (11.47); and

(b) the gauge transformations (11.48).

(a) Show that ok = exp(—ik - x)CID(O) can be taken as the zero-level state
Yo of a Verma module, in the open string model. Construct the states at
levels v = 1, 2, and calculate the corresponding eigenvalues of L.

(b) Evaluate the matrix SY = (yi”, y/)), where y{" = L2 v, ¥\? =

L_>vg. Can the determinant det(Séj ) vanish for D > 1 and & > 0?
Verify, in field theory of the closed string,

(a) the gauge conditions (11.53); and
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(b) the gauge transformations (11.55).

18. Check the form of the action (11.56) for the closed string, and show that it
can be written as in equation (11.60).



Appendix A

Local internal symmetries

We discuss here certain properties of theories with local internal non-Abelian
symmetries, which will be of particular interest in the process of generalization to
local spacetime symmetries (Utiyama 1956, Kibble 1961, Abers and Lee 1973).

Localization of internal symmetries. Let us consider a multicomponent matter
field ¢(x) = {¢"(x)}, transforming according to some representation of a Lie
group of internal symmetries G. An infinitesimal transformation has the form

¢'(x) = p(x) + 8o (x)
Sop(x) = 09T, (x) = 0p(x)  (a=1,2,...,n)

where the 8¢ are constant infinitesimal parameters, the 7, are the group genera-
tors satisfying the commutation relations

(A1)

[Ta, Tp] = fup“Te (A.2a)
and the structure constants f,;¢ satisfy the Jacobi identity:
fae™ foc® + cyclic (a, b, ¢) = 0. (A.2b)
Since the 8¢ are constant parameters, d,,¢ transforms like the field itself,

800,¢ (x) = 0,800 (x) = 09, (x)

because §p and 9, commute.
The action integral Iy = f d*x Ly (¢, 0, ¢) is invariant under the previous
transformations if Ly satisfies the condition

SoLm = Lm(¢'(x), 39" (x)) — Lm(p(x), B¢ (x)) =0
which implies n identities:

LM LM
T, T,0,¢ =0. A3
00 ¢+ 29,6 e (A.3)

373



374 Local internal symmetries

These identities, with the help of the equations of motion,

LM LM
—= %, =0
¢ 00,¢
lead to the conservation of the canonical current:
0Lwm
Jlh=0 Jh=— Do T,¢. (A4)

Let us now consider these transformations with the constant parameters
replaced by arbitrary functions of position, 8¢ = 0%(x); they are called local
or gauge transformations. The Lagrangian is no longer invariant because the
transformation law of 9,.¢ is modified:

800,¢ = 00,0 + 0 0.
Indeed, a direct calculation yields

LM

SoLp = —
0Lm D00

0. = —0%,JI.

Covariant derivative. The invariance under local transformations can be
restored by certain modifications to the original theory. Let us introduce a new
Lagrangian

= L4, Vi) (A.5)

where V,¢ is the covariant derivative, which transforms under local
transformations in the same way as 9,,¢ does under the global ones:

80Vup = 6V,.6. (A.6)

It is now easy to see, with the help of (A.3), that the new Lagrangian is invariant
under local transformations:

LM LM
8oLy = ——0 —— 0V, 0 =0
OE 8(15 ¢ + 8VM¢ u¢

where 8Lz /0¢ = [dLm(¢, Vu)/ 0¢]u=¢. The covariant derivative is constructed
by introducing the compensating fields (gauge potentials) A,

Vup =0+ AL A, =T,A%, (A7)
for which the transformation law follows from (A.6):
80A%, = (—93,0 — [A,, 0D = —0,0% — fbc“AbMHC. (A.8)

It is instructive to observe that the form of the covariant derivative V¢ is
determined by the transformation rule of ¢:

Vu¢ = au¢ + 8O¢|9—>AM~
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Field strength. The commutator of two covariant derivatives has the form
[V, Volp = F 0 Tap = Fvdp
where F),, is the field strength,
Foyu =0, A% — 0,A%, + foc AP, A°,
= (OpAy — WAL +[Au, AV

(A9)

transforming as
80Fa;w = fbcaech;w = [0, Fuv]a~

Therefore, we define the related covariant derivative as
VAFa;w = 8AFauv + fbcaAbAFc;w = (8AF;LV + [Ax, Fuv])a~

The Jacobi identity for the commutator of covariant derivatives implies the
Bianchi identity for F,,:

V)\FaMU—FVUFa)LM‘i‘VMFaU)L:O < V}L*Fal“):o

where * FHV = Lenvio F, is the dual tensor of Fy,,.

1
2
Invariant Lagrangian. The matter Lagrangian is made invariant under local
transformations by introducing gauge potentials. The next step is to construct
a free Lagrangian Lr(A, dA) for the new fields, which should also be locally

invariant:

0 a

oL
50A“M + 5 F

Ay USOAaM)U =0

A4,

Demanding that the coefficients of Gb,Qf’M and Gf’w vanish, we obtain the
following identities:

ALFE LE

9 A4 Soc" A%y + 9Aa Joe Ay =0 (A.10a)
Iz J7RY
0LE 0Lf .
aab T g S AV =0 (A.10b)
w v
L AL
£ 2 o (A.10¢)

dAb, .,  9Ab,,

The last identity implies that d,A, occurs in Lg only in the antisymmetric
combination d, A, — d,A,,. The condition (A.10b) means that the exact form of
that combination is given as the field strength F,,. From the same condition we
can conclude that the only dependence on A, is through F,,. The first identity
means that Lr is an invariant function of F,,,. Indeed, after the elimination of
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0Lp/0A, by using (A.10b) and the Jacobi identity (A.2b), the relation (A.10a)
implies
0LE 0LE
F9,, ©9Fa,,
If we require the equations of motion not to contain derivatives higher than
second order ones, L must the quadratic invariant:

fcbanp,v (SOFa;w =0.

L =——gapFuy F'" (A.11)
8

where g is an interaction constant, and g,y is the Cartan metric of the Lie algebra
of G, as we shall see soon. The factor g~2 can be easily eliminated by rescaling
the gauge potentials, A9, — gA“,, but then g reappears in the covariant
derivative.

Conservation laws. The equations of motion for matter fields ¢ can be written

in the covariant form: _
LM v LM

-V,——=0. A12

¢ "av,.¢ (A.12)

Here, the covariant derivative of K# = 0LM/dV, ¢ is defined in accordance with
the transformation rule 5o K#* = — K0, contragradient with respect to ¢. Using

the equations of motion, the invariance condition yields the ‘conservation law’ of
. /
the covariant current J;/':

V' = 9,00 + faptAP I =0
(A.13)

“ T Ve T T 8AY,”

i OLw 2L},

Of course, this condition is not a true conservation law, for which the usual four-
divergence should vanish. The covariant current transforms according to the rule

SoJl = fapc0P I

which is used to define its covariant derivative.
The complete Lagrangian of the theory £ = Lf 4 L}, yields the following
equations of motion for A ;:

VuFM =T (A.14)
Here, F, = gup F b and we use g = 1 for simplicity. If we write this equation in
the form
ap,Falw = J;v + ]; ]; = _fabCAbchlw
we obtain, using the antisymmetry of F*V, the true conservation law:
()Y +jh=0.

Since j; is not a covariant quantity, the true conservation law is obtained at the
expense of losing the covariance of the conserved quantity.
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Construction of the invariant Lagrangian. Now we shall show how we can
construct the quadratic invariant from the field strength F¢. First, let us mention
two useful facts from the theory of Lie groups. First, from the Jacobi identity for
the generators 7,

[Ta, [Ty, T, 1] + cyclic(a, b,c) =0

we obtain relation (A.2b), which is also called the Jacobi identity. Second, there
exists a representation of the Lie algebra, called the adjoint representation, which
is completely determined by the structure constants: (7, 2o = facl. This s easily
seen from the relation

(T,, Ty1a = fapr*(Te)a

that follows from (A.2b). If we write the transformation law for F¢ in the form
8oF9 = 0 (T))* . F¢ = (0'F)* (A.15a)

we can see that the field strength F¢ transforms cogradiently to ¢, i.e. according
to the same rule as ¢. From two quantities G, and F¢ (spacetime indices are,
for simplicity, omitted) we can construct the bilinear invariant G, F?¢, if G,
transforms contragradiently with respect to ¢, i.e. as

80Ga = —(GO'),. (A.15b)

Following the standard terminology, we call F¢ a contravariant vector, and G, a
covariant vector. In order to construct an invariant quadratic in F¢, we choose

Go=F. Fa=gaF’
where g, is the Cartan metric on the Lie algebra of G:
gab = =3 To(T,T)) = =7 fae® foc- (A.16)
With this choice of metric, F, transforms covariantly. Indeed, if we start with
80Fa = 8abdoF” = gap fea"0° F*

and use the fact that f.q, = fcdb gbq 1s totally antisymmetric, we easily obtain
doFy = _GcfcadFd = _ecfcadFd-

If we consider f;;¢ as a third rank tensor with its type determined by the
position of its indices, then f,;; is a constant and invariant tensor:

80 fab’ = (fea fab — fob” fud® — foa® far©)0¢ =0

as follows from the Jacobi identity. The same is true for g,p.

If the group G is semisimple, i.e. it does not contain a non-trivial, invariant,
Abelian subgroup, then det(g,») # 0. In that case, the inverse metric g7 exists
and we can construct the standard tensor algebra.
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A semisimple group G is compact if and only if the Cartan metric tensor
is positive (negative) definite. In that case, by a suitable choice of basis we can
transform the metric g, to the form of a unit tensor, g,» = 45, and the structure
constants f;,¢ become completely antisymmetric.

Example 1. Let us consider two examples of the construction of the Cartan
metric tensor. For the rotation group SO(3), the structure constants are
completely antisymmetric, f;,¢ = —€gp¢, SO that

8ab = _%Gaeffbfe = dap gabFan = aabFano

Our second example is the Lorentz group SO(1, 3), with structure constants as
defined in (2.6). The Cartan metric tensor has the form

i
gijki = =g fijrm"" firsn'" = 2(ikn 1 — ninjk)

and the quadratic invariant becomes g;; / F i Fk = AFU F; -

Exercises

1. (a) Derive gauge transformations for A, and F,.
(b) Prove the Bianchi identity: V, *F*" = 0.
2. (a) Find the transformation law for K* = 9LM/0V,¢ and define V, K*.
(b) Show that the equations of motion for matter fields ¢, derived from the
Lagrangian £},, have the G-covariant form (A.12).
3. (a) Find the transformation law for the covariant current Ja'“ , and define
v, JJ2
(b) Use the equations of motion for matter fields to prove the ‘conservation
law’ V, J,/' = 0.
4.  Show that fupe = fupgce 1s a totally antisymmetric quantity.
5. Show that the Lagrangian Lp in (A.11) is invariant under local G-
transformations.
6. LetaLie group G contain a non-trivial, invariant, Abelian subgroup. Show
that the Cartan metric tensor is singular.



Appendix B

Differentiable manifolds

In order to make the geometric content of local spacetime symmetries clearer, we
shall give here a short overview of the mathematical structure of differentiable
manifolds (Misner et al 1970, Choquet-Bruhat et al 1977).

Topological spaces. One of the basic concepts of mathematical analysis is the
limiting process, which is based on the existence of distance on the real line.
Many important results are based only on the existence and properties of the
distance. By generalizing the notion of real line as a set on which there exists
a distance, we arrive at the concept of metric spaces. Metric spaces are a natural
generalization of Euclidean spaces. It follows from the study of metric spaces that
the essence of the limiting process lies in the existence of neighbourhoods or open
sets. A further generalization of metric spaces leads to topological spaces, where
open sets are introduced directly; here we have a natural structure for studying
continuity.

Let X be a set, and T = {O,} a collection of subsets of X. A collection 7
defines a fopology on X if t contains:

s the empty set ¥ and the set X itself;
m  arbitrary union Uy Oy (finite or infinite) of elements in 7; and
= finite intersection M, _, Oy of elements in 7.

The pair (X, ), often abbreviated to X, is called the fopological space. The sets
O, in T are open sets of the topological space, while their complements X\ Oy
are closed.

We can introduce different topologies on one and the same set X and
thereby define different topological spaces. The topology may be characterized
by defining a basis, i.e. a collection B of open subsets, such that every open subset
of X can be expressed as a union of elements of B. A basis for the usual topology
on the real line R consists of all open intervals (a, b).

A collection {Uy} of open subsets of X is an open covering if UU, = X. We
can define the induced topology on a subset Y of X by demanding that open sets
in Y are of the form ¥ N O, where O, are open in X.

379
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The neighbourhood (open) of a point P in X is every open set Op containing
P. The notion of a neighbourhood is here based on the existence of open sets
(not on the existence of distance as our experience with metric spaces might
have suggested). Open sets enable a natural definition of continuous mappings
(a mapping f : X — Y is continuous if the inverse image of an open set in Y is
open in X), and homeomorphisms.

A mapping f : X — Y from a topological space X to a topological space ¥
is called a homeomorphism if

m  fisa l-1 correspondence (1-1 and onto); and
= both f and f~! are continuous.

Homeomorphic spaces have identical topological properties.

Although topological spaces are the natural generalization of metric spaces,
their structure is, often, too general. In order to single out those topological
spaces that are more interesting from the point of view of specific mathematical
or physical applications, we usually introduce some additional conditions on their
structure, such as connectedness, axioms of separation, etc. Here are several
examples:

— a topological space is connected if it is not a union of two disjoint (non-
empty) open sets;

—  atopological space is Hausdorff if any two disjoint points possess disjoint
neighbourhoods;

— a topological space is compact if every open covering has a finite
subcovering (a subset which is itself a covering).

Without trying to clarify the nature of these additional conditions, we shall
assume that they are always fulfilled to an extent which is sufficient for all our
considerations.

Differentiable manifolds. If we think of topological spaces as the natural
structure for studying continuity, differentiable manifolds are the natural structure
for studying differentiability.

A topological manifold X is a (Hausdorff) topological space, such that every
point has a neighbourhood homeomorphic to an open set in R". The number 7 is
the dimension of a manifold. Thus, manifolds are ‘locally Euclidean’ topological
spaces. Using this property, we can introduce local coordinate systems (or charts)
on X. Let {O;} be a covering of X, and ¢; homeomorphisms, mapping O; onto
open sets ; in R",¢; : O; — ;. Then, the image of a point P in O; is
pi(P) = (xl.1 , xl.z, ..., x"), and sz are local coordinates of P.

For a given family ¢ = {¢;} of homeomorphisms, at each intersection
0O;j = 0; N O; there are two local coordinate systems, (xl.“ ) and (x;.‘ ), and we
may question their compatibility. A collection of all local coordinate systems
(O;, @;) defines a coordinate system (or atlas) on X, if the transition functions
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Yij = @j ogofl : (x;‘) — (xﬁ.‘) are smooth functions (= of class C™), for each pair
(Oi, Oj). This consideration is made mathematically complete by considering
not only one coordinate system, related to a given family ¢ of homeomorphisms,
but the set of all equivalent coordinate systems (two coordinate systems of class
C™ are equivalent if their local coordinate systems are C" compatible). Then,
a differentiable manifold (or a smooth manifold) is defined as a topological
manifold together with the set of all equivalent coordinate systems.

After introducing local coordinates, we can define differentiable mappings
of manifolds. Consider a mapping f : X — Y, and denote by x(’f and y(’f the
local coordinates of the points P € X and f(P) € Y, respectively. Then, f is
differentiable at P if it is differentiable in coordinates, i.e. if local coordinates y
are differentiable functions of local coordinates x at x = xg. In a similar manner
we can define smooth mappings (of class C”, r < m). These definitions do not
depend on the choice of local coordinates. The differentiability is used to extend
the notion of homeomorphisms to diffeomorphisms.

A mapping f : X — Y from a differentiable manifold X to a differentiable
manifold Y is a diffeomorphism if

n f is a 1-1 correspondence; and
= both f and f_l are smooth (of class C", r < m).

Diffeomorphic manifolds have identical differential properties. Diffeomorphisms
are for differentiable manifolds the same as homeomorphisms are for topological
spaces.

Tangent vectors. Consider a smooth curve C(A) on a differentiable manifold
X, defined by a smooth mapping C : R — X. A tangent vector to C(A) at the
point P = C(0) is defined by the expression

. C)—=C dc)
v = lim =

. B.1

In the case of a two-dimensional surface embedded in E3, tangent vectors,
according to this definition, can be visualized as vectors lying in the tangent
plane at C(0). But an ‘infinitesimal displacement’, C(A) — C(0), is not a well-
defined geometric object within the manifold itself. If we imagine that the
manifold of interest is embedded in a higher dimensional flat space, the geometric
interpretation becomes completely clear, but the definition here relies on a specific
way of embedding.

In order to define tangent vectors in terms of the internal structure of the
manifold, we should abandon the idea of the ‘displacement’ of a point, and
consider only changes in objects that always stay within the manifold; such
objects are differentiable functions f : X — R. In the expression for a change
in f, df/dA, the part that does not depend on f is the operation d/dX, so that the
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tangent vector on C(A) at P = C(0) is defined as the differential operator

d

= — B.2
v i (B.2a)

calculated at . = 0. This operator maps differentiable functions to R according
to d
v(f):a(foC) . (B.2b)
C()
The set of all directional derivatives (B.2) at P has the structure of a vector space
(with respect to the usual addition and multiplication by scalars),

(avy +bv2)(f) = avi(f) + bva(f)

and is called the tangent space Tp of the manifold X at P. Differential operators
v € Tp are linear and satisfy the Leibniz rule (these two properties can be taken
as the defining properties of tangent vectors).

Although the notion of ‘infinitesimal displacement’ is now given a precise
mathematical meaning, it may not be quite clear in which sense the differential
operators (B.2) and the tangent vectors (B.1) are the same objects. The answer lies
in the observation that these two vector spaces are isomorphic (an isomorphism
between vector spaces is a 1-1 correspondence that ‘preserves’ the vector space
operations). For instance, any linear combination of vectors (B.1) maps into the
same linear combination of directional derivatives (B.2) and vice versa:

Uu=avi +bvy <= Uu(f) =avi(f)+bva(f).

Thus, directional derivatives represent an abstract realization of the usual notion
of tangent vectors. Such a unification of the concepts of analysis and geometry
has many far-reaching consequences.

Consider a coordinate line x* in R”", and the curve (pi_1 :x* — X. The
tangent vector to this curve at a point P is

d _
ulf) =5 (fow ) (B.3a)
x xH(P)
Vectors (e, &, ..., &) are linearly independent, so that every vector v in 7 can
be expressed as
v(f) = v'eu(f) (B.3b)

where, by convention, the repeated index denotes a summation. It follows that
dim(7p) = n. The set of vectors €, forms a basis (frame) in 7, which is called the
coordinate (or natural) basis, and v** are components of v in this basis. The usual
notation for €, is 9/dx*. A transformation from one coordinate basis to another
has the form

, axV

& = & (B.4a)
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while, at the same time, the components of v transform by the inverse law:

ax'*

VH =
axV

VY. (B.4b)

This equation is known as the vector transformation law, and it can be used to
define tangent vectors in terms of the local coordinates. Vectors v = (v*) are
often called contravariant vectors.

A vector field Vx on X is a mapping that associates a tangent vector vp with
each point P € X. Although the existing structure of a differentiable manifold
does not allow the tangent vectors to be compared at different points, there is a
natural way to define the smoothness of the vector field when we move from one
point to another. Consider a mapping from X to R, defined by P — vp(f),
where f is a smooth real function on X. Then, a vector field Vy is smooth if the
mapping vp(f) is a smooth function on X. In terms of the coordinates, a vector
field is smooth if its components v* (x) are smooth functions.

Dual vectors. Following the usual ideas of linear algebra, we can associate
a dual vector space T, with each tangent space T, of X. Consider linear
mappings from Tp to R, defined by w* : v — w*(v) € R. If a set of
these mappings is equipped with the usual operations of addition and scalar
multiplication, we obtain the dual vector space T,°. Vectors w* in 7, are called
dual vectors, covariant vectors (covectors) or differential forms. There is no
natural isomorphism between a tangent space and its dual. However, for a given
basis €, in T, we can construct its dual basis ¢ in 7,7 by demanding 8¢ (v) = v,
so that
0° (&) = 5j.

This implies, in particular, that dim(7;") = dim(7p). The correspondence
09 < e, is an isomorphism, but it does not relate geometric objects—it depends
on the choice of the basis €,. The spaces T and 7, cannot be identified in a
natural (geometric) way without introducing some additional structure on X.

The space T,* is isomorphic to Tp. This follows from the fact that, with
each U** in 7, we can associate a vector U in Tp, such that U™ (w*) = w*(u),
for every w* € T,

Let 6 be the basis dual to the coordinate basis €,. Each form w* € T, can
be represented as

w* = wZW‘. (B.5a)

A change of coordinates induces the following change in 6 and wy;:
ax™ dx”
mo__ v % *
ot = v 0 Wy = oWy (B.5b)

Using the standard convention we shall omit the sign * for dual vectors, and label
dual vectors by subscripts, and vectors by superscripts.
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A dual vector field Vy on X is defined by analogy with V.

Note that ‘being dual’ is a symmetrical relation. Indeed, just as a dual vector
is a mapping from 7 to R, v — w*(v) € R, so a tangent vector iS a mapping
from 7,7 to R, w* — v(w*) € R, where v(w*) = w*(v).

Tensors. The concept of a dual vector, as a linear mapping from 7 to R, can
be naturally extended to the concept of tensor, as a multilinear mapping. We shall
begin our consideration by some simple examples.

A tensor product Tp(0,2) = T @ T, of two dual spaces at P is the vector
space of all bilinear forms @, mapping 7» x Tp to R by the rule (U, v) — (U, v).
The tensor product 7,(0, 2) should be clearly distinguished from the Cartesian
product 77 x T, defined as a set of pairs (U*, v*). A particularly simple,
‘factorized’ tensor product is determined by mappings (U, v) — u*(u) - v*(v).
Let 8¢ be a basis in T/, and define 8¢ ® 0° by 09 ® 0°(u, v) = uv’. Then

P

0 ® 0° is a basis in 7(0, 2):
w=wp0"R0° = U, )= wypu’.

In particular, if wqp = uj vy, the tensor product space is ‘factorized’.

A tensor of type (0, 2) is an element of T,(0, 2); it is a bilinear mapping @
which maps a pair of vectors (U, v) into a real number (U, v). Similarly, a tensor
a of type (1, 1) maps a pair (v, w*) into a real number a (v, w*).

After these examples it is not difficult to define a general tensor t of type
(p, q). The space of tensors of a given type is a vector space. The components of
a tensor t in the coordinate basis transform as the product of p vectors and g dual
vectors. We can introduce in the usual way a multiplication between tensors and
the operation of contraction.

By associating with each point P € X a tensor t», we obtain a tensor field
on X.

An important tensor that can be introduced on a differentiable manifold is the
metric tensor. Intuitively, the metric serves to define the squared distance between
any two neighbouring points. Since the displacement between two neighbouring
points represents a tangent vector, the metric can be thought of as a rule for
defining the squared length of a tangent vector. More precisely, the metric tensor
g is a symmetrical, non-degenerate tensor field of type (0, 2), that maps a pair of
vectors (U, v) into a real number g(U, v). The link between this abstract definition
and the ‘squared distance’ point of view is easily exhibited. Let the tangent vector
& = dx* e, represent the displacement vector between two neighbouring points.
Since in the coordinate basis g = g, 6" ® 6V, the abstract definition gives

95, &) = g8 ®0"(§, &) = g, dx' dx” = ds? (B.6)

in agreement with the intuitive viewpoint.
For any given vector u, the quantity u* = g(u, -) belongs to 7,', since it

maps v to a number U*(v) = (U, v). Thus, with the help of the metric we



Differentiable manifolds 385

can define a natural isomorphism U +— U* between T» and 7. In terms of
the components, and after omitting the star symbol, this correspondence takes
the form u;, = gy,yu”. With a metric tensor defined on a manifold, there are
automatically dual vectors there.

The metric tensor supplies manifolds with a geometric structure that is of
fundamental importance in physical applications.

Differential forms. Totally antisymmetric tensor fields of type (0, p) are
particularly important in the study of differentiable manifolds; such objects are
called (differential) p-forms, or forms of degree p.

A 1-form « is a dual vector, & = «,0°. A 2-form B in the basis 8¢ ® 6” can
be written as

B=PBub0" A0 07 A0 =0°R06"—0"R0°

where A denotes the exterior product (wedge product), an antisymmetrized tensor
product. In a similar way we can represent an arbitrary p-form w.

The exterior product of two forms, @] A @3, is associative, but in general not
commutative.

In the space of smooth p-forms we can introduce the exterior derivative as a
differential operator which maps a p-form & into a (p 4+ 1)-form de. It is defined
by the following properties:

m  dis linear;

m daAB)=danB+(—DPaAdp;

u d2 = 0;

s if f is a O-form (real function), d f is the ordinary differential of f.

A good feel for how this operator acts can be obtained by using local
coordinates. A 1-form df is defined by the relation d f(u) = u(f), which in
local coordinates reads as d f(u) = u*d, f. If f(x) = x* (a projection), then
dx*(u) = u* implies * = dx*. Therefore, df = dx* 9, f, ie. df is the
differential of f.

The exterior derivative acts on a 1-form & = «,, dx" according to

da = doy, A dx¥ = 9,0, dx” A dx”.

In a similar way we can represent the action of d on an arbitrary form w. In
local coordinates, the property d? = 0 follows from the fact that ordinary partial
derivatives commute.

For an arbitrary basis €, in T, we can define the commutation coefficients
(structure functions) c¢?p. by

(&, €] = c“bc €. (B.7a)
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In the coordinate basis ¢, = 0. It is interesting to note that the coefficients c%p,
determine some properties of the dual basis . Since d#¢ is a 2-form, it can be
expressed in the basis 64 A 0° , with the result

do® = — 10" A 6°. (B.7b)

Components of df¢, up to a factor, coincide with ¢%p,.

Parallel transport. Parallel transport is an extremely important concept not
only in differential geometry, but also in theoretical physics (non-Abelian gauge
theories, theory of gravity, etc).

In Euclidean spaces, the parallel transport of a vector v from P to P’ is the
vector at P’, the components of which with respect to the basis €,(P’) are the
same as the components of the original vector with respect to €,(P), where the
basis at P’ is the parallel transported basis €,(P). Thus, the parallel transport of
a vector is defined by the parallel transport of the basis.

In differentiable manifolds, the idea of parallel transport is applied to tangent
vectors. Consider a smooth vector field v(P) on X, which in local basis has the
form v(P) = v¥(x)e,(x). Trying to compare tangent vectors at two neighbouring
points P(x) and P’(x + dx), we find the following two contributions:

(a) the components v*(x) are changed into v*(x + dx); and
(b) the basis €,(x) is changed by the parallel transport rule.

Since the change in v*(x) is easily calculable, the total change is determined by
parallel transport of the basis. The idea of total change is realized by introducing
the concept of a covariant derivative.

A covariant derivative of a vector on a smooth manifold X is a mapping
v — Vv of a smooth vector field into a differentiable tensor field of the type
(1, 1), which satisfies the following conditions:

m  linearity: V(U 4 v) = VU + Vuv; and
m  the Leibniz rule: V(fv) =df ® v+ fVu, f is areal function.

The coefficients of linear connection T'“p, are defined by the change of basis,
Ve, =T%0°® e, (B.8)
so that

Vv =V('e) = dv? ® g, +19Ve,
= (v + T ) 0’ @ 6, = V)1 0’ @ e,.

In terms of the connection I-form &%, = I“,;,0% we obtain

Vo = (dv? 4+ 00") ® e,. (B.9a)
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The fact that Vv is a tensor can be used to find the transformation rules of the
connection coefficients.

Demanding that the covariant derivative of a real function w*(v) be a
gradient, the covariant derivative of a 1-form w* must be

Vw* = (dwp — 0“pw,) ® 0”. (B.9b)

The covariant derivative is extended to tensors of arbitrary type by requiring the
following properties:

Vf =df,if f is areal function;

linearity: V(t 4+ S) = Vt + Vs;

Leibnizrule: V(t ® S) = VIt ® s+t ® Vs; and
commutativity with contraction.

The concept of parallel transport (covariant derivative) is independent of the
existence of the metric.

The covariant derivative of v in the direction of U is a mapping v — V,v of
a vector field into a vector field, defined by

Vv = (Vo) (U, 89)e, = u’Vyr'e,.

In particular, Ve, = I'°;p€.. A vector v is said to be parallel along a curve C (1)
if V,v = 0, where U is the tangent vector on C(X). A curve C(A) is an affine
geodesic (autoparallel) if its tangent vector is parallel to itself, V,u = 0.

