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PREFACE

Symmetries are of primary importance in physics, particularly in quantum
theory. Among the first symmetries which were remarked upon historically and
conceptually were those of space and time. While Galilei invariance was later
to be generalized into Lorentz invariance, the invariance under spatial rotations
(though also a subgroup of the Lorentz group) has survived as such and has
become an important subject of quantum theory. It is well known, and will also
be discussed extensively in this book, that invariance generates conservation
laws; in the case of rotational invariance the conserved quantity is the angular
momentum. Therefore there is a dense interlacing between

e the description of rotations, geometrically and group theoretically
their representations by unitary transformations in the Hilbert space of
quantum mechanical states, and

e the quantum theory of angular momentum.

Somehow these are only three different facets of one and the same thing.
According to circumstances one or the other aspect will naturally be pushed to
the foreground.

The main raison d’étre, however, of this book is that we have tried to exhibit
the wholeness of this ‘one and the same thing’, namely symmetry as the basic
concept underlying all the (sometimes tedious) formalisms. This implies, for
instance, that the ‘Wigner theorem’—stating that to every symmetry group there
corresponds a representation (unitary or anti-unitary) in the quantum mechanical
Hilbert space—is, in our opinion, of such fundamental importance that it should
not simply be dealt with by saying ‘Wigner has proved that...’. Therefore we
give an explicit proof of it. There, as on many other occasions, our aim has
been to stress the underlying ideas and motivations: the ‘why is’ and the ‘how
is’; in short, to make things plausible rather than overburden the reader with a
formal and condensed proof. Lovers of rigour and compactness may be irritated
by our often pedestrian length, as well as by some repetitions in which earlier
arguments come up again and are discussed anew in another context.

Thus, in spite of its mathematical appearance, this is a didactic text written
by physicists for physicists. We took our time in writing it and we hope our
readers will take their time in reading it.

This, then, has been our philosophy in writing the book. It is
necessarily biased and incomplete (for instance we did not include the graphical
representation of formulae). Fortunately there are a sufficient number of other
books on this subject with different aims:

xiii
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some putting the formal mathematical aspects in the foreground
some trying to be as short and concentrated as possible

some emphasizing practical applications and examples, and
some serving as inexhaustible collections of formulae.

We will mention in appropriate chapters examples of such books where
some different aspects of the subject are emphasized. Knowing of the existence
of these other books and making the reader aware of them makes us feel that
our text might be a useful complement to the existing literature. Thus we hope
to help our readers more towards a feeling and an understanding of what it is all
about rather than just a superficial knowledge. As three-dimensional rotations
are conceptually simple and accessible to intuition and since it also happens
that the three-dimensional rotation group is the simplest non-Abelian continuous
symmetry in physics, this naturally occupies the largest part of the book.

In writing this book we have benefited from discussing various questions
with many of our colleagues. It is a pleasure to express our gratitude to
all of them, especially Khosrow Chadan, Wen-Feng Chen, Andrei Demichev,
Petr Kulish, Kazuhiko Nishijima, Claus Montonen and Peter PreSnajder, and
to acknowledge the stimulating discussions and their useful advice. In
particular, our appreciation is extended to Matti Pitkdnen for all his contributions,
improvements and suggestions during the preparation of the manuscript.

We would also like to thank the commissioning editor, Jim Revill, for his
patience, and the (unknown to us) referees for valuable complements, corrections
and suggestions including even a brushing up of our English. Our special thanks
go to Jeanne Rostand from CERN for having improved considerably the language
of the book, although we asked her to leave some non-native English flavour in
the text.

Masud Chaichian, Rolf Hagedorn
Helsinki, Geneva
July 1997



INTRODUCTION

1.1 Notation

We shall employ here the following notation and basic formulae of quantum
mechanics; our units are such that A =c¢ = 1.

In quantum mechanics observables are represented by Hermitian operators
in a Hilbert space. The physical fact that not all measurements (preparations)
are compatible with each other corresponds to the fact that not all operators
commute. The ‘state’ of a physical system is fully determined in one way
or another if a complete set of compatible measurements has been carried
through such that no further measurement exists which is compatible with,
and which is not simply a calculable function of, those measurements already
made. Since not all independent measurements are compatible, there exist
several non-compatible ‘complete sets of measurements’ for a given physical
systemn, which lead to different aspects of that system. Each complete set of
commuting observables leads to a complete basis in the Hilbert space, the basis
vectors being the simultaneous eigenvectors of all operators of the set. We label
these basis vectors—which are assumed to be normalized to unit length—by the

eigenvalues: if A, B,C, D, ..., X is a complete set of commuting observables,
then the physical states are represented by state vectors: |a, b, c,d, ..., x) and
we have

Ala,b,c,d,...,xyY=ala,b,c,d,...,x) etc

1.1.1
(a. b, d,....,x"|a,b,c,d,...,x) =838 ...0ux ( )
where J,, is the Kronecker symbol if a is discrete and the Dirac § function
if continuous. We may conveniently compress all quantum numbers and all
commuting operators into one symbol each:

y—{a,b,c,d,...,x} F|)’)—)’|V) (112)
'={A,B,C,D,...,x} (Y'ly) =8,y

If there is another complete set of commuting observables, A, then the
system may be described by states |A), exhibiting another aspect of it. Since
both sets, I' and A, furnish a complete orthonormal basis in the Hilbert space,
these two bases are connected by a unitary transformation U,
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Any arbitrary state ¥ may be expanded with respect to any basis, e.g.

) =Y IrMyl¥) or
Y

(1.1.3)
W) =D INAIY) et
A

From that follows the important ‘spectral resolution of the unit operator’,
namely

1=y |y><y|=; A =... (1.1.4)
Y

where y and A must be summed over the whole range!. If the sum is carried
only over a part of the whole range, then this is the unit operator in that part
of the Hilbert space which is spanned by the vectors whose labels lie within
the range of the summation; it i1s the null operator for all the rest, i.e. in the
orthogonal subspace. Hence, if 3’ indicates summation over a subset {y}' of
the total range, then

> )yl = Pyy
Y

, (1.1.5)
> = Py
y
are projection operators with the—necessary and sufficient—properties
P2=P and P'=P (1.1.6)

(f means Hermitian conjugate). If the subset {y} reduces to one single element
y, then

lyXyl=P, (1.1.7)

is the projection onto the single state |y). Since the operator I' will multiply this
single state by the eigenvalue, we obtain the total effect of I' by decomposing
the Hilbert space into subspaces |y) = P, H, multiplying each by its eigenvalue
y and summing up over y; hence

F=) yP =) Irir{yl (1.1.8)
Y Y

which we call the *spectral resolution of I'’, from which it follows at once that
any (reasonable) function of I', f(I'), may be defined by its spectral resolution

M= f@P, =Y INf)v (1.1.9)
Y Y

which is a useful formula.

! This perhaps too schematic notation means, of course, integration wherever the spectrum is
continuous. We consistently use this simplified notation.
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Note that formulae (1.1.5), (1.1.7), (1.1.8) and (1.1.9) are invariant under
the operation |y) — e |y) implying (y| — e ¥ (y|, where F(y) is any
real function of y. This invariance lead us to the expectation that phase factors
of states may have little significance. This is indeed the case, as we shall see
now.

If the quantum mechanical system is described by a certain state |y (1)),
then the ‘probability amplitude’ A for finding in the next measurement the state
|@) is given by

AW @) = ¢) = (oY )). (1.1.10)

The observable thing is, however, not A but its absolute square; |A|? is a
probability (or, if |¢) belongs to a continuum, a probability density which has
to be multiplied by the corresponding interval d¢)

Prob (|9 (1)) — |9)) = [(B1¥ (1)) 1% (LLID)

This leads to the important observation that the state vectors |y}, etc, contain
more information than can possibly be inferred from experiment. Indeed if we
replace the above state vectors |¢) and |) by €%|¢) and € |y), with « and B
real, then the left-hand side (L.h.s.) of (1.1.11) would not change. As the maximal
knowledge about a physical system is equivalent to specifying simultaneously all
quantum numbers of one complete set, a state vector |y) in the sense of (1.1.2)
is a complete description of the actual physical state, but then €'%|y) describes
the same situation: (1.1.1) gives

Prob (jy) — €®|y)) =1 (1.1.12)

which means that €%|y) and |y) do not differ in any observable respect. We are
thus forced to introduce the concept of ‘rays’ and ‘physical states’. The system
is said to be in a definite ‘physical state’ if a complete set of quantum numbers
y is specified. This does not yet define a state vector in Hilbert space, because
all state vectors €'®|y) with arbitrary real o represent the same physical state.
The set of these state vectors

P ={"ly); o real) (1.1.13)

is called a ‘unit ray’ y. (Correspondingly, ‘rays’ are defined; they differ from
unit rays only by not being normalized.) We then state the postulate

There is a one-to-one correspondence between physical states

and rays. (1.1.14)

As any element ¢ |y) of the unit ray 7 represents the same physical state,
we may always loosely say: ‘the system is in the state |y)’. In other words:
while a state vector uniquely specifies a physical state, the physical state does not
specify a state vector but only the unit ray y. One point should be clear: although
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in the correspondence between physical states and state vectors the phase of the
latter is entirely arbitrary, this arbitrariness is absent from the relative phases
entering a linear superposition such as a|y) + b|¢). If this superposition is to
represent a physical state, then its overall phase is arbitrary but not the angle
between a and b in the complex plane.

Therefore the freedom in the phase factors must not be misinterpreted as
implying their physical insignificance. We shall encounter enough examples
where the phase factors are important.

The remark that the relative phase of a and b in a|y) + b|¢) is significant
immediately rules out one possibility one might have thought of in view of the
postulate (1.1.14); namely the possibility to formulate quantum mechanics with
rays rather than state vectors. As one sees from the above example, rays cannot
be added. The superposition principle (which holds for state vectors but not for
rays) is, however, a basic requirement of quantum mechanics.

We are thus forced to formulate quantum mechanics using Hilbert vectors.
This has some consequences regarding symmetries of the physical system, which
will be investigated in more detail in chapter 2. The point is: assume the physical
system is invariant under a certain group G—called a symmetry of the system.
If a physical state S is mapped by g € G onto the physical state S’ = g8,
then the corresponding unit ray y is mapped onto its image 7’ = gy. (We
have adopted the rule that Greek letters y, etc stand for unit rays, Latin letters
8, etc for ray operators which will be defined more pedantically later on.) As
between S and g there is a one-to-one correspondence, it follows that between
g and g(g) there is also a one-to-one correspondence. What we really need to
know, however, is not so much how unit rays transform but how Hilbert vectors
do. Obviously, there is an infinity of mappings of Hilbert vectors corresponding
to one given ray transformation. The problem is to pick out the most suitable
mappings. It will turn out that these are either unitary or anti-unitary.

We denote the unit matrix and unit operator simply by 1.

1.2 Some basic concepts in quantum mechanics

Observables are represented in quantum mechanics (QM) by Hermitian
operators in Hilbert space. These operators are analogues of finite-dimensional
Hermitian operators, but the infinite dimensionality requires some mathematical
explanation. Appendices A and B at the end of the book provide additional
details for the following discussion. For general mathematical aspects of QM
we recommend the reader to consult the fundamental books of Dirac (1981) and
von Neumann (1955).
If A is an n x n Hermitian matrix such that

{Aulv) = (u|Av) (1.2.1)
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for all |u), jv) in V, then A has a complete orthonormal set of eigenvectors:
Alu;) = Ailu;), A real, (u;|u;) = 8.
That means that any |v) € V can be decomposed as

lv) = cilui). (12.2)

In the infinite-dimensional Hilbert space H (1.2.1) and (1.2.2) remain valid
provided the operator A is bounded (i.e. there exists a positive constant C, such
that for any |¢) € H it holds that ||A¢| < Cllel).

An unbounded operator A in H (for example the Hamiltonian) can be
defined in some subset D4 of H. The analogue of condition (1.2.1)

(Apl¥) = (p|AY) for |@), |¥) € Da

defines a symmetric operator. More restrictive is the notion of a self-adjoint
operator possessing a complete set of eigenvectors:

(i) corresponding to a discrete spectrum of eigenvalues
Algi) = Ailei), i real, (@ilp;) = 8ij (1.2.3)
(ii) and/or (generalized) eigenvectors
Alpx) = Mey), Areal, (palpy) =81 —A) (1.2.4)

for the continuous spectrum. The completeness means that any |¢) € 'H
can be expanded as

o) = Y ailon + [ arelow. (1.25)

Obviously, the self-adjointness implies the symmetry of the operator (but
the opposite is not true).

The existence of a complete set of eigenvectors corresponding to real
eigenvalues (self-adjointness) is necessary for any operator assigned to a
quantum observable. We shall call such operators Hermitian, as is usual
in physics, but in what follows, the term ‘Hermitian operator’ will always
mean ‘self-adjoint operator’ in the mathematical sense (and not the ‘symmetric
operator’). Namely the probability that in the state |¢) € H the measurement of
the variable A will give a result lying in the interval I is given by the formula

P = Yl + [ leGoran (126)
A el
where ¢; and c(A) are coefficients in the expansion (1.2.5). The existence of
such an expansion, i.e. the self-adjointness of A, is inevitably connected with
the interpretation of quantum mechanics.
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Examples
(i) The momentum operator A = (1/i)d, acting on sufficiently smooth

(i)

functions over a real line R is self-adjoint. This operator has a continuous
spectrum for each k € R; there is a generalized eigenfunction >

Y (x) = le_nei’"‘ (1.2.7)
satisfying
A (x) = ki (x). (1.2.8)
This is a generalized function (distribution) since it is non-normalizable
1 +00
(Ykl¥i) = = f dx | |? = oo. (1.2.9)
2r J_ow

However, for any ¢(x) from the Hilbert space H = L2(RY,dx) the
generalized (inner) product

+00

1 .
— dx eikx =Gk 1.2.10
(¥ilp) 7= ). e p(x) = k) ( )

exists and is related directly to the Fourier transform of ¢(x). Instead of
(1.2.9) one should write

+00
(Wl Yw) = %f dx e ®—P% = 5k’ — k). (1.2.11)

This formula is frequently used in quantum mechanics.
The operator A = (1/i)d, acting on smooth functions on the circle st
(where we introduce the angle variable ¢ instead of x):

1
AY(p) = ;Bwlf(w) (1.2.12)

where Yy (2r) = ¥ (0) (which is the same as to lie on a circle). This
operator is self-adjoint and has only a discrete spectrum. The corresponding
eigenfunctions are

1 .
Ynlp) = T el n integer. (1.2.13)
They are orthonormal in the Hilbert space H = £2(S!, dp):
1 2” H '
ki) = 3= [ dp =5, (12.14)
0

Note. This is a very important example for this book. Such operators
appear, using proper variables, in the description of rotations. It is known
from elementary courses on QM that the operator (1/i)d, is just the
operator L, of rotations around the z-axis (expressed in terms of spherical
coordinates).
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(iii) The operator A = (1/i)3, defined on sufficiently smooth functions on an
interval x € (0, 27) satisfying boundary conditions ¢(0) = ¢(27) = 0 is
symmetric, but not self-adjoint, since it has no eigenfunctions. However, as
we have seen in example (ii), this operator with (weaker) periodic boundary
conditions is self-adjoint.

(iv) The momentum operator A = (1/i)3, on the half-line [0, oc] is even worse,
since it cannot be made self-adjoint by imposing any boundary condition.

Note. One can say that for a particle confined to an interval (with vanishing
wave function in the end points) the momentum (1/i)3, does not represent a
proper physical observable. However, the Hamiltonian H = (1/2m)a? still
represents a physical observable since it is self-adjoint on the set of wave
functions in question.

1.3 Some basic objects of group theory

In this subsection we recall some basic definitions from the theory of Lie
groups and algebras which will be essentially used in the main text. Of course,
rigorous definitions can be given only in the appropriate context of a complete
exposition of the theory and we refer the reader to the books of Barut and Raczka
(1977), Elliot and Dawber (1985), Humphrey (1972), Jacobson (1961), Jones
(1990), Tung (1985), Vilenkin (1968), van der Waerden (1974), Weyl (1931),
Wigner (1959), Wybourn (1974) and Zhelobenko (1973) for further details and
clarifications.

1.3.1 Groups: finite, infinite, continuous, Abelian, non-Abelian; subgroup
of a group, cosets

A set G of elements gy, g2.83,... i1s said to form a group if a law of
multiplication of the elements is defined which satisfies certain conditions. The
result of multiplying two elements g, and g, is called the product and is written
848». The conditions to be satisfied are the following.

(1) The product g, g, of any two elements is itself an element of the group, i.e.
8a8b = 8d for some g4 € G.

(ii) In multiplying three elements g,, g, and g, together, it does not matter
which product is made first:

82(8v8c) = (8a8b)8¢

where the product inside the brackets is carried out first. This implies that
the use of such brackets is unnecessary and we may simply write g,g,8.
for the triple product. This property is called associativity of the group
multiplication.
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(iii) One element of the group, usually denoted by e and called identity or unity,
must have the property

€8a = La€ = fa-

(iv) To each element g, of the group there corresponds another element of the
group, denoted by g;! and called the inverse of g,, which has the properties
-1 _ -1, _
8a8s = 84 8a = €.

In general, g,g, is not the same element as g,g,. A group for which
848p = 8»8, for all elements g, and g, is called an Abelian group. Its elements
are said to commute. If at least one pair of elements do not commute, i.e. one has
848b 7 &b&a, then the group is called non-Abelian. The simplest non-Abelian
group is the rotation group in the three-dimensional space. The rotations in a
two-dimensional space (on a plane), however, form an Abelian group.

The number of elements in a group may be finite, in which case this
number is called the order of the group, or it may be infinite. The groups
are comrespondingly called finite or infinite groups. Among the latter the most
important for physics are continuous ones, for which the group elements, instead
of being distinguished by a discrete label, are labelled by a set of continuous
parameters.

Given a set of elements forming a group G it is often possible to select
a smaller number of these elements which satisfy the group definitions among
themselves. They are said to form a subgroup of G. A normal subgroup is
a subgroup H of G with the property that gHg™! = H for any g € G. For
example, translations and rotations of three-dimensional space generate a group
which has translations as a normal subgroup.

For a given subgroup H C G and g € G, one can define right (left)
coset Hg (gH) as the set consisting of elements hg (gh), h € H. For finite
groups the number of elements in each coset is clearly given by the order of
H. One can define the set G/H as the set of right (left) cosets. For a normal
subgoup H, left and right cosets are identical and G/H is a group. Cosets
define decomposition of G into disjoint subsets and for finite groups this implies
Lagrange’s theorem stating that the order g of G is divisible by the order h
of H (g/h gives the number of elements in G/H). For a Lie group G of
dimension d(G)? and H C G of dimension d(H), an analogous result holds:
d(G/H) = d(G) — d(H). For example, if G is the three-dimensional rotation
group and H is the one-dimensional group of rotations around a given axis,
G/H is the two-dimensional sphere.

1.3.2 Isomorphism, automorphism, homomorphism
Let X and X’ be two sets with some relations among elements within each set.

2 For the definition of the dimension of a Lie group see section 1.3.3,
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For example, X’ and X’ can be groups, and the corresponding relations can
be the group multiplications : g,g, = g, for g4, gp, 8. € X and g.8, = &
for g., 8., 8. € AX'. Another example is ordered sets with defined inequalities
a>b, abeXanda >V, a,b e X'

Let there exist a one-to-one correspondence (map) p : X <> X’ preserving
the relations among elements of X and A”, i.e. if some relation is fulfilled for
a,b € X then the corresponding relation is fulfilled for p(a), p(b) € X’ and
vice versa. In this case the sets X and X” are called isomorphic ones: X = X',
and the correspondence p is called isomorphism.

In particular, if the sets coincide X = X”, a one-to-one correspondence p,
preserving structure relations, is called automorphism.

If each element a € A" is mapped into a unique image, a single element
a’ € X', but the reverse is not in general true (e.g. a’ may be the image of several
elements of X’ or not be the image of any element of X’) and the map preserves
structure relations in & and A”, then this map is called homomorphism.

1.3.3 Lie groups and Lie algebras

The group elements g(a),as,...,a,) of a continuous group depend on real
parameters a; which are all essential in the sense that the group elements cannot
be distinguished by any smaller number. The number r is called the dimension
of the group. Each parameter has a well defined range of values. For the
elements to satisfy the group postulate, a multiplication law must be defined and
the product of two elements

g(alvaz’ ---,ar)g(bh b29-~-,br) =g(¢1,02,---,cr)

must be another group element. Thus the new parameters ¢; must be expressible
as functions of the parameters g; and b;:

¢ =¢ia,az,...,a;,b,b1,...,b,) i=1,...,r.

It is customary to define the parameters in such a way that the identity element
has all the parameters equal to zero. The r functions ¢; must satisfy several
conditions in order for the group postulates to be satisfied. The groups with
differentiable functions ¢; are called Lie groups.

An abstract Lie algebra is a vector space L together with a bilinear operation
[-,-] from L x L into L satisfying T T

[x1 +x2, y] = [x1, y]1 + [x2, y] xi,x,y€L
[ax, yl=alx, y] ae€CorR, x,yel
[x,y]=—[y, x] x,y€L

[, [y, 2l +[y. [z, x]+[z. [x,y]1=0  x,y,ze L (Jacobi identity).
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In all cases of interest to us the bilinear operation [ -, -] can be understood as
the commutator in the corresponding associative algebra

[x, yI = xy —yx.

There exists a tight interrelation between Lie groups and Lie algebras, which we
shall consider after the introduction of group and algebra representations.

1.3.4 Representations: faithful, irreducible, reducible, completely re-
ducible (decomposable), indecomposable, adjoint, fundamental

A representation of an algebra L (group G) is a homomorphism of L (or G)
into an algebra (group) of linear transformations of some vector space V. If the
dimension of the space V is d then the representation is said to be d dimensional.

A representation is said to be faithful if the homomorphism is an
isomorphism.

A subspace V| C V of a representation space V is called invariant subspace
with respect to an algebra L (group G) if Tv e Vy forallve Vi andall T € L
(or T € G).

A representation is called irreducible if the representation space V has no
invariant subspaces (except the whole space V and zero space {0}). Otherwise,
the representation is called reducible.

A representation is called completely reducible or decomposable if all linear
transformations of the representation can be presented in the form of block-
diagonal matrices, each block acting in the corresponding invariant subspace.
Otherwise, the representation is called indecomposable.

Example. The simplest example of an indecomposable representation is provided
by the two-dimensional representation of the Abelian group G = R (the group
multiplication corresponds to the addition in R, where R is the set of all real

numbers)
x— T, = ((l)i) x e R

which acts in the linear space V®, i.e.

Tx (u,) — (u; +xu2) .
uz u

Ui

@ _
The subspace V/;y of vectors u = ( 0

) is invariant with respect to 7, Vx € R,

. - 0 .
while the orthogonal subspace V((z)) consisting of vectors u = (u ) is not
2

invariant. It is not possible to achieve the decomposition into invariant subspaces
by any (linear) transformations of bases in V@,
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The representation of a Lie group G (Lie algebra L) in the vector space of
the Lie algebra L itself is called the adjoint representation and the corresponding
transformations are denoted by Ad,, g € G (adx, X € L). In the case of Lie
algebra, the adjoint representation is defined by the commutator in L

adyY =[X.Y] X, YelL.

Thus the dimension of the adjoint representation coincides with the dimension
of the group.

The Lie group or Lie algebra (nontrivial) representation of the lowest
dimension is said to be the fundamental representation.

1.3.5 Relation between Lie algebras and Lie groups, Casimir operators,
rank of a group

Consider a representation T{a,...,a,) of the group G in a space V. By
convention the parameters are chosen such that the identity element has all
a; = 0, so that

TQ,...,00=1.

If all parameters g; are small then, to first order in these parameters

T(ai):1+ZaiXi
i

where the X; are some linear operators, independent of the parameters a;. These
operators are called the infinitesimal operators or generators of the group in a
given representation and are expressed explicitly as partial derivatives

_ aT(a,...,a,)

X;
Bai

ay=--=a,=0

For any representation 7' of group G, the set of infinitesimal operators X;
satisfy the commutation relations

[X,'. XJ] = ZC{;—X}(
k

where the numbers cfj, called structure constants, are the same for all,

representations 7 of G. Thus the infinitesimal operators (generatoré) of a Lie
group form the Lie algebra with the commutator playing the role of the bilinear
operation in the abstract Lie algebra.

One can prove that there is the exponential map L — G, which assigns
to any element X of the Lie algebra L the element exp(X) of the group G.
Choosing some basis I; (i = 1,...,r) in the vector space L, so that any element
of L reads as X = Y ;_, a;I;, one can write the exponential map in the form
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exp(X) = exp(zi a;1;), where the group parameters q; (i = 1,...,r) appear
explicitly.

A certain combination of elements of a Lie algebra which commutes with
all the generators is called an invariant or Casimir operator of the group’. The
maximal number of such independent operators is equal to the rank of the group,
the latter being defined as the maximal number of mutually commuting elements
of the Lie algebra.

1.3.6 Schur’s lemmas

Schur’s first lemma. Let T(g) be an irreducible representation of a group G in
a space V and let A be a given operator in V. Schur’s first lemma states that
if T(g)A = AT(g) for all g € G then A = Al, where 1 is the identity (or
unity) operator. In other words, any given operator which commutes with all
the operators T(g) of an irreducible representation of the group G is a constant
multiple of the unit operator.

Schur’s second lemma. Let Ti(g) and T>(g) be two irreducible representations
of a group G in two spaces V; and V, respectively, of dimensions s, and 53, and
let A be an operator which transforms vectors from V; into V,. Schur’s second
lemma states that if 7,(g) and T>(g) are inequivalent and 7T;(g)A = ATa(g) for
all g € G, then A =0, i.e. it is the null (or zero) operator.

1.3.7 Semidirect sum of Lie algebras and semidirect product of Lie groups
(inhomogeneous Lie algebras and groups)

Let M and T be Lie algebras and D : X — D(X), X € M be a homomorphism
of M into the set of linear operators in the vector space T, such that every D is
a differentiation of T, i.e. D satisfies the Leibniz rule:

D(X)YZ = (D(X)Y)Z + Y(D(X)Z).

We define the Lie algebra structure in the whole set of elements of both vector
spaces M and T in the following way:

(i) for the pairs of elements from M, the commutators are defined as in the
Lie algebra M,

(ii) for the pairs of elements from 7', the commutators are defined as in the Lie
algebra T';

(iii) for the mixed pairs, the commutators are defined by the operators D:

[X,Y]= D(X)Y XeM, YeT.

3 The Casimir operator is not an element of the Lie algebra, unless (as happens for some groups)
it is linear in the Lie algbra elements.



1.3 SOME BASIC OBJECTS OF GROUP THEORY 13

One can check that for the above construction all the Lie algebra axioms are
satisfied. The obtained Lie algebra L is called the semidirect sum of M and T

L=T>M.

Such an algebra generates the semidirect product of the Lie groups Gy and
Gr. The semidirect product G = Gr© Gy is the group of all ordered pairs
(g, A), where g € Gr and A € Gy, with the group multiplication

(g, A, A) = (gA@E), AN).

Here A(g) defines an automorphism of the group Gr. It is easy to see that the
unit element of the semidirect product has the form (e, id), e being the unity
in Gr, id being the unity in G, and the inverse elements read as

@M =@'E™ AT,

Physically, the most important example of such a construction is the
Poincaré group of relativistic space-time symmetry, which is the semidirect
product of the Lorentz Lie group and the (Abelian) group of translations. The
corresponding Lie algebra (semidirect sum) is called the Poincaré Lie algebra.

1.3.8 The Haar measure

The so-called Haar measure (see, e.g. Barut and Raczka (1977)) defines the
invariant integration measure for Lie groups. This means that one can identify
a volume element du(g) defining the integral of a function f over G as
fG f(g)du(g) with the property that the integral is both left and right invariant

[ re i auc = [ s eue = [ £ auc.
G G G
The invariance follows from the invariance of the volume element du(g):

du (x) = du(gx) = du(xg)

which implies that the expression for du(g) in the neighbourhood of point g
can be found by fixing the value of du(g) at g = e (unit element) and by
performing a left or right translation by g: du(g) = du(e). Let the action of
a map x — g(x) (left translation) be given by x' — y'(x/), with x' being the
coordinates in the neighbourhood of the unit element e and denote by dx! . .. dx”
the volume element spanned by the coordinate differentials dx!, dx?, ..., dx" at
point e. Then the volume element spanned by the same coordinate differentials
at point g is given by

du(g) = |[J)7  dx! dx?.. . dx”
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where J is the Jacobian for the map x — g(x) evaluated at the unit element e:

1 n
7= ay ...y )_
a(xy...x,)

In a right or a left translation dx'dx?...dx" and |J| are multiplied by the
same Jacobian determinant so that du(g) is indeed right and left invariant. A
straightforward manner to derive the Haar measure is to consider a faithful
matrix representation of the group and take some subset of matrix elements as
coordinates x'. The Lie groups also allow an invariant metric and du(g) is just
the volume element /gdx'...dx" associated with this metric.

Example. The volume element of the group SU(2). The elements of SU(2) can
be represented as 2 x 2 unitary matrices of the form

x=§ xtot E xtxht =1
"

u
where the g-matrices are defined by oy = 1 and §; = —ig;, with g; the Pauli
spin-matrices, and thus we have 5;6; = —8;;60 + €;x6x. The coordinates of

SU(2) can be taken as the coordinates x/, i = 1,2, 3, so that one has x0 =
+v1—r? r=./);x'x. Clearly, the SU(2) group manifold can be regarded
as a three-dimensional sphere of unit radius (Z;zl x#x# = 1) in Euclidian
space E*. The unit element e corresponds to the origin: x/ = 0,x° = 1. The
left action of the element x on y can be written as z = xy = Zu Z*o*, where
the coordinates z# are given by

= (O + xTy0) + € xt ¥k

L= /1-Y,77.
From this the Jacobian matrix at y' = 0 can be deduced: 8z'/3y/ = x%8;;+€;xx*

and its determinant is J = /1 — r2 depending on the sign of x°. The invariant
integration measure reads as

1
dp = ——— dx' dx?dx?.
# V1=r2

Note that the metric of SU(2) can be deduced as the metric induced from the
Euclidian space E* into which SU(2) is embedded as a sphere.

1.4 Remark about the introduction of angular momentum

There are essentially two ways to introduce angular momentum into quantum
mechanics. The one used in most elementary books starts with the classical
definition (we use bold-italic letters for 3-vectors)

L=rxp (1.4.1)
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and considers this as an operator equation defining the operator L. From this
the commutation relations follow and from them the whole algebra is built up.

The other way starts with the consideration of the rotation group in the
physical three-dimensional space: it is found that the operators of infinitesimal
rotations follow the same commutation relation as, and physically correspond to,
the angular momentum. One then builds up the algebra from the commutation
relations as in the other procedure.

We shall follow the second alternative, because it leads to a deeper insight;
in fact, even in classical mechanics, the true essence of angular momentum
is that it is the quantity which is conserved in systems with invariance under
rotations. Thus, starting from the classical definition L = r xp means beginning
the story with its second chapter. But since we prefer to begin with its first, i.e.
with the discussion of the rotations, we naturally apply it directly to quantum
mechanics. This has the advantage that we also circumvent the uneasy feelings
which arise when it turns out that the quantum mechanical algebra yields angular
momentum states with half-integer total angular momentum and corresponding
operators which cannot be represented by L = r x p, the very equation we would
have started from. If, on the other hand, we start from the true basis, namely
the rotational invariance, then we do not (or should not) have any prejudice as
to what form of the conserved operators we are to expect. We will be satisfied,
of course, if we find that there are some which can be written L = r x p—but
we do not expect that this is necessarily so.

The plan of the book is then roughly as follows:

e we first consider quite generally the quantum mechanical symmetry
and establish the existence of unitary or anti-unitary transformations
corresponding to the elements of the symmetry group;

e we work out the physical significance of the generators of the symmetry
group;

e  we specialize these considerations to the rotation group in three dimensions
and to the proper orthochronous Lorentz group;

e we discuss some related subjects which are of interest in physics: two-
dimensional rotations and supersymmetry.



SYMMETRY IN QUANTUM MECHANICS

2.1 Definition of symmetry

2.1.1 General considerations

Consider any given structure—whether a physical system or a geometrical figure,
a set of rules, an equation or a set of points in abstract space—whatever it may be,
we only require the possibility of its mathematical description. Such a structure
can always be cast in the following abstract form: it contains elements with
names such as ‘electron’, ‘angle’, ‘sequence’, ‘five’ or ‘vector’ and it contains
relations between these elements. Obviously the relations are the important
things, for if two structures happen to contain different elements but the same
relations, then knowing these relations we know everything about both structures.
It might well happen that the relations of one structure are considered as elements
of another structure when things are described on a higher level. In any case,
the elements of a given structure can be represented by points in an abstract
space. We then consider transformations in that space. Among all possible
transformations in that space there might be a group of transformations which
leave the relations between the points unaffected. We say the relations are
invariant under this particular group of transformations and we call this group
the symmetry group of our structure. Very different structures may have the
same symmetry group; therefore, a symmetry group is itself a new independent
structure with elements (the transformations considered above) and relations
(namely the group properties and the particular law of multiplication of that
group). This leads to the consideration of the various symmetry groups as
abstract mathematical objects (e.g. the permutation group, Lorentz group, gauge
group etc); individual realizations of these groups (e.g. the hydrogen molecule,
the free particle of spin %, the Lagrangian of charged particles—to mention only
examples corresponding to the groups just mentioned)—such realizations are not
considered in the study of abstract groups.

Here we are, in contrast, not so much concerned with the symmetry groups
themselves as with symmetry groups being properties of physical systems. That
is, we take the symmetry group for granted and assume it to be known and
studied. The question is then: given such and such a physical system S with
such and such a symmetry group G what are the consequences for the description
of that system?

Our structures are physical systems and/or their mathematical descriptions
consisting of elements such as particles, fields, observables, operators etc and

16
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of relations between these elements: the equations of motion and the rules of
quantum mechanics. ‘The physical system S has a symmetry group G’ means,
then, that there is a group of transformations leaving the equations of motion
and the rules of quantum mechanics invariant. In particular no transformation
of G is allowed to produce an observable effect.

Let then g € G be one of the symmetry operations. By applying g to
the system S, the latter is transformed into §’. If S can be described in the
framework of quantum mechanics by

S: observables A; states |y¥), |¢), ..., then S’ will be described by
S’: observables A’; states |¥'), |¢’), ... .

If the transformation S<>§’ is to be a symmetry of the system, then no observable
effect can result from the transformation. Thus if in S and §’ corresponding states
and corresponding operators are taken, then for arbitrary v, ¢ and A

(¥ |Alp)* = [(¥'1A"|")? 2.1.1)

must hold. Notice however that, conversely, the condition (2.1.1) alone does not
necessarily imply that the transformation § — §’ is a symmetry of the system
(since (2.1.1) holds for any unitary transformation as will be found later).

There are two ways of interpreting symmetries: active and passive. The
active interpretation means changing the material system S into another material
system §’. The passive interpretation means leaving the system S untouched
but changing the environment such that S, described with respect to the new
environment, behaves as §” would have behaved in the old one.

Example. The two interpretations of one and the same rotation read

(i) active: the material system (sometimes we say ‘the space’) is bodily rotated
by an angle «, say;

(ii) passive: the coordinate system is rotated by the angle —«, whereas the
material system (or the space) S is left as it was.

We shall take the active point of view, since it is the more natural one: we
may be able, for instance, to prepare a system S’ in which all motions are inverse
to those in S, but we certainly are not able to force time to run backwards.

With this convention, our above definition of symmetry amounts to saying

G is a symmetry group of S, if for any g € G there exists

another material system S’ = g§ (symbolically) and also a
uniquely defined operator function F, for observables A such
that

, ) ] (2.1.2)
A" = F,(A) is again an observable of S and

measuring A’ in §’ leads to the same eigenvalues with the
same probability distributions as measuring A in S—as
expressed in equation (2.1.1).

This definition of symmetry needs comments.
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SYMMETRY IN QUANTUM MECHANICS

Saying that S is carried materially into gS§ = S’ means that there is
something by which one can distinguish S and S’—for instance the
orientations or the velocities of S and S’ relative to an observer. Now,
if any difference between S and §’ can be observed, we do not have the
symmetry we speak of. The observers—or more generally the surroundings
of the system—indeed violate the symmetry by their very presence, but it is
assumed that the effect of the surroundings on the system can be neglected
(except for measurements). If there were no surroundings (characterized,
e.g., by a coordinate system fixed to the laboratory), then S and S’ would
be just the same. That is, if the system S is considered as isolated, then
there is nothing inherent in the system which would allow us to distinguish
S and S.

Therefore one should perhaps rather say that S’ and S do not stand for
different systems (whose differences are only defined by a symmetry-
breaking relation to the observer) but rather for two different states of one
system (different states with respect to the symmetry-breaking presence
of the observer). That we nevertheless use the term ‘another system S,
is because S’ might, for instance, consist of antimatter where S is made
of matter: everybody would call them different systems—although there
would be nothing in the system itself which would enable one to distinguish
two systems S and S, where S and S are mirror images of each other and
S is made of antimatter. It is the observer, who, being made of matter, can
distinguish both by touching them: if he does not survive the touch, it was
S.

Since—except with respect to a symmetry-breaking environment—the
systems S and S’ are the same and indistinguishable (if g§ = S’ is a
symmetry), the operation g must map the set of all states of S onto itself
and it also must map the set of all observables of S onto itself. Therefore
all states |)" of S’ are also possible states of S: if |{)’ is a state of S', then
there is always a state ) of S such that |)’ = |¢). A similar interpretation
holds for the ‘new’ observables A’.

This has then an important consequence. Let us consider the evolution of

S and S’ in time, using firstly the Schrédinger picture and then the Heisenberg
picture.

In § all states develop as

|ty = e7'H|0)

and in §’, they evolve as

lr) = e~y

Let |)’ be a certain state in S’; then @) = |¢)’ is a possible state in S (to quote
an example: if S and S’ are rotated against each other by 90°, then |¢)’ = plane
wave in the x’ direction, |p) = plane wave in the y (= x’) direction).
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We now take a state |y) and its image |y) and integrate from zero to ¢.
We find in §

¥ () = e H' |y (0))
and in S’

@) =e Hy ).

|¥(0))' is, however, a possible state of the system S too. We thus can write in
S

Iy (1) = e |y ().

If now the states [y (¢))” and [ (¢)) differed by more than a single phase
factor, then the probability to find any given state |¢) would be different in the
two cases:

Kol () F # Hely )

That would mean that S and S’ could be distinguished from each other by
observing their internal history. That contradicts the assumption that §' = g$§
was a symmetry operation. The conclusion is, then, that if g is a symmetry,
H' = H + A1 must hold and A may be any real number, which we can put
equal to zero.

In the Heisenberg picture, the argument goes like this: consider the set
of all observables A of S and call it {A}s. If ' = gS is a symmetry, then
{A")s = {A}s, i.e. each observable A’ of §’ is also a possible observable of S.
We now take the equations of motion

inS: A=i[H, Al

inS: A =ilH A

inS: A’ =i[H, A’] (because A’ is also an observable in S).
Hence H — H’ commutes with all the observables and is therefore a multiple of
the unit operator. We thus arrive at the same result as above:

among all observables, the Hamiltonian is distinguishable by
being invariant under the symmetry transformations of the 2.1.3)
physical system.

Remark. We have used here the Hamiltonian as expressing the time development
of the system. We did this for convenience only. What our result implies is
that a symmetry operation must leave the equations of motion invariant whether
or not they are written in Hamiltonian form. Therefore Lorentz transformations
under which H transforms like the time component of a four-vector are by no
means excluded from our consideration. In fact one can almost literally carry
over all our arguments into a language where the ‘Hamiltonian’ is replaced by
‘scattering operator’ (or ‘S-matrix’).
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2.1.2 Formal definition of symmetry; ray correspondence

So far we have argued in a rather intuitive, physical way. In what follows, we
shall be a little more formal. This will not much deepen our understanding of
symmetry; it will, however, clear up its mathematical content and open the gate
to an aspect of quantum mechanics which is possibly the aspect: namely, that
quantum mechanics is the theory of representations of the symmetry groups of
the physical systems considered; or at least that the Hilbert space of a given
system is nothing other than a representation space of the symmetries.

We go back to our statement (see (1.1.14)) that the state vectors |y}, |¢)
etc do not correspond in a one-to-one way to physical states, but that unit rays
1/}, @, etc do. Therefore to any group G of transformations of a given physical
system S—no matter whether G is a symmetry group of S or not—there exists
a ‘ray representation’ G isomorphic to G, which transforms the rays in the same
way as G transforms the physical states.

(It has to be noted that in the one-to-one correspondence between physical
states and rays only a certain class of rays is admitted and only transformations
between these rays are contained in G: if |p) € @, then ¢ is admitted as
representing a physical state if and only if |¢) lies entirely within one super-
selection subspace of H. In what follows we restrict ourselves always to one
particular super-selection subspace which we do not give a new symbol but
simply call H. The reader who is not yet familiar with the concept of super-
selection rules will appreciate these remarks only a little later, when at the end of
the chapter the full meaning of symmetry has become clear and the opportunity
of discussing super-selection rules arises quite naturally. For the time being this
reader may simply ignore all remarks referring to the particular type of symmetry
called super-selection symmetry.) We now fix up some notation and then define
symmefry.

In the present chapter Hilbert vectors are written with Greek letters:
[¥}, l@), etc. The norm of a vector is defined by

el = e}l = vi{elp). 2.14)

Any vector in Hilbert space can then be written as a multiple of a corresponding
unit vector: |¢) = algg) witha >0

a=|el o) = %pr)- (2.15)
Rays are defined by (1.1.13); we repeat

¢ ={wlp) |ol=1). (2.1.6)
Any |@) € ¢ can serve as ‘representative’. We define the scalar product of rays:

¢ ¥ = lely)l. @2.1.7)
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lp) € ¢ and |¥) € 1/} may be any representatives; the definition of (2.1.7) does
not depend on the choice. The sum of rays is not defined.
From (2.1.4) and (2.1.7) it follows that

Voo =lel 2.1.8)

is independent of the choice of the representative and may serve to define the
norm of a ray:

12l = v{ele) = llell. (2.1.9)

Then any ray can be written as ¢ = ||¢|| - 9o, Where ¢ is a unit ray, As physical
states correspond to the set of unit rays, the ray representations G are defined
only on the set of unit rays; we extend this definition to all rays by defining
8¢ = gll@llgo = ll@ll8Po-

In what follows we shall omit the subscript O for unit rays, although in
most cases the rays we have in mind will in fact be unit rays.