Introducing spinors on a manifold is a more complex problem than
introducing tensors. Just as tensors are defined by the transformation law
under general coordinate transformations, so we can define (world) spinors
by considering nonlinear representations of the group of general coordinate
transformations. Spinors introduced in this way are infinite dimensional objects
(Ne’eman and Sijacki 1985, 1987). Finite spinors can be defined in a much
simpler way. Consider a collection of all frames £, = {€,} in the tangent space 7.
Each frame can be obtained from some fixed frame by a suitable transformation
of the type GL(n, R). If we introduce the Lorentz metric in 7», we can restrict
ourselves to orthonormal frames, so that the related symmetry group becomes
SO(1,n — 1). Since, now, each tangent space has a Minkowskian structure,
we can introduce finite spinors in the standard manner. Spinors can be parallel
transported if we define the parallel transport of orthonormal frames, which leads
to the concept of spin connection.

Torsion and curvature. The torsion and curvature operators are defined by

T(u,v) =V,v—V,u—[u,v]
RU,v) =V, Vy, = V,V, — V)

(B.10)
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Their components with respect to an arbitrary frame are

T(es, ) =T %a —T%p —cap)e =T e
R(€s, €)€ = [8T%h + T¢ual%h — T q + TéapT cq — c?apT) 160
= Recabee.

Due to the antisymmetry of 7%, and R%p.q in the last two indices, it is
possible to define the torsion and curvature 2-forms:

TO=119%0"A0° R =R cab 107 (B.11)
These forms obey the Cartan structure equations:

(first) T = do% + 0% A 6P
(second) R = dw?y + % A @°p.

Application of the exterior derivative to the analysis of torsion and curvature
requires a minor extension of this concept. Let us define an extended exterior
derivative d, which acts on a form as d, and on a vector as

dv = Vv V = the covariant derivative. (B.12)

_ Consider, now, a vector valued 1-form w = 0%¢,(= 0 ® €,). The action of
d on w yields the torsion:

dw = dé%, — °Ve, = (d0 + 0%, A 0")e, = T%,. (B.13q)

Similarly, the action of d on the relation dea = Ve, = w,e. produces the
curvature form:

d’e, = do‘ye. — 0 Ve, = (dw’, + 0’ Awo)e, = RP.e,.  (B.13D)

Note that d? # 0. The advantage of using d lies in the fact that many terms in the
calculation of torsion and curvature automatically cancel.

Differentiation of the Cartan structure equations gives the following Bianchi
identities:

(firs) AT+ % AT? =R A 0”
(second) dRY + @’ ARy — @y AR = 0.

We stress again that the metric and the connection are completely
independent geometric objects. Imposing certain conditions on these objects leads
to special types of differentiable manifolds. Thus, the condition Vg = 0 defines
the Riemann—Cartan space, while the additional requirement 7% = 0 yields the
Riemann space (alternatively, R, = 0 leads to 74).



Differentiable manifolds 389

Exercises

1.

Show that the following properties define topological, but not Hausdorff
spaces:

(a) X = {x, y}, and the open sets are ¥, X, and {x};
(b) X = [0, 1], and the open sets are the empty set, and all sets obtained by
removing at most a countable number of points from [0, 1].

Show that a circle S; = {(x, y)|x% + y*> = 1} is a differentiable manifold.
Find the components of the tangent vector to curve C (1) in the coordinate
basis.

Let v be the tangent vector at the point P € X to a curve C(1), and f a
differentiable mapping X — Y. A derivative of f is a linear map f’ of
tangent spaces Tp — Tp(p), givenas v — U : U(h) = v(h o f), where
h : Y — R is a differentiable function. Show that u is the tangent vector to
the curve f(C (1)), and find its components in the coordinate basis.
Consider a three-dimensional Euclidean space with spherical local
coordinates r, 0, ¢. Define the orthonormal basis of tangent vectors
{&, &, €}, and find the related basis of dual vectors.

Prove the relation (B.7b) by using 8¢ = ¢“,dx", or otherwise. Then, use
d?6¢ = 0 to derive the Jacobi identity if ¢%p. are constants.

Find the component of the torsion and curvature operators in an arbitrary
basis.

In a Riemann space calculate the antisymmetric part of the connection
coefficients '} in an arbitrary basis.

Consider the upper half-plane as a Riemann space with the (Poincaré) metric:

»  dx? +dy?

ds
32

y > 0.

(a) Find an orthonormal basis of 1-forms #¢ and calculate the connection
1-form w?,.

(b) Calculate the curvature 2-form R%j, and find the scalar curvature R.

(c) Calculate R in the coordinate basis, in terms of Christoffel symbols.

10. Write the Bianchi identities in the coordinate basis.



Appendix C

De Sitter gauge theory

Although PGT leads to a satisfactory classical theory of gravity, the analogy
with gauge theories of internal symmetries is not perfect, because of the specific
treatment of translations. It is possible, however, to formulate gauge theory of
gravity in a way that treats the whole Poincaré group in a more unified way.
The approach is based on the de Sitter group and the Lorentz and translation
parts are distinguished through the mechanism of spontaneous symmetry breaking
(Townsend 1977, Mac Dowell and Mansouri 1977, Stelle and West 1980, Kibble
and Stelle 1986).

The de Sitter group has the interesting property that in a special limit, when
the parameter a of the group tends to infinity, it reduces to the Poincaré group.
The parameter a represents the radius of the mathematical de Sitter space. Since
for large a the structures of two groups are very ‘close’ to each other, we are
motivated to study the de Sitter group as an alternative for the description of the
spacetime.

The de Sitter theory of gravity can be formulated by analogy with PGT: the
spacetime is assumed to have the de Sitter structure, matter fields are described
by an action which is invariant under the global de Sitter symmetry and gravity
is introduced as a gauge field in the process of localization of this symmetry.
Observationally, a would appear to be of the order of the radius of the universe,
so that the Poincaré symmetry is a good symmetry at all but cosmological scales.

There is, however, another, more interesting possibility:

(a) the spacetime continues to have a Minkowskian structure; and
(b) at each point of the spacetime we have the de Sitter group acting on the
matter fields as the internal gauge symmetry group.

In this approach there is an interesting connection to PGT and the parameter a
might be very small—of the order of the Planck length.

The de Sitter group and its contraction. In order to study the structure of
the de Sitter group, we consider a flat, five-dimensional space M5 with metric

390
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Nab = (+,—, —, — +) (a,b=0,1,2,3,5),
ds? = (dy")* — @y = (@y*)? = @y +@y*)* = i dy' dy/ +(dyD)% (C.1)
A hypersphere Hy of ‘radius’ a embedded in M5,
nijy'y! + ) = a? (C2)

is the maximally symmetric subspace of M5 (the de Sitter space). On Hg, the

quantity (dy®)? takes the form (dy®)? = (mijy' dy/)2/(y%)2, so that the interval

becomes o

(nijy' dy’)

a’ — Nmn Y™ Y" .

This expression defines the metric on Hy in coordinates yi (i=0,1,2,3).
The curvature of any maximally symmetric space is the same at each point.

In the vicinity of y' = 0, the metric and the (Riemannian) connection of H4 have

the form

ds® = n;j dy' dy’ + (C.3)

Vi i
8ij =Mij + 22 ij—;y Njk

so that |
(Rijki)o = ;(Uikﬁjl — NilNjk)-

Therefore, the H4 space has curvature R = 12/ a?.
Instead of y*, we can introduce the pseudo-spherical coordinates (¢, p, 6, ¢)
which cover the whole space and lead to the metric

ds? = cosh? p d?> — dp? — sinh? p(d6? + sin® 6 dg?).
In the conformal coordinates x’,
Y=oyt o) = (1427 /4?7
where x? = 1;;xx/, the metric takes the form
ds? = <I>277,~j dx’ dx/.

The isometry group of the hypersphere Hs, SO(2,3), is called the de
Sitter groupT. Infinitesimal de Sitter transformations of coordinates are pseudo-
rotations in Ms:

Syt = a)“byb 0 = —@P?. (C.4)

The generators in the space of scalar fields have the form

Mgy = ya0p — yp0q

7 In the literature, SO (2, 3) is usually called the anti de Sitter group, while the de Sitter group is
SO(1,4); we omit that distinction here.
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and satisfy the Lie algebra:
(Map, Mcal = npeMad — NacMpa — Nba Mac + Nad Mpc. (C.5)

In the general case of arbitrary fields, the generators contain an additional ‘spin’
part (Giirsey 1964).

Conformal coordinates lead to a very simple form of the metric, but from the
point of view of symmetries, the following implicitly defined coordinates u’ are
more interesting:

l

v =al sinw/a)  y® =acos(u/a) (C.6)
u

where u = (u?)V/? and u? = nijuiuj. De Sitter transformations of y¢ in Ms
induce complicated, nonlinear transformations of #' in Hy. The infinitesimal form
of these transformations can be found by observing that

Sut =@ jul +elu @Y = ol (C.7)
implies
oy =a'jyl 80y’ =0
u-e

. 1 . . . u-& .
Sey' = —(e'uj —eju)y) + —u'y’ 8y’ =———uiy
u ua ua

i

Therefore, 8,,u’ and 8,u’ realize de Sitter transformations with parameters [w"/ =
@Y, @ =0]and [0/ = (e'ul —elut)/u, > = u' (u-¢e)/ual, respectively. The
quantities

M;j(u) =u;0; —u;o, M;s5(u) = uo;

are de Sitter generators in the coordinates u', that satisfy (C.5).

If we now introduce |
P = —M;s
a

the de Sitter algebra takes the form
(Mynn, Mip1 = i My — 0t My — e Mint + 0 Mg

My, Pl = P, — P
(M, Pl Nnl Em — Nml Ln (C.8)

1
[Pma Pn]z__

My, .
az mn

In the limit @ — oo this algebra is transformed into the Poincaré form, by the
process called contraction (Inonii 1964).

If we identify the spacetime with the de Sitter space Hj, it is clear that the
parameter a must be large in order for the deviation from Poincaré symmetry to
be sufficiently small. Instead of that, we shall consider the alternative possibility
in which the spacetime retains the basic structure of Mj.
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Localization of de Sitter symmetry. We assume that the spacetime has the
structure of Minkowski space M4, and ‘attach’ at each point of M4 a ‘tangent’
space Fy (a fibre), representing a copy of the de Sitter space H4. The de Sitter
group SO (2, 3) acts on the matter fields in Fy as a group of internal symmetries.

We also assume that the initial theory of matter fields is invariant under
global SO (2, 3) transformations. The symmetry is localized by introducing the
covariant derivative V¢ = (9, + %A“b w2ab)@, the transformation law of which
defines the transformation properties of the gauge fields:

80AY, = -V, 0 — & AP, — £25, A, (C.9)

Here, &' = du’ = o' ju/ + ¢'u as in (C.7), and £* = §}'€'. The commutator of
the covariant derivatives determines the field strength:

F,, =0,A%, —8,A%, + A9, A, — A%, A, (C.10)

Internal indices (a, b, ...) and spacetime indices (u,v,...) are at this level
completely unrelated, as there is no quantity analogous to the tetrad that could
connect them.

Introducing the notation

1 . ) . .
P,~=g is A =aw® B, =aA®, (C.11)

equations (C.9) and (C.10) become

80AY , =88AY, — —(IB/, A B))
8 a2 8 (C.12)
80Bi, = 85B!, — A A, =21,
FUyy =Ry = —(B'uB’\ — B'yBY)
(C.13)

F'3 —lT" —l(VBi—VBi)
po = b= AV vD p)-

Here, (Sg denotes the Poincaré transformation, VMBiV = BMBiV + Al suB*%y, and
RY ,,, T',, are the curvature and torsion of PGT, respectively. The form of the
algebra (C.8) suggests the identification of B', with the tetrad field:

B, =b', 7 (C.14)

However, the transformation law of B?, shows that such an identification is
correct only if A! = aw> = 0, i.e. when the de Sitter symmetry is broken.

In constructing an SO (2, 3) invariant action we may use, in addition to the
field strength F, the completely antisymmetric tensor €,pcq4e, the tensor density
&uvap and the metrics 145 and 1,,,. With these ingredients we cannot construct an
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action linear in F. The only quadratic action is f d*x gtvre F“bw Fapyp, but it is
trivial as a topological invariant. The action f d*x J& g gV Fab wv Fabyp, where
guv 1s defined by (C.5), is not a polynomial and, moreover, condition (C.5) breaks
the de Sitter symmetry.

A simpler solution can be found by using the mechanism of spontaneous
symmetry breaking. Let us choose the Lagrangian

I s . 2
L= =g PP P peancacd” = 1@ pe — a®) (C.15)
where f is a dimensional constant, ¢¢ is an auxiliary field, and A is a multiplier,
imposing the constraint ¢°¢, = a? as the equation of motion. Now, we can
choose the solution

¢ =1(0,0,0,0,a) (C.16)

so that the effective Lagrangian becomes
L= fe""Fi, F*; eiius. (C.17)

The solution (C.16) corresponds to spontaneous breaking of the local de Sitter
symmetry down to the Lorentz subgroup SO (1, 3), whereupon the identification
(C.14) becomes correct.

Now, we shall find the connection of this theory with PGT. After using (C.13)
and (C.14) the Lagrangian takes the form

4 . 4 o
-1 A k_ 1l A kgl
T L=Ly— ;8’” pR’jlwb b p€ijki + Fb‘uv pblﬂb'/vb Wb oEijkl
where €1 = €ijus. The term L5 is quadratic in R wv»> and represents the Gauss—
Bonnet topological invariant. It gives no contribution to the equations of motion

and can be discarded, at least classically. Using the identity e""* ¢; jklbk bt o =
—2b(hi*h ;" — h;j*h;"), we finally obtain

L= lj—sz(R—i—A) (C.18)
where A = 6/a2. Thus, the Lagrangian (C.17), quadratic in F, leads to the
Einstein—Cartan theory with a cosmological constant.

We should observe that a/f is proportional to the gravitational constant G,
so that dim(f) = energy x time. If we identify f with the Planck constant A,
the de Sitter theory of gravity leads to a natural introduction of the dimensional
constant a, which has the value of the Planck length (10_33 cm). This scale
(together with /) sets the scale for the gravitational constant G and the small-
scale structure of spacetime is determined by the de Sitter group.

This interpretation leads to a large cosmological constant, which is
unacceptable in classical theory. The suggestion that this term might be cancelled
by quantum corrections currently remains only a hope. Certainly, we can assume
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that a is very large, since in the limit a — oo the cosmological constant vanishes,
and the only term that survives is bR. However, in this case the small-scale
structure of the spacetime remains untouched.

Although some aspects of de Sitter gauge theory are not satisfying, this
approach yields an inspired insight into the structure of gravity.

Exercises

1. Derive the following relations for Riemann space with the metric (C.3):

X 1 . 1
Pie=—Y'8jk  Riji = —5(8ikgjt — 8ingje).

2. Show that the conformal coordinates of the de Sitter space satisfy the
following relations:

i 2 5
; 2y! x*  1=y’/a

5
_ N S — 2® — 1)a.
Y T 154 4a>  1+4+y3/a y = )a

3. Show that the contraction of the Lorentz group defines the Galilei group, i.e.
the group containing Galilean transformations to a moving reference frame,
and spatial rotations.

4. Show that the action f d*x ghvre F“waaMp can be written in the form of a
surface term [ d*x 9, KH.

5. Show that the action f dx grvre ijkl R v RM »o 1S proportional to the
Gauss—Bonnet topological invariant, and verify that its variation vanishes
identically.

6. Express the non-polynomial action [ d*x /—gg"*g"? F ,, Fups, in terms
of the curvature and the torsion, using (C.14) to identify the tetrad field.



Appendix D

The scalar—tensor theory

Various attempts to modify certain properties of GR led to alternative
formulations of gravitational theory, in which new principles appear together
with new dynamical variables. Starting from the conviction that Mach’s ideas
about inertia have found only a limited expression in GR, Brans and Dicke
(BD) proposed an alternative theory of gravity in which the metric tensor is
accompanied by a scalar field as a new dynamical variable (Brans and Dicke
1961).

The Brans-Dicke theory. According to Mach’s ideas, inertial forces that are
observed in an accelerated reference frame can be interpreted as a gravitational
field, with its origin in distant matter of the universe, accelerated relative to
that frame. In GR, the influence of matter in defining local inertial frames
is sometimes negligible compared to the influence of the boundary conditions.
Consider a space containing nothing but a single observer in his/her laboratory,
which is of standard size and mass. If we use GR and the boundary conditions
according to which the space is asymptotically Minkowskian, the effect of
the laboratory on the metric is minor and can be calculated in the weak
field approximation. The laboratory is practically an inertial reference frame.
However, if the observer fires a bullet through an open window tangentially to the
wall, the laboratory is set into the state of rotation, which can be registered with
the help of the gyroscope. After some time, the bullet, which is almost massless
and at great distance from the laboratory, becomes dominant in determining the
local inertial frame (orientation of the gyroscope). This situation in GR is much
closer to a description of an absolute space in the sense of Newton than a physical
space as interpreted by Mach. According to Mach, the influence of the massive,
nearby laboratory should be dominant.

The influence of all masses in the universe on the local gravitational field
can be simply described by introducing a scalar field ¢. If ¢ obeys the
Poisson equation, its average value can be estimated by calculating the central
gravitational potential of a homogeneous sphere, with a radius which is equal to
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the dimension of the visible universe, R ~ 1023 cm, and which contains mass M
distributed with the cosmological density p ~ M/R> ~ 1072° g cm™3. In this
way, we obtain

(@) ~ pR* ~ 10> gem™!.
Recalling the value of the gravitational constant, G = 0.68 x 10728 g~ ¢m (in
units ¢ = 1), we find an interesting relation:

1

()~ = D.1

It connects the average value of ¢, representing the influence of the cosmological
mass distribution, with the gravitational constant, which defines the locally
observed gravitational field.

According to Mach’s interpretation of inertia, the local gravitational field
(which defines the local inertial reference frame or local standard of inertia)
should depend on the distribution of all masses in the universe. If the influence
of these masses is realized through a scalar field ¢, then Mach’s idea means that
the gravitational ‘constant’ is a function of ¢. Relation (D.1) suggests that a true
Machian theory of gravity can be obtained from GR by replacing 1/G — ¢, and
adding the usual kinetic term for ¢:

Isp = /d4x,/_—g[—¢R + (@/$)8" ,93,¢ + 167 Ly].  (D.2)

Here, ¢ plays a role analogous to that of G~!, and w is a dimensionless constant.
This constant has to be positive in order for the energy of the scalar field to be
positive. The matter Lagrangian £y does not depend on ¢ and has the same form
as in GR, therefore the equations of motion of matter also have the same form as
in GR. The gravitational field in (D.2) is described in part by geometry (metric)
and in part by a scalar field.

It is interesting to observe that this theory satisfies the ‘medium-strong’
principle of equivalence: it predicts, like GR, that the laws of motion of matter
fields (or particles) in every local inertial frame are the same as in SR; in
particular, all dimensionless constants are the same at every point of spacetime.
On the other hand, since the gravitational ‘constant’ varies from point to point,
the gravitational effects (e.g. the ratio of electromagnetic and gravitational force
between two electrons) also vary from point to point. Thus, the ‘very strong’ form
of the principle of equivalence is not compatible with BD theory.

The equations of motion are obtained from (D.2) in the usual way. Using the
definition of the energy—momentum tensor for the scalar field,

3Buy = (VuVy — gD + (/$)[0,000¢ — 38,0 (0.09" )] (D.3)

we find the following equations of motion for g, and ¢:
¢G = 87Ty + 3By (D.4a)
— 2(w/P)0¢ + (w/P?) 30" ¢ — R = 0. (D.4b)
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The first equation is an analogue of Einstein’s field equation but with a
variable gravitational coupling ¢! and the source of gravity is the energy—
momentum tensor of matter and scalar field. When 7),, dominates B, this
equations differs from Einstein’s only by the presence of a variable gravitational
‘constant’. The covariant divergence of this equation has the form

VAT, =0

which is the same as in GR (it implies, in particular, that point particles move
along geodesic lines). The second equation can be transformed in such a way that
the source of the field ¢ is given by the trace of the matter energy—momentum,
in agreement with Mach’s principle. Indeed, the contraction of equation (D.4a),
—¢R =87 T — 30¢ — (w/$)d,¢3"¢, combined with (D.4b), leads to

Qw +3)0¢ = 87 T. (D.5)

The observational consequences of the theory can be found by solving
equations (D.4a) and (D.5). The results obtained here differ from those in GR,
and can be used to test the validity of the theory, and find the allowed values of w.
For large w, equation (D.5) has a solution

6= & +00/o)

Using this solution in equation (D.4a) we obtain
Gy =8nGTy, + O(1/w).

Thus, in the limit of large w, the theory carries over to GR.
In order to set the lower limit on w it is useful to calculate the perihelion
precession, which leads to the following result:
3w+ 4
3w+6

Since the value computed from GR agrees with observations with an accuracy of
8%, this equation implies Bw + 4)/Bw + 6) 2> 0.92, i.e.

x (the value of GR).

w 2 6.

A detailed comparison of the predictions of BD theory with observations can be
found in standard textbooks (see, e.g., Weinberg 1972).

Connection with Weyl theory. It is interesting to clarify the connection
between BD theory and Weyl theory in Riemannian space V4. The scalar field
¢ in (D.2) has weight w = —2. It is convenient to define a new scalar field,
¢? = ¢, having weight w = —1. Then the action (D.2) takes the form

Igp = /d4x V=g (—¢*R + 4wgh’d,00,¢ + 167 L). (D.6)
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In the absence of matter, the action is invariant under local rescalings
24 -
Euv = €7 8y ¢ —>€ ¢
provided the parameter w has the value
w=-3 (D.7)

as follows from equation (4.46). However, for negative w the energy of the scalar
field becomes negative. Weyl invariance fixes the relative sign of the first two
terms, while their overall sign can be fixed by demanding that the energy of the
scalar field be positive. This leads to the following modified action as a model for
gravitation:

I = /d4x V=89’ R + 68"V 8,,0,¢ + 167 Ly). (D.8)

(Alternatively, the condition of the positive gravitational energy would change the
sign of the first two terms.)

The equations of motion following from (D.8) include the matter field
equations together with

(O— 1R =0
) (D.9)
@*Gpy + 60, + 87Ty =0

where 6,,, is the improved energy—momentum tensor of the field ¢:

Ouv = 000 — v 3 (39)* — (VY — gD’
Taking the trace of the second equation we find
6p(0— tR)¢ + 87T =0

whereupon the first equation implies that the trace of the matter energy—
momentum has to vanish. This means that only scale invariant matter can be
present in (D.8) (which is not the case with BD theory, where the matter field
may be massive).

To allow for the presence of massive matter, Deser (1970) suggested
explicitly breaking the scale invariance by adding a mass term for the scalar field.
Then, instead of having the vanishing trace of the matter energy—momentum, we
get a consistent relation

12m2g02 +8xT =0.

Another possibility is to withhold scale invariance from the complete theory,
retreating thereby from BD’s original idea. The algebraic dependence of the
equations of motion for g,, and ¢ is a consequence of Weyl invariance. In
this case, the scalar field is not a true dynamical variable and can be entirely
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removed from the theory. To show this, consider action (D.8) without the matter
component. Applying rescaling transformation with parameter & = In ¢, the field
@ goes over into ¢ = e *¢ = 1, so that the complete theory reduces to GR in the
space with metric g,, = (ng,w,

[ xR + o5 a0 = [ dix =R @).

Thus, the scalar field completely disappears as an independent degree of freedom.
The presence of Weyl invariant matter does not change this conclusion (Anderson
1970). Of course, when the Lagrangian Ly is not Weyl invariant the situation
changes and the equivalence with GR is lost.

If the scalar field is not determined dynamically, as in Weyl invariant
theories, we could consider the possibility of fixing its value by experimental
conditions. There have been attempts to formulate a theoretical interpretation
of the hypothesis of large numbers by making a distinction between the
‘cosmological’ and ‘atomic’ scales (Canuto ef al 1976).

We see that the role of the scalar field in the modified BD theory with
0= —% is essentially different from that in the original BD theory.

Discussion. If we want to investigate matter fields with non-vanishing spin, it
is natural to generalize BD theory (D.2) to the case of Riemann—Cartan space Uy
(Kim 1986). An interesting conclusion from this model is that the torsion may be
generated even by spinless matter—the source of the torsion is the gradient of the
scalar field.

The basic characteristics of the theory can be clearly seen by studying the
following simple action:

I = —/d4x«/—g¢R w(p) = —2. (D.10)

The torsion here is also given in terms of d¢. It is interesting to note that after
eliminating the torsion from the action with the help of the equations of motion,
the resulting effective action is Weyl invariant and equivalent to GR with metric
&uv = $guv. Weyl invariance is a consequence of the existence of some hidden
symmetry in the original theory (German 1985).

Action (D.10) in Weyl space W4 does not give anything new: using the
equations of motion we can express the Weyl vector ¢,, in terms of the gradient of
the scalar field, whereupon the elimination of ¢, from the action leads to a theory
which is, again, equivalent to GR (Smalley 1986).

Trying to establish a theoretical foundation for the hypothesis of large
numbers, Dirac (1973) studied action (D.8) in Weyl space W4. This action is
invariant under Weyl rescalings. We can show that in this case the scalar field is
also non-dynamical, i.e. decoupled from other dynamical variables (Pietenpol et
al 1974).
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Exercises

1.

2.

Using the equations of motion of BD theory, show that the energy—
momentum of matter obeys the relation V#T,, = 0.

Find the trace of the energy—momentum of matter in a theory obtained from
(D.8) by adding a mass term for the scalar field.

Find the change in the GR action under Weyl rescaling g,, — ¢guv.
Rewrite the result in terms of ¢, where ¢ = ¢?.

Find an expression for the torsion using the equations of motion of the theory
(D.10) in the Uy space.

Calculate Weyl vector using the equations of motion of the theory (D.10) in
the Wy space.



Appendix E

Ashtekar’s formulation of GR

The discord between quantum theory and gravitation is one of the greatest
mysteries of modern physics. The perturbative methods of quantum field theory
have been very successful in studying non-gravitational phenomena, but not
very adequate for quantum GR. It seems, therefore, useful to try to develop
a non-perturbative understanding of this theory. The Hamiltonian method is
one of the standard approaches of this type. However, it usually leads to great
difficulties in GR, where the connection is expressed in terms of the metric and
the constraints are complicated, non-polynomial functions of metric (geometro-
dynamics). In Ashtekar’s formalism, the connection remains one of the basic
dynamical variables (connexo-dynamics) and the constraints become simpler by
passing to a new set of complex variables (Ashtekar 1988, 1991). The main
achievement of this approach is that the constraints now become polynomial
functions of canonical variables.

As a gauge theory, gravity is naturally formulated in terms of tetrads and
the connection. Ashtekar’s formulation of GR can be understood as a canonical
transform of Einstein—Cartan theory without matter, which is equivalent to
GR, in the region of complex variables (Kamimura and Fukuyama 1990). In
order to show this, we shall first clarify the Hamiltonian structure of a suitable
reformulation of the EC theory.

Tetrad formulation of GR. EC theory without matter is defined by the Hilbert—
Palatini (HP) action (5.47). As we mentioned in chapter 5, there exists a
canonically equivalent formulation defined by
A
Lp=a / d*x LelP 1=, (050! ) A™, + b5 b AT, AT (B
where the dA terms are eliminated by adding a suitable four-divergence to the
original EC action. In this approach, we can simply eliminate the connection

A and the related momenta by using constraints and obtain the so-called tetrad
formulation of GR.
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In addition to the sure primary constraints, ;% ~ 0 and mjo ~ 0, action
(E.1) also yields the following additional primary constraints:

$i* =m“ + aegngbjﬁAm”y ~ 0 E2)
¢ij* = mij® ~ 0. .

Comparing these relations with (5.48), we see that this theory can be obtained
from the HP formulation by the following canonical transformation:
0 .
% > 7%+ aeijfbefﬁAm”y
Oc

i — 7% + gy b7 gb"y

while b x and Al  remain unchanged.
Since the Lagrangian is linear in velocities b',,, the canonical Hamiltonian

is given as H. = —L(b = 0). Explicit calculation leads to

He = bloHi — A oHij + 0 D* (E.3a)
where
1 0aByy i OBy
Hi = _Easijmn bjO‘Rmnﬂ)’ Hij = _asijmn bmaTnﬁ (E3b)

D* = —ag )P pm gy Al .

ijmn

Note that the expressions for H; and H;; are the same as in the HP formulation.
This is not a surprise, since they are invariant under the canonical transformations.
Going over to the total Hamiltonian,

Hr = He +u'omri® + Lut om0 + ul o i® + Sut omii®
we obtain the consistency conditions of the sure primary constraints:
Hi~0 Hij ~ 0. (E.4a)

Although the constraints ¢;% and ¢;;“ are different from the related HP
expressions, their consistency conditions remain of the same form:

o — %aeaoﬁy(bjoRmnﬁy _ 2bjﬂanOy) ~ 0

Xi .
Y ;"(’; . (E.4b)
Xij® = —agg,,, b"oT" g, —2b"gT",) ~ 0

where the underbars in R and T have the same meaning as in chapter 5, and will
be omitted in further exposition for simplicity.
Combining the conditions (—=H,;, x;*) and (H,;, x;;*) we obtain the
relations
W RY — "R ~0 Tk, ~0
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which can be recognized as the Einstein equations for a gravitational field without
matter. Out of 16 4 24 of these equations, we have 4 + 12 secondary constraints
(H; ~ 0 and Tkaﬁ ~ (), while the remaining 12 4 12 equations are used to fix 30
multipliers u', and u*,, (xi* =~ 0and Tkoy ~ 0).

The consistency of the secondary constraints produces no new constraints.
Indeed, the consistency condition for ; is automatically fulfilled, while the
consistency of Tkaﬁ ~ 0 yields additional equations for the determination of
u .

Among 40 primary constraints, we find 10 first class constraints (;°, 7; jo)
and 30 second class (¢;%, m;;*) ones; out of 16 secondary constraints, 10 of them
are first class (H;, H;;), and the remaining six are second class (they are unified
with #;; into T* .5 ~ 0).

In order to study the elimination of the connection variables, we impose
the time gauge condition: %, ~ 0. Then, H, effectively becomes second
class. We shall now show that the 21 field variables (boa, A,) and the
corresponding momenta can be eliminated from the 42 second-class constraints
(9%, 7ij%, T%g, b%).

In the time gauge, the constraints ¢;“ are simplified:

o o apy e bc
$o” = 7o +a£ebcbﬁA Y

~ aBy b 4c0

¢a” ~ 7" —2ae,;, b gA”,
where eV = ¢0BY ¢, = goupe. Using 24 constraints b%, ~ 0, ¢ ~ 0,
T%p ~ 0 and 7% A~ 0, we can easily eliminate (b, A?,) and the related
momenta:

0 ~ ~ o b
Py ~0  m® ~ —asly begALe,
Aaba ~ Aaba ﬂaba ~ 0.

In order to solve the constraints ¢,* for ACOy, it is useful to introduce the
canonical transformation (b4, A% g) — (EJ%, PP ), defined by

Ef = _%ngcybbﬁbcy . = _Sjbﬂgbbﬁ Py ES)

In terms of the new variables, the constraint ¢,* has the simple form P¢, +
2aA<0, ~ 0, so that the remaining 18 equations ¢,* &~ 0 and m,% ~ 0 can be
used to eliminate (A%, 70,%):

1

A%, ~ —p9, 7T0a® ~ 0.
2a

In the time gauge, the variable A is also fixed. Indeed, the consistency of

the time gauge implies 5%, = u®, ~ 0, where u’, is determined by the relation

T%¢ =~ 0. This leads to the additional relations

1
AOcObca ~ aabOO + Z Pea b€ 7Tb00 ~ 0
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which do not influence the form of the FC constraints, since H; and H,, are
independent of AV (Hop is effectively second class).

After imposing the time gauge, the FC constraints H; and H,, become
simpler:

M, = —%sabcﬂbc = ag®By Toaﬁba,,

—(1/a)yHo = 6207 b, (9p AP, + Ab 5 A, + ALogA%) (E-6)

abc

o =2as"P b (05A0, + A€ 5 AT0,).

abc

They are polynomial in the basic canonical variables, up to the multiplicative
factor J~!. This property is spoiled after the connection is eliminated with
the help of the second-class constraints. After eliminating A%’, and A%, the
constraints H,, and H, take the form

M, = _8abchaEca
(E.7a)
Ho = JUEL EbP(3p PP, — 8, PPg) + Pug EpP o, EP].

Turning now to Hp, we note that its first term can be written in the form
205(J VERP,EP®) + 20p(ELPh.Y)AP,. Half of the second part of this
expression is cancelled with the term AP g A%y, so that

B 1 .
—(1/a)Ho =205 (J " EP 3, EP®) + 4—6128‘”"(1 VELPELY ) (cer PCpPT )
+3s(J T ELPET AP, (E.7b)

Constraints M, and JH, remain polynomial on the reduced set of new
canonical variables. Unfortunately, this is not the case with H, the reason being
not only the presence of the last term, but also the appearance of the factor J~!. In
further analysis, we shall see how the transition to complex variables transforms
the FC constraints into the polynomial form, thereby simplifying some aspects of
the canonical structure of the theory.

Ashtekar’s formalism. The complex canonical formalism can be simply
introduced by adding an imaginary total divergence to the Lagrangian in (E.1).
Although the action is complex, it correctly describes the equations of motion of
the real theory. The canonical variables also become complex; however, their
structure is not arbitrary, but precisely determined by the form of the imaginary
total divergence. This implies the existence of certain relations between canonical
variables and their complex conjugates, called the reality conditions, which play
an important role in the new formalism.

Ashtekar’s formulation can be obtained starting from the following complex
action:

In=I{p—a / d*x g™, (b, 0bip). (E.8)
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The imaginary four-divergence implies the appearance of complex momenta, as
can be seen from the form of primary constraints:

B 0aBy , i -0 ~
¢i% =1 + aej,,, bIgA™"y + 2iae%P dpbiy ~ 0 (E.9a)
ﬂlja ~ O.

Since the imaginary part of the action is linear in the velocities, the canonical
Hamiltonian remains essentially of the form (E.3): the only effect is the
replacement D* — D% + iae“”lp(bkvaxbkp). The imaginary part of the
constraints, which depends only on the fields (and not on the momenta), does
not change earlier considerations of the consistency, so that, again, we obtain
relations (E.4a,b). These results can be understood by observing that the
canonical transformation acts only on the momenta, so that all expressions that
are independent of the momenta remain unchanged. Of course, the same results
can also be obtained by direct calculation. Therefore, the only important change,
compared to the real formulation, is the change in the form of the primary
constraints (E.9a).

As before, we shall now impose the time gauge for simplicity, whereupon
the primary constraints take the form

0% ~ mp* + a&‘gfcybeﬁAbcy (E.9b)
Ba® ~ 7% — 2080 b g AO,, 4 2iac%PY dgb,,.

abc

Let us now introduce the concept of self-dual connection. Omitting the
spacetime index, we first define the dual of AY by *AY = %8’1'””Amn, SO
that **AY = — A" Each Lorentz connection can be decomposed according to

Al = %(AZ + A7), where
AT = AU % A (E.10a)

are the complex self-dual (+) and anti self-dual (—) parts of AY, * AY = 4i AY.
These parts are orthogonal in the sense that (ALB_)i = _ATB_m-/ = 0, and,
as a consequence, [A, B]Y = [A4+, B+]Y + [A-,B_]Y. The complexified
Lorentz algebra can be decomposed into self-dual and anti self-dual subalgebra:
so(1, 3, C) =s0(3) @ so(3). In further exposition we shall use only the self-dual
connection, omitting its index + for simplicity.

In the time gauge, the complex self-dual connection has the form

Ay = A% + i Apeq (E.10b)
and the constraints ¢,“ can be expressed as

Ot =" — ZaSZI’fCVbbﬁACOV.
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Of course, this is not just a coincidence: the imaginary part of the action has been
chosen so that ¢,“ contains the whole complex self-dual connection.

After we apply the canonical transformation (E.S5), the constraint ¢,*
acquires the simple form P¢, + 2a. A%, ~ 0, which can be solved for A%,

1 i
A%, = o Pt Es“ef Acfa.
Now, we shall find the form of the remaining FC constraints (E.6) in terms
of the new variables. Look, first, at M,. Using the previous expression for AO“a

and the definition of Toaﬁ, we obtain

(1/20)My = iVeEs®  VaEs® = 0 Es® + %sabchaE“‘. (E.11a)
a

After eliminating the connection, the first term on the right-hand side of
—(1/a)H takes the form 295 (J ~' E;P 8, E>*) +294(EpPh.") AP¢,,. Combining
the first part of this expression with terms linear and quadratic in P, that stem
from Abo/gAOCy s

1 i 1
aBy b d be d b °d

Eabe D' (—@P pPy = 5 8" Bepp Py + 22" Acppe gAdgy)
and taking into account that all the remaining contributions cancel out, we find
that .

i e
Ho = idg(J ' ExP MP) — Ee““(rlEaﬂEbV)Fcﬂy
‘ (E.11b)
i
Fepy = 0pPey — 0, Pep + zsce.,uv‘f’,gpfy.
Note the importance of the imaginary part of the connection in the calculations
leading to this result.

After we have eliminated the connection in H,, the related contribution of

the terms linear in P¢ is given by

T N=EPEY Fegy + (Pag + iagacs A g) EbP (Vo E™)]
— T Niagqer A g EbP 3y EP®.
Terms quadratic in P¢, are also present, but they cancel each other out. After the

last part of this expression is cancelled out with the remaining contributions from
H,, the final result takes the form

i .
Ho=J"" I:anEbﬂFb/gV — 5 (Pap + iaeaefA‘fﬁ)EbﬁMb} . (E.llo)
4 .
Summarizing, we can conclude that after the elimination of all second-class
constraints, the following FC constraints remain:
Gy = —%ieabcEaaEbﬂFcaﬁ

(E.12)
Go = EY Fyp, M, = 2iaVyE.“
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which are expressed as polynomials in the complex variables E,* and P%.
Starting from the relations

Ho = J " Go +idp(J " EY My)

i . .
a=J! [Ea“Ga = 5 (Pap + laé‘aefAcfﬁ)EbﬁMb} :

we can rewrite the canonical Hamiltonian in the form
He = NGo+ N¥Gy + A“M, (E.13)

where N and N¢ are real, and A“ is a complex multiplier.

The use of complex variables demands a careful analysis of the reality
conditions in the theory. The transition to the complex action, in which b “
and AY . are real variables, implies that the momenta 7,% become complex.
We note that the momenta always appear in constraints in the real combination
Y + 2ia8°‘ﬂ?’8ﬁbay. Consequently, all constraints are real, as is the total
Hamiltonian. Real constraints are, however, non-polynomial in real variables.
The transition to polynomial constraints M, H, and H is realized by introducing
complex variables. It is important to stress that the Hamiltonian is a real quantity,
as a consequence of the fact that complex constraints in (E.13) are not arbitrary
complex functions, but satisfy definite reality conditions. Thus, for instance, since
the quantity P4, + iagef Acfq is real, the reality condition for P?, has the form

Pyt = Py + 2ias® Ay (E.14)

and similar conditions exist for constraints M,, H,, Ho and multipliers A¢. In
general, these conditions are non-polynomial.

From the mere fact that the constraints are polynomial, it is not easy to
understand the importance of this property for the theory. Studies of quantum
physical states, that obey all conditions imposed by the constraints, led to the
result that these states can be constructed using certain gauge invariant variables.
Variables of this type are known in non-Abelian gauge theories under the name of
Wilson loops. Despite great efforts, such a result has been never obtained in the
standard formulation of GR.

Polynomial constraints are also obtained in the presence of some matter
fields. In particular, supergravity can be successfully studied in this way.
However, the construction of physical states is not sufficiently clear here.

Generalization of Ashtekar’s approach to higher dimensional theories seems
rather difficult, since the concept of self-duality is specific to d = 4.

The transition to complex polynomial constraints is accompanied by the
corresponding reality conditions, in which all the specific features of the
gravitational interaction are reflected. In spite of many encouraging results, there
is much work still to be done before we can reach a final conclusion concerning
the role and importance of this programme in the search for quantum gravity.
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Exercises

1. Prove the following identities in the time gauge:

8aﬂybaabbﬂbcy — Jgabc 8abchaahbﬂh0y — Jflgaﬁy

8aﬁybbﬁbcy — Jgabchaa 801/3)/bbﬁbcy = _2Jh,”

abc

ePYbe, = Jehhl PV bC, = 20 hy

abc

2. Check whether the following identities are correct in the time gauge:
E* = Jhe® P =J ' (bgb"y — 16°4b" p)myP

—2b%, = J’lggg;EbﬂECV

I E® = —JAD, by (Leel A ) = =7 by, .
3. Show that the constraints (E.6) of the real formulation (E.1) are polynomial
in the variables E,%, P? g and A“b y» up to the multiplicative factor J -1
4. Derive relations (E.11a, c¢) for constraints M, and H,. Taking the variable
P?, as real, find the real parts of constraints M, and H,, and compare them

with the result (E.7a) for the real formulation.

5. Derive the relation (E.11b) for constraint Hg. Taking the variable P¢,
as real, find Re(#p) and compare it with the result (E.7b) for the real
formulation. Explain any disagreement.

6. Derive the form of the canonical Hamiltonian (E.13) and find the explicit
form of the multipliers N, N* and A“.

7. Find the reality conditions for the constraints M,, H, and Ho, as well as for
the multipliers N, N, and A“.

8. Find the Hamiltonian equations of motion for E,* and P%, when the
multipliers N* and A“ vanish (‘pure’ temporal evolution).



Appendix F

Constraint algebra and gauge symmetries

In the framework of the Hamiltonian formalism, Castellani (1982) developed
an algorithm for constructing all gauge generators on the basis of the known
Hamiltonian and the algebra of constraints. His arguments can also be used in
a reversed direction: PGT possesses local symmetry for which the generators
have been found in chapter 6, which allows us to obtain very precise information
about the algebra of FC constraints (Blagojevi¢ and Vasili¢ 1987).

Dirac found the algebra of FC constraints in any generally covariant theory,
such as metric gravity (Dirac 1964). The same result was derived on the basis of
the principle of ‘path independence’ of dynamical evolution (Teitelboim 1973).
These ‘geometric’ methods are very powerful and give us a deep insight into the
structure of the theory. However, they are unable to give us complete information
on the structure of the constraint algebra, such as, for instance, the information
on the presence of squares of constraints, and must be supplemented by specific
additional considerations.

When the only constraints in PGT are those related to the Poincaré gauge
symmetry, the algebra of constraints has the standard form (6.1), containing no
squares of constraints. Here, we shall show that this algebra also has the same
form in the general case, up to the presence of PFC constraints and squares or
higher powers of constraints. The conclusion follows from certain consistency
requirements on the structure of gauge generators. In the course of our exposition,
it will become clear that all methods based on ‘geometric’ arguments have the
same degree of uncertainty.

The Hamiltonian of the general theory has the form (5.44), and the gauge
generator is given by the expression (6.7), where the phase-space functions
G, G must satisfy the following consistency requirements:

G| = Cprc (Fla)
Go + {G1, Hr} = Cprc (F.1b)
{Go, Hr} = Cprc. (F.1¢)
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Here, Cprc denotes PFC constraints, and the equality means an equality up to the
constraints of the type x"(n > 2), which are FC. Therefore, all consequences
of these relations have the same ambiguity. Now, we are going to follow the
‘inverse’ Castellani method, i.e. we shall start with the known Hamiltonian and
gauge generator, and examine all consequences of the consistency requirement
(F.1) on the algebra of the FC constraints 1 , Hy and H;;.
The first requirement (F.1a) applied to the gauge generator (6.7) leads
immediately to
10, 70 = Cpre. (F2)

Using the fact that primary constraints do not depend on the unphysical variables
b*o and AV, we can easily show that

(%, Cppe} = Cerc {7;;%, Cprc} = Crrc.

Let us now denote primary first- and second-class constraints by ¢ and ¢»,
and the related multipliers by v and u», respectively, so that the total Hamiltonian
(5.44a) can be written as

Hr = He + (vg1) + (u26). (E3a)

Taking into account that G(.)j, Gg = Cprc, the second requirement (F.15)

I

applied to G;j, G4 and Gy leads to

f {7;;%, (u2¢2)'} = Crrc
/ (b o’ (uag2)'} = Cerc
(w22) + / (B o7, (u262)') = Corc.

By solving these equations, we conclude that all determined multipliers u#, can be
chosen so that (a) they do not depend on A" ¢, and (b) their dependence on bko is
given by a proportionality to N. Therefore,

up = NAL (BFo, AY o, 1%, 7).

Consequently, we can redefine the canonical Hamiltonian by including the
contribution of the term u;¢»,

ﬁc = NH, + NYHy — %Aij()/r"[ij
_ (F.3b)
Hi=Hi+A1d

and rewrite the total Hamiltonian as

Hr =He + (vo1). (F3¢)



412 Constraint algebra and gauge symmetries

The third requirement (F.1c¢) results in two sets of conditions. Demanding its
validity for an arbitrary multiplier v, the (v¢) part of H gives rise to

{Hij, 91} = Cprc
(Mo — SAY Hij, ¢} = Crrc

(F4)
{He + (u2¢n), ¢1} = Cprc
{Cprc, #}} = Cprc
whereas the H . part produces
{Hij, Hc} = —2bjioH j) — 2A°[i0H j)s + Cerc (F.5a)
(Mo — YAY Hij Hey = oot — 5AY 00 Mij + Cpec (F.5b)
{He,Hc} = Cprc. (E5c¢)

The first set of conditions is trivially satisfied by ¢| = n,io, o4 0. As for extra

FC constraints, we could also find some useful relations for them but they would
be of no interest here.

An analysis of the second set of conditions gives the most interesting
consequences. Indeed, explicitly extracting the dependence of the left-hand sides
of equations (F.5) on the unphysical variables b*¢ and A", and then comparing
with the right-hand sides, leads directly to the algebra of constraints.

The left-hand side of (F.5a) can be written as

Lij ={Hij.He} = /b/ko{%’j,ﬁ}(} - %/A/HO{HU’H;{]}

since H;; does not contain the momenta 9, 7 jO. ‘We search for a solution of the
Poisson brackets of constraints in the form

{(Hij Hi} = Nijed + Nije®0a8 + - -
{Hij, Hig} = Nijiid + Nijra®0ad + -

where the coefficients A do not depend on the unphysical variables. By using
these relations in L;;, and comparing with the right-hand side of equation (F.5a),
we find that

Aiji = —2niiH j1 + Cprc Ajjr® = Cprc
Ajjrt = 4y H k) + Cerc Ajju® = Cprc

and, consequently,

{(Hij. Higd = 5 fi™" Hmn + Cprc
{Hij Hi} = —2miiH j18 + Cerc.
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Going, now, to the ADM basis e/u = {n, e}, we finally obtain

{Hij. Higd = 5 fi™" Homn + Cprc (F.6a)
{Hij, Hy} = Cprc (F.6b)
{Hij, H } = Cprc. (F.6¢)

The rest of the algebra of constraints is obtained in a similar way and has the
form

{Ho, Hpg) = (Hydp + Hpde — TRY 4 Hij)8 + Crrc (F.6d)

{Ho , H'\} = H 10 — %R”aL'HU)(S + Cprc (F.6e)

Hi,H\ ) = —(HY +H') 048 + Crrc (F.6f)

where H* = 3 g“ﬁHﬁ. The time derivative AV, u RV, is only short for

(AU, H.}, so that these relations do not depend on arbitrary multipliers v
appearing in Hr.

Let us observe once more that the equalities in (F.6) are equalities up to the
powers of constraints x"(n > 2). This is a consequence of our method, which is
based on symmetry requirements, as expressed by (F.1).

At the end of these considerations, it is natural to ask the following question:
can the form of the constraint algebra (F.6) be improved, with more precise
information concerning terms of the type Cprc and x"? Because of the simple
form of the kinematical generators #;; and H,, their Poisson brackets can easily
be checked by a direct calculation (as we have seen in chapter 6), and the result
is that Cppc and the x" terms are in fact absent. The remaining relations in
(F.6) involve the dynamical part of the Hamiltonian H |, so that an explicit
calculation becomes much more difficult. Since #;;, Hy and H | do not depend
on nko, T jO, we can conclude that Cpgc terms in (F.6) are extra PFC constraints.
Consider, further, relations (F.6¢) and (F.6¢) that describe the behaviour of H |
under Lorentz rotations and space translations. The absence of Cprc and x” terms
in these relations is equivalent to the statement that 7 is a scalar density. The
nature of H | can be checked on the basis of the known behaviour of all variables
in A, under the Poincaré gauge transformations. Finally, the question of the
exact form of the Poisson bracket {’}7 Lﬁl} is the most difficult one. It cannot be
improved by a similar method, as the generators of the time translations are not,
and cannot be, off-shell generators. The only thing we can do is calculate Cprc
and the x" terms in (F.6 f), in a particular theory (Nikoli¢ 1995).

It should be noted that there are certain features of the constraint algebra
which do not follow from a given theory, but from ambiguities in the process
of constructing the Hamiltonian. For instance, we can choose all determined
multipliers to be independent of the momentum variables appearing in the
constraints, while any other choice would be equivalent to the replacement
uy — uy + Ar¢. It is clear that this would change not only the form of Hi,
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but also the corresponding Poisson brackets (by adding terms of the form Cppc
and x"). The most natural choice is one that gives the simplest gauge algebra.



Appendix G

Covariance, spin and interaction of
massless particles

In relativistic quantum field theory, a process in which a massless particle of spin
1 or 2 is emitted (or absorbed) is described by the scattering (S) matrix, which
may be written in the form

euM" or e, MMV,

Here, €, and €,,, are the respective polarization states, and M*, M*" are formed
from the variables corresponding to the other particles. The polarizations €, and
€,y are not covariant objects (vectors or tensors) with respect to the Poincaré
group, but undergo additional gauge transformations (appendix I),

€ —> €y +kyn €y = € T kuny +kyny

which are specific for massless particles. Hence, the Poincaré invariance of
quantum field theory requires the conditions

kMM =0, k,M" =0. (G.1)

These conditions, usually referred to as the gauge invariance conditions of the S
matrix, give very stringent restrictions on the structure of the theory through the
so-called low-energy theorems (Weinberg 1964, Kibble 1965).

In order to illustrate the nature of the gauge-invariance conditions (G.1), we
assume that matter is described by a complex scalar field ©,

Lyv =3, D" 0"D — m*d* P (G.2)

in which the propagator has the form D (k, m?) = 1/(k* — m?).

For massless fields of spin s > 0, gauge invariance implies the conservation
of the matter current. The matter Lagrangian usually has a global symmetry which
automatically leads to a conserved current. This is the case with the standard
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P

Figure G.1. The vertex diagram.

electrodynamics, where the global U (1) symmetry in the matter sector generates
the conserved current J,,. Similarly, the global translational symmetry leads to
the conserved energy—momentum tensor 7}, (to which the massless spin-2 field
is coupled).

The vertex of the spin-1 graviton. The massless spin-1 field ¢,, usually
called the photon, is coupled to the conserved matter current J,. The complete
Lagrangian has the form

L=Lv+ L+ L] (G.3)

where Ly and Ly are given by equations (7.5) and (G.2), and L is the interaction
term:
Ly = —ro,JH

(G4)
Ju = —i[(0,P*)P — P*(9,P)].

Here, J, is the conserved current defined by the global U (1) symmetry of the
matter Lagrangian: ® — exp(—ia)®, ®* — exp(ia) d*.

Note that the theory defined in this way differs from the usual U(1) gauge
theory: it is invariant under gauge transformations ¢, — ¢, + d,w, while, at the
same time, the matter field remains unchanged.

A coupling of type (G.4) is represented by a vertex diagram, as in figure G.1:
the straight lines correspond to the matter field, wavy lines to the photon and
the vertex I' (in the momentum representation) is obtained from AJ, by the
replacement 10, ® — py,10,P* = —p,:

I = x(py + pl) = 2@2p5 + k*). (G.5q)

In the soft photon limit, when the photon momentum k is much smaller than the
matter field momentum p, the vertex I'* takes the effective form

i =THk =0) = 2ap}. (G.5D)
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This limit is sufficient to define the electric charge as the soft photon coupling
constant: e = A. On-shell (for p% = m?), f* represents the classical particle
current.

The vertex of the spin-2 graviton. The massless spin-2 field ¢, is coupled
to the matter energy—momentum tensor 7},,, so that the complete Lagrangian is
given by

L=Lr+Lym+ L1 (G.6)

where L1 and Ly are determined by expressions (7.19) and (G.2), and

Ly = —rp"" Ty (G.7)
Ty = 3,03, + 3,00, D — L. '
The vertex I'*" has the form
T = A[pY pY + pypi — 0" (p1 - p2 —m?)] (G.8a)

where p» = p1 —k. In the soft graviton limit (k — 0) the coupling of the graviton
to the external matter field line ( p% —m?=0) yields the effective vertex

Y =T™ (k =0, p3 = m?) = 2xp} p} (G.8b)

which corresponds to the classical particle energy—momentum. The form of the
soft graviton vertex defines the gravitational charge: k = A.

The general structure of the vertex. These properties of the photon and
graviton vertex are obtained for the scalar matter, but can be easily generalized
to an arbitrary matter field with spin s > 0.

The general form of the current for a complex boson field ®,, . follows
from expression (G.4) by replacing ® — @, ... (up to a sign, which is the same
for even, and opposite for odd spins, as a consequence of the alternation of signs
of the Lagrangians with growing spin). The transition to the momentum space
reproduces result (G.5a), whereupon the soft photon limit yields the effective
vertex (G.5b). Similarly, the tensor 7}, is obtained (up to a sign) from (G.7) by
® — ®d,,... Going over to the momentum space, the term proportional to Ly
tends to zero as k — 0, p> — m?, and we end up with result (G.8b).

The same result also holds for arbitrary spinor matter fields.

Low-energy theorems and the spin of the graviton. The general
considerations in chapter 7 show that the massless graviton can have spin 0 or
spin 2, while the possibility of spin 1 is eliminated. What about higher spins?
We shall see that the low-energy theorems in quantum field theory eliminate the
possibility s > 2.
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(a) (b)

Pq

Figure G.2. The modified process (b) contains an additional graviton.

Let us consider a scattering process described by an amplitude M
(figure G.2(a)), and compare it with a slightly modified process, in which an
additional graviton of momentum k is emitted (or absorbed) (figure G.2(b)).
When k£ — 0, the dominant diagrams are those in which the graviton is ‘attached’
to an external matter field line, as they possess an additional propagator (between
the vertex I" and the rest of the diagram) which is close to its pole. The additional
propagator, corresponding to a line carrying momentum p, + k, becomes, in the
limit &k — O,

1 1
D +k,m?) = A .
(P )= e —m? " 2pa K

We write a detailed form of the original amplitude M, with all spinor indices
and external line momenta explicitly indicated, as

M — MU|...Ua...Un(pl7 coos Das -5 Pn)-

Consider, first, the case of the spin-1 graviton. The modified process is
described by the matrix element €, M &), where

MH

(a

y = F'u(pou k)D(py + k, mz)M(pa — Po + k)

" 2 (G.9a)
= Z Faaaﬂ (Pa, k) D(pa + k,m )MO'] ..OB...0y (Pa = pa + k)

op

and I'*(pgy, k) is a vertex of type (G.5a), which describes the coupling of the
graviton to the line (o, py). In the limit & — 0, we find that

M~ & M (G.9b)
(@ "9 Do -k
where f(‘;) = I'"(py,0). After summing the contributions of the gravitons

emitted from all external lines (sum over «), the gauge invariance requirement



Covariance, spin and interaction of massless particles 419

(G.1), applied to the complete amplitude M* =", M é;), yields

k 12
Z@M=0. (G.10)
2po - k

o

Since we are considering only soft gravitons, the vertex f(’;) is of the form (G.5b),
flay = 2€ape, s0 that this requirement reduces to

Zeazo (G.11)

provided M # 0. This is, of course, the charge conservation law.
Now, we turn our attention to the spin-2 graviton. A completely analogous
procedure leads to the result

v

k
3 SdCOly Y (G.12)
2po - k

o

In the limit k — O, the vertex takes the form (G.8b), f(’; ‘; = 2Kq péf Dy, and the
previous condition, for M # 0, reduces to

Zlcap; =0. (G.13)
o

Taking into account the momentum conservation law, >, p» = 0 (all external
momenta are directed outwards), relation (G.13) can only be satisfied by choosing

Ky =K (G.14)

where k is a constant. Thus, all particles have the same gravitational charge. This
demonstrates the universality of the gravitational coupling, in accordance with the
principle of equivalence.

It should be noted that the graviton field ¢, can be coupled to its own
energy—momentum tensor. In other words, the graviton carries the gravitational
charge (energy—momentum) and can interact with itself. This is not the case
with the photon: the electric charge of the photon vanishes and the photon is
electrically neutral.

For gravitons with higher spins, the condition of gauge invariance leads to
equations that cannot be satisfied at all (for instance, ), g« plk po = 0). Thus,
we conclude that

the only massless bosons which can be consistently coupled to matter
in the limit k — 0 are those of spins s < 2.