We now give the formal definition of symmetry:

G is a symmetry group of the quantum mechanics system § if
the ray representation G of G leaves the ray products (for §)

invariant:
G: g € G wansforms S—> 8§ =gS§ 2.1.10)
G: g € G transforms VoY =gy

such that ¢-y = ¢’ -J/'.
The transformations g are then called ‘ray correspondence’.

(From the remarks above it should be clear that G maps admissible rays
belonging to one super-selection subspace into rays belonging to the same super-
selection subspace. This definition guarantees the invariance of all probabilities
and eigenvalues; in other words: of all observable data.)

2.2 VWigner’s theorem: the existence of unitary or anti-unitary
representations

The formal definition which we have just given is all that can be inferred from
the operational sense of the word symmetry. Dealing with quantum mechanics,
we are forced to transform not only rays but also Hilbert vectors. It seems that
there is an infinity of choices of vector transformations emerging from a given
ray transformation; we visualize this in figure 2.1, where we have drawn the
rays ¢ and ¥ and their images ¢’ and ¥’

The transformation of the vectors |¢) € ¢ is completely arbitrary, subject to
the condition that |¢’) € ¢’. We have symbolically indicated the transformation
of three vectors |- ), | o), | ®). Any other choice will be as good as the one we
took. Having chosen the image of |¢) nothing is said about the image of % |¢)
whatever « is! This means that the infinite set {T} of vector transformations,
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Figure 2.1. Ray transformation and vector transformation.

which is compatible with ¢ — ¢’, contains all kinds of discontinuous and non-
linear transformation. Having fixed a vector transformation which maps ¢ onto
¢', again nothing is defined for the mapping ¥ onto y’; the whole story is
repeated.

We shall now show that things are not really so bad. The infinite set {T'} of
vector transformations T described above (compatible with a ray transformation
induced by a symmetry) always contains a subset of either unitary or anti-
unitary vector transformations—but not both simultaneously—from which we
can choose the ones representing our symmetry. This important theorem was
first demonstrated by. Wigner and many other proofs have been given since', all
of them based on the same idea: to fix the phase of the vectors |¢) and T|¢)
such that T becomes unitary (or anti-unitary).

Consider then the set {T} of vector transformations 7 corresponding to
a symmetry. We shall narrow down this infinite set by making explicit the
constraints imposed by the symmetry and by using all available freedom in
choosing T until we remain with either a unitary or an anti-unitary vector
transformation. In other words, we show by construction that Wigner’s theorem
holds.

We first observe that every T € (T} transforms a complete orthonormal
basis {|g,)} of H into another complete orthonormal basis {|¢;)}. This follows
from ¢ - = ¢ - ¥’. The norm is preserved too. The new basis must be
complete, because if the transformed basis {|¢;,)} were incomplete, then a vector
|}, orthogonal to all |g;), would exist; consequently also a |y) would exist
orthogonal to all {|¢,)} contrary to the supposition of {|¢,)} being complete.

! The original proof by Wigner (1931) was not complete (because—not being interested in time
reversal—he ruled out the anti-unitary transformations); a complete proof was given, for instance,
by Bargmann (1964). Another mathematically rigorous proof can be found in Weinberg’s book
Quantum Theory of Fields (Weinberg (1995)).
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Let us now choose a basis {|¢,)}. To this basis corresponds a set of

unit rays {@,} and by the ray transformation g its image {¢,}. We choose

arbitrarily a representative I(Z,,’) from each ¢]. This choice of a basis {l(op,,’)} is
only temporary; we shall construct a more suitable one.

®

(1)

We shall now reach the main conclusion in several steps.

Consider an arbitrary ray ¥ and its image ¥’. Choose a representative
from cach and expand |y) in {lga)} and |y') in {|@)}: 1¥) = D_Anlen);
¥}y = ZA,,'I(Op,,’). Then, because of the symmetry and by (2.1.7)

Gn- ¥ = |Anl =@} - ¥ = 14,.

This result is independent of the choice of the basis, of Q/ and of the
representatives ¥ and ¢’. From now on we write

A, = a, e a, >0 «, real
then
ap, = a,. (2.2.1)

Consider a vector |) with real non-negative coefficients, but otherwise
arbitrary:

) =) anlgs)  an=0.

|¥) is the representative of some ray ¥. Now choose an arbitrary
representative |¥') € ¥’ and expand it in the basis {I(Z,,’)}:

') =) ane1p,) 222

where (2.2.1) has been used. We now use our freedom to define T such
that ') shall be the image of |):

Tly) =1¥') 22.3)
and then we use our freedom again to correct our choice of the basis
{1@.)): we put @) = |¢,) and adopt {l¢,)} as a new basis. All this
is compatible with the given ray correspondence. We have thus achieved
that a particular vector |y} with real non-negative coefficients (in the old

basis) is transformed into another one, |y'), with the same coefficients (in
the new basis).

(iii) We now show that we can achieve the same for any arbitrary |p) with real

non-negative coefficients—contrary to the suspicion one might have that it
could perhaps hold only for |), because the phases «, entered into the
definition of the basis {|¢])}. Let

lp) = buloa) b0
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and choose a representative |¢)’ € &’ such that
=) b.ehlg)  with | =0.

This is always possnble Again (2.2.1) was used.
From ¢- 1,[/ ¢ ’l/ it now follows that (we indicate by Y’ the sum without
its first term)

arb; + Zla,,b,, = |a1b| + Zla,,b,, eifr

On the left-hand side each term is zero or greater; this implies that all g
belonging to non-vanishing b, must be zero. (Visualize

ai1by 4+ Z,a,,b,, eibn

as a sum of vectors in the complex plane: on the left-hand side they are
all stretched out along the real axis; if the right-hand side is to yield the
same length, they also must all be stretched out—hence 8, = 0.) We define
the above choice to be the image of |¢), whereby we have constructed T,
such that all vectors with real non-negative coefficients are transformed into
vectors with the same real non-negative coefficients:

=) balea) = Tlp) = ¢} = Y _bule}). 2.2.4)

This holds in particular for all those vectors having only one non-vanishing
component a, = 1; in other words for the basis vectors |¢,) themselves.
Hence the transformation T is such that now the image of the basis {|¢,)}

is {lgp)}

Tlgn) = lo,). (2.2.5)

Next we choose two arbitrary vectors

W)= a.€"lp)) o) =) bae®lpn).

Their (not yet fully defined) images must be of the form

VY=Y a.d%g)) 19y =) baelg).

From ¢ - ¢ = @' - ¥, it follows that

|Za,.b,. elPr—an)| = lZanbn elfnme)|

This must hold for whatever a,, b,, a, and B, we choose. We now
specialize |@) such that all B, = 0 and all b, = 0 except b, and by.
Then all B, = 0 and b}, = 0 except b, = b; and by = b;. Hence

IalbI e 'Y+ ayby e_‘“"l = la,bl e ' 4 arby e '%

-
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or
|a,b, + ayb; e—i(a.—a,)' = \a,bl + ay by e—i(a,’,—a,’,) .

Thus for arbitrary ! and k

O — 0 = :I:(ai - (!,l) (226)

One easily sees that either the plus sign holds for all / and k or the minus
sign holds for all / and k; suppose it were not so:

o - =0, — @

o — o = —oy +

and add: the result is 204 —o; — o = aj’- — «j, contrary to (2.2.6). Now
we put
(!L = :t(!k — A

and find
o, —o) =2 — ) + (& — A)).

Then (2.2.6) implies that A, — A; = O for all k and [/; hence A = A; =
... = A is a simple constant. Then

h//) = Zan eia,,l(pn) - |l/ll) = CiAZan eiianl(p;).

We still have the freedom to choose the phase e* of |’) arbitrarily. The
simplest choice is A = 0; this is also consistent with the fact that if |y} has
only real non-negative coefficients, the same must hold for |y’).

We have seen that for each particular vector |y) either all @y — o or
o —> —Q.

Suppose now that there exist in H both kinds of vector simultaneously and
let

We) =D ane™(pn) = 1Y) = D _ane™|g))
lp-) =D bncPrlpy) —> Iy =Y bye g}).
Then the vector
lp) = 1¥4) + lp-)

would be neither of the plus type nor of the minus type—contrary to the
above-established fact that each vector definitely belongs to one of these
classes. We thus see that the + or the — sign is a property neither of
the individual phases nor of the vector as a whole; it is a property of the
transformation considered. Obviously, if the ray correspondence considered
is continuously connected with the identity, then only the + sign is possible.
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(vi) If the transformation is such that o, — «,, then with (2.2.5)

W)=Y Aulen) > TIW) = Adle)) =D A Tlgn).

Hence in this case T is linear; (2.1.10) implies then that it is unitary:
T = U, because now

(UplU¥) = (pl¥).

If, on the other hand, o, — —a,,, then similarly
W) =) Anelgn) > [¥) =D Alley).

In this case T is antilinear and therefore an anti-unitary transformation U,
so that

(UplUy) = (¥l) = (pl¥)*.

Whether T is unitary or anti-unitary depends only on the symmetry group
G and not on our choice.

We thus have the result that, to a given ray correspondence g, one can
always construct a vector transformation T, either unitary or anti-unitary
and compatible with g.

From now on we will forget about all the other vector transformations and
consider only unitary (or anti-unitary) transformations 7.

(vii) The next question is: what is the class of all unitary (anti-unitary)

transformations compatible with a given ¢? Suppose T and R both are
compatible with g, then

Tlp) = w(p)R|p) lw(p)] =1
T|¥) = o(¥)RIY) lw(¥)| =1

and if |¢) and |¢) are linearly independent

T(lp) + ¥ =Tlp) + T|Y) = 0(@)R|p) + o (¥)R|Y¥)
T(lp)+ 1Y) =wl(e, ¥) - R(p) + V)
=w(p, ¥)Rlp) + w (e, Y)R|Y)

which shows that w(y) = w(g, ¥) = w(¥) = o independent of the
transformed vector. If, however, |¥) and |¢) are not linearly independent,
then a third vector |¢’) exists which is linearly independent of both |i) and
l¢). Then w(¢") = w(¥) and w(¢’) = w(¢’, ¥) and all these are equal to
the one w we had before.

The result is that

the unitary (anti-unitary) transformations which are compatible

with a given ray correspondence (symmetry transformation) Q.27
differ from each other at most by complex factors @ of modulus =
one.
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(viii) We may therefore introduce the notion of an ‘operator ray’, namely the set

(ix)

of all unitary (anti-unitary) vector transformations compatible with a given
ray correspondence g

U@) ={o@U@); ol = 1) (2.2.8)

by which we have then established a one-to-one relationship between the
ray correspondences ¢ and unitary (anti-unitary) operator-rays U2. Since
the ray correspondences ¢ form a group, the same is automatically true
for U and the two groups are isomorphic. Not so, however, for the U
themselves. They do not form even a group representation. This is our
next point.

Assume we consider the set of all elements ¢ of a certain symmetry group
G and together with it the corresponding unitary (anti-unitary) operator-rays
U. We are free to choose a representative U € U from each, and there is
no indication as to which one we should choose. Here the difficulty arises:
let § and k be two ray correspondences and g - h = j their product. We
choose

Ugel?g
U, € Uy
Uj € Uj = UgA;,.

Then U, - U, € Uj, but in general U, - U,#U;. They can differ, however,
only by a factor of modulus one, hence in general

Ug - Uy = 0(g; B)Uga. (2.2.9)

The result is that

the unitary (anti-unitary) operators compatible with the ray
correspondences form in general only a ‘representation up to a (2.2.10)
factor of modulus one’.

It depends on the symmetry group considered whether and to what extent
the factors w(g; h) can be simplified by a suitable choice of the U ¢ U.
We shall not go into this detail here. As we shall see when we study the
rotation group, there w = %1 is the best we can achieve.

2 Note that up to here we have only established the existence of a unitary (anti-unitary) U
corresponding to one arbitrarily given ray correspondence g. The same construction done for another
ray correspondence §' might lead to a very different U’ even if ¢ and ' are near to each other in
parameter space. The following considerations deal with this circumstance.
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(x) Let us now collect all results in the theorem (Wigner’s theorem):

For every symmetry group G of a given physical system there
exists

(a) a group G of ray correspondences g;
(b) a group Ug of unitary (anti-unitary) operator-rays U;
(c) a set of unitary (anti-unitary) operators U € U;

such that the groups G, G and Ug are isomorphic.  If
one chooses (arbitrarily) one representative U from each U,
then the unitary (anti-unitary) transformations U(g) form a
representation of G up to a factor of modulus one’.

(2.2.11)

% Although we mentioned explicitly the possibility that anti-unitary
representations mighl come up, they do so only when time reversal is
considered. As we do not discuss this case within the general framework,
we will encounter in this book only unitary representations.

2.3 Continuous matrix groups and their generators

2.3.1 General considerations

In this section we shall consider a type of group which makes up most of the
physical symmetry groups: namely those depending continuously on certain
parameters, for instance, the rotation group. In their most general form they
are considered as continuous and even differentiable transformation groups in
some n-dimensional vector space. We shall be modest and restrict ourselves to
linear transformation groups in n dimensions, i.e. to n X n matrix groups. The
reasons will be given below. This restriction makes possible derivations which,
for more general ‘Lie groups’, would not hold in this form and would become
more complicated.

We shall not elaborate the abstract group theoretical machinery in any
detail. Our aim is, however, to say enough about the common group theoretical
framework of symmetry problems in physics that the reader may see that angular
momentum is but another example of a general and beautiful theory, and that
he may forget the somewhat uneasy feelings he might have had when he first
encountered angular momentum in quantum mechanics at a too elementary level.

If we deal with groups in physics, then they are not as abstractly defined
as in purely mathematical considerations. It would be of no interest for us to
make things artificially more complicated than they are: the groups we have to
consider in this book are the Poincaré group (= inhomogeneous Lorentz group),
i.e. a group of transformations in space-time which can be written as a 5 x 5
matrix group, and the three-dimensional rotations in space (a subgroup of the
Poincaré group). That means that we have to do with a group which—as far as
its physical definition goes—is a matrix group of 5 x 5 matrices (which are not
unitary) and with a particular subgroup of it, which is—taken by itself—a matrix
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group of 3 x 3 matrices. In other words our groups are defined as groups of
linear transformations in a (at most) five-dimensional space. That by introducing
a quantum mechanical description we are forced to consider representations of
these groups in any, even infinite, dimensions—is quite another story. Basically,
practically all non-finite symmetry groups in physics are very simple: namely
groups of linear transformations (matrices) in vector spaces of a finite (and
small!) number of dimensions and depending on only a few parameters. That
makes their theory clear and elementary; the infinite-dimensional unitary (anti-
unitary) representations in Hilbert space are a difficulty not inherent in the groups
but added from the outside. This basic simplicity holds in particular also for the
symmetry groups called unitary symmetry of elementary particles. The analysis
in all these cases is similar and the theory of angular momentum is a good model
for the others, not to mention its own importance.

2.3.2 Continuous matrix groups; decomposition into pieces

According to what we just mentioned, we shall consider continuous groups
of finite-dimensional matrices; continuous means the group elements depend
continuously on parameters. The number of parameters depends on the group
considered; the number of real parameters ay, az, . .., a; is called the dimension
of the group; we denote it by r. Indeed the word dimension is the most natural,
because the group elements, if written as g(ai, a2, ...,a;), can be taken as
points of an r-dimensional manifold. If the group is a matrix group of n x n
complex matrices—the full linear group in n dimensions—then r = 2n2; when
further conditions are added, for instance unitarity, reality or unimodularity, then
r < 2n%; in fact r is equal to 2n% minus the number of real equations expressing
the supplementary conditions.
The r parameters may be chosen such that the unit transformation is
represented by
£(0,0,0,..)=1. 2.3.1)

The group may or may not decompose into several pieces—namely the set of
parameters may or may not be connected. If space reflections are included,
then the rotation group decomposes into two pieces (namely the rotations with
determinant 41 and the products of one reflection with all rotations: determinant
—1) and if space reflection and time reflection are included, then the Lorentz
group decomposes into four pieces (determinant +1 or —|; forward or backward
cone interchanged or not interchanged; these two choices are independent and
give rise to four possibilities). If a group decomposes, then only one of the
pieces is continuously connected to the unit element; this piece is in fact a normal
subgroup. The other pieces taken separately are, of course, not subgroups. We
prove that the piece continuously connected to the identity is a normal subgroup;
we say that a group element g(ai, az, ..., a,) is continuously connected with
the identity, if we can intreduce a suitable set of continuous functions a; (1) such
that g;(0) = 0 and g;(1) = a;; then g(X) for 0 < X < 1 is a path leading from
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unity to g(ay, az, . .., a,). The set of all group elements which can be connected
to unity by any path is the piece of the group we are considering. Let g() be
one path and h(X) another one (h(1) # g(1)), then g(A)h~' (1) is again such a
path; this proves that the set of all elements lying on these paths is a subgroup.
Next let f be a group element not belonging to the piece containing the identity;
then fg(1)f~' is an element of the group which lies on a path starting from
the unit element; hence it belongs also to the piece containing the identity; this
proves that this piece is a normal subgroup. (In the Lorentz group and the
rotation group these normal subgroups are the proper orthochronous Lorentz
group (determinant +1; forward cone — forward cone) and the proper rotation
group (determinant +1) respectively.) The remaining pieces are its cosets.

2.3.3 The Lie algebra (Lie ring, infinitesimal ring)

In what follows we shall restrict ourselves to the piece containing the unit
element and in that piece to a suitable neighbourhood N of the unit. Let the
group be really r dimensional in that whole neighbourhood; furthermore assume
in the following that all functions considered are at least twice differentiable in
that neighbourhood, and that all products of all group elements which we might
consider, again lie in that neighbourhood.

We then define the ‘Lie algebra’ (also Lie ring, infinitesimal ring) as follows.

Take any group element g(a;, as,...,a,) € N and connect it by a path g(1) to
the identity (i.e. choose arbitrary functions a;(}), ..., a,(1) such that g(0) = 1

and g(1) = g(ay, ay, ..., a,)). The derivative of g(1) at A = 0 is called §:
g = —g(Mp=o- 232
&= 3;8¢ a=0 (23.2)
Then g is an element of the infinitesimal ring G of the group G and the whole

ring consists of all elements § which can be obtained in this way.
Comments are as follows.

(i) We might have taken another path from g(a,as,...,a,;) to unity and

obtained another § Indeed § is the tangent to the path at unity. Strictly
speaking we should have written g(A; A) where A denotes the path. Then

§A = (9/0A)g(A; A) is an element of § We shall, however, not employ
this pedantic notation but simply write 2', h, ... for the elements of G.

.. - - . o . -
(i) As derivatives of n x n matrices, the g are again n X n matrices; they are,
however, not group elements.

[+]
We now show that the set G is indeed a ring, i.e. an r-dimensional vector
space equipped with a multiplication law.

o
(i) G is an r-dimensional (real) vector space.
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Figure 2.2. The elements of the Lie algebra.

(a) Take a path g(1); it yields a certain § Take the same path but replace
Abya-A(areal; 0 < a-i <I1);ityields the element « - §, which
therefore also belongs to G

(b) Take g(k)h(k) € N; then g(k) ylelds g, h(k) yle]ds h and g(A)-h(X)
y1elds g + h hence with g and h also g + h € G

(©) G is an r-dimensional real space, because the r elements g, =
(0g/0a;)(0,0, ..., 0) are linearly independent (we have assumed that
the group is rea]ly r dlmensmnal) and they span, with real coefficients,

the whole of G Namely every g € G can be written

o d ag da,
g=8gMlo= Za—ai(o, 0,0 laco = D _etid,

with real «;: conversely, whatever «; we choose, this sum belongs to

o]

G.

o]
(ii) The real r-dimensional vector space G is equipped with a multiplication
law.

(a) Let g(A) and h (fixed) € N; then hg(k)h' is a palh and it yields
hGh™' € G. Thus ifh € N and g € G, then hgh™"

(b) Now let g be fixed but take k(1) to be a path. Then for each fixed value
of A, we have h(A)gh~'(A) € G. Then also (1/\)[h(A)gh~" (1) — 5] €
G and with it also its limit for A - 0. This limit is the derivative
of h(k)gh (1) and equals hg - gh [icz §] Thus with any two
elements h and g, also their commutator [h g] belongs to G We

define [h, g] as ‘the product’ of h and g.
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We have thus shown that

]
the r-dimensional real vector space G (associated with an
r-dimensional continuous group G) is equipped with the

multiplication law [h gl = hg gh and this ‘product’, called a (2.3.3)

‘commutator’, belongs to G Hence G is aring (called a ‘Lie
algebra’, ‘Lie ring’ or ‘infinitesimal ring’).

Comments are as follows.

(i) If§ € G, then a§ € G for real «; but in general not for complex o because
if g(A) € G then g(« - A) with complex o need not belong to the group G
(think of the rotation group: replace the rotation angle A by iA; this is no

longer a rotation). Therefore G is a real vector space (although the matrices
§ may have complex elements §ik).