Since the expressions ep” and «p" p¥ should remain invariant if we replace
p — —p and reinterpret the particle line as an antiparticle line, it follows that the
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particle and antiparticle must have opposite coupling to the spin-1 field, and the
same coupling to the spin-2 field.

We should emphasize that these arguments do not show that massless fields
of spin s > 2 do not exist, but only that their interaction with matter in the limiting
case k — 0 must vanish (M — 0), otherwise it will be inconsistent. Such
interactions do not generate long-range static forces, hence they are not expected
to be of any importance in describing macroscopic gravitational phenomena.



Appendix H

Lorentz group and spinors

In classical relativistic physics, the basic physical quantities are represented by
tensors and the covariance of the physical laws is achieved with the help of tensor
equations which have the same form in every reference frame. On the other
hand, quantum physics is formulated in terms of both tensor and spinor fields.
This motivates us to reconsider the role of relativistic spinors in classical field
theory (Carruthers 1971, Novozhilov 1972, Wybourne 1973, Barut and Raczka
1977, Berestetskii et al 1982). We should note that Lorentz spinors, which are
used to build relativistic actions, are not directly related to physical particles,
having definite mass and spin; the physical particles are properly described by
the representations of the Poincaré group (see appendix I).

Consider two observers who are in different inertial reference frames S and
S’ of the Minkowski space M4. We assume that they describe the same physical
event by the spacetime coordinates x and x’, respectively, which are related to
each other by a Lorentz transformation:

X = AP XV, (H.1)

The invariance of the spacetime interval (2.1) leads to the orthogonality conditions
on the real matrix A = (A*,): ATyA = n. This implies

det A = +1
A% > or AV <1,

If A is any invertible 4 x 4 matrix with real elements, we introduce the
following terminology:

the full Lorentz group: L = O(1,3) = {A | ATnA = n);
the proper Lorentz group: Ly = SO(1,3) = {A € L | det A = +1};
the restricted Lorentz group: Lo = {A € L | det A = +1, A% > 41},

The discrete transformations of space inversion /I, and time inversion I are
improper, i.e. such that det A = —1. The full Lorentz group contains Lo,

421
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IpLg, ITLo and IpITLg. The proper and restricted Lorentz transformations are
subgroups of L. The restricted Lorentz group Lo (Lorentz group) is the only
subgroup in which the elements are continuously connected to the identity; it
contains ordinary three-dimensional rotations and boosts, but not space nor time
inversions.

Lie algebra. An infinitesimal transformation of the restricted Lorentz group Lo
can be written as A%, = 8 4+ wt,, where w"’ = —w@"#, or, in matrix notation,

A=1+ %CUM)MMJ (M)Lp)uv = 55’77,01) - 5’,fmv.
Here, M, are the infinitesimal generators of Ly which satisfy the Lie algebra

[M,LLUa Mkp] = nvAMMp - nuAMUp - nvauA + nuvaA

: o (H.2a)
= jfp.v,)\p My .

The matrices M, are anti-Hermitian, (M ) w = —Myy,, and equation
(H.2a) defines the Lie algebra of the Lorentz group. The problem of finding
representations of the Lorentz algebra leads to solutions for M, which are
different from the particular form from which we started.

We now introduce the angular momentum and boost generators,

M' = L M = (Maz, M31, M2)
K' = Mo = (Mo1, Moz, Mo3)
which obey the commutation rules

(M, MI]=elkM* M, K/] = elkKK
o y (H.2b)
[K', K/]= —&kKFk.

The first equation defines the algebra so(3) of the rotation subgroup SO (3) of Ly,
while the second one states that K is a vector with respect to these rotations. The
minus sign in the third equation expresses the difference between the non-compact
Lorentz group SO(1, 3) and its compact version SO(4). This seemingly small
difference in sign leads to essential differences in the structure of two groups,
with physically important consequences.

Finite-dimensional representations. The form of the finite Lorentz transfor-
mations in M4 shows that the four-dimensional representation is not unitary: ro-
tations are represented by unitary and boosts by non-unitary matrices. The same
is true for every finite-dimensional irreducible representation (IR), in accordance
with the following general theorem:

All (non-trivial) unitary IRs of a connected, simple, non-compact Lie
group must be of infinite dimension.
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In covariant field theories of particle physics, finite-dimensional representa-
tions of the Lorentz group are needed to describe the spin degrees of freedom. In
order to classify these representations, we introduce the complex linear combina-
tions of the generators:

Ji=twt -k 7 =Lt +ik?).
Their algebra decomposes into the direct sum of two so(3) algebras:

i s{1=ei a1 a1=0
(], J]1 = ek gk,

Linear combinations with complex coefficients are not allowed in so(l, 3)—
in fact they define the complexified Lie algebra so(l,3)¢. However, since
there is a 1-1 correspondence between representations of a complex Lie algebra
and representations of any of its real forms, we can use the classification of
representations of so(3); @ so(3); to classify the representations of so(1, 3).
Consequently, the finite-dimensional IRs of the Lorentz algebra can be labelled
by a pair of half-integer or integer numbers,

Gr.j2)  Jlj2=0.%13, ... (H.3a)
which correspond to the Casimir operators for the two so(3) subalgebras: J;? =
—j1(j1 + 1) and J22 = —ja(j2 + 1). Since M = J; + Jo, the total angular
momentum, or spin, of the representation may take the values

J=lih—pklLlh—pl+L ..., 0+ (H.3b)

and the dimension of the representation space is d = (21 + 1)(2j2 + 1). Here
are some examples:

(0, 0), the scalar representation, j = 0,d = 1;
(%, 0), the left-handed spinor representation, j = % d=2;

(0, %), the right-handed spinor representation, j = %, d=2;

The importance of the basic representations (%, 0) and (O, %) lies in the fact
that any other finite-dimensional representation of the Lorentz algebra can be
generated from these two. Thus, for instance, the direct product of these
representations, (%,O) x (0, %) = (%, %), gives a four-vector representation
with spin j = 0,1, and d = 4 (any four-vector, such as x*, belongs to this
representation). Finite-dimensional representations, in general, have no definite
spin.

The universal covering group. The Lie algebra only defines the local structure
of a given Lie group. For every Lie group there is a Lie algebra, but the inverse
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is not true. In order to understand the importance of Lie algebras for the structure
of Lie groups, we have to clarify the global (topological) properties of Lie groups
sharing the same Lie algebra.

Consider a family G of multiply connected Lie groups which are locally
isomorphic (have the same Lie algebra). We can show that in each family G there
is a unique (up to an isomorphism) simply connected group G, known as the
universal covering group of the family G, such that G can be homomorphically
mapped onto any group G in G. The group G contains a discrete invariant
subgroup Z such that every group G is locally isomorphic to the factor group
G/Z.

An arbitrary Lorentz transformation A in Lo can be represented as the
combination of a boost and a three-dimensional rotation. Since the space of
parameters of the rotation group is double connected, the same is also true for
L. We shall show that the universal covering group of Lg is SL(2, C), the group
of complex 2 x 2 matrices with a unit determinant.

We start by introducing the notation

o =(1,0) o=, —o)

where o are the Pauli matrices,

1_ (0 1 2 (0 —i 3 (1 0
A=(a) 2-(09) -6 )

satisfying 0%0? = ie?¢5¢ + §9°. The matrices o and 5 obey the identities
Tr(o*oV) = 2p"” otoV +oVot =29,
Now, we show that Lo is homomorphic to SL(2, C). First, we construct a

mapping from My to the set of Hermitian complex 2 x 2 matrices:

X0+ Xx3 X1 —ixp

xu—>X=xua“=( )
X1 +1x2 X9 — X3

) det X = x°.

Then, we consider the action of SL(2, C) on X defined by

X = AXA" A e SL2,0). (H.4a)
This action conserves x2 = detX and represents, basically, a Lorentz
transformation. Indeed, to each such transformation A in SL(2, C), there

corresponds a Lorentz transformation of x* defined by
XM= A x" A*L(A) = % Tr(6* Ao, A™T) (H.4b)

where 0, = 1,;0". The mapping A — A(A) is a homomorphism of SL(2, C)
on Lo, i.e.
A*,(A) € Ly
AV p(A1A2) = A, (ADAY 5 (Ad).
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Since A(—A) = A(A), the inverse mapping is defined only up to a sign:

1
= 13 Y
A= i[det(A/’Aap(})n)]l/ZA vouo . (H.4c)

This follows from the relation A?,0,6" = Ao, AT6" = 2A Tr(A™).
For the infinitesimal SL(2, C) transformations,

A=1+ %a),wcr’” AT — 1 4 %a)wc}’“’ (H.3q)

the relation (H.4c¢) implies

1 - - 1 1.
ol = Z(a“o” —oVoh) = [—50, —5ig]

(H.5b)
M = 1(GH0" —5Vot) = [$0, —1io]
where the rotation and boost parts of the generator are displayed in the square
brackets: oV = [%8‘”"‘01’6 , 091, and similarly for 3%V. These generators satisfy
the Lorentz algebra (H.2).
In conclusion,

(a) there is a homomorphism SL(2,C) — Lo, for which the kernel is the
discrete invariant subgroup Z, = (1, —1) (the elements A = £1in SL(2, C)
are mapped into the identity element in Lo):

Lo = SLQ2,C)/Z>
(b) the groups SL(2, C) and L¢ have the same Lie algebra.

The group SL(2, C) is simply connected, and represents the universal covering
group L of Ly. .
The importance of the universal covering group L lies in the fact that

m  all its IRs are single-valued, whereas those of Ly may be both single- and
double-valued (L is double connected); and B
m  every IR of Ly is a single-valued representations of L.

Bearing in mind this connection, we continue the study of L =SL2,0).

Two-component spinors. Let us now consider several important representa-
tions of SL(2,C). A two-component spinor is a pair of complex numbers &,
(a = 1, 2) transforming under SL(2, C) according to the rule

£ = AL (H.6a)

The spinors &, are elements of a complex two-dimensional vector space, the
representation space of SL(2, R) such that, to each Lorentz transformation in
My, there corresponds an SL(2, C) transformation of &:
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Since the mapping SL(2, C) — L is a two-to-one mapping, the spinors are only
defined up to a sign. The spinors &, are called the left-handed Weyl spinors and
they belong to the representation (%,0).

We introduce spinors n“, dual to &,, by demanding that the bilinear forms
n“&, remain invariant under the action of SL(2, C). Consequently,

n*=A""Tnb (H.6b)

The representations (H.6a) and (H.6b) are equivalent since
AT -1 _ o _ (0 1)_.o»
A=gA g g=—-g _(_1 0>_10

or, using the index notation,

—lab _ b b 12
8ab = Eab g a :ga = —g° El12 = €& = 1.

1

The inverse matrix g~! is denoted simply as g%’. Using n¢ = g%n, and

£, = gapt? we find that

né, = gabnbgacéc = —n4&".

The matrices g and g~! are used to raise and lower the spinor indices, and play

the role of a metric and its inverse in the space of spinors &, and n“. The metric
tensor is an invariant tensor:

8/ab = AaCAbdecd = gqp det A = ggp.
The complex conjugate spinor & transforms as
éa*/ — A*abég

where the matrix A* is the complex-conjugate of A. Writing the components of
£* as &, and the matrix elements of A* as A*;P, we have

£ = A8 (H.7q)

The components &; define the right-handed Weyl spinor, transforming according
to the representation (O,%). Since, in general, there is no linear connection
between A and A* of the form A = CA*C ™!, the spinors &, and &; transform
according to inequivalent representations. If A is a unitary matrix, as in the
case of space rotations, then A* = A~!T and the spinors &; and £¢ transform
equivalently.

Finally, we introduce spinors 7%, dual and equivalent to &;:

ﬁ/a' — A*_leBﬁB- (H.7b)
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The matrix g is of the form

Zip = €15 g lab = gab _ _ b £is = 2

and we have 79&; = —7j;&4.

Thus, we have defined two-dimensional elementary spinors &,, éd and
the related dual spinors 1, 7%, which transform according to the SL(2, C)
representations A, A* and A~!T A*"1T = A~!* respectively. Multiplying
these spinors with each other we obtain higher spinors, which transform under
SL(2, C) as the appropriate product of elementary spinors. The rank of a higher
spinor is determined by a pair of numbers (k, /)—the numbers of undotted and
dotted indices.

Contraction of the same type of upper and lower indices, with the help of
g or g, lowers the rank for two. The contraction of symmetric indices yields
zero, which is related to the fact that symmetric spinors form IRs of SL(2, R). A
symmetric spinor of rank (k, /) has (k 4+ 1)(I 4+ 1) independent components.

Spinors and four-vectors. We now investigate some elements of the spinor
calculus, and establish a direct connection between transformations in spinor
space and Lorentz transformations in spacetime.

We postulate that the components of spinors are anticommuting variables,
in accordance with the spin-statistics theorem. Since the matrix elements of A
and A% are given by A = (A,?) and AT = (A+%;), the relations X' = AXA™,
X = xuot and Tr(c#6") = 21y, imply that X = (X,;), o* = (JZ.’) and
G = (510,

Let us now find x,, from the equation X = x,0", and replace X ; with the
quantity &, éz;’ which has the same transformation properties:

1 = lg 7. c=pyb lz=
xt =3 Tr(Xa") ~ 58.5;(6")" = —5E51E.
Then, the completeness relation
M =cd __ ~edgC
00, =268,8;
implies that the right-hand side of this equation transforms exactly as a four-vector

under SL(2, C):

VE =EolE & AE = VH— ARV (H.8)

The matrix 5 serves to convert the spinor product &;£, into a four-vector.
Equation (H.8) lies at the root of the whole subject of relating Lorentz
transformations in spacetime with spin-space transformations.

In order to simplify the notation, we shall often omit the summed spinor
indices and write

En==&%%, Ef=Eq
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in agreement with the index structure of o#, o#: §a¥n = &% ¥ i’, etc.
Consider now some useful properties of o# and ¢#. Using the result (H.4a)
we find
Ay ot = Ac'AT = ot = A", AcVAT. (H.9a)

This relation shows that U;LB can be interpreted as both a four-vector and a mixed
spinor and that, moreover, this quantity is an invariant object (the effects of spinor
and four-vector transformations cancel each other).

Raising both spinor indices in o', we find

o = [—g7'(1,0)g 71 = (1, —a ")
Then, taking the complex conjugation, we obtain

(Guab)* — (17 _O.)ab = 6_uab

The matrix 54? is numerically equal to 045> but has a different spinor structure;

it is denoted by 6. From g~!Ag = A~!T and our previous considerations, we
find one more useful relation:

GH = Ar, AT e ATL (H.95)

On the other hand, * = ¢ 7 implies oghab — Guba

Space inversion and Dirac spinors. The space inversion /» acts on the Lorentz
generators according to the rule M — M, K' — —K', hence it transforms J/
into Jzi and vice versa, Ip: (j1, jo) = (jo2, j1).

Thus, for instance, I, : (%, 0) < (0, %), by &, — zpﬁé’ and 7 — z,&, where
Zp is a phase factor. Two applications of the space inversion should return a spinor
to its original configuration, which may be thought of as a rotation for 0 or 2.
Since basic spinors change sign under the rotation for 27, there are two possible
definitions of the space inversion, with

2 2 _
zp_l or i, = 1.

In the first case we may choose z,, = +1:

L, =7 Lt =&

which implies Ip¢ = —ng, Ipng = —&°. On the other hand, for zf, = —1 we
may choose z,, = +i:
IPéa = ir_la IPr_Ia = igu

whereas Ip£Y = —ing, Ipn, = —i&“.
The only difference in physical consequences between the two definitions
would occur for truly neutral spin-% fields (Majorana spinors), for which particles
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are identical with antiparticles: in the case zi = 1, the condition of neutrality
would not be consistent with the space inversion symmetry. We choose z, =i in
order to include Majorana spinors in our discussion.

As we have seen, the space inversion cannot be represented within a single
basic spinor representation. In order to have an IR for a symmetry which includes
I» and SL(2, C), it is necessary to consider a pair (the direct sum) of spinors &,
and 7%. Such a pair is called the Dirac spinor or four-spinor and may be written

in the form
Y= (%) . (H.10a)
n
It transforms under SL(2, C) as
r_ _(A O £\ _( A¢
¥ =SA)Y = (0 A‘+) (F)) = <A1+r7 (H.10b)
whereas the space inversion is represented by
(N . _.({0 1 i
Ipl//—l(g) i.e. IP_1<1 0). (H.10¢)

The Dirac equation. The concept of two-spinors provides a simple and
systematic way of deriving SL(2, C) covariant equations. The basic objects
from which typical physical equations are constructed are spinor fields, partial
derivatives and some parameters. The spinor structure of these equations ensures
their covariance.

Consider a simple example of a linear differential spinor equation, which
illustrates the general method and, at the same time, represents physically
important case of the free Dirac equation. Using the spinor fields &(x), n(x)
and the operators p = o* p,, p = 6" py, (py = 19,), the conditions of linearity
and covariance lead to the pair of coupled equations

PPe =mit  pil” = mé, (H.11a)

where m is the mass parameter. These equations are clearly covariant provided
the spinor fields transform as

£ = Ag(x) i) = AT,
In the four-dimensional notation, these equations take the form
(s 73*) (5)=m(3)
—u 0 ) = 2
o pu n n

which is equivalent to the usual Dirac equation:

Y pur = my (H.11b)
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where y# are the Dirac matrices in the spinor representation,

0 ot
®—
v _(6“ 0 ) (H.12a)
The Dirac matrices satisfy the algebra
r, v"y=29" (H.12b)

and have different equivalent representations.

Covariant bilinear combinations of the type ¥ are defined with the help
of the Dirac adjoint spinor ¥ = ¥1y°, and not y+ = (£*, 7*). The reason
for this lies in the fact that y° interchanges £* and #7* in ¥, so that two-spinors
in = (if*, &%) are of the correct type (index structure), which leads to the
covariantly defined expression ¥y = 7*& + £*7].

Multiplying equation (H.11b) with y - p, we find that ¢ (x) obeys the free
Klein—Gordon equation, (O + mz)iﬁ = 0. Thus, the Dirac field, as the direct sum
of two basic spinors, describes two physical spin-% particles (in fact, a particle
and an antiparticle) of equal mass m.

Majorana and Weyl spinors. The Dirac equation makes sense even when 7 is
not distinct from &, i.e. when ¢ = £¢, where &, is obtained from £ by the charge
conjugation operation:
fa— & =30 & =@
We similarly define 7% — 1< = gq»n”, n” = (ijp)*, and, consequently,
_ 772 AT _ 2.0 _ io? 0

w—wc—(éf)—cw C=iyy —(0 i (H.13)
where C is the charge conjugation matrix.

Charge conjugation is a discrete, non-spacetime operation, which transforms
particles into antiparticles and vice versa: ¥ — VY, Yo — (Yc)e = ¥. The
condition ¥ = . defines the Majorana spinor, a truly neutral field (with the
particles identical to the antiparticles) which has only two independent complex
components.

In the case m = 0, the Dirac equation splits into separate equations for & and
1, called the Weyl equations. They describe left- and right-handed massless fields,
which transform into each other under the space inversion, and are especially
important when treating neutrinos. In the four-component notation Weyl spinors
& and 1 may be represented as chiral projections

Vg = Pey w_=(§) 1/f+=<g> (H.14a)

where P~ are the projection operators:

. (1 0
Py = 1(1 £iys) 7/5=7/OJ/1V27/3=—1<0 _1). (H.14b)
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Exercises

1. Show that the Lorentz transformations of coordinates in My that describe a
rotation by angle @ around the x'-axis and a boost with velocity v = tanh ¢
along the x!-axis, are described by the following matrices:

1 0 0 0
0 1 0 0
R = 0 O cosf siné
0 0O —sinf cosé
coshgp —sinhgp 0 O
L= —sinhg coshg O O
0 0 1 0
0 0 0 1

2. Demonstrate that the mapping (H.4b) is a homomorphism of SL(2, C) on
Lo, and derive equation (H.é_lc). '
3. Show that the generators M’ and K' in the spinor representations (%, 0) and

(0, %) have the form
M =on =—3ic'  r(K") =00 = 30!

1 1

rM') =63 =—3ic'  n(K") =60 =—30
and similarly for the other components.
4. Show that a finite rotation of the spinor £ by angle w;3 = 6 around the

x!-axis is described by the matrix

A= eféigol =cos - —io ! sin =
2 2
which is unitary, AT = A~!, and obeys the conditions A(0) = 1, AQn) =
—1. Find the related transformations of the four-vector x* in Mj.
5. Show that a finite boost of the spinor & with velocity v = tanh ¢ (wp1 = @)
along the x !-axis is described by the matrix

1
A=e 2" —cosh? —o'sinn
2 2

which is Hermitian, AT = A. Find the related transformations of the four-
vector x* in My.
6. Prove the following relations:

M =céd __ mgdgl .
00 = 28, 85 (the completeness relation)
Tr(Go*) Tr(Hoy,) =2Tr(GH).

7. Find the transformation laws of £/ 7 and £0/Vn under SL(2, C).
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10.

Lorentz group and spinors
Show that anticommuting spinors obey the following identities:
Oabh = 3eab(00)  (Em* = (7€)

En=nt  En=0é  (Eo’* = (noté)
goliy = —n6"E  [(0"D)a]* = (no™)a.

The complex conjugation is defined so as to reverse the order of spinors.
Prove the following Fierz identities:

©&)(On) = —LO0)ED)  Et DGt = —2ENF°
2695 = (Eo DG (E1E)(TT) = —3(E0" ) (25uE).

Show that the Majorana condition ¥, = ¥ is consistent with the space
inversion symmetry provided we choose I, = iy®. What happens if



Appendix I

Poincaré group and massless particles

The finite dimensional IRs of the Lorentz group studied in appendix H are non-
unitary. These representations cannot be associated with elementary physical
objects, because the invariants of an IR do not correspond directly to the physical
invariants of elementary particles, the mass and the spin (the same conclusion
also holds for infinite dimensional unitary representations). Only when we add
translations and enlarge the Lorentz group to the whole Poincaré group, do we
obtain proper description of the elementary particles.

In this appendix we give a short review of the Poincaré group, with an
emphasis on the properties which characterize the massless particles and gauge
symmetries in field theory (Carruthers 1971, Novozhilov 1972, Van Dam 1974,
Barut and Raczka 1977).

The most general linear transformation of coordinates between two inertial
frames in M4 is obtained by composing a Lorentz transformation and a
translation:

x* = A* xV + ot (I.1a)

The resulting ten-parameter group is called the Poincaré group P. Denoting the
elements of P by g = (A, a), the group multiplication law reads:

(A2, a2)(Av, ar) = (A2Ay, a2 + Asay). (I.1b)
This shows that P is not a direct product of the Lorentz transformations and

translations (this structure is known as the semidirect product).

The Lie algebra. In order to find the Lie algebra of the Poincaré group, consider
a scalar field ¢ (x) which transforms under P according to

P)=¢x) o ¢ =¢(A(x—a)=UX

where U (g) represents the action of P on scalar fields. For infinitesimal Poincaré
transformations the operator U takes the form

U(g) =1+ 30" Ly, +a"P,

433
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where M, = x,0, — x,0, and P, = —09, are Poincaré generators in the
particular representation, which satisfy the following Lie algebra:

[Mp,v, Mkp] = nvAMup - nuAMvp - nvauA + nuvaA
[M,um PA]:nvAP;L_n;LAPU [Pp.y P, =0.

1.2)

Note that there exist representations in which M, and P, differ from these
expressions, obtained in the space of scalar fields.

Very general considerations in quantum field theory require the symmetry
operators, which relate the quantum states in different reference frames, to be
either unitary or anti-unitary. If the symmetry group is continuously connected
to the identity, the symmetry operators are unitary, which is why we are going
to consider only unitary representations of P. Since P is simple, connected and
non-compact, all its unitary IRs are necessarily infinite-dimensional.

The universal covering group. Let Py be the subgroup of the Poincaré group
which contains the elements of the restricted Lorentz group Lo and translations.
It is continuously connected to the identity, and also double connected, like L.
Denote the related universal covering group by P. Starting from the fact that the
universal covering group of Lo is SL(2, C), we find that a general element of P
has the form g = (A, a), where A € SL(2, C), a = a,0". The composition law
takes the form

(A2, a2)(A1, a1) = (A2A1, ar + Ara1 AT). (1.3a)
From this, we obtain the important relation
(A, @) = (1,a)(A,0) = (A,0)(1, A 'aA™T) (1.3b)

which will be useful for constructing unitary IRs of the Poincaré group in terms
of the related representations of translations (1, @) and Lorentz transformations
(A, 0).

For infinitesimal transformations g, the operator U (g), which represents the
group P in some representation space, is close to the identity:

U@ =1+ 30" My, +a"P,. (1.4)

The generators M), and P, satisfy the Lie algebra (1.2), in accordance with the
local isomorphism of P and Py.

The invariants. Using the generators P, and M, , we now construct invariant
operators the eigenvalues of which may be used to characterize the IRs of P. It
is useful to introduce the notation P, = ip, and M,, = imy,, where p, and
my, are Hermitian in unitary representations and have a more direct physical
interpretation.
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There is only one general invariant composed from the momentum
components:

pup" =m?. (L54)

For m? > 0, the quantity m is interpreted as the rest mass of a system. In this
case, we can define another invariant function of the momentum components:

€ = the sign of pg (1.5b)

which is positive on physical states. The invariance of € is a consequence of the
fact that Py is orthochronous (AOO > 0).
From the generators P, and M,,,, we can construct the four-vector

Wy = Lepuno M7 P (15¢)

which commutes with P,. Its square is also an invariant object. The physical
meaning of W? is easily seen for m? > 0: in the rest frame, the invariant W2 /m?
is equal to the square of the angular momentum M?2, i.e. to the square of the
intrinsic spin. When m? = 0, the square W2 /m? is replaced by the helicity A, as
we shall see.

The unitary IRs of P are labelled by the invariants (m*, W? or A, €),
which describe elementary particle states in quantum field theory.

The little group. The Hilbert space of quantum field theory is a vector space in
which the action of P is realized in terms of the operators U (g), composed from
quantum fields. Vectors within an IR carry labels which characterize the invariant
physical properties of particle states (i.e. mass and spin). The set of all momentum
states {| p, s)}, where s labels different spin states, can be chosen as the basis of
an IR. The momentum eigenstates satisfy p,|p,s) = pulPp,s), where we have
used the hat to denote quantum operators. Every momentum eigenstate realizes a
one-dimensional representation of the translations:

U0, a)|p.s) = exp(~ip - a)|p. s). (L6a)

Hence, in order to construct IRs of the whole P it is sufficient to find the related
representations of the Lorentz transformations U (A, 0) = U (A), as follows from
(1.3b).

Since an SL(2, C) transformation A maps p* into p'*, the action of U(A)
on | p, s) produces a state of momentum p'#:

U(A)|p,s) =Y 1P, s\ Dys(A)  p" = A" (A)p" (1.6b)

where D is a matrix acting on spin indices. We will specify this matrix using the
so-called little group method.
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A Hermitian matrix p = p,o* transforms according to p’ = ApA*.
Consider the elements of SL(2, C) that leave p invariant:

p=ApAt. (L7)

The form of A depends on p, A = A( p), and the set of all matrices A( p) forms a
subgroup of SL(2, C)—the little group L(p) associated with the momentum p.
If momenta p and p are related by a Lorentz transformation,

p=alp,pIpat(p,p)
the little groups L(p) and L( ]3 ) are isomorphic and

A(p) =a(p, p)A(P)a  (p, p).

Thus, fora given p? = m?, itis sufficient to consider the little group of a particular
o . . .
momentum p , the standard momentum, which may be chosen arbitrarily.
o . . . .
The operator a(p, p ) is called the Wigner operator. Using the relations

p'=ApAT  p=aPpat(p P =a(p)pat(p)

where ¢ (p) = a(p, ]3 ), we find that an arbitrary matrix A in SL(2, C) may be
represented as _
A=a(p)A(p)a~"(p). (1.8)

The operator o(p) is not uniquely defined, since /() and a( p)A( ﬁ ) produce
the same effect on 1; . However, if we fix a(p), the relation between A and A( 1; )
becomes unique.

Let us now clarify the role of the little group in constructing IRs of the

Lorentz group. The relation | p, s) = Ula(p)]| [(3 s) implies
UA)|p.s) = UAU[«(PIIP, s).
Since A(p)a(p) = a(p)A(p ), we find

UA)p.s) = Ula(pP)HIUTA(P)IIP, 5)
= Ula(p)1 Y 1P, sV Dys[A(p)1 =Y _ 1P, s") Dys[A(p)].

Therefore, in order to find the IRs of the Lorentz transformations U(A), it is
sufficient to find the matrix D only for the standard momentum 1; .
It is now easy to conclude that a unitary IR of P has the form

U(A,a)lp,s) =exp(—ip'-a) Y 1P, s\ Dys[A(p)]  p'=A(A)p (19)

s

where Dy is a unitary IR of the little group for the standard momentum.
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Unitarity and irreducibility of the representations of P are directly
related to the same properties of the little group.

According to the value of p2, there are four classes of representations of P:
() p2 > 0, (2) p2 < 0, (3) p> = 0 and (4) p = O (the first and third cases
correspond to physical states). We now give a detailed account of the third case,
which describes massless particle states.

Unitary representations for m> = 0. The representations on massless states
are particularly interesting for a better understanding of the structure of gauge
theories. Since p> = 0, the standard momentum may be chosen as ﬁ no=
(1,0,0,1), sothat p = w(1 — o). The little group of p is defined by

A(l—oHAT =1-07.
For infinitesimal A, this equation yields

A=t(e)u®)
(L.10)
te)=1+1! —ioHe  u@®) =1- Jic30

where ¢ is a complex and 6 a real parameter. If we write ¢ = 1 + ig, it follows
that u(6) and 7 (¢) define the Euclidean group E(2)—the group of rotations and
translations in the Euclidean plane E>.

The Wigner operator is determined from the relation

a(po(l — o)t (p) = |plo® + peo® = puot.

The meaning of the little group can be clarified by looking at the form of
U (g) for infinitesimal g. Replacing the infinitesimal transformations (I.10) in
(H.4b), we find the following values for w*, = A*, — §*,:

02 =0 %) =P = () =w’l(e) = £
so that U (g) takes the form

U@B,e) =1+0M1p +e1E1 +62FE> @i
E1 = Mo + M3, Ey = My, + M3;. .

The little group algebra generated by E;, E» and M1, is isomorphic to the Lie
algebra of E(2):

[E1, E2]=0 (M2, E1] = E» (M2, E2] = —E). (1.12)

IRs of the group E(2) are labelled by the eigenvalues t = (¢, ) and A of
the generators —iE = —i(E1, E») and —iM|> = m, respectively. Hence, the
state vectors are | p, t, A).
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For t2 > 0, the ‘momentum’ of E(2) takes continuous eigenvalues which
differ from zero, and we have infinite dimensional IRs. They should be interpreted
as particles of infinite spin. Since no such particles are observed in nature, these
representations are of no physical interest.

For t> = 0, the group E(2) effectively acts as a group of rotations in the
Euclidean plane, i.e. as U(1). Its representations are one-dimensional, and are
labelled by real, integer or half-integer eigenvalues A:

U(g) — exp(ird) (h=0,£3,£1,..)).

In the representation |p, t, 1), the four-vector W, can be written as W,, =
iw(—Mip, —E>, E1, M13). For t2 = 0, we find that W, is collinear with p/,:

Wi = App.

The quantity A is the eigenvalue of the helicity operator A = mp/| p|. The change
of sign of A defines, in general, a different particle state (which may not exist
physically). The absolute value of X is called the spin of the zero mass particle.

Thus, we conclude that massless states are classified by the eigenvalues A of
the helicity operator, and have the transformation law

U(a, A)|p, L) =exp(—ip-a)exp(ird)|p, A). (I.13)

It is known that the photon has two helicity states, A = 1. This means that
the photon is described by a reducible representation of P: under space inversion,
the states with A = =1 transform into one another. These two states form an IR
of P together with I,.

Massless states and covariance. If we demand space inversion symmetry, a
massless particle of spin 1 is described by two helicity states. Can these two
states be considered to be the components of one four-vector? In order to
examine this suggestion, let us first write the generators of the little group for
ﬁ P =w(1,0,0, 1) in the four-vector representation:

0 10 0 0 01 0
1 0 0 —I 0 00 0
Et=19 00 o Ex=1_1 00 -1
0 10 0 0 01 0
0 0 00
0 0 1 0
M2=10 _1 0 o
0 0 00

where we have used (M,w))‘p = (Sﬁe,,p - Sﬁeup. The states of helicity A = %1,
the eigenstates of m 1, = —iMj2, have the form

1 )
€(x1) = \—fz(ém tie€)
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where €1y = (0, 1,0, 0) and €2y = (0, 0, 1, 0). They transform into one another
under space inversion. However, the four-vectors €(1) and €2y are not invariant
under E (2) translations:

€@ = €@ +1,(1,0,0,1) =€) + tap a=1,2.

Hence, they cannot be used to describe two polarization states of the photon.
These states, however, can be described as the equivalence classes of these four-
vectors,

ey +11p) ey +n0p)
which are invariant under E(2) translations. For the general momentum p*, the
polarization states of the photon are described by the equivalence classes

{eqy +t1p} {e) + t2p}
(L14)

pP-eq)=p-€@ =€ € =0.
Two four-vectors in the same equivalence class are related to each other by a
gauge transformation: e* — €'t = e + tpH.
In the Lagrangian formulation, the dependence of the theory on the classes
of equivalence, and not on the individual four-vectors €, is ensured by the gauge
invariance:

(a) the Lagrangian of the free electromagnetic field depends only on the gauge
invariant combination p*e” — pVe*; and

(b) the interaction with matter is of the form €*J,, where J,, is the conserved
current.

Let us now try, in analogy with the photon, to describe a massless particle
with helicities A = %2, the graviton, by a symmetric tensor of rank 2. Choosing
the same 1; , the generators of the little group take the form

(ED = (ED'&8] + (E)/ 18}

and similarly for E, and M1>. Here, (E ik is the four-vector representation of
E1. The linear polarization states are described by the tensors

00 0 0 0000
oo_L]o1 0 o0 e Lfo0 1o
W="n10 0 -1 0 @=Anlo 100

00 0 0 0000

which are obtained from the symmetrized product eﬁf G(V/V) by subtracting the
trace. Demanding the invariance under E(2) translations leads to the following
definition of the classes of equivalence:

{efy(p) +ptey + p't]' | p-11 =0}
(€l (p) + pity + p'il | p-12 = 0} (L15)

my wy v wy _
Pucoy =0 €oy=€ay My =0
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The gauge invariance of the theory is ensured by demanding that

(a) the Lagrangian of the free graviton is gauge invariant; and
(b) the tensor €V interacts with a symmetric, conserved current J,,,,.

Fields and states. We have seen in appendix H that Lorentz transformations of
the classical Dirac field have the form

v (x)=S(A)y(x)  x =Ax

where the matrix S(A) realizes a four-dimensional non-unitary representation of
L. This is a typical situation for an arbitrary spinor field. We should note that
since we are dealing with fields there is a dependence on x in the transformation
law, so that the complete transformation defines, in fact, an infinite dimensional
representation. Spinor fields are used to construct covariant field equations,
whereby these fields acquire definite mass and spin. On the other hand, we have
also seen that infinite dimensional unitary representations of the Poincaré group
P in the Hilbert space of states describe particle states of definite mass and spin.
Is there any direct relation between these two results?

In quantum field theory, we have both physical states and quantum field
operators. A field operator is a spinor field, an object which, in general, does not
carry a definite spin. There is an important result of quantum field theory which
gives an algorithm for constructing the field operators of definite spin, such that
they are subject to no additional conditions at all. The construction is realized with
the help of the creation and annihilation operators corresponding to one-particle
states, and provides a direct bridge between the representations on states and on
fields.

The same result can also be simply illustrated at the classical level. Consider
a four-vector field A% (x), transforming under P according to

A*DY = A*L A (X) x'=Ax +a.

From the behaviour of the field under Lorentz transformations, we know that it
carries spin j = 0, 1. Let us now impose the conditions

AP =0  (O+m?HA* =0

with m # 0. The first condition eliminates the spin component j = 0, whereas
the second one ensures that the field has mass m. Indeed, in the rest frame, the
first condition has the form p, A* = mAY = 0, i.e. A = 0, and we are left with
a three-vector A which carries spin j = 1. In this way, we have constructed a
field of spin j = 1 and mass m starting from a four-vector A*. Both of these
conditions can be realized by adopting the following free field equation:

B (3" AY — 3" AM) + m?AY = 0.
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Differentiating this equation we obtain d - A = 0, whereupon the equation itself
reduces to (O + m?)A* = 0.
The previous example illustrates that

relativistic equations for free fields represent kinematical conditions
which ensure that a given field has a definite mass and spin.

Usually field equations are obtained from the action principle.

Exercises

1. (a) Use the multiplication law (I.15) to prove the relations:

gl a)=ga™!, —A"ta)
g(A)Ta =Trag(AN)
g (Mg, a)g(A) = g(AT'A'A, A7)

where T, = g(1,a), g(A) = g(A, 0).

(b) Derive the transformation properties of the Poincaré generators P, and
M, under g(A), using the last relation with A = land a = 0,
respectively.

(c) Find the algebra of the Poincaré generators.

2. Derive the Lie algebra of the universal covering group P using the
composition rule (I.3a).
3. Consider the set of scalar fields ¢ (x) satisfying the Klein—-Gordon equation

(D+m2)¢ = 0. Show that the operators L, = x,0, —x,0, and P, = —9,

are anti-Hermitian within the scalar product

(f1.¢2) = i/d3x [¢7 (x)dog2(x) — oy (x)2(x)].

4. Show that the four-vector W, defined in (I.5c), satisfies the following
relations:
W? = M"*M,, P, P* — 1M M,, P*
Wy =[P, Cl  C = gepmpM™ M™
[P Wo1=0  [Myuy, Wal=nuWu —nuWy  [My, W=0.
5. Find the form of matrix A that describes infinitesimal transformations of the
little group for m? = 0. Then construct the operator U (g).
6. Show that in the space of massless states | ]3 ), with the standard momentum

]3“ = w(1,0,0,1), the components of W, satisfy the commutation
relations

(Wi, W2] =0 (M2, Wil=W, (M2, W2l = —W.
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7. (a) Verify the following commutation rules in the space of massless states:
[mi2, Wel = FWse Wy, W_1=0  [W?,mia] =0

where Wy = Wy £ iWo and mp = —iMjs.
(b) Find the spectrum of the operators n 1, and W2,
8. Show that in the case p2 > (, the standard momentum may be chosen in the
form p = (m, 0, 0, 0) and the little group is SO (3).



Appendix J

Dirac matrices and spinors

In this appendix, we review basic conventions and properties of the Dirac matrices
and spinors, which are used in discussing supersymmetry and supergravity
(Sohnius 1985, Srivastava 1986, van Nieuwenhuizen 1981).

Dirac matrices. Dirac matrices in a flat space of dimension d are defined as IRs
of the algebra

{vi, vj} = 2mij. J.1)

In even dimensions IRs of the Dirac algebra are complex n x n matrices,
where n = 24/2. All IRs are equivalent, i.e. any two representations y;
and y are connected by the relation y; = Sy/S ~1 where S is a non-
singular matrix.

If y; is an IR of the Dirac algebra, then
tyi 2yt 2y 2y

are also IRs. On the basis of this theorem, we can introduce non-singular matrices
A and C, such that

ApAT =y Tl =y d:2)

Going now to the four-dimensional Minkowski space (d = 4,n = 4), we
define the ys matrix,

ys=yonyys s vil=0  yi=-—1 (J.3)

which anticommutes with all y;. The matrices A, C and ys5 allow us to transform
any two of these representations into each other. Thus, for instance,
D 'yiD=—y* D=CA".

1
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Applying the Hermitian conjugation, transposition and complex conjugation to
the relations defining the action of A, C and D, respectively, we get

A=aAt Cc=pc? DD*=3

where aa™ = 772 =1lands =48, for consistency.

By a redefinition A — wA, with a suitable choice of phase and modulus
of a complex number w, we can obtain « = |§] = 1. The signs of § and 7
cannot be changed: they are determined by the dimension and the metric of the
space. In My, the matrix C is necessarily antisymmetric, CcT = —C, in order
for us to have ten symmetric (y;C, 0;; C) and six antisymmetric (C, y5C, y5y;C),
linearly independent 4 x 4 matrices. Using any particular representation of gamma
matrices, we can show that § = 1.

We summarize here the important properties of A, C and y5 in My:

A=A Ayt = Ay (Aoij)T = —Aojj
C=-C"  wO"=ynC (00" =0;C 4
yi=—1 ApsAT'=yS  ClysC =yt
where 0;; = %[y,', v;l. Also,
viC,0i;C are symmetric
C,ysC, ysyiC are antisymmetric.

The matrices A, Ay;, Aysy; are Hermitian, whereas Ays, Ao;; are anti-
Hermitian.

The commutation relations between oy,, and y; are the same as those
between the Poincaré generators M, and P :

lomns Vi1 = Mt Vin — Nmi¥n
[Omns 01r ] = NuiOmr — MimiOnr + NmrOnl — NurOmi.-

This is so because y; transforms according to the n-dimensional representation
(%,%) of SL(2, C), just as Py, and oy, are the Lorentz generators in that space.

The Dirac spinors. Dirac matrices act naturally on the space of complex four-
spinors Y. Dirac spinors transform under the Lorentz transformations x’ = Ax
according to the rule

Y () =SMYx)  S(A) = exp(30™ o).

The space inversion is represented as ¥/ (x') = 5 pyol//(x) (we choose 1, = 1).
With the help of A, C and D, we can show that the representations s+ §-IT,
S* and S are equivalent. We also verify that

ym — AmnS)/nS_l.
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The adjoint and charge-conjugate spinors are defined by

v=ytA Ve =Cyl = Dy*. 1.5)

The adjoint spinor 1} transforms as 15/ x) = &(x)S_l, whereas V. transforms
in the same way as . The matrix D in M4 can be chosen so that DD* = 1, i.e.
(Ye)e = ¥. The fields ¥ and . have opposite charges.

For the anticommuting spinors we have the following identities:

xMy forM =1,ys,y;

_ J.6
—XMvy for M = ysyi, 0ij J3.6)

WM = {

as well as Y. = ¥ and Y.y;¥. = —¥yiy. The Hermitian conjugation is
defined such that the order of spinor factors is reversed: (¥ x)™ = x Ty ™.

The Majorana spinors. In general, the four complex components of a Dirac
spinor are independent. The condition

Ve=1Y J.7

defines a Majorana spinor, which has only two independent complex components
and describes truly neutral field. The consistency of the definition (J.7) requires
(¥¢)e = ¥, and the choice of the space inversion with zf, =—1.

The Majorana condition is incompatible with the U(1) gauge symmetry,
¥ — ¥’ =el®y. However, the chiral U (1) gauge symmetry may be consistently
defined:

Y ="y Y = Pyl = ey, Y. = P
c c N
We also note that the Majorana spinors satisfy the identities

XMy for M =1, y5, ysyi

My = {—xMw for M = y;, 0. J.8)

From this we obtain yy;y = 1/_fcrijw = 0, as well as the following reality
conditions: ~
- My for M =1, ys5, 0j;
( M)+={'»”_ j (1.9)
vMx —YyMy forM =y, ysyi.

The chiral spinors. The chiral projections ¥ (left/right) are defined by
Ve =Pry  Pr=3(1Eiys) (J.10)
where P~ are chiral projectors that satisfy the conditions

P:E =Cc'p:C Pi =APzA™! Pryi =viPt.
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This implies ¥+ = ¥ P+ and, consequently,

My = {VHMX— t UMy for M =1,ys, 0 (.11
ViMxy +¥-Mx— for M =y, ysyi.

Every chiral spinor carries an IR of the Lorentz group: ¥v_ — S(A)y_,
Y+ — S(A)y4. Torealize the space inversion we need both ¥_ and . Indeed,
the choice I, = iy? yields Iy =i+,

Chiral spinors are used to describe massless fields of spin j = %, for which
the chirality and helicity stand in a 1-1 correspondence: = have helicities
A= ;%. Chiral spinors v+ carry opposite chiral charges:

Yl=e T YL =y
The Majorana condition ¥ = ., expressed in terms of chiral spinors, reads

as (Vo) = Cy L.

The Fierz identities. Consider the complete set of complex 4 x 4 matrices

A = {1L,iy>, ™, yoy™, 20" yan) ¥ = —ys

as well as the set I'y with lowered indices (m,n,5). These matrices are
normalized according to

Trr*)y =0 (T #1)
M,y =1 Tr(MTp) = 45%.

They are linearly independent and form a complete set: any complex 4 x 4 matrix
I" can be decomposed in terms of I'4 as

= ZCAFA ca = L Tr(ITy)

or, more explicitly,
Ton = % D Tk (Ca)ii ().

Since I is an arbitrary matrix, it follows that
% Z(FA)ki (FA)mn = SimOkn.-

Multiplying this equation with 1&,2 1//1.21/_/311//,? we obtain the following Fierz
rearrangement formula:

G H @Y = -1 Y @' TayH @ Ty, (J.12)

Another form of this formula is obtained by the replacement y* — T'By#,
Y2 — TCy2
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As an example, we display here several Fierz identities for Majorana spinors:
E)(xeD) + E2ys¥) (X yse1) — (€1 <> €2) = —(E2ypue) (X ¥ V¥)
EY" V) Wuysymdp¥n) — (w < v) =0
ey ity = 0

where V¥, = (Y,4) is a vector—spinor (Rarita—Schwinger field).

The two-component formalism. The Dirac spinor is a reducible representation
of the Lorentz group, which is most easily seen in the spinor representation of the

gamma matrices:
m_ (0 o” _ 1 0
V-=\sm o B="o -1

where 0 = (1,0), 6™ = (1, —0c). In this representation, the matrices A, C and
D = CAT have the form

s 2 s 2
. io 0 . 0 io
A=y" C=1y2y0=( 0 —ioz) Dsz:(—i(rz 0 )

and satisfy the conditions CT = C~!' = —C, DD* =1 (5 = 1).
Chiral spinors {_, ¥4 only have the two upper/lower components different
from zero, and are essentially two-component objects:

w=<§> w+=<2) w=w+w+=<§>.

Since the Lorentz generators are diagonal,

a C
UOaz_%<‘B _(;a) a“bz—%i<% £C> (a, b, ¢ cyclic)

each spinor ¥_, ¥4 realizes a two-dimensional representation of the Lorentz
group with generators

(@™ = Ho"F" — 0"6™) = [—10, —}io]

(6" = 3(G"0" = 5"0™) =[S0, —3i0].
The transformation laws under infinitesimal transformations w,,, = [, 0] (a
rotation by angle 6 and a boost with velocity 8) are:

Sof = (—5Bo — %i00)e  Soif = (3P0 — %i00)i.

The bar over 7 is to remind us that the 1 have a different transformation law from
&. The finite Lorentz transformations are

S(A) = ("04 M01+>

M = exp[30™" (Omn)-] M7 = exp[30™" (Omn)+]
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where det M = det M~!* = 1 (this condition defines the group SL(2, C)). In the
two-component formalism, the quantities (o;,,,)— and (o;,,)+ are usually denoted
as oy, and oy,,, respectively.

The charge conjugation operation is defined by

B nc _ iazr—]*
o ()= (55)

It is usual to use different types of indices for § and 7, § = (§2), 7 = (7%); they
change under complex conjugation as £* = (§}) = (§), and * = (n*¢) = (n%).
Introducing the matrices

gar =i@Dap =ar  F N = g% = —i(eH) = —e
we can write
)0 = a0 = ()0 G = 3", = D"

which shows that charge conjugation is realized as a complex conjugation
followed by raising or lowering of an index.

More details about the two-component formalism may be found in
appendix H.

The Weyl equations. If we set m = 0 in the Dirac equation, we obtain two
decoupled, Weyl equations:

(180 —i0%9)E =0 (id +i0%8,)ij = 0. (J.13a)

The general solutions of these equations can be written as linear combinations of
plane waves. For the positive and negative frequency waves,

Eirp = wype TP fap = voepe P¥
with po = | p|, the Weyl equations yield
(Po+oPwiy, =0  (po—opPvs, =0. (1.13b)
Hence, the spinors &1, 7+, are helicity eigenstates with A = —%,—i—%,

respectively.

The Weyl equations describe massless left-handed and right-handed fermion
fields, which transform into each other under space inversion. If only one of these
fields exists, space inversion is not a good symmetry.

The charge conjugate field £ = —io?£* satisfies the same equation as
n. Charge conjugation transforms a left-handed particle to a right-handed
antiparticle. Note, however, that éc is a new right-handed field, different from 7.
Choosing & = 7, we obtain a massless Majorana spinor (&, £.), which describes
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a truly neutral particle with two possible helicities (particles and antiparticles are
now identical).

The bilinear form j* = wtéhw = (wtw, —wTow) is a Lorentz four-
vector (the current density). Multiplying the equation for w from left with w™,
we obtain the continuity equation: p - j = 0.

The spinor w may be normalized by the covariant condition

+

w w=2p0.

Indeed, j* = wt (1, —a)w = 2(p°, p), as follows from the Weyl equations.
Let us introduce the projector on the states of helicity — %:

R +
P_gp = WaWy .

From (po + op)p— = 0, p—(po + op) = 0 and the normalization condition, it
follows

p—=po—0op=o0-p.
The projectors on the states with helicity —1—% are:

+b

pit = vy p+=(po+aop) =o-p.

The complete four-dimensional projector is given by

_ — et +_(o-p 0 Y_-0
p=p-Dpr=ww Hov _( 0 6‘p>_py. J.14a)

The expressions for p+ may be represented as the chiral components of the
complete projector: px = PxpP.

The quantities w and v can be easily rewritten as the equivalent four-spinors:
w— u_ = (w,0), v — uy = (0, v). The complete projector expressed in terms

of ux has the form
u_ut +uiul = py°. (J.14b)

Exercises

1. (a) Show that the relation C _lin = —yl.T implies C = nC T,

(b) Prove that » = —1, demanding that the set of 16 matrices T'AC in
My contains 10 symmetric and six antisymmetric linearly independent
matrices.

2. Prove the identities:

Vl)/myl = —2¥nm o™ oy, = =3
Vlym)/n Vi = 4Mmn Umn)/lamn =0
Vlamn)/l =0 Ulramnalr = Omn

ij _mn 1 _mn,,i ij.,,m 1. ,m.,i im
olo™yj = —50""y olyMy;=2v"y' = 2n
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3. Prove the identities:

YmVnYl = _SmnerS)/r + MmnYt — Mmi¥Yn + Ml Vm

{VYm» ot} = —&mnirysy”
2{0mn» 01r} = NMinr Ml — Nl Nnr — Emnir Vs
2y50mn = _Smnlralr
Emnrl VSOJk = _8,];,Unr + (Sﬁainr - 550—17171-

4. (a) Verify the following relations:

cl'sc=s5"T  AsATl =gt
D'SD=s*  y"=A",Sy"s.
(b) Find the transformation laws of the bilinear forms 1 I'"4 1 under Lorentz
transformations and space inversion. .
5. (a) Show that ¥, = Cy/T is equivalent to ¢ = Cl//CT.
(b) Find the Lorentz transformation law of . .
6. Find the transformation laws for the bilinear forms ¥ "4y under chiral

transformations.
7. Show that Majorana spinors satisfy the relations:

Vavixe = —XeViv: Ve = XsVs
Y50ij X+ = —X50ij ¥+
Then prove that Y5y x5 = X+¥sViV+ and Yeysx+ = X Vs5¥.

8. Show by explicit calculation that the matrices A = y°, C = iy?y? and
D = CAT in the spinor representation obey the relations:

AymA™ =y Ty C = =)
DD* =1 ct=c'=cT=-c.

Then prove that (Y.). = .
9. Prove the following relations in the spinor representation:

o™ = AmnMO’nM+ oM = AmnM_H_C_)'nM_l.



Appendix K

Symmetry groups and manifolds

In this appendix, we review some aspects of symmetries of Riemann spaces
that are important for constructing higher-dimensional Kaluza—Klein theories
(Weinberg 1972, Choquet-Bruhat et al 1977, Barut and Raczka 1977, Dubrovin
et al 1979, Zee 1981).

Isometries. Let X be an N-dimensional differentiable manifold. Consider
an infinitesimal transformation of the points in X described by the change of
coordinates

x> XY =x*+tE%(x) It <« 1 (K.1)

where ¢ is an infinitesimal parameter, and E¢ a tangent vector on the curve x'(¢)
at t = 0. Under this transformation, a tensor field 7 (x) becomes the transformed
tensor field 7’ (x’). The Lie derivative of T (x) characterizes the change of form
of T (x) under (K.1):

~1
LeT|x = }E% T[T'(X) =T (x)]. (K.2)

The Lie derivative is closely related to the concept of form variation: §o7 (x) =
T (x) — T (x).

For a scalar field we have ¢'(x") = ¢(x), or ¢'(x) = ¢(x — tE); keeping
terms to order ¢, we obtain Lg¢(x) = E%0y¢ (x). The transformation law of a
vector field u(x) has the form

x/O(

0
o I\
u(x') = o

uP (x) ~ (8% + t9g E*)uP (x).

If we change the variables according to x’ — x' —tE = x, x — x — tE, and
drop the second order terms in ¢, we find

Lpu®(x) = EPogu® — uP g E.

451
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In a space with the Christoffel connection, the ordinary derivatives in this equation
may be replaced by covariant derivatives. Going through similar manipulations
we can evaluate the Lie derivative of any tensor field.

Now we restrict our attention to a Riemann space V (X, g) and consider a
coordinate transformation that leaves the form of the metric invariant: g[xﬁ (y) =
gap(¥). Any such transformation is called an isometry of V. An infinitesimal
isometry is determined by the condition

Le8up = 04 EVgyp + 0E” 8uy + EV 0, 80p = 0.
Replacing 9 here by V and using V, gos = 0, we deduce the relation
VoEg+VgEy =0 (K.3)

which is known as the Killing equation. Thus, the coordinate transformation (K.1)
is an isometry of V if the vector E“ satisfies the Killing equation. The problem
of determining all infinitesimal isometries of a given Riemann space V is now
reduced to the problem of determining all solutions EY of the related Killing
equation. To each set of solutions {ES,a = 1,2,...,n} there corresponds an
isometry transformation with n parameters #“:

8x¥ =19E%(x) =te,xP &, = E%, (K.4)

where the differential operators €, are the generators of the isometry.

All Killing vectors ES are the tangent vectors of V, but their number may
be higher than N, the dimension of V. We shall see that the maximal number of
independent Killing vectors is N(N + 1)/2.

In order to gain a deeper understanding of the isometries, it is useful to relate
their structure to the concept of a group. After giving a short recapitulation of
topological and Lie groups, we shall introduce the concept of a Lie group of
transformations on a manifold, and then return again to the isometries of Riemann
spaces.

Topological groups. One and the same set G may have the structure of both a
group and a topological space. Considered as a group, the set G is supplied with
a group multiplication law *. The same set may be equipped with a topological
structure by specifying a topology t on G.

A set G is a group if there exists an internal binary operation * on G (for any
g, h in G, the product g x h belongs to G), such that

m  the group operation is associative: g1 * (g2 * g3) = (g1 * g2) * g3;

m there is an element / in G, called the identity, such that I« g = g % I = I, for
all g € G;

m foreach g € G there is an element g~
that g g ! =g lxg=1

lin G, called the inverse of g, such
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We shall often omit the group multiplication sign * for simplicity.

A mapping f from a group (G,*) to a group (H,-) is said to be a
homomorphism if f(g1 x g2) = f(g1) - f(g2). If f is a 1-1 correspondence,
it is called an isomorphism.

As far as the group properties are concerned, isomorphic groups may be
considered to be identical. Isomorphisms play the same role for groups as
homeomorphisms do for topological spaces.

Let {G, %} be a group, and {G, t} a topological space. Then the triple
{G, %, t}is said to be a ropological group if the operations which define the group
structure are continuous, i.e. if

= the inverse mapping g — g~ ! is continuous; and

m the multiplication mapping (g1, g2) —> g1 * g2 is continuous.

A set G may be both a group and a topological space without necessarily
being a topological group. Let us briefly mention some important properties of
topological groups.

(1) One of the most powerful notions in topology is that of compactness. Every
closed surface in E3 with a finite diameter, such as the sphere or the torus, may
be described as closed and bounded. The concept of the boundedness of closed
sets in E3 can be related to collections of open sets, known as open coverings,
using a generalization of the Heine—Borel theorem: X is a closed and bounded
subspace of E, iff every open covering of X contains a finite subcovering. The
description in terms of open coverings has an advantage, as it avoids using the
non-topological concept of boundedness.

This result suggests the following definition: a topological space {X, t}

is compact if every covering of X contains a finite subcovering. Thus, every
bounded and closed subset of E, is compact. A topological group {G, *, T} is
compact if {G, t} is a compact topological space.
(2) There is an important property of topological spaces, which represents, as we
shall see, an embryo of the idea of symmetry in Riemann spaces. A topological
space {X, t} is said to be homogeneous if for each x € X and y € X there exists
a homeomorphism f : X — X that maps x into y.