(ii) Note the difference between the group and its Lie algebra: for the group
addition is not defined (of course one can add two matrices g € G
and h € G but in general the matrix g + & does not belong to the
group G); multiplication in G is just matrix multiplication. For the Lie

algebra G addition is defined; multiplication, however, is not simple matrix
o ] o]
multiplication (of course one can multiply two matrices E € Gand h € G,
o o
but in general the matrix h§ does not belong to the Lie algebra G, whereas

[A, §] does). We shall illustrate these statements by an explicit calculation
in subsection 3.3.2.

(iii) The term ‘Lie algebra’ is used because the n x n matrix groups considered
here are a particular example of the much more general Lie groups, which
also possess a Lie algebra.

2.3.4 Canonical coordinates

We have an infinity of choices when it comes to adopting a definite set
a,,a, ..., a, of parameters; indeed any set of functions bi(a,,az,...,a),
by(ay,az,...,a,), ..., b(ay, az, ..., a,) will do as well as long as the
correspondence a <> b is continuous and one-to-one (at least in the neighbour-
hood of zero) and a — 0 <& b — 0. There is, however, a particular choice
which is very advantageous. We shall explain it now.

Let us start from any path, defined by a set of functions ay, a3, ..., a, and
write down

° .9 da; N o
=5, 0.0.., 070 = Z}ja,-g,- (234)

i=1
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where o; = (da; /01)(0). As we have discussed already, every element of G can
be written that way. Thus the §,. = (0g/9a;)(0,0, ..., 0) serve as basis elements
and the ¢; are then nothing other than the ‘coordinates’ of the point § in the

vector space G. In other words: the o; can be considered as the components

of the vector § These «; are called ‘canonical coordinates’ or ‘canonical
parameters’. Before we investigate their relevance to the group, we note what
the result would have been had we started from another parametrization b; (i)
instead of a;(X); describing the same path once in terms of a;(A) and once in
terms of b; (1), we obtain (without changing the symbol g)

o . 9g(a,...,a,) 0a;(0) L. dg(by,....b), 3b;(0)

> 0220 -5 -
X = ab

8= £ da; ’_ lo o

but with b; = b;(ay, ..., a,) we have

dg(ay, . ...a) r 3gby,... by dbiar....a)
= = . . 2.3.5
lo ; o5, lo lo ( )

aa; aa;

Having supposed a one-to-one correspondence a <« b, we see that the
determinant |9b;/da;| # 0. Thus the change of the parameters corresponds

to a non-singular linear transformation of the basis § This, as we shall see,
leaves invariant all those properties of the canonical coordinates which really
matter.

Let us now see what are the advantages of canonical coordinates.

If the set {fg)',»},is a basis defined by an arbitrary choice of parameters, then,
as we saw, any § can be written by means of the canonical coordinates «;:

g=gl@) =) ag, 2.3.6)
i=1
Consider the elements (X real)
ag=Y (A-a)-g.

This lies on the same straight line in the r-dimensional space G as does 2'
Obviously two such elements A§ and ugv (A, u real) commute:

(2. ngl = rule, 8] = 0. 2.3.7)
Let us write the canonical parameters as follows:

(,...¢)=0a=a- N,

) 172 ) ) ) . (238)
a= (Z ai) T, = a/a = unit vector in direction o.
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So far the canonical parameters have been used only as coordinates in
the Lie algebra. Any arbitrary choice of a path a,...,a,(1) leads to a set of
canonical coordinates. Consider now the group elements g(ay, ..., &), where
simply ax(A) has been replaced by a;, = (3a/9A)|—0. We may, with n, kept
fixed, assume that the oy are variable, because this can be achieved by varying
the scale of A.

We now study the correspondence between group elements g(a) and
elements g(a) of the infinitesimal ring, keeping the direction n, fixed. For
the time being, we suppress the subscript & on 7.

Consider the element g associated with g(an); it is defined by (2.3.2):

o d
gn) = d_g(an)|u=0~
o

Replacing o by pa (u real) we find Z;(ua) = ug(n). We obtain thus the
following correspondences:

gn) = g(@)
png(n) < g(pa)
(1 +2)g(n) & gl(n + V)
but, on the other hand, by the definition (2.3.2)

(1 +Mgn) & gua) - g(ra).

From the last two correspondences it follows that g[(u+A)a] and g(pua)-g(Aa)
lead to the same element of the Lie algebra; in other words for ¢ —> 0 the
elements g((1t + A)a) and g(pa) - g(Aa) become equal.

The following question arises. Can we introduce, instead of g(a), a new
functional dependence g(a) of the group element upon the parameters o, such
that

(i) if o varies in the whole neighbourhood of zero, the group element g(x)
varies in the whole neighbourhood of unity and

(ii) in that whole neighbourhood (i.e. even for finite o) it holds true that
g(na) - g(ra) = g[(u + Ma]?

We shall soon show by construction that this is possible. In order not to

complicate the notation, we shall omit the bar over g and designate the new

function by g(c) again. But we shall now postulate that g(ax) depends in such
a way on o that

glpa) - gha) = g[(n + V) a fixed W, A real. (2.3.9)

We then say that the group elements are labelled by canonical parameters: for
a fixed direction n in the space of canonical parameters, group multiplication is
simply addition of canonical parameters. Next, we observe that

gua)g(a)g™ (na) = g(av) (2.3.10)
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on account of the just proved additivity; in other words: group elements with
the same direction n in the space of canonical parameters commute. This
corresponds to (2.3.7). So far we have postulated properties without proving
that objects with these properties really exist: in order to show that they exist,
we have to prove that by varying « in the neighbourhood of zero, the whole
neighbourhood of unity can be obtained from group elements g(a) with the
postulated properties. We now construct these functions g(a).

. The properties (2.3.9) and (2.3.10) enable us to write down an exponential
form for the group elements belonging to a fixed direction n:

=i 2) B2

For large m we find

()0 (G om) =0+ 2 gt (s

o
=14+—gn)+....
m
If we raise this to the power m and let m — oo, then the result is

g(a) = explag(n)] = exp[g(a)]. (2.3.11)

The exponential of a matrix is defined by the power series, which always
converges. Thus (2.3.11) exists for all values of o (we consider here only
real ones). Keeping the direction n still fixed, it follows again that

guay-g(ha) = g(ha)-g(par) = gl(A + n)a]

and the product g[(A + u)a] = expl(A + u) - §(a)] always exists. Fora =0
we obtain the unit element; hence the group elements g(a) = exp[,og(a)] with
fixed direction n, constitute a one-parameter Abelian subgroup G(n,) of G.

Conversely, given any element g(3) in the neighbourhood of unity, there
exists an Abelian subgroup G(ng) to which g(3) belongs: namely the one with
ng = G/8.

It remains to mention (without proof) that the mapping A = exp[B] of the
neighbourhood of zero (matrices B) onto the neighbourhood of unity (matrices
A) is one-to-one. We leave the proof as an exercise for the reader.

This fact shows that

g(a) = explag(n)] = eXP[Z affg’.-] = explg(a)]

indeed fulfils all requirements contained in the definition of canonical parameters
and in particular constitutes a one-to-one mapping of the neighbourhood of the
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zero of the infinitesimal ring onto the neighbourhood of the unity of the group.
This enables one to study the local group properties not on the group directly,
but rather by looking at the Lie algebra and its structure. For obvious reasons the
basis elements §,- of the Lie algebra are often called ‘generators of the group’.

All this is true if one uses canonical coordinates. Clearly, linear
transformations in the space of canonical coordinates again yield canonical
coordinates. From now on we assume tacitly that canonical coordinates are
used.

Remark. In the literature two types of canonical coordinate are encountered (see
subsection 3.3.4):

e canonical coordinates of the first kind
glay, tp,y .., 0,) = exp[a@, +a2§2 +... +a,§,]

e canonical coordinates of the second kind

gV, V2, - ¥) = exp(¥18,) eXp(1283) - - - exp(¥: 8,).

In the neighbourhood of zero these two kinds of canonical coordinate are analytic
functions of each other. So far, we have dealt with the canonical coordinates
of the first kind. We shall employ in practice both kinds of coordinate. In the
parametrization of the rotation group the angle & of rotation and the direction n
of the axis of rotation are a set of three canonical coordinates of the first kind;
the Euler angles «, 8, y are of the second kind.

2.3.5 The structure of the group and its infinitesimal ring

We have seen that there is—at least in the neighbourhood N of the unit element
of the group—a one-to-one correspondence between the group elements and the
elements of the Lie algebra; in canonical coordinates this takes the form

g(e) = explg(a)].

This suggests that the whole structure of the group in the neighbourhood of
the unit element is determined by the structure of its Lie algebra. Group
multiplication associates with two vectors o and 3 in the space of canonical
coordinates a third one, «. If o and 3 lie sufficiently near to zero, <y is uniquely
determined. Then

g(c)-g(B) = explg(a)] exp(g(8)] = explg(y)]

where the two exponentials do not, in general, commute. In the space G we
have then an element <E("y), which is a unique function of the two elements
<§(0¢) and <é(ﬁ). This function should, of course, be computable by means of
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operatlons (addition, Ag + u,h with A, p real; multiplication, [g h]) defined in

the ring G ie. g(’y) should be calculable by adding elements, commutators and
commutators of commutators etc with real coefficients. This is indeed the case,
as the Baker—Campbell-Hausdorff theorem asserts:

eA CB C

C—A+B+%[A,B]+I—‘z{[A,[A,B]]_i_[B’[B' Al +.... @312

In this expansion all terms consist of iterated commutators; the coefficients are
real. The proof of this theorem will not be given here; the reader should calculate
as an exercise the first terms written in (2.3.12).

With the help of the Baker—Campbell-Hausdorff theorem we can
immediately show that indeed the structure of the Lie algebra determines the
structure of the group in the neighbourhood N of the unity.

The structure of the Lie algebra is completely determined if for any two of

its elements, § and & say, the result of their product [§. h] is specified. We may
expand

and have

(8, 51 =)_aiilg;, &

ik
which indicates that it suffices to know all possible products of the basis elements

g;. Since the commutator of any two elements is again an element of the Lie
algebra, it follows that it can be expanded with respect to the given basis:

8 8] = chg; (2.3.13)
j=1

The ‘structure constants’ c,’k therefore determine completely the structure of the
Lie algebra. Not only that, in fact they also determine completely the structure
of the group in the neighbourhood of the unity. Namely, in that neighbourhood

g(a)g(B) = g(7)

reads
explg(a)] explg(B)] = explg(7)]
and the Baker—Campbell-Hausdorff theorem yields

2(y) = g(a) + 8(B) + 1/2[z(c), 2(B)] +. ..

where the first and all following commutators are completely determined by the
structure constants c, « (and, of course, by g(a) and g(ﬂ))
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As the commutator is already a quadratic function of « and 8, one can

write E(’y) = §(a + ) + terms of second and higher orders in « and 3.

In other words: in an infinitesimal neighbourhood of unity, group
multiplication is (almost) commutative and is in a first approximation equivalent
to vector addition in the space of canonical parameters. This is the meaning of
the somewhat misleading saying that ‘infinitesimal transformations commute’.

Although the Lie algebra generates by exponentiation a group which is
isomorphic in the neighbourhood of the unity to the group from which the ring
was derived, it need not be that these two groups are isomorphic outside the
neighbourhood of the unity. The group generated by

g(@) = explg(a)]

is called the ‘local Lie group’ of the group G, because it is locally isomorphic
to G but not necessarily globally.

A simple example for a local Lie group, which is not globally isomorphic to
the group from which it was derived, is obtained if the original group decomposes
into two pieces, as for instance does the rotation group (in three dimensions):

R ={R,, SR+}

where Ry is the proper rotation group (determinant + 1), S a reflection and
SR, the coset (determinant — 1) of R;. Then near to the unity the group R
and its normal subgroup R, are locally isomorphic, because no element of the
coset SR, lies near to unity. If one then constructs the Lie algebra of either R
or Ry, it is the same for the two cases but the group generated by its elements
is Ry, not R.

2.3.6 Summary: continuous matrix groups and their Lie algebra

Let us summarize the results in the following statement (we do not say theorem,
because we do not formulate it rigorously and also have made things only partly
plausible instead of proving them): to every continuous r-parameter group G
of n x n matrices one can choose particular (real!) parameters (called canonical
parameters) ¢, ..., @, such that the group elements g(ey,...,a,) have the
following properties.
()

g0,0,....,0)=1 (2.3.14)
(i) The derivatives

0 d
g(ngy) = d—ag(a)|a=o o =|af ne = a/f|al (2.3.15)

(again n x n matrices) constitute a real linear vector space of dimension r,
which becomes a ring by defining the product of any two elements

(8, ] = gh — hg. 2.3.16)
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This is the Lie algebra G (also Lie ring, infinitesimal ring) of the group G.
Its basis is given by the elements §,~ = (0/0a;)g(0,0,...,0);,i=1,...,r.

(iii) The neighbourhood of the unity of the group and of the zero of its Lie
algebra are mapped one-to-one onto each other by

g(a) = exp[Za,—éi] = exp[g(a)]. 2.3.17)

The §,~ are often called generators of the group.

(iv) The local structure of the group in the neighbourhood of the identity (and
with some precaution one can say in the neighbourhood of any of its
elements) is completely determined by the structure of its Lie algebra, i.e.
by the structure constants c{k in

(88 =) clg; - (2.3.18)
=1

(v) If one starts from a group G and constructs its Lie algebra é, then by
means of (2.3.17) a new group G, is generated which is locally but not
necessarily globally isomorphic to G. One calls G, the local Lie group of
G.

(vi) The group elements lying on the same straight line o in the space of
canonical parameters constitute an Abelian, one-parameter subgroup of G,
and each element of G belongs to such a subgroup.

2.3.7 Group representations

In section 2.2 we proved the Wigner theorem, which states that for every
symmetry group G in physics there exists a unitary (anti-unitary) representation
in Hilbert space. This representation is no longer an n X n matrix group—it is
in fact a group of matrices in an infinite-dimensional space H. For the moment
we shall ignore that it is, in general, only a representation up to a factor.

The set of unitary (anti-unitary) oo X 0o matrices constituting this
representation may or may not decompose into a direct sum® of finite-
dimensional matrices.

In the case of the rotation group (as for all compact groups) it in fact does
so. We have then the following situation,

We start from an n X n continuous matrix group which is the group with a
direct physical meaning; we find that there exist unitary (forget about the anti-
unitary, which do not come up in this book) representations U, (g) in a space of
k dimensions (where k may be any number, including zero and infinity); this k-
dimensional space is a subspace (called an ‘invariant subspace’) of H. The direct

3 See section 4.3 for the definition of the direct sum.
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sum of all these representations U, makes up the unitary representation U. We
must mention here that the invariant subspace may be labelled by continuous
quantum numbers (for instance momentum) when the direct sum becomes a
direct integral; we ignore this complication.

We also do not go into any detail here about such questions as when
invariant subspaces exist and how they are found; we only need for the following
consideration the fact that there may be representations of the n x n matrix group
G by k x k (or infinite) unitary matrices U where k in general differs from n.

If such a set of unitary matrices U is a representation of the group G,
then we may describe them in exactly the same way as the group elements
glay,...,a;) as a function of the canonical parameters: U{(ay, ..., a,). These
matrices, taken by themselves, constitute now a k X k (possibly infinite)
continuous matrix group. The dimension of this group may be smaller than r,
because we have not specified k. Indeed the number of independent parameters
of the unitary group in k dimensions is 2k minus the number of real equations
expressing unitarity. These equations are %k(k— 1) complex equations expressing
orthogonality of different rows (or of columns—this gives nothing new), hence
k* —k real equations and k equations expressing the normalization of the rows—
these equations are real. Hence there are k? real equations between the 2k? real
parameters. The dimension of the full unitary group in k-dimensional space is
thercfore k2. As k may be any integer, it follows that the representation Uy (),
taken by itself, need not be of dimension r although it may be described by r
parameters. Its dimension is equal to the smaller of the two numbers, k% or r. If
k* < r, the group elements U(a) and U (') need not be different for o # o’
(both near to zero).

Let us now consider the unitary matrix group Ui(ay, ..., a,) with fixed
k (suppressed) and forget for a moment that it is a unitary representation of
G. Nothing can prevent us from going in this case once more through all
the preceding arguments on continuous matrix groups, their Lie algebra and
the generation of the piece of the group connected to the identity by simply
exponentiating the elements of the Lie algebra. In particular, we define the

elements of the Lie algebra U of U by
d

I(ny) = —U(ang)la=0 (2.3.19)
do

in complete analogy to §(na) defined by (2.3.2). The only difference to be kept
in mind is that the r ‘basis elements’

I = aiU(o, .., 0) (2.3.20)

I

need not be linearly independent and thus need not span an r-dimensional Lie
algebra. They will do that, however, if k2 > r. Let us assume this to be the
case from now on.



2.3 CONTINUOUS MATRIX GROUPS 41

The local Lie group of U will then simply consist of the elements

i=1

U(a) = explI (a)] = exp [Z a,»I,~:| . (2.321)

Now we remember that U is a representation of the group G, and that the
structure of the local Lie group and that of the Lie algebra determine each other
umquely 2.3. 18) It follows that (under the restriction k2 > r) the elements of

g and those of U are mapped one-to-one onto each other, thereby preservmg

the commutation relations; we call the ring U a representanon of the ring G
Thus if U is a representatlon of G then the Lie algebra U is a representation

of the Lie algebra G What i 1s so important here is the observation that one can

go the other way round. If U is a representation of the Lie algebra G of G,
then (in an obvious shorthand notation)

U= exp[lo/]

is a representation of G (in the neighbourhood of the unity; i.e. U is locally
isomorphic to G).

This enables one to construct group representations by working with the
Lie algebra and finding its representations 4; exponentiation then yields a (local)
group representation. Exactly this is done in the standard theory of angular
momentum: as we shall see in any desirable detail later on, the angular

momentum operators Ji, J, and J; are a basis of a Lie algebra with elements

J(a) = Zd,‘.’i

yielding a representation
U(a) = exp[—iJ (a)]

where a = an designates the axis and angle of rotation and where the factor i
has been introduced to have Hermitian operators J (this is not in contradiction
with our previous remark that the group parameters must be kept real: here
the whole set of group parameters and all elements of the infinitesimal ring are
multiplied simultaneously by i—which does not matter. In fact it simply means
a redefinition of the elements of the Lie algebra).

Contrary to the general theory of Lie groups we have started from a definite
group of linear transformations in an n-dimensional space (Lorentz group,
rotation group). Among all (kX x k)-dimensional representations of the group

4 In fact one obtains this way all representations which depend analytically on the group parameters;
in general one does not, however, obtain all continuous representations (see Boemer (1963), chapter
S, section 8).
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and of its Lie algebra, one particular representation is exhibited: namely that
representation which consists of the n x n matrices by which the group is defined.
This representation logically precedes all the other ones. We shall call it the
Jundamental representation (also original representation, self-representation).

2.4 The physical significance of symmetries

24.1 Continuous groups connected to the identity; Noether’s theorem

Let G be a continuous symmetry group of our physical system. Then either
the whole of G or at least a piece of it (this piece being a normal subgroup) is
continuously connected to the identity. We consider this piece.

What do we know then? We know from the preceding analysis five facts

which now will combine into one beautiful theorem?:

for every continuous symmetry (continuously connected to the identity) there
exists a corresponding conservation law; i.e. there exists a conserved observable.

We shall explain this more precisely now. The five facts mentioned above
are the following.

(i) The Wigner theorem (2.2.11) asserts that for the given group G with
elements g(q, ..., a,) there exists a unitary representation U(ay, ..., a,)
(it cannot be anti-unitary for a group which is continuously connected to
the identity).

(ii)) The considerations on continuous matrix groups have shown that with

glay, ..., a) as well as with U(ey, ..., a,) there exists a set of matrices
o 0 o 0
gi=—g©0,...,0 Ui=-—U(®»0,..,0
da; oa;

respectively; each set can serve as a basis of a representation of the Lie
o]

algebra G of the group G; the §,- span the original representation of the
Lie algebra.

(iii) In the neighbourhood of the identity the group elements can be written

glar, ... a) =explZak§k] (24.1)
k=1

and their unitary representations become

Ulay,...,a,) = explZak;Jk]

k=1

exp lz iaki}k] . (242)
k=1

5 ‘Noether’s theorem’ (Noether (1918)). For an extensive discussion of Noether's theorem see Hill
(1957).
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[}

The last member of this equation defines the Hermitian operators By, =

R o
—lUk.
(iv) By this procedure the o have become canonical parameters; putting
(@1,....q;,) = a = a-n, we obtain a one-parameter Abelian subgroup

for n, fixed and ¢ variable. This holds in particular when we choose
n, = (0,0,...,0,1,0,...,0) = n; with a one at the ith place and zeros
elsewhere.

(v) The Hamiltonian and the scattering operator (S-matrix) are invariant under
the transformations of the symmetry group (see (2.1.3)).

Let then (according to (i)) a unitary representation U (¢, . .., «,) be given,

and the lol be calculated (according to (ii)). Then the local representation reads

U(al,...,a,)=exp[i2ak8k] By = —iU;.

We choose in the canonical parameter space the direction n;, =
©,....0,1,0,...,0) and obtain the Abelian subgroup (according to (iv))

U(a) =exp [ialoikl .

Under this unitary transformation the Hamiltonian and the S-matrix are invariant
(according to (v))°%:
H =U@HU (@) = H.

For « — 0 we obtain

(| +iaB)H(l —iaB) = H —ia[H, B,) = H

hence
(H,B]1=0
. (2.4.3)
[S,B:]=0.

o

This implies that the Hermitian operator B, is a constant of the motion.
Having assumed that we stay during all these considerations within one definite
superselection subspace (we come back to this very soon and then explain it in

detail), it follows that the operator B; can be considered to be an observable.
The same holds for all other B;, i =1, ...,r.

6 Do not confuse this § with the letter § used to designate a physical system; the context always
makes clear which of the two is meant.
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Every element of the Lie algebra’ can be written as

Ba) =Y @By = aZ“"f" = o B(ny) (2.4.4)

and the above consideration can be repeated for any given direction n,. Thus

the operators B(n,) as well as their multiples « - B(n,)—in other words, all
elements of the Lie algebra—are observables which are constant in time.

o
However, as the basis elements By (k = 1,...,r) span the whole Lie
algebra, it is sufficient to consider this basis.
o

The B; do not all commute with each other; in fact the whole structure of
the local group and of its Lie algebra is contained in their commutation relations
(see subsection 2.3.5 above)

[B;, Bx]=)_ CiB (2.4.5)
=1

where the structure constants CY, are the heart of the matter. (They are of course

not invariant under a change of the basis 109,( - lcék, but that is not essential;
it permits the choice of a basis such that a certain normal form of the CJ is
achieved. We do not go into this detail here.)

We now may take any set {B, ..., By} of commuting operators out of the
Lie algebra. Since they commute among each other and with the Hamiltonian,
we shall label the quantum states by their quantum numbers by, by, . .., by. Such
a set might, however, not be suitable for the description of quantum states. It

o] o o o
might be that certain ‘functions’ F(By, ..., B,) from the set (By,..., B,} are
convenient constants of the motion (e.g. the Casimir operator). For details see
section 2.4.4 below.

Resumé (Noether’s theorem)

=] o
The generators By, ..., B, of a symmetry group (continuously connected to the
identity) are conserved observables whose commutation relations are uniquely
determined by the structure of the group.

Remark. This obviously holds only if the equations of motion (the dynamics

o
of the system) can be formulated in Hamiltonian form and if then [H, B] = 0.
The invariance of the equations of motion is not sufficient. As is well known,
conservation of the linear momentum follows from translational invariance. In
the case of the motion of the body in a homogeneous viscous fluid the linear

7 As discussed above, the Lie algebra of the B and that of the U differ only trivially by an overall
factor i.
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momentum is rnot conserved in spite of the translation invariance. Why? Because
the equations contain a dissipative term (for friction) and therefore are not of
the Hamilton type.

24.2 Pieces not connected to the identity; discrete groups

The above arguments involved one essential step, namely the expansion of the
relation

U@)HU (@) = H for @ — 0 where U(a) ~ | + iaB.

From this it followed that [ H, B] = 0 and that therefore 109 is an operator constant
in time. Such a conservation law cannot be derived from U(x)HU (o) = H
if U(a) is not continuously connected to the identity, ie. if (for ¢ — 0)

]

U(e) # 1 4+ ieB. In this case the representation may also be anti-unitary.
Examples of such symmetries are reflections, permutations of particles, time
reversal (represented by antilinear and anti-unitary tranformation!) and so on.

The discrete symmetries (which are responsible for the groups not
continuously connected to the identity) have, however, in most cases the
remarkable property that their square gives unity. In that case, if they are of the
unitary type, it follows from

vut=vtv =1=0?

that
vuut=uU=U".

Hence U is not only unitary, it is even Hermitian and therefore it represents
itself an observable which, by [U, H] = 0, is a constant of the motion. Note,
however, that this argument is not valid if U2 # 1 and/or U is anti-unitary.

Example. A parity quantum number exists, but not a time-reversal quantum
number.

We shall not go further into these symmetries, as they only occasionally
come up in this text; in these few cases we deal with them directly and intuitively
without needing a general theory.

24.3 Super-selection rules

We finish this consideration of symmetry by discussing the selection rules.
Evidently the quantum numbers associated with the generators of continuous
symmetries have to be the same before and after a (symmetry-preserving)
reaction and they thus characterize the selection rules of the (symmetry-
preserving) interaction. Also the discrete symmetries lead to conservation laws
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frequently expressible in terms of quantum numbers, but sometimes requiring a
more elaborate description.

There is one particular kind of selection rule, which are called ‘super-
selection rules’. They are characterized by the fact that their generators commute
with all observables of the system under consideration. In other words, the
observables corresponding to the super-selection quantum numbers can be
measured without disturbing any other measurement; their values are always
sharp. Examples are the electric charge, the baryonic charge and—as far as only
strong interactions are concerned—the strangeness. The term ‘super-selection
rule’ does not imply that these quantities are super-strictly conserved: they
may in fact be conserved only with respect to certain interactions (like the
strangeness), whereas the four-momentum is absolutely conserved, although it
does not lead to a super-selection rule.

Why then, are they called ‘super-selection rules’? They are so called
because they split the Hilbert space, in which our system is described, into
subspaces between which no observable can have matrix elements and between
which no linear combinations are allowed in constructing state vectors of
physical significance.

This is seen as follows.

Assume that an operator X’ commutes with all observables of our system
S. Then also the Hermitian conjugate X'' commutes with all observables and
therefore the Hermitian operator X = 1/2(X’' + X'") commutes also with all
of them. Therefore, whatever complete set of commuting observables we may
select to define a basis in H, our X will be among the observables of this set
and consequently have a common basis with them in H.

We write down the spectral representation of X

X=;sls,y><s,y|=;sP; (2.4.6)
Y

where the projection operators P; = Zy |€, ¥){&. y| project into that subspace
H; of the Hilbert space H where X has the eigenvalue &; y in |£, y) indicates
further quantum numbers—in fact H; is made up of all states |£, y} in which
& is kept fixed and the other quantum numbers y assume all possible values.
Whatever basis one chooses, that is, whatever the quantum numbers represented
by y mean, the & will always occur, because X commutes with all observables
and therefore any complete system of commuting observables contains X and
has to share its basis with it. This induces the mentioned decomposition of the
Hilbert space H into subspaces H;. This decomposition is by its very nature
unaffected when we change the basis in M by going over to the eigenvectors
of another complete set of commuting observables—just because X is also a
member of the new set of observables. Hence all those unitary transformations
which transform from one basis (defined by a complete set of commuting
observables) to another one leave this decomposition of H invariant. This holds
also for the unitary (or anti-unitary) representations of the symmetry groups;
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otherwise one would have an observable effect, namely a change from £ to
another eigenvalue &'.
No observable A can have matrix elements between states of different &:

(gv ylAlS', y) = (sv yIPEAPQ"lE,v y)
=&, v|AP:PylE', y) =0

because [P;, A] =0, Pr = PJ and P; Py = &gp Py

0 1 o

2.4.7)

Thus all observables in S are split in the same way (whether they commute
or not) and in each of these boxes (of in general infinite dimensionality) &
has another value, constant throughout the box. The box structure is possibly
different for two different physical systems. For instance, in strong interactions
the strangeness S and the charge Q lead to independent box structures; if weak
interactions are added, only the charge boxes remain.

By no physical process can a transition between different boxes be
induced—as long as we do not enlarge the system under consideration by
interaction terms not commuting with X, Therefore all probabilities involve
only matrix elements inside one super-selection subspace: superpositions of state
vectors belonging to different super-selection subspaces do not make sense.

Let us illustrate this by a simple example.

All physical systems—be they rotationally invariant or not—are
transformed into themselves under a rotation by 27 about an arbitrary axis.
Rotations have unitary representations, hence U(27) is unitary. One might
think that U(27) must be equal to the unity operator; this is, however, not true:
as we shall see later, a state with total angular momentum j is multiplied by
exp(2mij) under a rotation by 27 and this is £1 according to whether j is
integer or half-integer. In any case we have U?(2r) = U(4m) = 1.

We proved above that a unitary operator U whose square is unity is a
Hermitian operator. Hence its eigenvalues will be +1 and —1. For obvious
physical reasons the operator U(27) commutes with all observables and hence
induces a decomposition of the total Hilbert space into super-selection subspaces:
H = H,+H_. All states H, are invariant under a rotation by 27 and all states
of H_ are multiplied by —1 under such a rotation. Fermions have half-integer
J and bosons as well as orbital angular momenta have integer j, hence H,
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contains all states with the number of fermions plus antifermions being even,
whereas H_ contains the states where this number is odd. This decomposition
holds whether or not we have rotational invariance.

Assume now one tried to assign a physical significance to the superposition
of one state belonging to H, and one to H_:

V) =alps) +blo)  lalP +b)* = 1.

Having prepared such a state, the probability to find it in a measurement
(immediately following the preparation) must be unity. Indeed

(1Y) * = (aa* + bb*)? = 1.

But then, as the physical state (not the state vector) rotated by 2w must be the
same as the unrotated one, the probability to find the rotated state must also
be one. The rotated state vector is, however, [{') = alp.) — blp-) and the
probability becomes

KY'lY¥)? = (aa® — bb*)* < 1

which would mean that a rotation by 27 would lead to an observable effect—
except if either a = 0 or b = 0. In other words a superposition of states
belonging to different super-selection subspaces is not allowed. The super-
selection rule forbidding the superposition of states with different statistics
remains true also in the presence of super-symmetry (generalized symmetry
transformations relating bosons and fermions to each other; see chapter 11).

What is allowed, however, is to combine such states of different super-
selection subspaces in a density matrix, because the relative phases become
irrelevant and the density matrix only expresses our knowledge that the system
under the observation is, with certain probabilities, in such and such states (such
a combination of states is called a mixture). Indeed, if we know that the system
is with probability a in a certain state |¢,) and with probability b in a state
lo_), where a and b are real, a + b = |, then the density matrix is

p = alpy) e + blo_){e-|
and this transforms into itself under a rotation by 2x:
P = ales){p+] + b-(=Dlp-Ne_|-(=1) = p.
The expectation value of any operator A is
(A) =Tr(Ag)

and the probability to find the mixture described by p, in an experiment
immediately following its preparation, is given by

(1) =Tr(p) = 1.
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All this is not affected by a rotation by 2w, because p is invariant.

More generally, if {|¢;)} is a complete orthogonal system spanning the
whole of H, and if we know the probabilities a; for each |g;) (of course
Za,- = 1; all g; real) then

p =) _ale)pil
and this is obviously independent of the phases of the |¢;), because if

loe) — € lgr)

then . ‘
p=) @ lp gl e™ = p.
k

Our above considerations show that only Hermitian operators having a
box structure (2.4.7), and therefore having vanishing matrix elements between
different super-selection subspaces, can be admitted as observables; in fact they
even must be—in other words any such operator corresponds to an observable
quantity. We have seen that the unitary (or anti-unitary) representations of
the symmetries leave the decomposition of H into super-selection subspaces
invariant (otherwise one would have an observable effect); the generators of
these groups cannot therefore have matrix elements between different subspaces;
consequently they are indeed observables even in the presence of super-selection
rules. One can also argue the other way round: in the definition (2.1.2) of
symmetry we required A’ = UAU' to be an observable of S if A was one.
Since all observables in S have to have the same box structure, A’ must have it
too. This is true for all observables if and only if U itself has this box structure.

] ] =]
Hence B in U = exp(iaB) = 1 + i B + ... must be of the same box form and
consequently is an observable.

The super-selection rules make quantum theory neither more complicated
nor simpler: in discussing a given physical system with given super-selection
rules we can restrict its description to one of the subspaces because no interaction
(contained in the definition of the system) can lead out of it. That is, we can
write on top of our calculation: ‘We have eigenvalues §’, ', ... for the super-
selection observables X, Y,...” and then forget about it; having thus fixed all
super-selection quantum numbers £, n, ... we are back in an ordinary Hilbert
space H(&, n, ...) in which no super-selection box structure remains.

24.4 Complete symmetry group, complete sets of commuting observables,
complete sets of states

The following considerations will be only qualitative.
Let a definite physical system S be given. When we examine it carefully, we
find a set of symmetry operations. If we look more carefully, we may find some
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more such symmetries. Assume that we have done our best and now believe
we have found all of them; i.e. we believe we know the symmetry group G of
the system S. Maybe later on we find further symmetries; then the arguments
which will now follow must be repeated including the new symmetries. We
should agree, however, on how we shall describe our system S with the best
knowledge at hand; this present best knowledge contains a statement like this: G
is the symmetry group of §, i.e. G is the complete set of symmetries of S. The
group G will depend on parameters; continuously on some of them, «;, ..., ,,
say, and discontinuously on some others, ¢, ..., &, say.

To the continuous (canonical) parameters corresponds a Lie algebra and to
the unitary group representation there corresponds a representation of the Lie
algebra. The basis of this representation, which is defined by the choice of the
canonical parameters (changing the choice of the parameters implies only a linear
transformation of the basis into another one—see section 2.3.4), consists of a

[+ [+ =]
set of observables B,, B», ..., B, with well defined commutation relations. To
this set is added the set of those unitary representations of discrete symmetries
whose square is unity and which therefore are themselves Hermitian operators;

let us call them E‘l, 2‘2, R E‘S. The set
[El,gz,...,gr; 51,52,...,85] (248)

now contains only constant operators, which, however, do not all commute

with each other. The operators B, of this set can be considered from two
aspects: on one hand, they are basis elements of a Lie algebra and therefore

only the ‘product’ [Ei, Ek] is defined, and not the ordinary product 109,-5;(; on
the other hand, they—as well as the Cy—are operators in Hilbert space and

then such products as B,-;!k, E,-C w C ,-E‘ « and further products are well defined.
Such products—more generally, functions (power series) of these operators—no
longer all belong to the Lie algebra, but they are nevertheless constant operators.
We add these operators to the set (2. 4 8) and obtain a new set, containing all

functions of the Bl, B2, .. B,, Cl, C2, .. C (and among these functions of

course the B and C themselves):

[F(El,...,és)]. (2.4.9)

Example. In the theory of angular momentum L,, L, and L, are conserved
generators. As they do not commute among each other, we choose L, and
L>=12+ Lf + Lg (L? is a ‘Casimir operator’) as a commuting set.
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The set (2.4.9), if derived from a complete symmetry group, now contains
by definition all constant observables, because if a constant observable D were

=] =]
not contained in it, it could not be a function of the B and C. Hence it is an
entirely new operator. By supposition it commutes with the Hamiltonian and so
o]

does Up(a) = exp(ia D).

As a unitary operator this U leaves all probabilities invariant and thus
meets the definition of a symmetry. It therefore would have to be included
in the symmetry group of our given physical system (although its physical
interpretation might be difficult), which thereby would be enlarged. Starting
again from this enlarged symmetry group we would now end up with an

enlarged set (2.4.9) which this time would indeed contain the operator D.
Having assumed, however, that the group was complete, no such additional
symmetries leading to an enlargement exist—at least not with respect to the
present experimental knowledge and the corresponding theoretical models.

Of course, in physics we are never sure that the group is really complete;
but at any stage of our knowledge we build up a theory of the system, which
tacitly assumes that we currently know the complete symmetry group—until one
day new experimental material reveals something which has been overlooked so
far. This is actually the way in which the known symmetry groups are enlarged;
one finds experimentally new selection rules, formulates the rules in terms of
observed operators and defines the corresponding symmetry. The history of
the strong interactions, from the discovery of isospin invariance to the SU(3)
symmetry—and finally to QCD—is just an illustration of the above statement.

If we agree to label the basis vectors in H by ‘good quantum numbers’,
i.e. by eigenvalues of conserved observables (we do not have to label them that
way, but we can), then the usual complete set of commuting observables must be
chosen from the set (2.4.9). As this set is determined by the complete symmetry
group of the system, it follows that those complete sets of states which are
labelled by good quantum numbers are determined by the complete symmetry
group of the system; in other words, the complete symmetry group of the system
determines the Hilbert space, which then appears to be nothing other than the
representation space of the symmetries. Although this does not imply that the
symmetries fix everything, yet they at least lay down the framework for the
description.

In this respect even approximate symmetries are useful. These are
symmetries which hold only for the ‘strongest’ part of the Hamiltonian but are
violated for some ‘weaker’ part of it. The symmetries of elementary particles
(isospin, strangeness, hypercharge, SU(3) etc) are good examples. A similar
example will be discussed in section 4.4, where we shall show that the formalism
of angular momentum can remain useful even in situations where rotational
symmetry is not valid.
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2.4.5 Summary of the chapter

If one were to try to concentrate the result of this whole chapter into one single
(necessarily not very precise) sentence, then it would read

the Lie algebra of a physical symmetry group is so important

. . 2.4.10
because each of its elements is a conserved observable. ( )

A more detailed summary, which also shows the logical flow of the arguments,
is given in table 2.1; with this table we conclude the chapter.

Table 2.1. Summary of the chapter.

l Given a definite physical system S |

[lhe system S possesses a symmetry group G: |

the physical states of S are characterized
its operations act on physical states of S b
[ 2

=~ 0
rays 9, y, eic. have elemenise” |¢>,
Le™ Iy, etc., called state vectors

the group G has elements glay,...,a,) depending
on parameters: these operations leave all the
probabilities and the Hamiltonian invariant

by Wigner's theorem we can fix the phases—l

there exists a ray representation of G, B, ¥.... such that we ohtain
which is by definition isomorphic to G

v
continuous nxn matrix SWUPS( ongmal unitary (antiunitary) representations U (up to a factor
) with r P of dulus 1) of G. The matrices (in general not nxn.
mcal pammelers oy, "1' The group ma U(ay.....a, ) are labelled by the group parameters
decompose into "pieces”
L ]
teces ¢ piece continuously connected |fg—----- the piece continuously connec: ieces
are its to 1 is a normal subgroup to ! is a normal subgroup are its
T TOSel
from here we obtain the Lie algebra
(infinitesimal ning) with the basis the Lie algebra of the rep ion Ués a& ation|
o o o _ of the orjgingl Lie algebra: its basis is or, with
Bl 8= (32 a)g(@....0). ié :}&I: rg , with commutation relations equivalent to
The "structure conslanls c'jx are defined by those of the onginal Lie algebra
ch&
the Lie algebm yields by exponentiation the lhc Lie algebra of U yields by exponentiation
"local group” G, isomorphicto G ina ion of the local group Gy.
neighbourhood of 1. U(a.‘ 0 =expli L o ﬁ.)
£2(0t,....04 )= exp( E o ) 7
o
- __ [.8] -0
invariance of the Hamill o
implies i.c. the B, are observables (even in the

presence of superselection rules)

[
the By together with all Hermitian generators &....&. of discrete symmetries
constitute a set of conserved observables, out of which all conserved
observables can be chosen or constructed, We choose or construct now

/

a complete set of commuting observables which then in turn gencrate
a complete set of state vectors, labelled by "good quantum numbers”
(conserved quantum numbers). These states span the representation
space of the unitary rep ions U of the sy y group G

of the system S. This representation space is the Hilbert space of
quantum mechanics.




ROTATIONS IN THREE-DIMENSIONAL SPACE

3.1 General remarks on rotations

There are unfortunately a large variety of possibilities for writing down a
rotation; also there are two different interpretations of the word ‘rotation’. These
points will be cleared up in this chapter.

3.1.1 Interpretation

Let a rotation R be given e.g. by fixing a directed axis of rotation and the angle
of rotation {right screw with the direction of the axis). Suppose we have a
coordinate frame x, y, z in which we describe our physical system. Then, if we
speak of the rotation R, it still remains open whar shall be rotated: the coordinate
frame or the physical system. We shall call the rotation

active, R,, if the physical system under consideration is bodily
rotated, whereas the coordinate frame remains fixed. As a
shorthand notation, we will speak of ‘rotating the space’
against a fixed coordinate frame.

passive, R,, if the space remains fixed and the coordinate frame
is rotated.

(B.1.1)

Obviously, if we rotate first the coordinate frame and then, by the same
rotation, the space, all points will obtain again the same coordinate as before
these rotations; the same is true in the reverse order. Hence in a somewhat
symbolic notation (since strictly speaking this is true for the corresponding
transformation matrices and representations)

RRy=RyR.=1 R, =R, (3.1.2)

One may feel, perhaps, that this point is trivial and hardly worth mentioning.
However, for reasons of intuition one may prefer sometimes the active
and sometimes the passive interpretation—just as physical intuition suggests.
Without carefully keeping track of what is rotated against what, one gets almost
immediately lost in confusion about + and — signs in matrices and exponential
operators, and even about the order in which non-commuting operators must
be applied one after another. The subscripts @ and p for active and passive
rotations respectively are the cheapest and most efficient safeguard against any
such confusion.