It follows that every topological group is necessarily homogeneous. Indeed,
for any two elements g; and g in G, there is a mapping g1 — g = &I,
where y = gzgfl, which is a homeomorphism of G onto G, as a consequence
of the uniqueness and continuity of group multiplication. The homogeneity
of a topological group G ensures that any local property determined in the
neighbourhood of one point is the same as in the neighbourhood of any other
point. For this reason, we usually study the local properties of G in the
neighbourhood of the identity element.

(3) The concept of connectedness is fairly clear intuitively: a topological space
X is connected if it cannot be expressed as a union of two disjoint non-empty
(open) sets. A topological space is said to be arcwise connected if, given any two
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points x and y in X, there is a path (continuous curve) from x to y. Any arcwise
connected topological space is connected.

The union of all connected subspaces of X containing a point x is called the

(connected) component of x. A component of identity G of topological group G
is a subgroup of G.
(4) The concept of homotopy plays an important role in further development of
the idea of connectedness. Let x and y be two points in X connected by a path
P(x,y). Two paths Py(x, y) and P;(x, y) are homotopic if there is a continuous
deformation transforming Po(x, y) to Pi(x,y). A path is closed if its end and
origin coincide. A closed path at x is called a null-path at x if the whole path
coincides with x.

A topological space X is said to be simply connected if every closed path in
X is homotopic to a null-path. If there are m homotopy classes, the space is said
to be m-fold connected.

For any multiply connected space X we can define a covering space of X
which is simply connected—the universal covering space of X (a covering space
X of X may be regarded as an m-fold wrapping of X around X, defined by a
continuous mapping 7 : X — X).

Example 1. Let us now illustrate the previous exposition by considering the
group of rotations of E3. A rotation of the Euclidean space E3 is the mapping
R : E3 — E3 which preserves the Euclidean norm of E3 and its orientation. An
arbitrary rotation of a point X = (x1 L x2, x3) is described by an action of a 3 x 3
orthogonal matrix with unit determinant: x* +— x* = R* ﬁx/s. The set of these
matrices defines the group SO(3).

Each rotation can be represented as a rotation through an angle @ around a
unit vector n (n? = 1):

X" = R(N, )X = Xcosw + N(NX)(1 — cosw) + X A Nsinw O<w<m)
where the orientation of N is given in terms of the spherical angles 6 and ¢:
N = (sin 6 cos ¢, sin  sin ¢, cos 6) O<p<27,0<06 <m).

We choose p = wn to be the set of parameters which identify elements of the
group. The set of all rotations is determined by the set of values of p belonging
to a three-dimensional Euclidean ball with radius 7 and its centre at p = O.
However, since the rotations corresponding to p = 7N and p = —mn are the
same, the end points of each diameter should be identified. Thus, the space of
parameters is a real, three-dimensional projective space R P3 (a space of lines in
E4 passing through the origin or a sphere S3 with antipodal points identified).
If a path intersects the boundary of the ball at some point, it is considered to
enter the ball at the related antipodal point. The parameter space can be equipped
with a natural topology, whereupon, by ‘translating’ that topology to SO(3), the
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group SO (3) becomes the topological group. Here are some of the topological
properties of SO(3).

(1) The group of rotations is compact since the space of parameters is a

compact topological space.

(2) Itis also homogeneous as it is a topological group.

(3) The group of rotations is connected: given an arbitrary rotation, there is

always a path containing that rotation and the identity element p = 0.

(4) An arbitrary point wn (w > 0) can be reached from the centre by using

two different paths:

(i) the first path /q is a ‘direct’ one: p(t) =th (0 <t < w);

(ii) the second path I, first goes ‘backwards’ from the centre to p = —mn,
p1(t) = —'n (0 < ¢/ < m), then it ‘jumps’ to the antipodal point
p = mn, and then continues to follow the path p2(¢") = (& — t”)n
O<t'<m—w).

These two paths are not homotopic. In a similar manner, we can conclude

that there are two homotopy classes of closed paths, i.e. SO(3) is double

connected.

Lie groups. If we introduce local coordinates into a topological group, and then
the concept of differentiability, we come to a differentiable group manifold, or a
Lie group.

A group {G, *} is a Lie group if G is a differentiable manifold such that the
differentiable structure is compatible with the group structure, i.e.

= the inverse mapping g > g~ ! is differentiable; and

m the multiplication mapping (g1, g2) — g1 * g2 is differentiable.

Very often the differentiable structure is enlarged by introducing an analytic
structure which enables us to use the convergent Taylor expansion in the finite
neighbourhood of each point.

Let the parameters t* (¢ = 1, 2, ..., n) be local coordinates of Lie group G
in the neighbourhood of the identity element, c(¢) a continuous curve in the space
of parameters passing through the null point ¢(0) = (0,0, ...,0),and &, = EJ &,
its tangent vector at ¢(0). With each curve c(¢) we can associate the curve C(¢) in
the group manifold, such that C(0) = I. The tangent vector to the curve C(¢) at
t = 0 is given by the expression

Ta = Eg3C(1)]i=0 = €C()]i=0

and is called the generator of the group. With each generator 7, we can associate
the operator €, = E¢ d,—the tangent vector to c(¢). If the curve c(¢) is chosen so
as to coincide with the t* coordinate line, its tangent vector will be equal to the
coordinate tangent vector €,: €, = 85 €. Then, for sufficiently small values of
the parameters, each element C(¢) lying close to the identity may be represented



456 Symmetry groups and manifolds

as C(t) ~ I+ t*T,, where t* = §%¢*. We can show that the linearly independent
generators of G satisfy the Lie algebra,

[Ta, Tp] = fabcTc fabc = _fbac (KS)

where the structure constants f,;;¢ obey the Jacobi identity.

The study of Lie algebras is of fundamental importance in the study of Lie
groups. For each Lie group G we can define its Lie algebra but the inverse
statement is not, in general, true. Different Lie groups may have the same Lie
algebra, but be very different in the large (such Lie groups are locally isomorphic).
However, with each Lie algebra we can associate a unique simply connected Lie
group, G. For any (multiply) connected Lie group G with the same Lie algebra,
the group G is the universal covering group of G. Each group G from this family
is locally isomorphic to G/Z, where Z is a discrete invariant subgroup of G. The
group G can be homomorphically mapped onto G. It has an important role in the
theory of group representations, since all of its IRs are single-valued.

Example 1 (continued). By introducing suitable local coordinates, the group
SO(3) becomes the Lie group of dimension three. The set of parameters p =
(w, @, 0) cannot be used as a global coordinate system on the group manifold,
since it is singular at R = I, where @ = 0 but ¢ and 6 are not determined. A
similar problem also exists in the familiar Euler parametrization. Singular points
arise in any parametrization of the rotation matrices so that the coordinates have
to be introduced locally. The appearance of the singularity about R = I makes
the p parametrization particularly inappropriate for defining the group generators
as the tangent vectors at the identity element.

A more appropriate parametrization can be obtained by representing an
arbitrary rotation as a composition of the following three elements: a rotation
through an angle 8! about x !, a rotation through 6% about x and, finally, a rotation
through 63 about x3. The first rotation matrix has the form

1 0 0
R1(01)= (0 cos@! sin91>
0 —sind' coso!
and similarly for R>(6%) and R3(63). An arbitrary rotation is given as
R©',6%,60%) = R3(0*) Ry (6P R1 (8")

where —7 < 0! < 7, —7 < 6% < 7 and —r/2 < 93 < /2. The singular
point no longer occurs at R = I, but rather at 6> = £ /2. By differentiating the
rotation matrix along 6¢ at the point 8¢ = 0, we obtain the rotation generators as
the matrices (Ta)lc’ = &4pbc- Their Lie algebra has the form

[Ta, Tyl = —eapeTe.
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Example 2. The group SU(2) is a group of all unitary 2 x 2 complex matrices A
with unit determinant. Every matrix A in SU(2) can be written in the form

b
A=<_62* a*) |a|2+|b|2=1~

Setting a = ug-+iuz and b = us+iuy, we find that the parameters (ug, u1, u2, u3)
satisfy the condition
ué—l—u%—i—u%—i—u% =1
Therefore, the group manifold of SU (2) is the unit sphere S3 (if we rewrite this
condition in the form u% + u% + u% =1- u(z), we see that the projection of the
‘upper’ half of this sphere, defined by ug > 0, can be looked upon as the unit ball
in E3). The manifold S5 is compact and simply connected.
Every SU (2) matrix can be expressed in terms of the Pauli matrices o¢:

3

u iu u iu . . .
A:( 0+ 1u3 2t 1)=u01+1u101+1u202+1u30.

—ur +iuy  ug —ius

The group generators 7, = io?/2 satisfy the Lie algebra [T, Tp] = —eapc 1y,
which is isomorphic to the Lie algebra of SO(3). Thus, SU(2) and SO(3)
are locally isomorphic groups. Finite elements of SU(2) can be obtained by
integrating infinitesimal transformations A = I 4 iwn®c®/2 (n> = 1)

A= exp(%iwna) = Icos(w/2) + ino sin(w/2) — 27 < w <2m.

Now we shall show that there exists a homomorphism R : SU(2) — SO(3).
With each point X in E3, we associate a traceless Hermitian matrix X, given by

3 1_ .2
. . X x'—ix 2
XZIXaO'aEl<xl+ix2 —)C3 > det X = x~.
For every A in SU(2), the mapping X — X' = AXA~! defines an SO(3)
rotation of E3, X — X' = R(A)X. Indeed, (x)2 = (x")? (det X = det X’) and the
Jacobian is positive, as can be seen from the explicit formulae:

X% = R%x"  RY%(A) = 1 Tr(c?Ac?A7Y).

The mapping A — R(A) is a homomorphism, since R(AjA>) = R(A1)R(A2).

The homomorphism R is 2—1. This follows from the fact that the kernel of R
(the set of elements in SU (2) that are mapped into the identity element of SO (3))
is Zp = (I, —I), the discrete invariant subgroup of SU (2). Therefore,

SO03)=SUQ2)/2,.

The group SU (2) is simply connected and represents the universal covering group
of SO(3).
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We shall now define the adjoint representation of G and use it to construct
the Cartan metric on G. Let G be a Lie group, and Ag the associated Lie algebra
at g = 1. The isomorphic mapping of G into itself, given by

Ug: g+ g, =S2g§2_1

where €2 is a fixed element of G, is known as an inner automorphism of G. The
inner automorphisms form a group. Each inner automorphism of G induces an
automorphism of the Lie algebra Ag:

Adg: Ti (T)a=QT,Q . (K.6a)

The automorphisms Adgq also form a group G4 (Adg,Adq, = Adg,q,, etc.).
The (homomorphic) mapping Q2 — Adg, is called the adjoint representation of
the group G on its Lie algebra Ag.

If a group element 2 is close to the identity, Q2 = I 4+ w with @ = w°®T,, the
adjoint automorphism is given by

T =T, +[w, T,] = T, + &° foi°T; foreach Q € G. (K.6b)

The generator of an element Adg has the form (7)) = feu© = [Te, Ta]¢. The
related mapping 7, — T, = [T, T,] defines the adjoint representation of the Lie
algebra Ag on Ag.

Let U = uT, and V = v”T}, be elements of a Lie algebra Ag, and define
the following ‘scalar product’ on Ag:

(U, V) =—5Tr(U'V'). (K.7a)

This bilinear symmetric form on Ag x Ag is known as the Killing form. It
is invariant under the adjoint automorphisms G4, as follows from (K.6a) and
the standard properties of the trace operation. The coordinate expression for the
Killing form is given by (U, V) = gupu®v®, where

8ab = _% Tr(Ta/Tb/) = _%fac’cfbce (K.7b)

is the Cartan metric. The Cartan metric is defined in .Ag—the tangent space of
G at g = I. If the elements U, V from Ag are replaced with the related tangent
vectors U = u?e, and v = v“€; in the space of parameters, the scalar product of
u and v at ¢ = 0 is naturally defined by the relation

u,v) = (U, V) = gapu”. (K.7¢)

We shall later define the metric in the tangent space at an arbitrary point of G,
which is important for the Riemannian structure of G.

The adjoint automorphisms describe an action of the group G on the tangent
space of G. Under the action of G, the tangent vector €, transforms in the
same way as T,: 56ea = ¢€°foq°€.. This defines the transformation rule of the
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contravariant vector u%, while the transformation of the covariant vector v, is
determined by demanding the invariance of u%v,:

!/ ..a e a.c !/ e c
Sou” = —€° fecu Sova = €° fea“ Ve

Treating f,5“ as a third rank tensor, we obtain 5(’) fap© = 0, as a consequence
of the Jacobi identity. This implies that the Cartan tensor is invariant under the
action of G (appendix A).

Cartan has shown that a Lie group is semisimple iff det(g,») # 0. This is
just a condition that the inverse metric g% exists, which enables the development
of the standard tensor algebra.

Lie groups of transformations. Lie groups appear in physics as groups of
continuous transformations of a manifold. To each element g in G there
corresponds a transformation 7, on a manifold X, such that gh is mapped
into T, T, (homomorphism). We should clearly distinguish between the group
manifold G and the manifold X on which the group acts.

A Lie group G is realized as a Lie group of transformations on a
differentiable manifold X, if to each element g in G there corresponds a mapping
T, : X — X, such that

m  T;(x) =xforeachx € X,
- (Tg, Tg,) (x) = T, g,(x) and
= the mapping (g, x) — T, (x) is differentiable.

It follows that 7,1 = (Tg)’l. The mapping 7 is called a transformation of
the manifold X, and the homomorphism g +— Ty is said to be a realization of
G. When T, are linear transformations of a vector space X, the homomorphism
g — Ty is called a representation of G.

A group G operates effectively on X if Tg(x) = x for every x € X
implies g = I. This means that the mapping g +— T is a 1-1 correspondence
(g # h implies Ty # Tj), and therefore, an isomorphism. When g > T, is an
isomorphic mapping, it defines a faithful realization of G.

A group G operates transitively on X if, for every x € X and y € X, there
exists a transformation 7, that moves x into y.

Under an infinitesimal transformation T, = I 4 t“€, the points in X move
by an infinitesimal amount:

o

at?

X

XY= 2 (x, 1) ~ x4

=x%+1t“EJ (x).

If the group of transformations 7, is a faithful realization of G, the generators
e, = EZ9, satisfy the commutation relations

(€, &1 = fap € (K.8a)
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characterizing the Lie algebra of G. The commutation relations can be written as
a condition on EJ:

E¢0 EP — EQ04EP = f, EP (K.8b)

which is known as the Lie equation.
The Lie equation can be written very compactly in terms of the Lie
derivative:

L.& = fap€  or  Soe, = —1? fupfe

where £, = L.,. Thus, the change of the tangent vector o€, with respect to
the coordinate transformations 6x* = t*EJ on X amounts to the change 56e;,,
produced by the action of the group in the tangent space of X. Similarly, we can
use the transformation laws of EY and u, to find the change of u, = ESu,.

On a group manifold G, we can consider transformations of points in G
produced by the action of the group G itself. Transformations of G onto G defined
by

Lg: h + gh (left translation) and
Dg: h +— hg (right translation)

have particularly important roles in studying the structure of G as a manifold. We
shall limit our exposition to the left translations Lg, having in mind that the right
translations can be treated analogously.

We now introduce left invariant vector fields on G. The left translation
Lg moves a curve C(t), passing through the identity element, to the curve
Cq(t) = gC(t), passing through the point g = g(r). For small + we have
Co(t%) = g(r% + t*EZ (7)), where EJ (7) depends on the group multiplication
rule, so that

Ta(t) = 34 Co()]r1=0 = E5(1)3x8(7) = €4(g)

where 9, = 9/9t“. The transformation L, induces the transformation L/g of the
tangent vector €, to the curve c(¢) into the corresponding tangent vector €,(t)
to the transformed curve cg(¢). Thus, starting from an arbitrary tangent vector U
we can generate the vector field Uy = L(’g,u. This vector field is left invariant by
construction: L;, Up = Ugp.

The following two statements characterize this structure.

(i) Every left translation maps the tangent space at g = I into the tangent space
at the point g(7); this mapping is a 1-1 correspondence.

(ii)) The commutator structure is left invariant: if [u,v] = w at g = I, then
[Ug, vg] = wg, forany g in G.

The first statement implies that a left translation moves a basis €, at the identity
into the set of tangent vectors €,(t), which is a basis at the point g(z). The basis
€,(7) is related to the coordinate basis €, (t) = d, by the relation

(1) = Eg (1)eu(7)
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where the coefficients EY depend on the point g(z); in particular, E¢ = §2 at
g = I. The second statement implies that the basis €,(7) satisfies the same Lie
algebra as the basis €;:

[€:(D), &(T)] = fap“€c(T). (K.9)

This Lie algebra can also be transformed into the form of the Lie equation (K.8b).

Let us, furthermore, consider the quantity w = g_1 dg, where dg is the
differential of g(¢). This quantity is linear in d¢* and represents a 1-form, which
is invariant under left translations g(¢) +— hg(t), where h is a fixed element in G.
Moreover, g~ dg produces infinitesimal transformations of points in G, which
implies that w can be expressed in terms of the group generators. Therefore, w is
a Lie algebra valued 1-form at the point g:

w=g 'dg =0T, 6°=di"EL. (K.10a)

From the definition of w it follows that dg = gw, whereupon the application of
the exterior derivative d yields the relation

dw+wAw=0. (K.10b)

known as the Maurer—Cartan equation. This can be written in the following
equivalent forms:

do® + 1 £, 90" A 6 =0

dEf — IpEG + foc"ESEG = 0.

Now, we show that the Maurer—Cartan equation has a direct relation to
the Lie equation. Let us define the matrix HY which is ‘dual’ to Ef, in the
sense that E2H® = 8% and EflecllS = of. Multiplying the last equation in
(K.10c¢) by H,‘;H,’?HZ we find that H) satisfies the Lie equation (K.85). In
other words, the coefficients ES and Ef, appearing in the Lie and Maurer—
Cartan equations, respectively, are ‘dual’ to each other. While the Lie equation
defines the commutation properties of the vector fields €, = EJd,, the
Maurer—Cartan equation gives the equivalent information in terms of the 1-forms
0¢ = dr*ES. The basis of 1-forms ¢ is dual to the basis of the tangent
vectors €,. Equations (K.8) and (K.10) should be compared with the related
equations (B.7a, b).

(K.10c¢)

Example 3. Let A be an arbitrary element of SU(2) which we parametrize in
terms of the Euler angles (6, ¥, ¢): A(Y,60,¢) = Az(¥)A1(0)A3(¢). Using
Agq(w) = Icos(w/2) 4+ i6“ sin(w/2), we find that

A 6. &) — cos(6/2)elVH9/2  jgin(9/2)elV—9)/2
(V. 6.¢) = isin(0/2)e V=92 cos(6/2)e i V+A)/2 |-
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O<y¥y <47,0<6 <7m,0 < ¢ <2m). Let A3(¢) be a path in SU (2) passing
through the identity, A3(0) = I, and C3(¢) a path obtained from A3(¢) by a left
translation: C3(¢) = AAz(t). The tangent vector to the curve C3(¢) at = 0 has
the form

T34 = (d/dt)C3(8)|r=0 = €3(A)

where €3 = 9/0d¢ is a left invariant vector field on SU(2). In a similar way, we
define the tangent vectors to the curves Ci(t) = AA((t) and Co(t) = AA>(t),
respectively:

Tia = (d/dD)C1(D)]i=0 = €1(A) Toa = (d/dD)Ca () |i1=0 = &2(A).

The first equation implies the relation A(y, 6, ¢)(icrl/2) = E‘l"aaA(l/f, 0,¢),
which can be used to determine the components of the vector field ) = E ‘1" Oy
Similar manipulations lead to the components of & = E5dy. The result can be
written in the form

e = cosq&i —sing (cot@i — Li)
20 0¢p  sin6 oy
&= sinqbi + cos ¢ (cot@i — Li)
a0 0¢p  sin6 oy
0
& = %
The commutation rules of the generators €, have the form [€,, €,] = —&4pc€.

Explicit evaluation of the left invariant 1-form w = A~!dA yields

w = (dy sinf sin¢ + d6 cos )T}
+ (—dy sinfcos¢ + dfsing)T» + (dy cosd + dp) T3 = dr*EL T,

where T, = (i/2)o®. Now we define the vector fields €, = E%d, as the duals of
0¢ = dr*E¢, and find that the result coincides with ,: €, = €,.

Riemannian structure on G. The Lie and Maurer—Cartan equation, together
with the Cartan metric at g = I, represent important characteristics of group
manifolds. By introducing the metric and a suitable connection at each point of
G, the group manifold becomes a Riemann space.

Consider two left invariant vector fields on G, U, = u®e, and v, = v’e,.
The scalar product of Ug and v, at an arbitrary point g is, by definition, equal to
their scalar product at g = I

(ug’vg) = (U,U). (Klla)

Expressed in terms of the components, this condition yields

8ap E4 Ef = 8ab 8op = (€, €8) (K.11b)
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where gqg is the Killing metric on G; at the point g = I, where Ef = &, this
reduces to gqp.

The Killing metric can also be defined by using the Killing bilinear form
(w, w) of the 1-form w = g~ 'dg:

(w, w) = dr*dt* ES Ef gap = dr®diP gep. (K.12)

The definition of (w, w) implies that the Killing metric is left invariant.
We define the connection on G by introducing the covariant derivative
(Dubrovin et al 1979):
Vv = $L,0 = 1{u, v] (K.13a)

where U and v are left invariant vector fields on G. The connection coefficients
are determined by the change of basis,

Ve, =09V =0a®6 0= 1fa0" (K.13b)

We shall show that this connection is Riemannian, i.e. that the torsion vanishes
and Vg, = 0.

Let w = 0%¢, be a vector valued 1-form, i.e. a (1,1) tensor. By acting on w
with the generalized exterior derivative (appendix B), we obtain

dw = d#%e, — Ve, = (d0° + w0 ,0%)e. = T e.

where T¢ is the torsion. Assuming the connection (K.13), we see that the Maurer—
Cartan equation coincides with the condition 7¢ = 0. On the other hand,

Vegab = Ve(€4, 8) = %(fcaegeb + feb 8ea) =0

since fape = fap®gec 18 completely antisymmetric.
The curvature tensor of G is calculated according to (B.10):

Ru,v)w =V, Vyw — V,V,w — V[, yjw = —% [[u, v], w]. (K.14a)
Using R(e,, €,)e. = €, R°4p, We obtain

Rcap = =3 fab" fac*  Reb = $8eb. (K.14b)

The symmetries of Riemann spaces. The essential property of a symmetry
transformation of a given space is that it leaves some important properties of the
space unchanged. Thus, SO(3) is a symmetry of the Euclidean space E3, as it
leaves the distance and orientation of E3 invariant. This brings us back to the idea
of isometry transformations in Riemann spaces.

We have seen that the isometry transformations of a Riemann space V are
determined by the solutions of the Killing equation. If the Killing vectors satisfy
the Lie equation, the isometries have the structure of a Lie group. Each Killing
vector connects neighbouring points of V which are, as far as the form of the
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metric is concerned, equivalent. The number of linearly independent Killing
vectors depends on the form of the metric.

A Riemann space V is said to be homogeneous if, for every x € V and
y € V, there exists an isometry transformation 7, that moves x into y (the
isometry group operates transitively on V). Stated differently, at any point x in
V, there exist Killing vectors that take all possible values. In an N-dimensional
homogeneous space V, the number of linearly independent Killing vectors at any
given point is N. For instance, we can choose a set of N Killing vectors defined

by Eg = 53
A Riemann space V is said to be isotropic about a point x if there is an
isometry group H, such that it does not move the point x, Ty x = x. As

a consequence, any Killing vector must vanish at x, ES(x) = 0, but the first
derivatives Eq P (x) at x may take all possible values, respecting, of course, the
antisymmetry condition (K.3b). In an N-dimensional isotropic space V, the
number of linearly independent Killing vectors is N (N —1)/2; they can be defined

by choosing a set of coefficients E;,  satisfying the following conditions:

Egm(x) =0 Egm(x) = _Egm ()
E%P(x) =8288 — 5%8P.

Using the general formula [V, Vg]E, = Ej R‘saﬁy and the cyclic identity
for the curvature tensor R‘Saﬁy + RS yap + R? gya = 0, we can show that any
Killing vector E,, satisfies the condition

VoVBE, = EGRéaﬁy.

By a repeated differentiation of this equation, we find that any derivative of E, at
¥ can be expressed in terms of E,(y) and VgEy(y). Then, expressing a Killing
vector E, at some point x, lying in a neighbourhood of y, as a Taylor series in
x —y, we find that E, (x) is given as a linear combination of Eg(y) and V), Eg(y):

Eq(x) = Ao? (x, E(y) + Bo"P (x, y)V, E5(y)

where A and B do not depend on Eg(y) or V,, Eg(y), and By"? = —B,PY. This
equation implies that there can be no more than N (N + 1)/2 linearly independent
Killing vectors in N dimensions. Indeed, since there are N independent quantities
Eg(y)and N(N — 1)/2 independent quantities V,, Eg(y), the maximal number of
linearly independent Killing vectors E (x) is equal to the sum N+ N(N—1)/2 =
N(N + 1)/2.

A Riemann space V is said to be maximally symmetric if it admits the
maximal number of N(N + 1)/2 Killing vectors. In particular, a homogeneous
space that is isotropic about some point is maximally symmetric. Isotropy about a
given point implies, as a consequence of homogeneity, isotropy about every point;
then, summing the number of Killing vectors corresponding to homogeneity and
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isotropy, N + (N — 1)/2, we obtain the maximal number of N(N + 1)/2 linearly
independent Killing vectors.

Note that a space that is isotropic about every point is also homogeneous
and, consequently, maximally symmetric.

Maximally symmetric spaces have the following important properties (see,
e.g., Weinberg 1972):

s If a Riemann space V is maximally symmetric, its curvature tensor must be
of the form

Ropys = N(guy&ps — 8us&By) A = constant. (K.15)

A space of this type is called a space of constant curvature.

= Any two constant curvature spaces with the same signature which have
the same value of A are locally isometric, i.e. there is a coordinate
transformation that maps one metric into the other.

Thus, maximally symmetric spaces (of a given signature) are essentially unique
and can be determined by constructing particular representatives of constant
curvature spaces with all values of A.

Example 4. The unit sphere S> is a Riemann space with a metric, in local
coordinates (8, ¢), 0 # 0, , given by

ds* = do? + sin® 6 dp?.
The Killing equations have the form

Ey .o +sinfcost Eg =0
Egp =0
Eg o+ Eypp—2cotd E, =0.

The first two equations yield Eg = f(¢), Ey, = —F(¢) sinf cos 6 + g(8), where
F(p) = [ f(p)de, and f, g are arbitrary functions. The functions f and g
are determined from the third equation: f = asing + bcosg, g = ¢ sin 9,
where a, b, c are arbitrary constants. After that, the solution for the Killing vector
(Eg, Ey) takes the form

Eg =asing +bcosg = EY
Ey, = (acosg — bsing)sinf cosd + csin?@ = sin? OE®.
The presence of three arbitrary parameters a, b, ¢ means that there exist three

linearly independent solutions. Introducing the notation e = E%3 + E?9,
and separating the terms multiplying a, b and ¢ we obtain three independent
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generators:
€ = sin@dg + coth cos ¢,
€ = Cos pdyg — cotf sin dy,
€ = 0y.
These generators satisfy the commutation rules [€,, €] = —é&4pc€.. Therefore,

the isometry group of the sphere S, is the rotation group SO (3). Note that the
number of generators is higher than the dimension of the space.

The rotation group operates transitively on S,. Take, for instance, the point
P € S, with Cartesian coordinates x5 = (1,0, 0) in E3. Then, we see that an
arbitrary point (x!, x2, x%) on the sphere can be obtained by a suitably chosen
rotation of the point P: x? = R“bxf = R“;. Similar arguments lead to the same
conclusion for any other point P’. Consequently, S is a homogeneous space.

Observe that the choice of the rotation that moves P into ()c1 ,x2, X3 ) is not
unique, since there exists a subgroup Hp = SO(2) of the group SO (3) that leaves

the point P fixed:
1 0 0 1 1
8 200
0 R R/ \0 0

The subgroup Hp is the isotropy group of P. If a transformation R moves the
point P into (xl,xz, x3), so does the transformation RRy, Ry € Hp. Isotropy
of S» about P implies its isotropy about every point.

The sphere S is homogeneous and isotropic, hence it is maximally
symmetric. The same conclusion can also be drawn from the existence of three
Killing vectors on S5.