53
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3.1.2 Parameters describing a rotation

We use two descriptions of a rotation. The first one fixes the axis by giving a unit
vector i and the angle o of rotation so that the vector &« = on defines uniquely
a rotation with the convention that the positive rotation forms a right-hand screw
with n. Conversely, a rotation does not uniquely define a vector ¢, since instead
of rotating by o about n we may equally well rotate by 2w — o about —n. We
may improve the situation by restricting 0 < o < . Then, if we look at the
vectors a we see that they fill a sphere of radius m and that the correspondence
of the possible rotations and the points in the sphere is one to one, except for
the surface (rotations by m) where any pair of opposite points represents the
same rotation. We shall write R(«x) if we have this parametrization in mind. It
should be clear what R,(a) and R,(x) mean. Keeping n fixed and varying o,
we obtain the rotations about a fixed axis, i.e. an Abelian subgroup:

R(ain) - R(a2n) = R((y + @2) - m) and R(0) = 1.

Hence this parametrization is one by canonical parameters (of the first kind),
which automatically ensures an exponential form of the local group (see
subsection 2.3.4).

The other description is by means of the so-called Euler angles «, 8, ¥ and
the prescription is

Ry(a, B, y):

(@) Rotate the coordinate frame K about the z-axis by the angle 0 < @ <
2. Call the new frame K’ with coordinate axes x’, y', z’.

(B) Rotate the new coordinate frame K’ about the new y'-axis by 0 <
B < m into the position K” with axes x”, y", z”.

(y) Rotate the new coordinate K”-frame about the new z”-axis by the
angle 0 < y < 2 into the final position x™, y”, z"” making up the
final coordinate frame K".

R.(a, B, v): Attach to the material system (to ‘the space’) three coordinate
axes &, n, ¢ coinciding with x, y, z (e.g. by three perpendicular pointers
fixed on the system). Carry through the same operations R, as described
above, with the difference, however, that this time they operate on this
body-fixed system of axes which on its way through the various positions
¢ ) —> E. 1) > ¢ 0", ") - (", 0", ") always carries the
material system (‘the space’) with it; this time the main coordinate frame
x y z does not participate in the motions.

Suppose we have a rigid body (‘the space’) with material axes &, 17, ¢
coinciding with the coordinate axes x,y,z. Carry out first R,(x, 8, y) and
afterwards R,(a, B, y) or first R, (a, B, y) and then R,(c, B, ¥): in both cases
the final positions of £”, ", ¢" and of x",y", z" coincide again, just as if
no rotation had been made at all. Hence, also here, although R(x, B8,y) is a
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product of three rotations

Ro(a, B,¥) = R; (@, B, ¥). (3.13)

That the Euler angles are canonical parameters of the second kind will become
clear somewhat later.

3.1.3 Representation of a rotation

The rotations form a group and we have denoted the abstract group element
by R with a subscript a, p referring to what is rotated and an argument o or
o, B, v indicating which parametrization we choose. We may sometimes leave
these choices open, and simply write R.

A given rotation R,, say, carries the frame of reference K into a new one
K’', and a point P fixed in space will have coordinates x, y, z in K and x', y/,
7' in K’. The old coordinates x, y, z and the new ones x', y’, 7’ are related to
each other by an orthogonal 3 x 3 matrix M(R)

’

X X
yl=M® |y M(R,) = M™'(R,). (3.14)
Z' F4

These matrices M (R) furnish one particular representation of the rotation group,
since the correspondence M(R) <> R is one to one. This representation is called
the ‘original representation’.

There are, however, other representations of the group and they are the ones
which will turn up in the theory of angular momentum: these are the unitary
representations discussed quite generally in chapter 2. Applied to rotations the
argument runs as follows.

Consider a physical system S. Its physical states are described in quantum
mechanics by state vectors |y), where ¥y = (a, b, ..., x) is the symbol for a
complete set of quantum numbers. Suppose that the system is invariant under
rotation, i.e. the Hamiltonian is invariant—not the actual states of the system;
they may be as asymmetric as they like. Carry out a bodily rotation R, of
the physical system when it is in a definite state |y), without disturbing it
otherwise: the state should remain |y) for an observer who rotates with the
system. Rotational invariance means then that the result of this rotation, seen by
an observer who did not participate in the rotation, is again a possible state, |y)’
say, of the unrotated system. The Wigner theorem asserts then that the states
ly)" and |y) are connected by a unitary transformation U (R)

ly) = U®RIy) (3.15)

and these unitary transformations form a group which is isomorphic up to a
factor to the original group of rotations R. The matrices corresponding to the
transformations U (R) will then also furnish representations of the rotation group.
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One says the rotations in the physical three-dimensional space induce unitary
transformations in the Hilbert space, whose matrices give rise to (infinitely many
independent) representations of the rotation group. We shall see this in detail.
In particular it will turn out that the matrices of these unitary transformations
can be chosen such that they split up into unconnected finite square boxes along
the diagonal:

0 0 0
0 0 0
0| o 0
0
0 0 (3.1.6)

This will be seen to happen if one chooses as quantum numbers labelling the
states those of the angular momentum (among others), i.e. if the basis vectors
in the Hilbert space are eigenstates of the total angular momentum. If the
total angular momentum of the system is j (remember i = 1), then j will
be unaffected by any rotation and the matrix representing U will transform a
state |j,...) into another state |j,...) with the same j. As we know from
elementary quantum mechanics and as we shall see explicitly later on, there are
(other quantum numbers held fixed) just 2j + 1 linearly independent states for
each value of j; consequently U will transform them among themselves. This
part of U, acting in the subspace of total angular momentum j, is one of the
(2j + 1)-dimensional boxes of the structure indicated in (3.1.6). Keeping j fixed
and letting R go through all the rotation group, this (2j + 1)-dimensional matrix
will become a (2 + 1)-dimensional representation of the rotation group. We
shall introduce a particular symbol for these representations:

DY (R) = (2j + 1)-dimensional representation of R (3.1.7)

(the letter D comes from the German word Darstellung, representation).
We collect in table 3.1 the results for ready reference.

3.2 Sequences of rotations

The use of the three Euler angles implies that we consider a sequence of three
rotations. We shall now derive some simple statements concerning the product
of three rotations. These statements will be true for the product of any number
n of rotations; but as the generalization is obvious, we shall limit ourselves to
the frequently encountered case n = 3.
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Table 3.1. Symbols used for various rotations and their representations.

R general symbol for the abstract operation ‘rotation’ to be
specified by subscript and arguments

R, active rotation: the ‘space’ is rotated,
the coordinate system remains fixed

R, passive rotation: the coordinate system is rotated,

the ‘space’ remains fixed
R(a, B,y) rotate (as specified by a subscript a or p)
(o) first about the z-axis by «
(B) then about the y'-axis by 8
(y) finally about the z"-axis by y

R(a) rotate (as specified by a subscript a or p) by «
M(R) rotation matrix relating the old and new coordinates
in the three-dimensional space: ' = Mzx.
U(R) unitary transformation induced by R in the Hilbert space
DW(R) (2j + 1)-dimensional representation (Darstellung) of the

rotation group, connecting eigenstates (eigenfunctions)
of total angular momentum j

Consider then a coordinate system K with axes x, y,z. In this system
we arbitrarily fix three unit vectors n,, n; and n3 which are rotated with the
coordinate axes (i.e. these unit vectors do not in general coincide with the three
coordinate axes).

3.2.1 Considering the ‘abstract’ rotations R

Any three successive rotations of the coordinate axes will have the effect
K— K —>K"—> K"
ninyn; — ninyn; — ninjn; — ni'ny'ny.
To each of the unit vectors n; we attach an angle « such that o, = o;n;, and
consider now the three particular successive rotations

R, () =rotation K — K’ by o about n;
R,(a}) =rotation K’ — K" by a3 about the new n), 3.2.1)
R,(aj) =rotation K” — K" by a3 about the new nj.

The product of these three rotations can be written'
R,(a), a)y, a3) = Ry(af)Ry(a)) R, (o). (3.2.2)

L {3 might seem more suggestive to write the arguments in R, (). a'z. a'J' ) in reverse order, namely
in the same order as they appear in the r.h.s. product. However, the generally accepted convention
in the current literature is as in our formulae above. The reason for this will become clear soon; see
(3.24).
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(The active interpretation is obtained if the three rotation axes are bodily fixed
to the rotated physical system rather than to the coordinate frame.)

It must be possible to obtain the same resultant rotation by rotating by
certain angles 7, 72, 73 about the three original axes ny, n,, n3 which then are
thought to be kept fixed all the time: we now ask whether it is possible to give
a simple relation between the above and this latter description? This relation is
indeed surprisingly simple and also surprisingly simple is its proof.

A
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Figure 3.1. Rotation about an axis n.

Suppose a coordinate system is to be rotated by an angle o about an axis
a = an but that we are requested to carry this out using the same angle o but
another given axis m. As figure 3.1 shows, we can accomplish the task by first
rotating such that n is turned into the position of mn, then rotating by « and
finally rotating n back into its old position. Let R(n — m) denote the rotation
which brings n into m; then if nothing else is done

R(@n) = R(m — n)R(am)R(n —> m).
With this in mind we return to (3.2.2) and observe
R, () = Rp(a; = ay))Ry(aa) Ry () — ).

However R,(a; — a)) = R,(ay) so that

Ry(c) = Ry(a)) Ry ()R (auy).
Similarly

Ry()) = Ry(ey)Ry(cfy) Ry ()
= Rp(al)Rp(aZ)Rp(a:i)R;](QZ)R;](aI)-
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This yields altogether, if inserted into (3.2.2)

Ry (a3)Rp(ay) Rp(cu) = Rp(an) Rp(cn) Rp(as) Ry () Ry (o)
X Ry(a)) Rp(a2) R, (au) Rp (1) = Rp(an) Ry () Rp(as).
The general result is
if a sequence o, ay, ..., a, of rotation axes is given then the
resulting rotation is the same, whether we

(i) let the system of rotation axes participate in the rotation

and rotate in the order from 1 to n, using for each rotation

its corresponding axis in the position where it was left

after the preceding rotation, or 3.2.3)
(i) keep the system of rotation axes fixed and rotate in the

order from #n to 1, using for each rotation its corresponding

axis in its original position.

7 " -1
R(alv az, a}a Ceey afln )) = R(any an—l: e a31 021 a])'

In particular, regarding the Euler parametrization, e; ;3 are the unit vectors
along the x, y, z axes

R(a, B, y) = R(ye"3)R(Be'2) R(wes)
= R(aes)R(Bez)R(yes). (3.2.4)

3.22 Considering the 3 x 3 rotation matrices M (R)

Consider any rotation matrix M (cx), active or passive. If we rotate the coordinate
system by R,(3) say, then, if a is kept fixed, the matrix M (cx) will assume a
new form M’( a) in the new coordinate system.

Let M () transform  into £ (active or passive)

€=M
and let M,(3) transform x and £ into a’ and & respectively:
x' = M,(B)x.
Hence
(i) x =M, ( B)x’
(i) €' = Mp(B)E.

We define now M’'(«) by
¢ =M (o).
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If we insert into (i) into (iii) and then replace & by means of (ii) we obtain
¢ = M,(B)M(a)M; (B)x’ = M ().
Hence
M'(a) = M,(B)M(c)M; ' (B). (3.25)

If, on the other hand, the axis « is also rotated by R,(/3), i.e. if we consider
it to be fixed to the rotated coordinate system, then the matrix expressing a
rotation « in the old coordinates K must be the same as that expressing the
rotation o in the new coordinates K’, because o’ has the same position with
respect to K’ as « had with respect to K:

M) = M(c). (3.2.6)

Now let two orthogonal matrices M, and M, be given, in a definite numerical
form, and consider the transformations (rotations in fact)

T =Mz, o' =Mz =MMz. (3.27)

What does this mean?

Passive interpretation. &' are the new coordinates of a given point P, fixed in
space, after the coordinate system has been turned into a new position. If e.g.

cosp sing O
M = (—singo cos ¢ 0)
0 0 1
then the coordinate system has been rotated by +¢ about the z-axis. If e.g.
1 0 0
M2=<1 cos 1 sinz?)
1 —sin?® cos?

and we write
(B” — Mz:l:,

then we may forget about the first rotation and look at this equation as stating that
a point P has coordinates &’ before and x” after the rotation of the coordinate
axes. What rotation? Obviously the rotation about the first axis of the system in
which P has coordinates &', that is, about the x’-axis. Thus, the matrix M, is
the matrix representation, in the system with axes x’, ¥’, z’, of a rotation about
the x’-axis. Therefore, more pedantically, we should write

' =M (ve))x’ = M'(de))M(pes)x (3.2.8)
and in the general case (with the help of (3.2.6))
' = M(a)M(ay)x = M (a))M(a))z. 3.29)
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This means first rotate the system K by «,, then rotate the system K’ by a»
around the new axis o,

Generally

if a sequence «, ay, ..., a, of rotation axes and angles is
given, then the product of the matrices Mp(ay), Mp(ay),
..+ Mpy(a,) is the matrix which represents the following
sequence of rotations of the coordinate system: the system of
axes ay, ..., ¢, participates in the rotations, which are carried
out in the sequence from 1 to n, using for each rotation its
corresponding axis in the position where it was left after the
last rotation: (3.2.10)

Mp(an)Mp(an—l)- . -Mp(az)Mp(al)
=M V(). My(a)M, () My(ay)
MR, (aicyaf. ..al" )]

M[R,(al" D). Ry (o) Rp(ay) Ry(axy)).

Therefore matrix multiplication of rotation matrices in the passive
interpretation always means that the next rotation is about the corresponding axis
in its new position—in spite of the fact that the matrices are formally written
down always as if everything applied to the originally given (and then fixed)
axes of rotation and in the original coordinates. This is due to M'(c’') = M(«).
The most adequate notation for the passive interpretation is, however, that of
the r.h.s. of equation (3.2.10), M;,"")(afl"")). <My ()M, (o) My(any).

Active interpretation. Consider now the corresponding product of matrices in
the active interpretation:

T’ =M (a))x

z' = M, (02):1:/

2 = My ()" = My(an). . . Ma(a3) Mo (02) My ().

This means now that the point P has been transferred by ‘a sequence
of ‘space’ rotations from a position where its coordinates were x, to another
position, where its coordinates are x‘™—always with respect to the same fixed
frame of reference. The matrices therefore refer to the axes o; ... o, fixed
once and forever with respect to the fixed coordinate system and the matrices
themselves are all meant as representatives of these rotations in terms of this
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same coordinate system:

if a sequence oy,..., a, of rotation axes and angles is
given, then the product of the matrices M,(a,), M,(a;),
..., My(,) is the matrix which represents the sequence of
rotations (mappings) of the ‘space’ in the order from 1 to n;

the coordinate frame and the axes o, .. ., &, remain fixed once
and forever: they do not participate in any rotation. Here the
adequate notation is (3.2.11

Ma(an)Ma (an—l)- . ~Ma(a2)Ma (al)
= M [R,(0n) Ry (0tn_y). . .Ry(02) Ry (11)]
= M[R,(a1vy...ax)].

In view of these statements we may now consider the relation between
a given abstract rotation R and its matrix M(R) in the two forms of
parametrization.

If R is given in the ax-parametrization, everything is trivial, because it is
one single rotation:

M(Ry(a)) = Mp(a)

as found in subsection 3.1.3. It is immediately obvious that
My(a) = M (@) = My(—a).

If, however, R is given in the Euler parametrization, then some care is
required, since a product of rotations is involved. As we just have found,
the active interpretation means carrying out the sequence of rotations using a
fixed system of rotation axes; the passive interpretation means carrying out the
rotations using a system of rotation axes which participates in the rotation. The
identity (3.2.4)

R(a, B, v) = R(ve3)R(Bey) R(xe3)
= R(axez)R(Bex)R(ye;3)

allows us to arrange the same total rotation to be carried out with moving or
with fixed rotation axes, according to what we need in writing the matrices. We
use the moving rotation axes in the passive and the fixed ones in the active
interpretation:

M[R,(, B, ¥)1= M[R,(ye5) R, (Be3) Ry (aes)]
=M, (ye5) M, (Be;) M, (aes) (3.2.12)
=My(yes)My(Ber)M,(ae3) = Mp(a, B, y)
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(see (3.2.10))

MR, (e, B, ¥)]= M[R,(xe3)R,(Ber) Ra(ye3)]
= M, (ae3)M,(Be)Ma(yes) (3.2.13)
=M, (a,B,7)

(see (3.2.11)). Note the different order of operators in (3.2.12) and (3.2.13)!
As one sees immediately

My (a, B, Y)Mp(a, B, ) = Mp(a, B, y)My(@, B, y) = 1 (3.2.14)

since for each single rotation M,(n) = Mp‘l(n) and the order in the products
is just reversed. This is exactly as it should be according to the consideration
leading to (3.1.3).

3.3 The Lie algebra and the local group

As an illustration we connect in this section the 3 x 3 matrices of rotations to
the general considerations of chapter 2. We do this in several steps.

(i) We work out the matrices M, (1), and check them by specializing to
My(ney), Mp(nea), Mp(nes), i.e. to the rotations about the three coordinate
axes.

(i) We derive from these matrices the Lie algebra of the rotation group and
specify the commutation relations (structure constants).

(iii) We show that by exponentiation of the Lie algebra we obtain the local group
which in this case is even globally isomorphic to the group we started from.

(iv) We show that the Euler angles are canonical parameters of the second kind
and work out the Euler parameters as functions of 17 = (1, 72, m3)-

3.3.1 The rotation matrix M, ()

The rotation matrix for the passive rotation about a given axis n = nn is
complicated. Nevertheless it is not difficult to find it by using a trick which
we already employed earlier: we first perform a rotation such that the z-axis is
turned into the direction n; call this rotation N (1}, ¢) where ¢ and ¢ are the
angles defining n (see figure 3.2). Then we rotate by the angle n about the
new axis z’ (= n) and finally by N~'(1, ¢) we rotate the z’-axis into its final
position z” (i.e. the position into which M,(n) carries the z-axis). Hence

M,(n) = N~' (9, o) M, (m)N 9, ¢) (3.3.1)

where Mp(n) is the matrix of the rotation R(7) in the new coordinate system
obtained by the rotation N(&, ¢)—but this is now a simple rotation about the
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Z/-axis:

cosp sing O
M;,(n) = (—sin 7 cosp 0) . (3.3.2)

0 0 1

Now we determine N(1, ¢) by decomposing it into, first, a rotation by
@ about the z-axis and, second, a rotation by ? about the new y’ axis (see
figure 3.2); these two operations bring the z-axis into the position n

cos? 0 ~—sin? cosp sing O
N0, ¢) = ( 0 1 0 ) (— sing cosg 0) . (3.3.3)
sin# 0 cos? 0 0 1

We leave it to the reader to verify that in the left-hand matrix the minus
sign is not in the wrong place. N~!(1%, ¢) is obtained by inverting the order
of the two matrices in (3.3.3) and changing ¢ — —®, ¢ — —¢. Finally with
figure 3.2

n =mn/n = (sin?cose,sin? sing,cos¥) = (ny, ns, n3).

;

Figure 3.2. Rotation about an axis n.

Inserting (3.3.3) and (3.3.2) into (3.3.1), we obtain the final result

0 nia —nNny
My(n) = siny (—n; 0 n )

np —~nj 0

2 (3.34)

nl nyny ninj3
+ (1 —cosn) (nznl n; n2n3)
nsny  n3ny  nd
+ cosp- 1.
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From this, by putting n = e;, e, or e3, we obtain respectively

1 0 0
Mp(nel)=(0 cos 7 sinn)

0 —sinnp cosp

cosnp 0 —sinp
) (3.3.5)

M,,(nez)=( 0 1 0
sinp 0 cosp

cosn sinp O
M,(nes) = (—sinn cosn 0) .
0 0 1

(Of course, (3.3.5) is nothing new, as we have already used these three matrices
above; it only checks our calculation.)

3.3.2 The generators of the rotation group

According to (2.3.15) a basis of the Lie algebra is given by the three matrices

o d
M, = Er;Mp(nek)lmo (3.3.6)

from which we obtain the generators (basis of the Lie algebra)

o 0 0 O o 0 0 -1 . 0 10
M1=(0 0 1) M2=(0 0 0) M3=(—1 0 0).
0 -1 0 1 0 O 0 0O
3.3.7)
The general element of the Lie algebra becomes

[e] [»] [e] o 0 c _b
M=aM,+bMy+cM;= (—c 0 a ) a,b,c real (3.3.8)
b —a 0

We observe that no element of the Lie algebra can be an element of the group,
since all elements of the Lie algebra (3.3.8) have determinant zero, while all
group elements (3.3.4) have unit determinant. Furthermore the matrix product
of two elements of the Lie algebra is not an element of the Lie algebra (the
actual proof by means of (3.3.8) is left to the reader), while the commutator is
again an element of the Lie algebra, as we have shown in chapter 2 (the reader
should check this too). We find by a short explicit calculation that

o o 3 o
[M,', MJ] = - ZEUI‘M/‘ (339)

k=1
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where ¢;;; is the totally antisymmetric tensor

+1 ifi, j, k is an even permutation of 1,2, 3
€jx = { —1 ifi, j, kis an odd permutation of 1, 2,3 (3.3.10)
0 otherwise.

Therefore, the structure constants of the rotation group are given by

Cl, = —€iji. (3.3.11)
The minus sign is in fact irrelevant, because we could as well have taken the
active transformations and then all basis elements would have obtained a factor
—1 which would have propagated to the C,"j As we have discussed in chapter 2,
we are free to change the basis of the Lie algebra and with it also the structure
constants—but this is a rather trivial change.