The construction of maximally symmetric spaces. We describe here one
specific construction of a three-dimensional maximally symmetric space with
the metric signature (4, +, +), having in mind that the procedure can be easily
generalized to higher dimensions and different signatures. Consider a four-
dimensional Euclidean space E4 with metric

ds? = 845 dx? dx? + dz2. (K.16a)
A three-dimensional sphere S3 embedded in E4 is described by the equation
Sy Sapxxt + 22 =2 (K.16b)

The interval dsZ on S is calculated using the relation §,5x“ dx? 4 zdz = 0, valid
on S3, to eliminate dz in (K.16a):

S a dxb 2
ds?[s, = 8ap dx dx® + (“”7)0[ = gapdx? dx?. (K.17)
’ X

k2 — §ogx€
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The metric g, is the metric on S3.

It is obvious that the interval (K.16a) of E4 and the condition (K.16b) that
defines S5 are both invariant under the SO (4) rotations of E4, which have the
following form:

X4 = Rabxb + Ra4Z Z/ — R4bxb + R44Z

where the Rs are 4 x 4 orthogonal matrices with unit determinant. The group
SO (4) has six generators (this is the number of traceless antisymmetric 4 x 4
matrices). Thus, the sphere S3 has the maximal number of six Killing vectors and
is, therefore, maximally symmetric.

Since S3 is maximally symmetric, it is enough to calculate its curvature
in the vicinity of x* = 0. A direct calculation yields g,p =~ S4p + XaXp //cz,
Iy, ~ x%8pe /K2, so that

1
Rabed = _z(gacgbd — 8ad&bc) R = -
K K

Hence, the constant « 2 introduced in (K.16b) is proportional to the inverse scalar
curvature of S3.

Going over to the spherical coordinates (r, 6, ¢), the metric of S3 takes the
form
_ dr?
1 —r2/k2
which shows some geometric characteristics of this space more clearly.

In the previous analysis we constructed the maximally symmetric space of
SO (4). According to the value of A = 1/2«* we can distinguish the following
three cases:

ds? + r%(sin? 6 dp?* + d6?)

(a) A > 0, the space of constant positive curvature,
(b) A < 0, the space of constant negative curvature and
(¢) A =0, the flat space.

This construction can be easily generalized to other symmetry groups (in
appendix C we give the related construction for the anti de Sitter group SO (2, 3)).
For a given signature and a given symmetry group G, the only freedom we have
is described by the curvature constant A.

Coset spaces. Although the structure of maximally symmetric spaces is now
clear by itself, their relation to the corresponding symmetry groups remains
somewhat obscure. For instance, what is the relation between S and the structure
of SO(3)? In order to answer these questions, we discuss here the coset spaces.

Let {G, x} be a group. A subset H of G is a subgroup of G if hi,hy, € H
implies: (a) h1hy € H and (b) hfl € H,i.e.if {H, x} is also a group. The group
of rotations about the x-axis, SO (2), is the subgroup of all rotations SO (3) of the
Euclidean space E3.
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Let H be a subgroup of G. The set of elements gH = {ghlh € H}, fora
given g € G, is called a left coset of H in G. Taking all possible elements g; € G,
we obtain a collection of left cosets g; H. Now we define an equivalence relation
in G: g1 ~ g2 if g1 € goH. It is obvious that the related equivalence classes
coincide with the left cosets in G.

In a similar way, every set Hg = {hg|h € H} is called a right coset of H
in G. All transformations from SO (3) which have the form RR,, where R, is a
given rotation about the x-axis and R an arbitrary rotation from SO (3), define the
right coset of R, in SO (3) (see example 4).

A subgroup H of G is invariant (or normal) if gHg~' = H, for every
g € G. The left coset g H and the right coset H g of an invariant subgroup H are
identical.

The collection of all cosets of an invariant subgroup H is a new group G/H,
known as the factor group (or the quotient group) of G by H. The group operation
in G/H is given in terms of the products of cosets:

[g1]lg2] = [g182].

The coset [h], h € H, plays the role of the identity element in G/H. If there
exists a homomorphism G — G/H defined by g + [g], it is called the natural
or canonical homomorphism.

If G is a topological group, the group G/H can be topologized by
introducing a natural topology (the quotient topology) and become a topological
space, called the coset space (the quotient space). We shall retain the same name
when G is a Lie group.

In accordance with the division G/H, all the generators of G will be divided
into two sets: the generators of H, denoted by I'y = {Hj}, and the remaining
generators, I'yy = {M,}; then, symbolically, I' = 'y +I'y. The set of generators
I'y constitutes the Lie algebra of H, while the set 'y is not a Lie algebra. If the
group G is semisimple, its Lie algebra has the form

[Ha, Hpl = f;;°He
[Hz, My] = far Mo (K.18)
My, My ] = fury®Hz + fupy© M.

Indeed, for semisimple groups the structure constants fupc = fap®gec are
completely antisymmetric, so that the existence of the subalgebra Ay implies
f55¢ =0and fz,° =0.

Let the group G be parametrized by ¢ = (¢, t“/). Since [A] is the identity
element in G/H, and it contains the whole H, we see that the factor group can
be described by the set of parameters 1 (ignoring the parameters ¢ that describe
H). After introducing the quotient topology, the factor group becomes the coset
space of the dimension dim(G/H) = dim(G) — dim(H ).
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Example 5. In this example, we prove the relation S = SO(3)/S0O(2). First,
we note that (a) the sphere S, is a homogeneous space of the group SO (3) and
(b) the group SO (3) contains the invariant subgroup H = SO(2)3, defined by the
rotations about the z-axis, which is the isotropy group of the point xo = (0, 0, 1)
in S3: Tyxo = xo. Then, with each fixed element Ry (w) of SO (3) (the rotation
about n through an angle w) we associate the coset [Rp(w)] = Rn(w)H.

Now, with each coset [Rn(w)] we associate the point x(’) = Th(w)xg in S>.
This mapping is a 1-1 correspondence, since it does not depend on the choice
of the representative element of the coset (x; is the same for all elements of the
coset). Therefore, the sphere Sy coincides with the coset space SO(3)/SO(2).

This result is a special case of the following general theorem (Dubrovin et al
1979).

There is a 1-1 correspondence between a homogeneous space V of the
group G and the coset space G /H, where H is the isotropy group of V.

The Riemannian structure of coset spaces. Let V be the maximally
symmetric space of the group G, H = Hy, the subgroup of isotropy about
xo € V,and &, = EJ 9, the generators of G on V. Since V is essentially identical
to the coset space G/ H , the problem of constructing its metric can be understood
as that of introducing Riemannian structure onto the coset space G/H (see, e.g.,
Zee 1981).

The metric of V must be such that the transformations of G are isometries
of V. We shall show that the quantity

g% = EYED ¢ (K.19)

where g“b is the Cartan metric of G, satisfies this demand. The condition that the
EY are Killing vectors of the metric (K.19) has the form

Lg% = g% 0. EP 4 g3, E* — ES9.g%F = 0.
Using the Lie equation, this relation becomes
ESE(fo' 8% + fo8® — E0eg™) = 0.
This condition is fulfilled since g“b is the Cartan metric. Therefore, the metric
(K.19) is form-invariant under the transformations generated by the Killing
vectors EY.

Let us now find the curvature of the Riemann space V with metric (K.19). It
is useful to introduce the quantity

hap = EXE} gug (K.20)
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which satisfies the relations hqph” = h¢ and h% E¢ = E2. Thus, h is a projector
and acts as the identity on the Killing vectors. If the subgroup H of G is trivial,
then Ay, is the Cartan metric, otherwise it is a restriction of g,;, on the coset space.
The group indices (a, «) are raised and lowered with the Cartan metric g, and
the Killing metric gqg, respectively.

To calculate the curvature we use the Lie equation and the Killing equation,
written in the covariant form:

ESVLE} — E¢V EP = fu,°EF
VoEpg + VgEpy = 0.
Multiplying the Lie equation by E??, using the Killing equation and the condition
V, 8« = 0, we obtain the relation hZVﬁEZ — V7 Ef = fabCEZEf, which
implies
VpEay = 1" (8] = 310 Eby Ecp.
A repeated use of this equation yields
VaVgEq, = (fabc - %febchZ)(vaEby)Ecﬂ —(B<vy)
= (fa"* = 3L R (foP = 3 fin" W}V E py EquEcp — (B < 1)
We now use the maximal symmetry of V to simplify further calculations by
going over to the isotropy point xo. At this point we have (Ef, EJ) = (0, 5),
so that ., = 8;’/52’/ ga'v 18 the restriction of the Cartan metric on the coset space.
As a consequence,

(VaVgEa)o = % farp [Py — 3 farrp fP ya — (B < ¥)
so that, after antisymmetrizing in « and g8 and replacing a — ¢, we obtain
(Reypa)o = % feyb fa” — % fepir fpa” + 3 (feppr fya” — foarr frp”). (K21)

This expression further simplifies in those cases in which fa/b/c/ = 0 (involutive
algebras), which implies f,/ce [ = 2 farere fir € €. Then,

(Ray)o = 38ay R = 1dim(G/H)

so that the scalar curvature of the coset space G/H is completely determined by
its dimension.

Exercises
1. Show that in Riemann spaces the Lie derivatives of u®, gqg, and the Lie
equation can be written in the covariant form:
Leu®(x) = EPVgu® — uP Vg E®
LEgup = VuEpg + VgE,
ESVLE} — EfV4EP = £, EP.
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Prove the following statements:

(a) The rotation group SO(2) is compact and infinitely connected, while
the group of one-dimensional translations 7 is non-compact and simply
connected.

(b) These groups are locally isomorphic and SO(2) = T1/N, where N is
the discrete invariant subgroup of 77 equal to the additive group of all
integers.

The generators of SU(2) and SO (3) are given by the expressions 7, = io?/2
and (Ta)b ¢ = Eabe, Tespectively.

(a) Find the matrix form of the following finite transformations: A} =
exp(ft1) and Ry = exp(0Th).

(b) Show that the mapping A1(8) — R;(#) is a 2—1 homomorphism of two
one-parameter subgroups.

(c) Repeat the same analysis for A3 and R3.

A matrix R of the rotation group SO (3) is given in terms of the Euler angles

as R = R3(Y)R1(0) R3(¢9).

(a) Define the vector €3 at the point R as the tangent vector to the continuous
curve C3(t) = RR3(¢); show that &3 = d/d¢.

(b) Find the tangent vectors €] and & to the curves Ci(f) = RR;(¢) and
C>(t) = RR(t), respectively.

(c) Prove the commutation relations [&,, €,] = —&4pc €.

(a) Show that the Maurer—Cartan equation is invariant under the local
transformations 8, w = dA + [w, A], where A = A?T, is a 1-form.

(b) Introducing the variable ¢* by A? = ¢% E{, prove the equations:

SeEq = eV dy Ey + Ey 048"
8:8ap = ue¥ gyp + €7 o + €7 3y gup-

Use the Cartan’s second equation of structure to calculate the curvature
tensor of the Lie group.

Let V be the homogeneous space of a group G, and Hy the isotropy group
of a point xp in V. Show that:

(a) V isisotropic about every point; and
(b) isotropy groups H, of different points x in V are homomorphic to each
other.

Show that the sphere S> is a space of constant curvature (by calculating its

curvature tensor).

(a) Calculate the quantity h,p, equation (K.20), on the unit sphere S;.
Compare hgp, at the point 6 = 0 with the Cartan metric g, for SO (3).

(b) Calculate the Killing metric (K.19) on the unit sphere S.

10. (a) Find the metric of the sphere S3, equation (K.17), in the usual spherical

coordinates (r, 6, ¢).
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11.

12.

13.
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(b) For k2 > 0, find the length of the circumference of the ‘circle’ r, 0 =
constant, and the length of the ‘radius’ 6, ¢ = constant. Compare their
ratio to the Euclidean value 2.

(c) Calculate the volume of the sphere S3.

An arbitrary element A of SU(2), given in example 2, can be expressed in

terms of the Euler-like coordinates (6, v, ¢):

ug + iuz = cos fel V) us + iuy = isine! V=9,

(a) Calculate the Killing bilinear form (w, w), where w = A~ dA.
(b) Find the interval ds? on S3 in the same coordinate system using (K.17),
and compare the result with (w, w).

Let G/H be a factor group, with the multiplication rule defined in the usual
way. Show that the identity element of G/H is the coset [h] which contains
the invariant subgroup H.

The projective space R P3 can be considered as a set of lines in E4 passing
through the origin. Prove the following statements:

(a) RP;is a homogeneous space of the group O (4).

(b) Consider the line xo in R P3 determined by the vector (1, 0, 0, 0). Prove
that the isotropy group of xg is O(1) x O(3),and RP3 = O(4)/0(1) x
0Q@3).



Appendix L

Chern-Simons gravity in three dimensions

In four dimensions, gravity is similar but not equivalent to the standard gauge
theory (Regge 1986, Bafiados et al 1996). In three dimensions, there is
an equivalence between gravity and an ordinary gauge theory with a specific
interaction of the Chern—Simons type (Witten 1988). This equivalence is helpful
for understanding the structure of the classical solutions, which is crucial for the
formulation of a quantum theory (Bafiados 1999a, b).

Three-dimensional PGT. In three dimensions, PGT can be constructed in a
complete analogy with the four-dimensional case. The Poincaré group P(1,2)
is the isometry group of the three-dimensional Minkowski space M3 with metric
n = (+,—,—). Its generators M;; and P; satisfy the Lie algebra (2.6). For
D = 3, it is convenient to replace M;; with J; = — %8,’ kM Ik, whereupon the Lie
algebra of P(1, 2) takes the form

(i, Jj] = eijxJ* [Ji, Pj] = eijx P [P, Pj]=0. (L.D)

The fact that this is P(1, 2), and not P(3), can be seen from the property that the
indices are raised and lowered with the Lorentz metric.

For arbitrary dimension D, an invariant bilinear expression in the Poincaré
generators is expected to have the general form W = xM;;M" + yP;P'.
However, it does not commute with P; unless we set x = 0. Hence, the bilinear
form on the Poincaré Lie algebra is, in general, degenerate. A special feature of
D = 3 is that in that case there exists a non-degenerate bilinear form

Wi = —Leij PPMI* = P gk, (L.2a)
which can be used to define the metric on the Lie algebra of P(1,2):
v(Pi, Jj) = nij y(Pi, Pj) =y(Ji, Jj) =0. (L.2b)

The basic gravitational variables in the three-dimensional PGT are the triad
field b';, and the Lorentz connection A" ;. Their transformation laws are given
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Sobk, = 0F b, — £P b, — EPB,BE,
80AY ,, = —V,00 —¢gP AT, — P9, AT .

The related field strengths Tiu,, and R wv are geometrically identified with the
torsion and the curvature. The geometric content of the three-dimensional PGT is
described by the Riemann—Cartan space Us3.

Following the replacement of M;; by J;, we now introduce

1 ik 1 ik
iy = —5&ijk A’ Ml Ti k= —581']'1(9] L3)
Ri;w = _jsiijj -
Then the transformation laws of the gauge fields take the form
Sob'y = —ekb;, T — P b1, — £ -3,
o (L.4)
500)iu = —VM‘L’,' —& ,uWip -&- 80)1’;/,
where V,1; = 0,1 + 8ijkwjﬂrk, and the field strengths are given by the
expressions
Ri,uv = 8ua)iv - auwiu + 8ijkwju0)ku (L.5)

Tl = dub'y — 3,b' ), + 7% (wjubky + bjpor).

GR in three dimensions. In a three-dimensional spacetime manifold M3, we
can use the identity

: — .
bR = 5ei3"b'  R7" ) = —e"Pb' ), Ry (L.6a)
to rewrite the Einstein—Hilbert action in the form

Iy = _/d3x bR = /d3x 8wpbiﬂRiuv' (L.6D)

The related equations of motion are
F* =" Riyy =0  G* =¢""T',, =0.

Since both the curvature and the torsion vanish, the spacetime is the flat,
Minkowski space M3.

Since the isometry group of M3 is P(1,2), we shall now try to discover
whether this theory can be described as an ordinary gauge theory of P(1,2). We
begin by introducing the gauge field as a Lie algebra valued 1-form:

Ay =b"y P+ o', J;. (L.7)
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The gauge transformation of A, is given by
80A; = —Vyu = —0u—[A,, ul

where u = &' P; + 7' J; is an infinitesimal gauge parameter. Upon calculating the
previous expression in components, we find
Sob'y = =V, &0 — kb 1
I ' Iz ' jn L.8)
Sow'y, = =V, T'.
Next we calculate the field strength:
Fuy = 3uAy — Ay +[Ap, Ayl = PT 4y + JiR . (L.9)

While the form of the field strength coincides with PGT expressions (L.5),
the transformation laws (L.8), at first sight, do not have much in common with the
usual transformations (L.4). The terms proportional to Tk, describing the local
Lorentz rotations, have the correct form but there seems to be a problem with the
terms proportional to X, which should describe local translations. However, if
we introduce the new parameters ¢' and £°,

=1 —tr, £ =b,E° (L.10a)
then these gauge transformations can be written in the form
. ik . . .
e (L.10b)
Sow'y = —=Vye' =8P po'y —&- 00"y —EPRY

Thus, we see that the gauge transformations (L.8) are equivalent to the usual
PGT transformations (L.4) on shell. This property is of basic importance for the
simplicity of the three-dimensional gravity.

GR as Chern-Simons theory. We now wish to show that three-dimensional
GR, as described by action (L.6), is equivalent to the Chern—Simons gauge theory
for P(1,2). If the gauge group is G = P(1,2), we start by constructing the
Pontyagin topological invariant on a four-dimensional manifold My, with the
metric defined by the invariant non-degenerate quadratic form (L.2):

I Z/TiRj’?ij = %/M dhx T R i
4

The integrand in this equation is a total derivative of the Chern—Simons three-
form L%S = 20'R;, with ' = b',, dx*. This form defines the Chern—Simons
action on a three-dimensional manifold M:

s Z/ LY Z/ d*x e” D', Riyp. (L.11)
M M

A direct comparison with equation (L.6) shows that this is precisely the GR action.
Thus, we have shown that three-dimensional GR can be interpreted as Chern—
Simons gauge theory.
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Adding a cosmological constant. We now wish to generalize the previous
discussion of three-dimensional GR by including a cosmological constant. The
generalized theory, GR,, is defined by the action (in units 167G = 1)

I = —/d3xb(R +2A)
(L.12)
- /d3x " (b’ Rivp — L Aeijb' b bk ).

The action is invariant under Poincaré gauge transformations (L.4), and the field
equations of the theory are:

Fi* = e"P (R, — Agijkbivbkp) =0 G* = s“”pTi,,p =0.

The second equation tells us that the torsion vanishes, so that w is the Levi-Civita
connection. Rewriting the first equation in the form

Fit = —3elil (R, + 20650 ) = 0

we see that the spacetime is not flat but has a constant curvature: R = —06A.
Depending on whether the sign of A is negative or positive, we have either an
anti de Sitter or a de Sitter spacetime, respectively. The isometry groups of these
spaces are SO(2,2) and SO(1, 3).

If three-dimensional GR without a cosmological constant is related to the
gauge theory of P (1, 2), we could naturally expect that GR, might be described
as the gauge theory of SO(2,2) or SO(1, 3). Let us investigate this assumption
for the anti de Sitter group. We begin by noting that the Lie algebra of SO (2, 2)
can be written as a generalization of the P (1, 2) algebra (L.1):

i, Jil=eixd* [, Pl =eixPY [P, Pi1=reind® (L.13)

where A = 1//%> > 0. This form is obtained from the usual SO(2, 2) algebra
by making the replacements: J; = —%sijijk, P; = M;4/!1 (see appendix C).
After introducing the gauge field as in equation (L.7), we find the generalized
transformation laws,

Sob' = —V,E — kb,
e (L.14)
Sow'y = =V, vt — relikD ;&
and the following formula for the field strength:
Fuy = PiT oy + Ji(R' oy + 287%b j ubp). (L.15)

Expression (L.2a) is an invariant quadratic form on the generalized Lie
algebra (L.13), which can be used to construct the related Chern—Simons action.
Starting from the Pontryagin topological invariant,

it=1 /M d*x " T L (Rizp + A&imnb™ 30" p)
4
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we find that the related Chern—Simons action Ifl:s is precisely the action (L.12),
which includes the cosmological constant, A = —A. Thus, GR, with a negative
cosmological constant can be interpreted as the Chern—Simons gauge theory of
anti de Sitter group SO(2,2). The field equations of theory (L.12) assert that
both components of the generalized field strength F,,, vanish.

More on the Chern-Simons formulation. It should be pointed out that, in
addition to (L.2a), a second invariant bilinear form exists on the SO(2, 2) Lie
algebra:

Wa = J'J ni; + AP Py (L.16a)

which defines the metric
yUi Jj)=mij  yUi, P)) =0 y(Pi, Pj) = Anij. (L.16b)
This form exists for general D. For A = 0 it becomes degenerate, which is

the reason why we discarded it when we considered quadratic bilinear forms on
P(1,2). The existence of two non-degenerate quadratic forms for D = 3 is a
consequence of the isomorphism SO(2,2) ~ SO(1,2) x SO(1,2) (note that
SO(1,2) ~ SL(2, R)).

Now, we can use the quadratic form (L.16) to construct the Pontryagin
topological invariant, and derive the form of the new Chern—Simons action:

I = /d3x s‘”\p[w"v(a,\w,'p — pwiy + %Simna)mxa)np)
+ 24b" (33bip + Asimn @™ 10" p)]. (L.17)

This action is also invariant under gauge transformations (L.14); hence, we can
consider /1 +a 1> as the general SO (2, 2) gauge theory. It is interesting to observe
that, for generic values of «, the classical field equations remain the same as for
the original action I;.

The existence of two actions for SO (2, 2) gauge theory can be clarified by
introducing the new basis of generators,

1 1
Gy = 3 <J,' + EP’) (L.18a)

in terms of which the Lie algebra (L.13) takes the simple form:
[Gii, G1j] = eijk GX. [G+i, G£j1=0. (L.18b)

For A > 0, this is the Lie algebra of SO(1, 2) x SO(1, 2). Then, we can introduce
the related gauge fields,

Ay=ANGL+AG, AT

=i Vbiy, (L.19a)
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and find their transformation laws:
50Af; = 3,7 — gikaszk - gﬂ,ﬂAiﬂ; —£. aA?;. (L.19b)

Two Chern—Simons actions, corresponding to the two commuting SO (1, 2) Lie
algebras in (L.18), take the simple forms:

Ics[A] = k/(AidAf + Yemn' AT A" AT A=AT A". (L.20)

In order to clarify the relation between Ics[A™], Ics[A™] and the actions I,
D> constructed earlier, we introduce the fields

Al =o' + x6' Al =o' — x6'
where x is a complex number. Then, we can prove the following identity:

2
. X . 1 -
20'R; + ?81']'](919]9]( = E[LCS(A) — Lcs(A)]+dA (L.21)

where Lcs(A) = AT dA; + %&-J-kA"A-/Ak, and dA is a total derivative term. This
relation is true for both positive and negative x2, and does not depend on the
signature of the spacetime metric. For real x we can take x = 1//, so that the left-
hand side coincides with action (L.12), which is the generalized Einstein action
in units 167G = 1. Returning to the standard normalization, and continuing to
use the notation (A, A) instead of (AT, A7), we can write

I = Ics[A] — Ics[A] (L.22a)

Ix =
A= TenG

where the Chern—Simons coupling constant is given by

l
4k = —. (L.22b)
8G
The relations (L.22) are of crucial importance for the Chern—Simons
interpretation of GRp. The other ‘exotic’ action (L.17) has the form kI, =

Ics[A] + Ics[A]

The anti de Sitter space. Three-dimensional GR with a cosmological constant
is described by action (L.12). The field equations in vacuum,

RM ., + A B, — B ,b') =0

describe a symmetric space of constant curvature R = —6A. The space of
constant curvature with R > 0 (A < 0) is called the anti de Sitter space (or de
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Sitter space of the second kind). In three dimensions, it has the topology S! x R,
and can be represented as a hypersurface:

Hy: nuy"y'+22=012  1>>0 (u,v=01,2)

in a four-dimensional flat space M4 with the metric n = (+, —, —, +). The
anti de Sitter space has the signature (+, —, —), and R = 6/l2 is positive. By
construction, the isometry group of the anti de Sitter space is SO (2, 2) and the
Killing vectors are K,p = y,0p — Yp04, Where y* = (y*, z).
The metric of H3 can be written as ds® = Ny dy* dy¥ + dz2, where (y*, z)
lies on H3. Introducing the pseudo-spherical coordinates (7, x, ¢) by
yozlsinr y1 = [ cos T sinh x cos¢
z =1costcoshy y2=lcosrsinhxsin¢

with —7 <7 <7,0 < x <00,0 < ¢ < 27, the metric of H3 takes the form
ds? = 1’[dr? — cos® T(dx? + sin® x dp?)].

These coordinates do not cover the whole space and the metric has coordinate
singularities at T = 47 /2. Leaving the metric unchanged, we can replace the S'
time 7 € [—x, 7] by anew, R! time € (—00, +00), thus changing the topology
from S' x R? to R3. The space obtained in this way is the universal covering of
anti de Sitter space. Following the common terminology, this universal covering
space will be called the anti de Sitter space, and denoted by AdS; (Hawking and
Ellis 1973).
The whole Ad S3 can be covered by coordinates (¢, p, ¢),
yozlcoshpcost y! = Isinh p cos ¢
z=1[coshpsint y2 = Isinh p sing

(—oo <t <00,0=<p < 00,0 <¢ < 2m)in which the metric takes the form
ds? = 1?[dr? cosh® p — (dp? + sinh? p dg?)]. (L.23a)
Introducing r = I'sinh p and ¢+ — ¢ /[, we obtain
2

2 2
24 L.23b
1+r22 (L230)

ds?> = (1 +r2/1%) dr® —

which is the standard static form of the AdS3 metric. Another change of
coordinates, defined by
0 = 2 Arctan(e”) — 7 /2 0<0 <m/2

is suitable for studying the structure of AdSs3 at infinity. It leads to coshp =
1/cos@, sinh p = tan6, and

[dr?> — 12(d6? + sin® 6 dp?)].

2g
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Thus, the whole Ad S3 space is conformal to the region 0 < 6 < 7 /2 of the static
‘cylinder’.

Since AdS3 is a maximally symmetric space, it must be locally isometric
to any other solution having the same curvature and signature. As a simple
illustration, consider the metric

r2

12

dr?
?
which describes a spherically symmetric black hole, with an event horizon at
r = rg, where rg = 8MGI?. Forr > ro, we can introduce a coordinate
transformation

yO = /A(r)cosh(rop/l)  y> = /B(r)cosh(rot/1?)
y!' = VA(r) sinh(rop/l)  z = /B(r)sinh(rot/1%)

where A = (1?/r$)r?, B = (1*/r})(r* — r), which transforms the AdS3 metric
into the black hole metric. Note, however, that the periodicity in ¢ requires us to
identify points in AdS3 obtained by ¢ — ¢ + 27. Thus, although AdS3 and the
black hole are isometric solutions, they are topologically distinct: the black hole
is obtained from Ad S3 by a process of identification, which does not influence the
local properties of the solutions. By identifying two points on a curve in AdS3,
we define new closed curves in the quotient space, that should not be timelike or
null. Similar considerations also hold for axially symmetric black holes (Bafiados
et al 1993).

ds? = f2di> — — —r?d¢?  f>=-8MG + (L.24)

Example 1. To see how the geometric structure of the three-dimensional gravity
can be related to the Chern—Simons picture, consider the AdS; interval (L.23a).
A natural choice for the triads is

0% =lcoshpdr 60'=1dp  6>=1sinhpde.

The vanishing of torsion, d9’ + ¢¥/¥ w;br = 0, yields the connection components:

woz—coshpdgo 0 =0 a)2=—sinhpdt.

The Chern—Simons gauge field A’ = o' 4 6'/1 is given by

1 ( dp dx— o7, e”2 0
A_Eb <—dx_ —d,o)b b=et = 0 er?)

Thus, we have A_+ =0, = b_lapb =T} and a? = nijaiaj = —1.
Similarly, A' = @' — 6"/ has the form
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hence, A_ = 0,& = —T, and @ = —1.

Example 2. Consider now the black hole metric (L.24) for M = 0 (the black hole
vacuum). After introducing the new radial coordinate » = e, and rescaling the
time by ¢+ — ¢/, the interval takes the form

ds? = e?°(dr* — dg?) — 12 dp>.
The triad field and the related connection are given by
00=erdr O0'=1dp 62=eldy
o’ = —;ep do o' =0 = —;ep dr.

The Chern—Simons gauge fields are:

L1 dp 0 i L(=dp —@/herdxt
T2\ —@2/hefdx —dp T2\0 0 dp

hence, b = e?T1, b = ¢~*T1 as in the previous example.

Asymptotic symmetry. In D = 3, GRp has no local dynamical degrees of
freedom, so that the spacetime outside localized matter sources is described by
the vacuum solutions of the field equations. Matter has no influence on the local
geometry in the source-free regions, it can only change the global properties of
spacetime.