We shall indeed right now change the definition of the generators by the
following argument: as we know from chapter 2, we generate the local group
by exponentiation of the Lie algebra:

3 o
M, () = exp [Z UkMk] n = (m.n2, n). (33.12)
k=1

We shall soon show explicitly that this indeed leads back to the group we started
from. For the time being we observe that multiplying by i and M by —i in
the exponent would change nothing. We give the product —iMg the new name
Mpy (without the superscript ©); then we obtain
3 3

UkMk] My(n) =exp|—i) mMi
=1 k=1

00 O 0 0 i 0 -1 0
M1=(0 0 —i) M2=(0 0 0) M3=(i 0 0)
0 i O -1 0 0 0 0 O

3
[MiiMj]——_iZGijkMk C,'kj=i€ijk~
k=1

M, () = exp [i
k

(3.3.13)
This change of definition may seem superfluous, but it brings us close to the
currently used notation of angular momentum. We therefore shall adopt from
now on the set My, M,, M3 of (3.3.13) as ‘the generators of the rotation group’
although this definition differs slightly (by the factor i) from the one given earlier
(chapter 2).
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3.3.3 The local group

If we ‘exponentiate the Lie algebra’, then, according to the general considerations
in chapter 2, we must find a group which is at least locally isomorphic to the
group we started from, i.e., to the group of matrices M,(n). Let us call the
result of exponentiation M (n):

3
M@ =explin- M1  n-M=) nM (3.3.14)
k=1

and see what the relation between the local group (elements M) and the rotation
group (elements M,) is.
Let us denote, as usual, 7 = nn with n = (n,, nz, n3). We obtain

0 nj —ny
in-M=r)-(—n3 0 ny ) = n-N (3.3.15)
n, —-m 0

where N is defined by the last identity. Then

~ 0 nk
M(n) =exp(n -N) =) —N*-

1
= k!
One sees from an explicit calculation that
ny niny nnj3
N2=N -1 N'={mny, n3 nm (3.3.16)
nin3 npny  nl

and that
N3 = —N, since NN' =0.

Denoting N’ — 1 by N”, we have the sequence

N

1V2 = N"
N3=-N
N4 = —N"

N3 =N, and so on,

Hence all even terms (except the zeroth) contain N” while all odd terms contain

N. Thus the expansion of exp[nN] splits into a sine series and a cosine series
and we obtain

M(n) = explin- M] = N-sinn+ N'- (1 —cosn) + 1- cosp (3.3.17)

which, by a glance at (3.3.4), is seen to be identical to M, (7). We thus see that
for the proper rotation group (reflections excluded) the local group coincides

with the whole group: M(n) = My (n); this proves the first line of (3.3.13) to
be correct.
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3.3.4 Canonical parameters of the first and the second kind
Writing
M,(n) = M,(nn) = explin - M] = explinM(n)] (3.3.18)

shows at once that the parametrization by 17 = nn is canonical. More exactly
n, N2, N3 are canonical parameters of the first kind; indeed for a fixed direction n
we obtain an Abelian subgroup and therefore group multiplication is equivalent
to addition of rotation angles. The three-dimensional space of the canonical
parameters can be identified with the three-dimensional physical space in which
the rotations are carried out, and then the straight lines through the origin in the
parameter space are identical with the axes of rotation in the physical space.

Apart from this parametrization we use the one with the Euler angles; the
latter even has definite advantages, which will show up later. For the moment
we copy formula (3.2.12):

Mpy(, B,y) = Mp(ye3) M,(Ber) Mp(aes)

and write each of these matrices in exponential form. We find at once from
(3.3.18) _ _ _
M,(a, B, y) = e Y Mig=ihM oiaMs (3.3.19)

which shows that «, 8 and y are almost canonical parameters of the second kind.
The word ‘almost’ is used here, because the definition of canonical parameters
of the second kind is

— -icM; —isz -iaM1
Mp@a,b,c)=¢ e € .

Here all three generators of the group are involved; in the Euler parametrization
only M; and M, are used; hence «, 8, y are only almost of the type of a, b, c.
But the essential difference between canonical parameters of the first and the
second kind is that the first appear in the combination Y n; My in the exponent of
one single exponential function, whereas each canonical parameter of the second
kind (see subsection 2.3.4) appears separately in an exponential function, these
functions then being multiplied.

Finally we work out the relation between (ny,ns,n;) and (o, 8, y). We
write a rotation both ways and equate the matrices: from (3.3.4)

0 nj3 —n; -
M,,(n):sinn(—n;; 0 m )
ny —nj 0
nf mna mns (3.3.20)
+ (1 —cosn) (nznl n2 n2n3)
nsny n3ny  n?
4+ cosn-1



3.4 UNITARY REPRESENTATION U(R) 69

whereas (3.3.19) can be written (see (3.3.5))

Mp(av B.v)

cosy siny O cosfB O —sinp cosa  sing O
= (—siny cos y 0) ( 0 1 0 ) (—sinoz coso 0)
0 0 1 sinB 0 cosB 0 0 t
3.3.21)

or
MP(a' ﬁ! }’) =

cosacosBcosy —sinasiny | sinacosBcosy + cosasiny |—sinfcosy
—cosacos Bsiny — sina cos y|— sinacos fsiny +cosacos y| sinBsiny
cosasinf sina sin 8 cos B
(3.3.22)

Comparing (3.3.20) and (3.3.22) yields for M3
cos B = cosn + n3(1 —cos n). (3.3.23)
This fixes B, since 0 < 8 < z. Furthermore for M3; and M3,

sina sinf = —n;sinn + (1 — cos nnan;

cosa sin 8 = nysinn 4 (1 — cos p)n3n; (33.24)
—ny sinn 4+ (1 — cos n)nyns

tana = - .
nysinn + (1 —cos p)nin,

Since sin 8 > 0, the signs of sina and cosa are those of the numerator and
denominator respectively. Thus o is uniquely determined. The corresponding
rule holds for y in the result of comparing M,3; and M;; respectively:

. [ —
tany = —Smn+ U — cosmmoms (3.3.25)
—n;sing+ (1 — cos p)n3n;

by which we have expressed a, 8 and y as analytic functions of n|, nz, n3 and
n.

3.4 The unitary representation U(R) induced by the three-dimensional
rotation R

(Compare the general considerations in subsection 2.3.7.) The Wigner theorem
(2.2.11) asserts that there exists a unitary representation (up to a factor of
modulus 1) U(R) of the space rotations, such that the rotated state vectors
are obtained by the unitary transformation

[¥) = [¥') = UR)IY). (34.1)
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If we use in U(R) the same parameters as for M(R), then we obtain U(n) and
U(a, B8, y) respectively. Let us consider an active rotation. From (3.3.13) we
have

M.(n) = exp[—in - M].

We introduce Hermitian operators Jy, J, and J3 by writing the unitary
representation of M,(7) in the same form as M, () itself, namely

3
U.(n) = expl—in-J] = exp[—i > me Jk]. (3.4.2)
R=1

If the physical system under observation has rotation symmetry, then these three
operators commute with the Hamiltonian and then they are constant observables.
We shall show in the next chapter that J;, J, and J5 are the operators of angular
momentum in the x, y and z directions respectively. As (3.4.2) is formally the
same as (3.3.13), and as in particular it uses the same canonical parameters, it
follows at once that the Lie algebra derived from U,(n) is a representation of
the Lie algebra of the rotation group; i.e. any matrix representation of the three
operators Jy, J, and J; is also a representation of the Lie algebra generated by
M,;, M, and M; respectively. In particular, if the dimension of the matrices
Ji is k, then for k2 > 3, i.e. for k > 2, these three matrices are even linearly
independent and span a faithful representation of the Lie algebra of the matrices
M,, M, and M;. We shall show that representations for any £ > 1 indeed exist.
As all representations with & > 2 of J have to follow the same commutation
relations as the matrices M, we can immediately copy down the last line of
(3.3.13), where we only replace M by J:

3
U ) =i)_ . (3.4.3)
=1

This indeed is the familiar commutation rule of angular momentum. We shall
derive the same equation once more later on in section 4.2. Then it will become
clear that it holds for the operators J in abstracto whereas here we can only
say that it holds for all finite-dimensional representations and of course also for
the direct sum? of such representatiors. The physicist may be satisfied by this
statement but strictly speaking we have not given a proof that (3.4.3) is true for
the operators. The commutation relations (3.4.3) will later serve as the main
tool to construct all finite-dimensional representations of the rotation group.

We finish this section by writing down the unitary operator in the Euler
parametrization.

From (3.4.2) follows immediately

U,(ney) = e~k (3.4.4)

2 See section 4.3 for the definition of the direct sum.
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and since (see (3.2.4))

Ry(a, ﬂv )’) = Ra(aeS)Ra (.362)Ra()’€3)

we obtain ‘ _ _
Udya, B, y) = e 103 g7182 g=ivs3 3.4.5)

Note that this is not equal to e=1@/+A%+r /)1 The fact that we obtain in the 7-
parametrization one exponential operator with a sum in the exponent arises from
building up the rotation U(7) as a sequence of infinitesimal rotations, all about
the same axis n = n/n (remember the derivation of (2.3.11)). On the other
hand, in building up U (a, B, y) from infinitesimal rotations, we have to keep
the three rotations distinct since they do not go about one single axis. Therefore
each must be built up individually. This is just the essential difference between
canonical parameters of the first (1) and the second (a, 8, y) kind respectively.



ANGULAR MOMENTUM OPERATORS AND
EIGENSTATES

4.1 The operators of angular momentum J,, J, and J,

4.1.1 The physical significance of J

‘We know that the three operators J; are Hermitian and (in a rotationally invariant
system) commute with the Hamiltonian; therefore they are observable constants
of the motion. We shall now find out what their physical significance is. As
we know from classical mechanics, the constant of the motion arising from
rotational invariance is the angular momentum. We naturally expect the same
here.

It is clearly sufficient to establish the physical significance of J3, since
that of J, and J; follows then simply from the supposed symmetry (and, to be
pedantic, a permutation of x, y and z).

We consider a spinless particle in a state |y). Its Schrédinger function is

Y(x,y,2) = (x|y) and ¥'(x, y, 2) = (x|¥) (4.1.1)

before and after an active rotation respectively.
If we rotate the physical system by the infinitesimal angle n about the
z-axis, then the r.h.s. of (4.1.1) becomes

(@ly') = (|Ua(me3)|¥) = (=|(1 —inJy)|¥). (4.1.2)

This is the wave function of the new state at the old position . What happens
to the Lh.s. of (4.1.1)? We must calculate the value of the new wave function
at the old position (see figure 4.1). The whole wave function is bodily rotated
by the angle 5. Therefore, if R, is the rotation, the value of y at the point
P = (x,y,2) is carried to the point R, P, while its value at the point Ra‘lP
is carried to the point P where it becomes ¥’'(P). Therefore the new wave
function at the point P is equal to the old one at the point R;!P. In symbols

¥'(P) = Y (R;' P) = ¥(R,P).

The last part of this equation says that we have to calculate ¥ at a point
with those coordinates which would result from rotation by +7 of the coordinate
system. According to (3.3.5) we have then ¥/(x, y, z) = ¥ (x'y'z") where for

72
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fZ
o RP
n
P
n
R,'P
>y

X

Figure 4.1. Rotation of a wave function.

the considered infinitesimal rotation ' = M,
1 n O

M, = (—n 1 0> .
0 0 1

, _ _[ 3 3 )
W(x,y,z)—w(x+ny,y—nx,z)—[ +n(ya xa—y)] Y(x, ¥,z
= (z|(1 — inJ3)|¥).

Hence with (4.1.2)

It follows that
1 d
J == e - ) )
(x| J3¢) : (x y yax)ilf(x ¥,2)

(4.1.3)
= (x|(xpy — yp)|¥)

= (z|L;|y).

We thus have found the physical significance of the vector operator J in the
special case of a spinless particle:

J = L = r x p = orbital angular momentum. “4.1.4)

However, since we know that the whole of physics will certainly not be
described by scalar wave functions ¥ (x, y, z), we may expect that J may
be more complicated in more general cases. We see this immediately if we
consider a situation where a particle is described by three wave functions which
transform as the components of a vector field: we would call such a particle a
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vector particle. If its state is again written |4}, then its Schrodinger function
is a vector field:

¥i(x)
w2(m) = ¢(X, Y, Z) = (ml ¢ ) (4-15)
Y3 (x)

and after rotating the physical system bodily by » around e;
P'(x,y,2) = (@l(] = inJy)|¥).

As figure 4.1 shows, the new vector ®¥'(x, y, z) is found by rotating the
vector ¥(R;! P) to the point P = (x, y, z). Hence

Y'(x, y,2) = Rap(R;' p) = R'Y(R, P).

Since % is supposed to transform as a vector, i.e. exactly the same as P = z,
we have with (3.3.5)

1 n O
M,(nesz) = (—n 1 0)
0 01

P'(x,y,7) = M~ \Pp(Mzx).

From the previous discussions we already know that

M M= M, (-
p(=7es) 4.1.6)

P(Mzx) = [1 —in%(xi -y i

3y 5)]11’(3:) =[1 - inL.J%(x)

where the coefficient of —in was the orbital angular momentum L,. But here
we have still to apply the matrix M~! to the vector ¥ (Mx). We define S, by
M, = §;; hence according to (3.3.13)

0 -1 0
M"=1—in<i 0 0) = 1-ins,.
0 0 0
We then have

M™'Yp(Mz) = ¢'(x, y,2) = [1 = inS])[1 — inL 19 ().
Retaining linear terms in 7 only, we obtain
P (@) = [1 —in(S, + L)P(x) = (|G —inJs)leh). (4.1.7)
We thus have found that in the special case of a vector particle:
J=L+S
L=rxp
Sy = (S5, Sy, S
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with (see (3.3.13))

(4.1.8)

0 —-i 0
SZ'.,=(i 0 o).
0 0 0

In this case J consists of two parts, one of which, L, can still be written as
T X p, whereas the other, S, cannot. S is the operator of the intrinsic angular
momentum or spin.

We now proceed to find explicit matrix forms and eigenstates of these
operators J, which we henceforth shall call simply ‘angular momentum
operators’. We learn from these examples that the operators Ji have a more
general meaning than the quantum mechanical equivalent of the orbital angular
momentum L = 7 x p.

4.1.2 The angular momentum component in a direction n

We have just seen that the operator J5 in the unitary transformation U,(nes) =
e~ineJ = e~in5 has the physical significance of being the operator of the z-
component of the angular momentum. Now in fact the direction which we
choose to call e3 is arbitrary. Therefore, if n = (n;, nz, n3) is an arbitrary unit
vector, then

U(nn) = e—inn-J = e—ir)l(n)
3

Jn) = n-J=) nlJ; 4.1.9)
i=l

= angular momentum component in direction 7.

4.2 Commutation relations for angular momenta

The ‘abstract rotations’ R,(n) form a group; the induced unitary transformations
U(R;(m)) give rise to the Lie algebra of the

e  generators of the rotation group
e  operators of infinitesimal rotations
e angular momentum operators.

All these are but different names for the one vector operator J = (J;, J2, J3) in
Us(p) = e\,

In the Lie algebra the commutator JiJ; — J;Ji of the operators J; and J;
plays the role of multiplication, whereas multiplication of group elements is
defined as the simple product of the corresponding operators U,.
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In order to derive once more the commutation relations for the three
components of J we ask which group operation corresponds to the commutator
[J1, J2]. As the commutator is again an element of the Lie algebra, such a group
element must clearly exist.

We obtain the answer by comparing two descriptions of the same active
infinitesimal rotation by an angle a about the z-axis, applied to the operator
n-J 4.19).

(i) We rotate the direction of n by a:
n' = (n, —any, ny+an,;, n3) 4.2.1)
which gives the ‘rotated operator’ (n « J)"
n-JY =n-J—anJ, +an /. 4.2.2)

(i) On the other hand, the same can be achieved by the corresponding unitary
transformation. Namely, let U, be the unitary representation of an active
rotation. Whether or not there is rotational symmetry, everything remains
untouched if U transforms both states and operators. Requiring that

(Y'|Al9") = (¥Alp) 4.2.3)
for any operator A and states |y), |¢), ... implies
lo") = Ualp)
') =U,ly) (4.2.4)
A’ =U, AU/

We may then call A’ the ‘rotated operator A'. In particular, with U, =
1 —ia J; representing the above infinitesimal rotation by a about the z-axis,
the rotated operator n - J becomes

(n-JY =0 —-ials)n-J(1 +ials). 4.2.5)

(iii) Multiplying out up to linear terms in « and comparing with (4.2.2) yields
immediately

[J2, 5] = iJ, [J5, /1) =i, (4.2.6)

The third commutator [J), J,] = iJ3 follows by cyclic permutation (or by
re-arranging the coordinate axes).

We have already found these relations from a more formal consideration
(see (3.4.3)), but there we tacitly assumed that the J were finite-dimensional
matrices: namely we used the results of chapter 2, which were not proven there
to hold for other than finite-dimensional spaces. Here, however, we only used
the existence of unitary representations (Wigner’s theorem) and the fact that
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a unitary operator can be written in exponential form. In fact we need not
even assume U, and the J to be given as matrices—they are just operators. In
particular nothing has been supposed about the structure of J; it may or may
not split into an orbital part and spin part; if a spin part is present, then the
above-used Schrodinger function has several components.

From now on we shall consider the commutation relations (4.2.6) as the
definition of angular momentum. We have indeed seen in chapter 2 that these
relations are the essence of the Lie algebra and that they uniquely define the
group in a neighbourhood of unity; and as far as the rotation group goes,
this neighbourhood is the full group. Of course, if by chance another three-
dimensional space—different from the ‘ordinary’ physical space—should turn
up in the description of physics, and if by chance rotations in that space had
to be considered, then, although the whole mathematics can be literally taken
over, the physical significance of the generators of that rotation group would
be different and a new name, replacing the word ‘angular momentum’, would
have to be introduced. As it happens, such a three-dimensional space, called
isospace, turns up in strong-interaction physics, and rotational invariance in that
space is one of the characteristics of strong interactions. Much of what is said
in this book can be applied immediately there. The new name is then ‘isospin
operator’ and these isospin operators are the generators of the rotation group in
isospace. The word isospin is an unlucky choice because it suggests a physical
similarity where there is only a formal one.

We should mention here a very important fact, which in general is
considered trivial, but which is worth some thought. We have seen that the
angular momentum may split up into two parts: orbital and intrinsic. The orbital
part can always be described by the (x, y, z)-dependence of a wave function,
whereas the intrinsic part is by definition contained in the transformation property
of the wave function, more precisely in that transformation property which
persists if one in thought reduces the wave function to simply a constant
(independent of x, y, z), that is, if (# xp)|y¥) = 0. Such a wave function may still
have components and transform under rotations like a scalar, vector or tensor. In
the case of a single component (scalar), no intrinsic angular momentum exists, as
we have seen. In all other cases, the wave function has at least two components;
thus under rotations it will transform with an at least two-dimensional matrix
D(R), which reshuffles its components. In chapter 2 it was proved that for
k? > r (k = dimension of the representation space; r = dimension of the group
= number of real parameters), the Lie algebra derived from these representations
D(R) is a representation of the original Lie algebra of the group and that in
particular the commutation relations are the same. The three basis elements
of the Lie algebra derived from the matrices D(R) will be called the ‘spin
operators’ S;, S; and S;. The matrices D(R) need not be in an irreducible
form'; but we shall speak of a wave function representing a particle only if the
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matrices D(R) transforming the wave function are irreducible. Irreducible or
not, the commutation relations are those of the original Lie algebra:

[S;, Skl =iS (j, k,1=1,2,3 cyclic). 4.2.7)

On the other hand, from L = r x p, it follows by means of the commutation
relations

[x;, px] =18 4.2.8)
that
[L;, L] =iL, (J,k, 1 =1,2,3 cyclic) “4.2.9)

but quite generally J = L + S and [J;, Jx] =iJ;. Hence
[Lj, Le] + [S), Se] + (L), S+ [S), Ll = iL; + 1S
where now (4.2.7) and (4.2.9) imply that
[Lj, Si]+[S;, Ly ] =0

for j # k. This suggests that the operators L and S commute. Indeed we
may always use that basis in the Hilbert space which leads to the description of
states by means of Schrédinger functions ¥ (x, y, z). Then L = —ir x V acts
only on the arguments x, y and z of the wave function and S only reshuffles its
components. Now clearly it is irrelevant which of the two operations is carried
out first: they act in different spaces. Hence indeed S and L commute; they do
so even if considered as abstract operators, because the description of states by
Schridinger functions is completely general.
We collect the results of this consideration in the following formulae.

If J =L+ S, then independently

(N1, 2]l =i
[Ly, L] =iL3 } and cycl. perm.
[S1, $2] =183 (4.2.10)

[Li, Sk] =0 for all i and k.

Note that the validity of (4.2.10) is independent of whether L and S interact
or not; it also does not require that any one of the various operators is conserved.
We will come back to this point.