For A < 0, the spacetime is locally described as AdS3, but its global
properties may be different. Brown and Henneaux (1986b) considered a large
class of metrics that have the same leading asymptotic terms as Ad S3:

2 2
l
ds? ~ ;_2 de? — = dr? — 2 d<p2 (for large r).

It seems natural to say that such solutions are asymptotically anti de Sitter. More
precisely, a metric g, is said to be asymptotically anti de Sitter if

(a) guv approaches the AdS3 metric for r — oo; and
(b) it is invariant under the action of the anti de Sitter group SO (2, 2).

The second condition determines the precise way in which ds? approaches this
asymptotic form, and ensures that we have at least SO(2,2) as an asymptotic
symmetry group. Acting with all possible SO(2,2) transformations on this
metric, we generate the following boundary conditions:
r2
8 = 7 + O gr =03 gro = 0o

. (L.25)

grrz_r_2+04 gr(pzo?a ggaga:_r2+00-
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These are the most general boundary conditions compatible with the asymptotic
anti de Sitter symmetry.

Having chosen the boundary conditions, we now wish to find the form of the
related asymptotic symmetry transformations, i.e. to construct the infinitesimal
diffeomorphisms which leave the boundary conditions invariant. In the process,
we discover that the natural asymptotic symmetry is not only SO(2,2), as we
could have expected, but the whole group of conformal symmetries in two
dimensions. The allowed diffeomorphisms are generated by vector fields £#* =
(&', &7, %) which preserve (L.25). They are found to have the form (Brown and
Henneaux 1986)

1 -

1 -
£ = 0(t.9) + 5B 9) + 04 (L-26a)
£ =rR(t,9) + O
where
T = 0,0 =—R  8,®=0,T (L26b)

2T = - R 2P = 3,R.

The asymptotic symmetry defined by these vector fields is isomorphic to the
conformal group in two dimensions. This follows from the fact that the functions
(T, @) satisfy the conformal Killing equations in D = 2 (3,7 = 9, P, 0,® =
0,T), and once these functions are known we can easily calculate R, T, and
®. The asymptotic symmetry is infinite dimensional and contains SO(2, 2) as
a subgroup.

The conformal symmetry at the boundary can also be recognized by
analysing the spatial infinity. A surface at r — oo has the induced metric

1
2 i de? — dr2 /72 — do?
dss, = rlirgo = ds de=/1 do~.
The isometry of this surface is the conformal group in D = 2.
This conformal structure becomes clearer when we express it in the light-
cone coordinates x* = /I & ¢. Including the first subleading terms Yuv in the
asymptotic expansion (L.25) of the metric, we can write

r? I? Vrr
g+-= 5 Fr-+01 g =—75+"7+0s
oo (L.27a)

v+
grr =vex+ 01 gy = r—; + Os.

The field equations R, = (2/1%)g,.» imply

yir =140y,  d_yTT=0 oy =0.
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After fixing the residual gauge symmetry by y;» = y+, = 0, the interval takes the
form (Navaro-Salas and Navaro 1998)

12
ds? = r?detde” — 5 dr? + yp (D2 +yo_(dx)2+ 01 (L27h)
r
The vector fields £+ = £/ /1 & £¥ are given by (Strominger 1998)
2 -
5 =15+ 5T% + 04

where the functions T+ = T/l + ®, T* = T /1 & & satisfy the relations

TE=0  9I1T* =2TT.

Hence,
l2
§'+ = T+ + ﬁazTi + 04
? L.28
r
£ = —%(8+T++8_T_)+Ol.

The subleading terms in the metric can be identified with the appropriate
conformal structures at the boundary. By studying the conformal transformation
properties of y1+.1, we can show that these fields are proportional to the energy—
momentum tensor of the underlying conformal field theory with central charge
¢ = 31/2G (Navaro-Salas and Navaro 1998).

The asymptotic conformal symmetry is best analysed by studying the PB
algebra of the canonical generators. This can be done directly by performing
the canonical analysis of action (L.12) but the simpler approach is to represent
the action in terms of two Chern—Simons terms, and then to use the results of
section 6.4. The classical PB algebra of the canonical generators at the boundary
is given by the Virasoro algebra with the classical central charge ¢ = 3[/2G
(Brown and Henneaux 1986).

Comments. Two particularly interesting aspects of the three-dimensional
gravity are (a) that it can be formulated as a Chern—Simons gauge theory;
and (b) that the general solution of the equations of motion, satisfying anti de
Sitter boundary conditions, is known. Here, we wish to make some additional
comments on these subjects.

(i) General solutions for Chern—Simons gauge fields which are compatible
with conformal symmetry at the boundary have the form

0 Lix7)

— _ 1
Ay =0 A_=b <_1 0

>b A =T
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and
_ 7Ol U I W S S
A_=0 AL =b <L(x+) O)b A, =-Ti.
Here, (b,b) = (e *T1,e’Tt), L and L are arbitrary functions of x~ and x7,

respectively. Using these solutions, we can construct first the triad and then the
metric:
blu = (1/2)(Al,u - Alu) 8uv = nijbl,ubjw

The interval ds?> = guv dx* dx? represents the most general solution to the
three-dimensional GR, which is asymptotically anti de Sitter. It contains two
arbitrary functions, L and L, so that, effectively, it describes an infinite number
of solutions.

(i) Different values of L and L correspond to physically different
configurations. When L and L are constants, L = Lo, L = Zo, the general
metric reduces to the axially symmetric black hole:

ds? = >’N?dr? — N2 dr? — r2(dp + N? dr)?

where
) r?  16G*J? 4GJ
N°=-8MG+—5+——5— N’= .
12 r2 72

The black hole parameters M and J are defined by

Lo—i-]:o:Ml L()—I:():J.

For M1 > |J| this metric has two horizons, defined as the solutions of the equation
N2(r) = 0: r3 +r2 = 8MGI*, r_ry = 4GJI. For J = 0 and M = 0, this

metric reduces to the black hole vacuum, while for M = —1/8G, it goes into
Ad S5 (locally). The AdS3 solution cannot be deformed continuously into the
black hole vacuum, because between M = 0 and M = —1/8G there are naked

singularities, which are excluded from the physical spectrum. The specific role
played by the Ad S5 state has been clearly explained by Coussaert and Henneaux
(1994).

(iii) The general solution has asymptotic conformal symmetry with central
charge ¢ = 3//2G. The conformal symmetry is not an exact symmetry of any
background metric—it maps one solution into the other. The associated Virasoro
generators can be regarded as the symmetry generators, related to the underlying
conformal field theory. (At the same time, the Virasoro algebra can be thought
of as the basic PB algebra of the gauge fixed variables.) The identification of
this conformal field theory is of basic importance for three-dimensional quantum
gravity. In the classical domain, this theory seems to coincide with Liouville
theory (Coussaert er al 1995).

(iv) The classical properties of three-dimensional gravity are not only
interesting by themselves—understanding them is crucial for the formulation of
a quantum gravity (Carlip 1995). In quantum theory, functions L and L are
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promoted to operators. By counting the number of quantum states that induce
the classical metric of a black hole of mass M and the angular momentum J,
we can obtain the formula for black hole entropy, which is closely related to the
quantum properties of gravity (Strominger 1998).

Exercises
1. Prove the following formulae in M3:
P T b = eTKb b = 2Ry Ry

2. Construct the Chern—Simons action ICOS for the group P(1, 2), using the Lie
algebra metric (L.2b).

3. Construct the Chern—Simons action Ifl:s for the group SO(2, 2), using the
Lie algebra metric (L.2a).

4. Construct the Chern—Simons action Iés for the group SO(2, 2), using the
Lie algebra metric (L.16b). Write down the corresponding field equations.

5. Find the transformation law for Chern—Simons Lagrangians Lcs[A] in
equation (L.20), under gauge transformations (L.195).

6. Prove the identity (L.21).

7. Show that the change of coordinates

1 X
0 2, w2 _ 72,2 2
= 2+ X =T +1 =
Y 2Z( ) Y z
1 IT
1 2, y2_p2_p2
- —_—(Z —_T°—1 -
y 22( +X ) z

transforms the Ad S5 metric into the Poincaré form:

12
ds® = ?(de —dx*—-dz%>» z=>o.

8. Einstein’s equations for GR have the form R, = —2Ag,.

(a) Write down the explicit form of these equations for a static, spherically
symmetric metric:

ds®> = A(r)d® — B(r) dr? — r? dg?.

(b) Derive the relation R;;/A + R,+/B = 0 and show that it leads to
(AB) =0.

(¢) Use the equation R,y = —2Agy, to conclude that 9, A = —2Ar(AB).

(d) For A = —1/12, show that the AdS3 metric (L.23b) is a solution of the
field equations. Repeat the arguments for the black hole metric (L.24).
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9. Consider the Chern—Simons gauge fields:
A 1 dp 2e PL(x7)dx~
T2\ —2ePdx” —dp
i— 1(—dp —2edxt
20 0 dp :

Find the related triad field ® = (I/2)(A — A), then calculate the metric tensor
guwv = —2Tr(6,6,), and write the interval (_1s2 = guy dxHdx”.
10. Calculate the Chern—Simons fields A and A for the metric

12
ds? = r2dxtdx — > drr + vy HAxhH?  xE =1/t

after introducing r = e”.



Appendix M

Fourier expansion

In this appendix, we give a short review of the basic relations from the theory of
Fourier series, which are often used in string theory.

Interval [—m, r]. Let f(x) be a function defined on the basic interval [—r, 7],
and periodic with period T = 2. Then, its Fourier expansion (when it exists) is
defined by
flx) = X4 Z(a cosnx + by, sinnx)
2 n n

g nzl {7 (M.1)
ap = ;/ dx f(x)cosnx b, = — dx f(x)sinnx.

-7 -7

This result can be easily transformed into a complex form

f@x) = Cot ) (Cue"™ + Crre™™)

n>1
1 [7 .
Cn = %(an —iby) = _/ dx f(x)e—mx
27 J_p
which can be simplified by introducing C_, = Cj:

) =) Cpe™ (M.2)

where the sum over n goes from —o0 to 4-00.
If the function f(x) is symmetric on the basic interval, f(—x) = f(x), then
b, = 0 and we have

)= Cue™ =Co+2)  Cycosnx (M.3)
n

n>1

since C, = C_,,.
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Interval [0, x]. Analogous relations are valid for a function f(x) defined on
the basic interval [0, 7], with the period T = 7.
(a) Real form:

fx)= % + Z(an cos 2nx + by, sin 2nx)

nzl (M.4)

1 T 1 T
/ dx f(x)cos2nx b, = —/ dx f(x)sin2nx.
0 /2 Jo

anzn—/z

(b) Complex form:

f(x) — Z CneZinx

”l - _ (M.5)

Cy = Yay —iby) = ;/ dx f(x)e 2,
0

Periodic delta function. A periodic delta function can be formally defined from
the relation of completeness.
Consider, first, the case of the interval [—i, 7], where

fO =) Cafa®)  falx)=e"™.
Now replacing the expression for C,, we obtain
f) = Xn: %/dx/f(x/)fn*(x/)ﬁl(x).

Then after formally exchanging the order of integration and summation, we obtain
an expression for the periodic delta function:

1
dx —x) = =3 L fIG) fulx)

1 ey 11 , (M.6)
= — e = — cos —x).
2 2w + T Z nx —x)
n n>1
For symmetric functions we have C,, = C_,, hence
8s(x, x) = 3[8(x —x) + 8(x +x')]
= 1 [enC—)  gin(x+x)] — 1 + ! Z cosnx cosnx’
4 21w e '
- (M.7)
An analogous result for the interval [0, 7] has the form:
1 . / 1 2
Sx —x) ==Y M= = — 4 2N Vcos2n(x —x'). (M.8)
=D DD
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Notations and conventions

Notations and conventions are defined in the text, at the places where they first
appear. The following list contains a set of often used abbreviations, symbols and

conventions.
Abbreviations
ADM  Arnowitt—Deser—Misner PGT  Poincaré gauge theory
EC Einstein—Cartan PR Principle of relativity
FC First class SCT  Special conformal
GR General relativity transformations
KK Kaluza—Klein SR Special relativity
PB Poisson bracket SS Supersymmetry
PE Principle of equivalence WGT  Weyl gauge theory
X4 d-dimensional differentiable manifold, d = 4 + D.
My d-dimensional Minkowski space with metric
n=(+1,-1,...,—1D.
Indices
Repeated indices are summed.
i, Jj,k, Local Lorentz indices in X4, run over O, 1, 2, 3;
the related coordinates are x'.
W, v, A, Coordinate indices in X4, run over 0, 1, 2, 3;
the coordinates are x*.
a,b,c, Spatial local Lorentz indices in X4, run over 1, 2, 3.
o, B, v, Spatial coordinate indices in X4, run over 1, 2, 3.
1,7, K, Local Lorentz indices in X5, run over 0, 1, 2, 3, 5;
the coordinates are 7.
M, N, L, Coordinate indices in X5, runover 0, 1, 2, 3, 5;

the coordinates are 7" = (x*, y) (ford > 5,y — y%).
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514 Notations and conventions

o B, Y, ... Coordinate indices in X3 (string), run over 0, 1;
the coordinates are £€* = (t, o).
a,b,c,... Non-coordinate indices of internal groups, run over 1,2, ..., n.
a,a,... Two-dimensional spinor indices, run over 1, 2; i, 2.
o B, Y, ... Coordinate indices of internal groups, runover 1,2, ..., n.

Symmetrization and antisymmetrization:
Xaijy = 3(Xij + Xji), Xpij) = 5(Xij — X

Tensor and spinor fields

0,0 Scalar fields.
Qs Ay Vector fields.
Ouv, My Symmetric tensor fields.
by Antisymmetric tensor, field strength: Hy,,; = 9,by3+ cyclic.
v, W Dirac field, spin = %
Yy Rarita—Schwinger field, spin = %
ok, oM Pauli spin matrices, c* = (1,0), 6" = (1, —0).
yh, M Dirac matrices ind = 4 and d > 4.
&y Epy Polarization vector and tensor.
Completely antisymmetric symbols
glikl g0123 — +1, but g9123 = —1 (in My).
gabe gabe = glabe ¢\ = coupe, hence 123 = 41, g103 = —1
(in My).
eabe el = €123 = +1 (in E3).
Geometric objects in X4
€, & The coordinate and Lorentz basis of the tangent space,
e, =e',6, & = e;'*e, (alternatively: e',, — b'y, e;* — h;!).
g Metric tensor, g, = €, - €,
gij=nij=6-€ =(+1,-1,-1,-1). o
u-v The scalar product of two vectors, U - v = njju'v/ = gy utv".
'y, Spin connection, alternative notation: AY .
V() w-covariant derivative, V, (w)u' = d,u' + o' u’,
alternative notation: D, (w).
Vi (w) Vi(w) = eV, (w), alternative notation: Dy (w).
Fg " Connection in the coordinate basis.
V() I'-covariant derivative, VM(F)u)‘ = 8Mu’\ + Fgﬂu"’,
alternative notation: D, (T").
{ pkﬂ} Christoffel symbol.



Q,uvk

P

RY v (w)
Tl;w (e)
Fuv(9)

Notations and conventions

Non-metricity, Quvy = =V, (I')gua.

Weyl vector, YM(F)gv;\ = Qu&vi- '

Curvature, RY ;) (w) = 90", + 0’50, — (U < V).
Torsion, T, (e) = Vy(w)e', — Vy(w)e' ..

Weyl curvature, Fy,,(¢) = 0,00 — 0v@y.

Gauge objects in X4

A,

Fiy,

A by
Fily(A)

F o (b)
AV, by, By
Fluv(B)

Non-Abelian gauge potential.
Non-Abelian field strength,

FO = 3, A% — 3,A%, + frc? AP, AC,,.
Compensating fields in PGT.

Lorentz field strength.

Translation field strength.

Compensating fields in WGT.

Dilatation field strength.

Geometric objects in Xq (d > 4ord = 2)

Spaces over X4

Ly
Yy
Wy
Uy
V4
14
My

Constants

The coordinate and Lorentz basis of the tangent space,
&, =b'y&, & =hMe,.

Metric tensor, gyy = €y - &y,
gu=ny=6-&=(+1,-1,...,-1).

Spin connection.

Connection in the coordinate basis.

Curvature.

Torsion.

Induced metric on X; (string), yug.

linearly connected space, Ly = (X4, ") = (X4, ).
Weyl—Cartan space.

Weyl space.

Riemann—Cartan space.

Riemann space.

Weitzenbock (teleparallel) space.

Minkowski space.

the speed of light, ¢ = 3.00 x 10'% cm s~!.
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Notations and conventions

Newton’s constant, G = 6.67 x 1078 cm3 g’1 s72,

k =87G/c*~1.86x 10727 cm g~ 1.

the Planck constant, / = 1.05 x 10727 erg s.

the Planck length, I, = \/hG/c3 ~ 1.61 x 10733 cm.
the Planck energy, E» = c2/fic/G ~ 1.22 x 10'° GeV.



Index

Action (Lagrangian) of
Ashtekar’s formulation, 405
Brans—Dicke theory, 397
Chern—Simons theory, 180
de Sitter gauge theory, 394
Einstein—Cartan theory, 65, 136
electrodynamics, 123

supersymmetric, 259
general relativity
tetrad form, 402
Hilbert—Palatini form, 136
in three dimensions, 474
general PGT, 65
Kaluza—KlIein theory, 294, 304,
321
relativistic particle, 339
string, 342, 361
supergravity, 278, 284
teleparallel theory, 68
Wess—Zumino model, 248, 255,
2712
Weyl gauge theory, 95
Weyl theory, 95
Yang—Mills theory, 376

Action, invariance of, 24

Angular momentum, 26-7, 49

Ashtekar’s form of GR, 405

Asymptotic (boundary) symmetry

in
anti de Sitter space, 481
Chern—Simons theory, 182
Einstein—Cartan theory, 159
teleparallel theory, 172
Autoparallel curve, 58, 387

Auxiliary fields in
super-electrodynamics, 259
supergravity, 283
Wess—Zumino model, 255, 272

Basis of the tangent space
ADM, 130
coordinate, 43, 58, 303
Lorentz, 43, 58, 303
Bianchi identity, 47, 388
Boundary conditions, see:
asymptotic
symmetry
Brans—Dicke theory, 396

Chern—Simons theory, 179
action, 180
(for) anti de Sitter group, 477
boundary symmetries
affine (Kac—-Moody), 187
Virasoro, 189
(and) general relativity, 475
Hamiltonian, 184
(for) Poincaré group, 475
Compactification, 305, 329
Compactness, 380, 453
Connection, 54, 59, 386
metric-compatible, 57
Christoffel symbol, 57
Weyl (symmetric), 90
Weyl-Cartan, 93
Conservation laws (of)
angular momentum, 26-7, 49
(and) asymptotic symmetry, 163,
176
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518 Index

comparison with GR, 166, 178

dilatation current, 33, 84

(in) Einstein—Cartan theory, 66

energy—momentum, 26, 49

special conformal current, 33

(in) teleparallel theory, 71
Constraint algebra, 153,410
Coordinate system, 52, 380
Coupling constant in

Chern—Simons theory, 478

Kaluza—Klein theory, 328
Covariant derivative (in)

defined, 54, 59, 386

Poincaré gauge theory, 44

Riemann—Cartan theory, 59

Weyl gauge theory, 80

Weyl theory, 90

Weyl-Cartan theory, 93

Yang—-Mills theory, 374

De Sitter gauge theory, 390
Differential forms, 385
Dilatation (scale) current, 33, 84
Dilaton, 317

Dimension, 30, 31, 33
Dimensional reduction, 297

Effective theory, 310, 325
Einstein—Cartan theory,
action, 65, 136
conservation laws, 66, 164
field equations, 65
Hamiltonian, 136
tetrad formulation, 402
Energy—momentum tensor, 26,
48-9
Belinfante’s, 27, 67
improved, 34, 96
Rosenfeld procedure, 68
Extremal curve, 58

Field equations of
Brans—Dicke theory, 397
Chern—Simons theory, 182

Einstein—Cartan theory, 65
Poincaré gauge theory, 49, 50
teleparallel theory, 69
Yang-Mills theory, 376
Field strength
de Sitter, 393
dilatational, 82
Lorentz, 47
translational, 47
Yang—-Mills, 375
Fourier expansion, 487
Frame, reference (basis), 21
accelerated, 9
coordinate, 43, 58, 303
inertial, 4, 21
Lorentz, 43, 58, 303
orthonormal, teleparallel, 71

Gauge conditions, 117, 134
Gauge (compensating) field of
de Sitter gauge theory, 393
Poincaré gauge theory, 44
Weyl gauge theory, 80
Yang-Mills theory, 374
Gauge symmetry, see: symmetry
Generators (of)
gauge symmetries, 119, 154, 170
improved, 160, 173
Geodesic line, 58
Geometric interpretation of
Poincaré gauge theory, 61
Weyl gauge theory, 94
Geometry and physics, 11
Goldstone
boson, 39
as a compensator, 100
pseudo-Goldstone, 317
theorem, 38
Gravitational energy, 162, 174, 302
Gravitational field (graviton)
scalar, 207, 228
spin of the graviton, 195, 207,
417
symmetric tensor



consistency problem, 219
massive, 214
massless, 210

Gravity (in d = 3), 4734

anti de Sitter solution, 478

asymptotic symmetry, 481

black hole, 480

Chern-Simons formulation, 475,
477

general relativity, 474

(with) cosmological constant,
476

Gravity (in d = 5), 294, 303

cylinder condition, 295
ground state, 298, 305
harmonic expansion, 305
layered structure, 307
massless sector, 310
effective action, 311
matter dynamics, 312
metric, 295, 307
pentad, 308

Gravity (ind > 5), 320

compactification, 329

ground state, 321

harmonic expansion, 325

layered structure, 322

massless sector, 325
effective action, 327
metric, 326

metric, 322

Ground state (vacuum), 37, 298

classical, 298
ind = 5,305
ind > 5,321
semiclassical effects, 301

Group, (anti) de Sitter, 391, 476

contraction, 392

Group, Lie, 373, 455

algebra, 373, 456

Cartan metric, 377, 458

Lie equation, 460

Maurer Cartan equation, 461
Riemannian structure, 462

Index 519

transformations, 459
Group, Lorentz, 421

covering group, 423

Lie algebra, 422

representations, 422
Group, Poincaré, 433

covering group, 434

fields and states, 440

gauge transformations, 439

Lie algebra, 433

little group, 435

representations (m? = 0), 437
Group, topological, 452
Group, Weyl, 29

Hamiltonian
Ashtekar’s formulation, 408
canonical, 110
Chern—Simons theory, 184
Einstein—Cartan theory, 136
electrodynamics, 123
extended, 115
general PGT, 129, 133
general relativity, 136, 403
matter, 131
teleparallel theory, 142
total, 111
Hamiltonian dynamics, 108
brackets
Dirac, 116
Poisson, 111
consistency, 112, 134
constraints
algebra, 153,410
first class, 113
primary, 108, 128
secondary, 112, 129
second class, 113
covariance, 125
equality, weak and strong, 109
equations of motion, 110
gauge condition, 117, 134
Harmonic expansion, 305, 325
Higgs mechanism, 319



520 Index

Invariance, see: symmetry
Isometry, 21, 323, 451

Kaluza—Klein theory, see: gravity
ind=5andd > 5
Kaluza—Klein theory, symmetry
Higgs mechanism, 319
Kac—Moody, 317
massless sector
ind =5,315
non-Abelian, 326
particle spectrum, 315
residual (restricted), 309, 323
spontaneously broken, 318
Killing equation, 21, 324, 452
conformal, 28

Lagrangian, see: action
Leyered structure, 307, 322
Lie algebra
affine (Kac—Moody), 189, 318
conformal, 29
de Sitter, 392
Poincaré, 22
Virasoro
central charge, 191, 356
classical, 36, 191, 350
quantum, 355
Weyl, 29
Local orthogonality, 308, 322

Manifold, see: space
differentiable, 52, 380
connection, 54, 59, 386
covariant derivative, 54, 59, 386
curvature, 55, 387
differential forms, 385
metric, 56, 384
parallel transport, 54, 386
tangent space, 53, 382
torsion, 55, 387

Matter dynamics in
non-Abelian gauge theory, 374
Poincaré gauge theory, 49

Weyl gauge theory, 84

five-dimensional theory, 312

higher-dimensional theory, 329
Metric, 13, 56, 384

ind = 5,295, 308

ind > 5,322

metricity, 57, 60

semi-metricity, 90, 93

signature, 63

Noether’s theorem, 26
Nonlinear effects, first order form
matter and interaction, 242
pure gravity, 240
tensor theory of gravity, 239
Yang-Mills theory, 237
Nonlinear effects, second order
form
scalar electrodynamics, 226
scalar theory of gravity, 228
tensor theory of gravity, 231
pure gravity, 234
consistency requirements, 232
matter and interaction, 235
Yang-Mills theory, 222

Observable, 113

Parallel transport, 13, 54, 386
Particle, relativistic, 339
Principle (of)

general covariance, 14

equivalence, 9, 62

Mach’s, 16

relativity, 4, 6, 14

Quantization of
point particle, 340
strings, 353

Fock space, 356

Rarita—Schwinger field, 273
Ricci rotation coefficients, 61
Riemann curvature, 56, 387



Scalar—tensor theory, 396
Singularity, gravitational, 18, 75
Space
coset, 467
(anti) de Sitter, 391, 478
homogeneous, 324, 464
isotropic, 324, 464
linearly connected, 13, 54
max. symmetric, 324, 464
(with) metric, 13, 384
Minkowski, 8, 21, 57
Riemann, 14, 57, 388
Riemann—Cartan, 14, 57, 388
tangent, 53, 382
topological, 52, 379
Weintzenbock (teleparallel), 57,
68
Weyl (without torsion), 89
Weyl-Cartan, 92
Spacetime, 8, 51
Spinors, 425
chiral, 445
Dirac, 428, 444
Fierz identities, 446
Majorana, 430, 445
Weyl, 430
Spin tensor (current), 26, 48
String, classical mechanics
action, 342
equations of motion, 344
Hamiltonian formalism, 344
oscillator formalism, 346
symmetries, 344
Virasoro algebra, 351
String, classical field theory
free field action, 361
gauge symmetries, 358
massless sector
electrodynamics, 362
gravity, 364
String, quantization
critical dimension, 355
Fock space, 356
Virasoro algebra, 355

Index 521

Virasoro conditions, 354
the meaning of, 358

Structure equations,

Cartan, 388
Lie, 460
Maurer—Cartan, 461

Super-electrodynamics, 257
Supergravity, complete theory

action, 278, 284

auxiliary fields, 284

field equations, 279

local supersymmetry, 280
algebra of, 281

Supergravity, linearized theory

action, 278
auxiliary fields, 283
SS invariance, 278

Super-Poincaré algebra

boson—fermion balance, 254
extended (N > 1), 253
invariants, 259
mass degeneracy, 253
positivity of energy, 253
representations on fields, 267
invariants, 271
reducibility, 269
tensor calculus, 269
representations on states
m? = 0,261
m? > 0,264
simple (N = 1), 250

Supersymmetry, 246
Symmetry

(and) covariance, 16

isometry, 21, 323, 451
manifest, 38

residual, 309, 323
spontaneously broken, 38, 318
chiral, 253, 257

Symmetry, gauge (local)

(and) constraint algebra, 410
de Sitter, 393

Galilean, 15

Poincaré, 10, 43



522 Index

Weyl, 79
conformal, 85
Weyl rescaling, 87

Yang-Mills, 374

Symmetry, global

asymptotic, 158, 171, 481
conservation laws, 164, 176

conformal, 32

de Sitter, 392

Poincaré, 25

Weyl, 29, 79

Yang—Mills, 373

Tangent space, 53, 382
Teleparallel theory

action, 68

conservation laws, 71, 176
field equations, 69

(and) general relativity, 72
Hamiltonian, 142

lambda symmetry, 70, 146
OT frames, 71

Torsion, 55, 387

contortion, 57
tordions, 74

Transformations

conformal, two-dimensional, 35

conformal, four-dimensional
in My, 27, 88
dilatations (scale), 28, 30
inversion, 31
special conformal, 28
in Riemann space, 86
de Sitter, 392
Lorentz, 7
Poincaré, 10, 21, 43
Weyl rescaling, 28, 87

Vacuum, see: ground state
Variation (of the form, total), 21
Virasoro algebra,
central charge, 191, 356
classical, 36, 191, 350
quantum, 355

Wess—Zumino model
free, 248, 255
interacting, 271

Weyl, see: space, group
charge, 80
vector, 90
weight, 83

Yang—-Mills theory, 373
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