Another relation similar to (4.2.10) proves to be important. Suppose we
divide up—if only conceptually—a physical system S into different subsystems
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S1,.... 2. Let us carry out an active rotation of S. We achieve this by rotating
each subsystem individually, and in doing so the order in which this happens is
irrelevant. Hence we can write for the state of the rotated system

e—ian-ij) — e—ian-j“l) emianji? e—ian-j“k’lw)

where the j are the operators which rotate the system S; (leaving the others
untouched) and where i), ..., i is any permutation of the numbers 1, ..., k.
This means, however, that the unitary operators e~n3” commute with each
other because |¥) is arbitrary; therefore we can write

e—ian~J - e—ian-(j“)+j(2)+jm+...j”‘))

and as this is true for arbitrary n, it follows that

=Y jo. (4.2.11)
i=1
To each of the individual subsystems we may apply the argument which
leads to the commutation rules of J; these rules hold therefore the individual
operators j,

k

If J = Z §® then independently

i=1

[Je, 1 =i, (4.2.12)

O, j0) =i . and cycl. perm.

]x,jy]—ljz i=1,...,k

[j,(i), i) =0fori#i"; I,m=x,y,z.
Proof of the last equation. In the case J = L+ S we have found, in addition
to L and S being angular momenta, that L and S commute. We should expect
that also @ and §® for a # b commute. This is indeed so.

Let us rotate subsystem a about o and subsystem b about 3. Whatever
the effect of such an operation on the whole system S may be (in general it
will become a completely different system S”) it is clear that we can first rotate
subsystem a by o and afterwards b by 3 or first b by 3 and then a by a: the
final result will be the same because @ and b are different subsystems. Hence
the new state is

Yy = e iad e=if3? |y

- e_iﬂ,j(b) e_ia_j(a) ld/) (4213)

and since that is true for any |y), we find that for any two subsystems a#b the
two operators commute. Let now a = 9¥n and 8 = #m,; that is, the axes

are different but the angles the same. It follows from (4.2.13) that
e 10nJ @ o—iom . Lion @ Giom-jO _

2 The exact meaning of this subdivision will be elaborated in the next two sections.



80 ANGULAR MOMENTUM OPERATORS AND EIGENSTATES
Using (2.3.12) up to terms in 92 leads to
1-9n-j9 n.jP1=1.

Hence
n-79 n.j®1=0. (4.2.14)

In other words: all components of j@ commute with all components of j®.

This proves the last line of (4.2.12) to be correct. Nevertheless, the reader
should feel somewhat unsafe here and in need of more explanation—unless he
knows already that what we have just done is mathematically nothing else than
considering the system § as the ‘direct product of its subsystems’. In the next
paragraph we shall explain this a little further.

4.3 Direct sum and direct product

In the preceding paragraph we have ‘divided a system S into subsystems SV,
..., $™° What does this mean mathematically?

There are—apart from the vector addition and the scalar product—two
other ways of combining two vectors: the direct sum and the direct product.
Both occur in the theory of angular momentum, in fact whenever symmetry is
involved.

We consider two Hilbert spaces, H® and H® respectively:

H@ contains states | @) = Z a;|y?)
4.3.1)

H® contains states |p®)) = Zbil(p-(b))
i

H@ and H® may have different dimensions; scalar product of and addition of
pairs of vectors belonging to different spaces are not defined.

We may, however, combine these two spaces into one new space—and that
by means of two essentially different operations, called the direct sum and the
direct product.

(i) The direct sum Hg = H'® @& H™®. This space is spanned by the ensemble
of the basis vectors {|<pi(")), |<pi(b))}, hence its states are

Vo) =19 @ ®) =" {ailv®) + bile)] 43.2)

that is the row vector (¥g| would be written (finite-dimensional example)
(Yol = {a1az: - -apb1 by - -by,} with n + m components; and the dimension
of H @& HW is the sum of the dimensions H@ and H®.
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Linear operators M@ and N® are combined into Mg = M@ @ N® such

that
Mgl¥g) = IM@y@ @ NOp®)

M| o (433)
M@ = ( 0 N(b)) :

The general matrix element becomes

(ValMolVe) = (¥ & ¢'PIM@Y@ & NPy®)
4.3.4)
= (‘l/l(a)lM(a)lll/(a)) + ((p'(b)lN(b)lfp(b))-

From (4.3.3) we read off the law for matrix multiplication and addition
(M(a) ® N(b)) . (P(a) ® Q(b)) =M@ pa g N(b)Q(b)

M@ ® N(b)) + (P(a) ® Q(b)) — (M(a) + P(a)) ® (N(b) + Q(b))-
4.3.5)

The direct product Hg = H ® H®. This space is spanned by the

ensemble of the basis vectors {Itp("), (p,Eb))} where i and k go separately

through their range in H‘*) and ’H(”) Consequently the dimension of
HD @ H® is the product of the dimensions of H@ and H®. Its states
are (we suppress the ® sign in the states and write a comma instead)

o) = 1¥') ® [9®P) = [y ) p®) = D abily[, 0”).  (43.6)

ik
We have to define linear transformations. Let us represent states by their
components, i.e.
[¥9) = {ai)
lp®) = {b:} (4.3.7)
¥ ) e®) &= {aibi).

Then we have
M(a)h[/(a)) (a) ‘=> [a — ZM(a) ]

. (4.3.8)
N®lp®) = @) = |5} = ZNu)bz}-
]

We define now
(M@ © NO) [y @, o) = [y @, o®). (4.39)
Then the matrix elements of (M@ ® N®) turn out to be given by
L (@) (@) — a
alb, Z MPNGab =) (M@ @ N?), . ab

(4.3.10)
a (@) n;(b)
(M@ ® N(b)) it = Mij Ny
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where the pair (ik) labels the rows and the pair (j!) the columns of the
direct product matrix.
We define the scalar product as usual: take two direct products of states:

[y @, @) = {0i i)
[y @, p®) > {aiby)

then

’ (b * * / (b
W@, 0P @, o) =Y ataipibe = Wl @' P 10®).
ik

With this the general matrix element becomes

(‘l’@lM@Iw@) ('/jl(a) /(b)lM(a) ® N(b)l‘l’l(a)y ‘p/(b))

(4.3.11)
=W CIMOY @) (T INDlp®).

Consider the direct product of a vector |y @) with the sum of two others
|tp(b)> + Itp(b) ). As one sees from the representation (4.3.7), the new vector
has components such that one must define

@) ® {le) + 101} =1v@) ® 16{") +1v@) @ o))
=@, 0)") + 1V, 0",

From this we derive immediately the rule for addition in the direct product:

(4.3.12)

M@ @ (N® 4 0Oy = M@ @ NO 4 M@ g o® (4.3.13)
For matrix multiplication (4.3.9) gives also immediately
(M@ @ N).(P@ @ 0Py = M@ Pp@ @ NDQ®  (43.14)
In particular
(M@ @19). (19 @ N¥) =M@ @ N?. (43.15)

Having now described two ways of combining states into new states of an
enlarged Hilbert space, we must ask which procedure we have to adopt in
the case of two physical systems, S@ and S®, described by states in the
Hilbert spaces H® and H® respectively, when we wish to describe the system
S = {§@, S®} as one entity in a Hilbert space H. Are we to take the direct
product space or the direct sum space? The answer is dictated by the probability
interpretation of quatum mechanics, for if the two systems $@ and S® do not
interact, the probability of finding S in a state | @) and S® in a state |p®)
must multiply; under these circumstances only the direct product can be accepted.
If the systems S@ and S® do interact, then the state must be built up from a
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superposition of direct product states—but we certainly can never use the direct
sum for describing a composite system. That the direct sum nevertheless fulfils
useful functions will become obvious when we study the reduction of direct
products to direct sums in chapters 5 and 6.

Returning to the question of what we have done in the last paragraph when
splitting up S into SV, ..., S®, the answer is we have considered the Hilbert
space of S as being the direct product space of the Hilbert spaces of S, ...,
5™, For instance, in the spin case the wave function

Y1 (x)
Y(@) = | y2(x)
Yi(x)

was nothing else than the Schrodinger function of a direct product state. Namely,
in Hilbert space ‘a’ the basis states are labelled by @ and the set of components
{a;} characterizing the state is the set of all values of the function ¥ (x), namely
{¥(x)}. Hilbert space ‘b’ is three-dimensional and the basis states may be
labelled by |1}, [2) and |3). Then the most general direct state is a superposition
of the basis states |1, x), |2, €} and |3, x) of the form

W) =D vi@)li, )

which contains three functions.

In the consideration leading to (4.2.11) and (4.2.12), we have used the
following argument: the system S, consisting of subsystems S, ..., §® is
rotated by rotating each subsystem individually. The state |y} describing the
whole system S is a linear combination of direct product states (we repeat the
consideration for n = 2)

W) =) cule®, o).
ik

Rotating each subsystem individually amounts to writing

—ian-J _ —ian-J9 e—ian-J"”

€ €

where J@ should act only on the states @ and J©® only on the states ¢®; with
respect to ¢'@ the operator J@ should behave as the unit operator, as should
J® with respect to the states ¢@. We thus see that in the above formula we
should have written more correctly

J @ 1® instead of J@

and
19 @ J® instead of J®,



84 ANGULAR MOMENTUM OPERATORS AND EIGENSTATES

Then the operator exp(—ian - J) becomes
- . —i . (a) ()] —i (1@ (b)
e msz:e ian-(J @ 1 )e ian(19 @ J ).

Now we can also formally prove that the two exponentials commute: we expand
each of them and use the rules (4.3.13) and (4.3.14); we abbreviate (—ian - J)
by J and obtain

e“m ® 100 e(lm 8 Iy _ z (J(a) ® l(b))n z (l(a) ® J(b))k
n! T k!

n

(&5) oo (57)

— I:ej(a) ® ](b)] [l(a) ® ej(b)]

J®

— ej(a) ® e
We thus can simply write

ej(u) ® 1(!:) el(n:) ® J(b) — ej(a) ® 1(b)+|(a) ® J(b)
Indeed, expanding the right-hand side gives

znl [J(ﬂ) ® l(b) + l(a) ® J(b)]n

NI N BITESCREEYES

k=1

=2 [Z( ) (7" & 19) (19 6 J(,,),._k)]

k=1

|

k=1
n!

Putting (:) = m and (n — k) = j we obtain

= Z% '%JW ® J@ =" @'

We combine these results in the formulae

—ian- g J@ —ian.J® —igme(J@ *) 1@ (5
elanJ=elanJ ®elanJ =elan(J ® 10419 @ J©)

= J@ Q)] (@) (b) (4.3.16)
J=J9@ 19 +19 g J
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from which we see that (4.2.11)

J=Y j® 4.3.17)

i=1

should be written more correctly as follows:
k . . .
J=>10g. .91 gj?e1Me...0 1%, (4.3.18)
i=1

The unit operators may be combined into one unit operator which is the direct
product of all unit operators belonging to the spaces H" to H®, with 1¥ being
omitted. Let us denote this product by &) e,

1= 10 g... .01 Mg g...01¥, (4.3.19)
Then A
J=) iPe 1" (4.3.20)

i=1
This is the exact meaning of (4.2.11). The reader should keep this in mind,
because it is in current use in the physical literature to employ the simpler, but
not strictly correct, notation

J=Y 35 (4.321)

where §© means in fact j® x 1"®9,

Having warned the reader, we shall from now on follow the common use
and write 7% instead of j© ® 1'®"?, sometimes recalling the present discussion
by a remark.

4.4 Angular momenta of interacting systems

Having laid down the physical significance and the commutation relations of the
angular momentum operators, we can start to build up the whole theory, but,
before we do so, it might be good to stop for a moment and contemplate what
we have done and try to understand it correctly in terms of physics.

We started by considering the consequences of invariance of a physical
system under rotations and found that the rotations led to Hermitian
operators, constant in time, which were the generators of the induced unitary
transformations and which we called angular momenta. But what if the system
is not invariant under rotations (think of a particle in an external field)? Does
that mean that angular momentum cannot be defined? It can. The point is this:
a general postulate, which cannot be proved or disproved except by experiment
and which we have so far no reason to disbelieve, is that space is isotropic. If
therefore our system is not yet invariant under rotations, then that means that it
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is not yet isolated in empty space but instead is part of a large (isolated) system,
which as a whole is invariant. Thus by a suitable extension of our system we can
always achieve full invariance. Let then S be our system. If it is not invariant
under rotations, we may take a sufficiently large part of its environment—call it
S®__and add it to S such that a new system S results, which is (sufficiently)
isolated in empty space and therefore invariant, while S and S® separately
are not.

On the other hand, we might have—equally well—removed the environment
of §@ such that $@ would have been left in ‘empty space’ and then S would
have been invariant. We see that it is not truly S itself which is lacking
invariance: it is $@ plus something else relating it to $®; this whole thing,
namely $@ including its relation to $®, we have—wrongly—taken to be §@.
Giving from now on $@ and S® a more restricted sense and calling $©? the
‘interaction part’ between S@ and its environment S, we state that under
rotations (and in fact, as we believe, under the Poincaré group)

§@ and §® are invariant
§=8§@ 45O 4 gab is invariant (4.4.1)
§@ 4 §@ o §B) 4 5@ are not invariant.

This means that whenever we find that a physical system is not invariant under
rotations, we have a system of the type $‘@ 4 $@® and we are compelled to
find out what $@ is and what S©@ is. Then, having done this, there will be
nothing inherent in $“ which would make it non-invariant. Hence the operator
of angular momentum, J@, can be defined as before for S, where S@ is
considered as an isolated system and described in a Hilbert space H@.

Let us now consider §‘® in interaction with its symmetry-breaking
environment, that is S + §@_ It is still described in the same Hilbert space,
because the system S® is not yet included; S is considered so far as fixed
external perturbation. It leads, however, to additional terms in the equations
of motion (Hamiltonian) of $@. In this old Hilbert space of $ our operator
7@ is still a decent Hermitian operator; however, under the influence of §©@»
this operator will no longer commute with the Hamiltonian H@ 4+ H@_ In
the same way we define the operator ) which describes the rotations of the
system S® in its Hilbert space H®. If the presence of $® becomes felt, 7®
no longer commutes with H® 4 H@,

We now proceed to the description of § = §@ + §® + 5@ a5 a whole.
The states are states of the direct product space H = H® ® H®); the total
Hamiltonian is H = H@ + H® 4+ H@; the total angular momentum is
J =@ 4 j® (more correctly @ @ 1® + 119 g b)),

We have then

states of S ) = 1@y ®)
4.4.2)
angular momentum of § J = j@ 4 ;®,
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Although by these definitions the range of the operators @ (more correctly
190 @ j®) is the whole product space H = H'® @ H®; although therefore the
operators j* and 5 have become operators having a physical significance with
respect to the whole system S—although this is so, it follows from the meaning
of the direct product that this physical significance is essentially the same as
before: @ (better 7@ ® 1) and 7@ (better 19 ® j©®) are the angular
momentum operators of the subsystem $@ and S® respectively, when these
two are understood to be integrated into the one system § = S@ + §® 4 5@,

Since, by writing S explicitly, the components S and S have become
separately rotation invariant, it is clear that under a partial rotation of S, say of
S alone, only S® is changed and that by carrying out the same rotation on
S® the old S® will be restored since S, S and S® are invariant. Carrying out
different rotations on S and S will change S into something new, however.

These considerations show that, although the angular momenta were defined
as the generators of the unitary transformations related to rotational invariance,
they retain their physical significance even if this invariance is not present,
because j@ (for instance) may be regarded as belonging to a system S©@
which would have invariance, were it not for the presence of something else
($®) in relation to which the invariance is broken. We have seen that the
angular momentum, once defined for the unperturbed (invariant) subsystem, can
afterwards be carried over to the total Hilbert space (describing the system and
the perturbation as a new entity) without losing its original physical meaning.
The same is true if we renounce enlarging our system and simply remain in
the original Hilbert space, considering the symmetry-breaking environment as
‘external perturbation’. The same holds for the full symmetry group of space-
time. We may say that, by starting from the invariance corresponding to the full
symmetry group, we have been able to introduce the most natural coordinate
system in Hilbert space; namely that one which is labelled by the quantum
numbers of the conserved operators. As long as we describe systems which
are indeed invariant under the whole symmetry group, these coordinates (i.e.
the quantum numbers) are invariant in time. If we describe systems which are
not invariant (§‘® + $@®)), then the coordinate system introduced is still useful
and legitimate; the states of such non-invariant systems have, however, varying
coordinates.

4.5 Irreducible representations; Schur’s lemma

Before we build up the eigenstates of angular momentum, in the next section,
we shall try to give a motivation for why we just do it this way and no other. In
fact, we shall do it exactly as everybody else does it; but, in the light of what we
have learned on the relation between a group and its Lie algebra and between
their corresponding representations, this usual construction gains a new aspect
in which it will lose some of its apparent arbitrariness (when one first learns
about angular momentum in quantum mechanics and sees how the eigenstates
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and matrices are constructed, a natural first reaction would be that if physics
required one to be able to invent such things out of the air, then it might be
better to give up physics at once). What in fact, is done?

One constructs finite-dimensional, irreducible representations of the Lie
algebra of the rotation group; from these, as we know, the representations of
the local group follow by exponentiation. To each finite-dimensional irreducible
representation there belongs a finite-dimensional irreducible invariant subspace;
the basic states spanning this irreducible subspace are the angular momentum
eigenstates: under rotations they are transformed among themselves (i.e. within
that subspace) and the corresponding transformation matrices make up just the
irreducible representation which leaves this subspace invariant.

What are irreducible invariant subspaces and why do we construct
irreducible representations?

Because, in a certain sense, they are the simplest ones: they cannot be
reduced to anything simpler. Let us briefly explain this.

Consider a matrix M transforming the vector  of an n-dimensional space
R,. If there exists a subspace R(" of dimension n; < n such that the image
Mz of any vector z € RV lies again in R then M is called reducible and
that subspace is called an invariant subspace. (The invariant subspace is not
invariant on its own account; to be invariant is not its inherent property; it
is invariant with respect to M; therefore, the word ‘invariant subspace’, which
suggests the invariance to be an attribute of that subspace, is misleading. As it
is, however, commonly used, we shall use it too.) We may arrange the basis in
our space such that the invariant subspace R(" is spanned by the first n; basis
vectors. In this basis M must take the form

_ mym
M_<O mz) 4.5.1)

because then and only then will the image of any vector x of the invariant
subspace lie again in it, although this image may contain contributions from the
images of vectors outside the invariant subspaces. It may be that the whole
space R decomposes into a direct sum R @ R® where not only R but also
R@ is invariant. In that case the matrix m in the upper right corner of (4.5.1)
must be zero and M decomposes into a direct sum M = m; & m;. We then
call M fully reducible.

Now m, and m, may be again reducible or fully reducible; but eventually this
procedure ends, namely when the blocks m; are irreducible (i.e. not reducible).
When we start with one single matrix M, then most frequently (for instance
if M is Hermitian or unitary or has all different eigenvalues) the process of
reduction ends up with a full decomposition into a direct sum of one-dimensional
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matrices—and these complicated words mean nothing more or less than that we
have brought the matrix to diagonal form:

M 0

[2%]
M= . . 4.5.3)

0 Hn

For a single matrix M, therefore, reduction is in most cases the familiar
diagonalization. The situation greatly changes when a system of matrices M («)
is considered. Let o label the set; o may be discrete or continuous and may
also denote a set of parameters. A group representation would be one example
of such a set M(«); a representation of a Lie algebra another one. As is well
known, a set of matrices can be brought simultaneously to diagonal form only if
all matrices of the set commute with each other. A generalization (see (4.5.9))
of this statement is that a set of matrices is reducible if a matrix A exists which
commutes with all matrices of the set and which is not a multiple of the unit
matrix (because A = A -1 of course commutes with every matrix).

Reducibility of a whole matrix system M (a) means that there exists a
matrix B such that the similarity transformation BM (a) B~! transforms all M ()
simultaneously into the same form

roon -1 _ (mi(e)|m(e)
M(a¢)=BM@)B™" = (ﬂm) for all «. 4.5.4)

The matrix system M («) is called reducible if (4.5.4) holds; it is called fully
reducible if m(«) is zero:

M'(@) = BM(a)B~! = (mlé")m:za)> = my (&) ® my(e) for all a. (4.5.5)

Also here m(a) and/or m;(«) may be further reducible, but the process comes
to an end and then the blocks m;(«) are called irreducible. This stage is
reached much earlier for matrix systems than for a single matrix—it leads to
full diagonalization only when all M («) commute with each other.

One now sees immediately why reducible representations lead to
simplification: suppose M(g) is a group representation by n X n matrices and
let the representation be reducible:

_ [mi(®)|m(g)
o= (")
Group multiplication becomes, with M(g-h) = M(g) - M(h)

_[(mi(g-m)|mg-h)
M(g"‘)‘( 0 |m2(g-h)>

_ (ml(g)'m](h)|ml(g)'m(h) +m(g)-m2(h)>
0 | my(g) -ma(h)
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so that
m(g-h)=m(g) -m(h)
my(g - h) = may(g) - my(h).

Thus two new representations are furnished by the matrix systems m,(g) and
n,(g)—both are of a smaller dimension as M was. As to the matrix m(g) in
the upper right corner, it is obvious that it is not a representation; but what is
important is that it in no way prevents m;(g) and m(g) being representations.
This means that, in order to give rise to at least two new lower-dimensional
representations, the representation M(g) need not be fully reducible; simple
reducibility suffices. If, however, M(g) is fully reducible, then we can write
M(g) = m(g) & ma(g).

Exactly the same statements hold for representations of a Lie algebra,
because if in the above considerations we replace ordinary matrix products by
commutators, we find, instead of (4.5.6)

(45.6)

mi (8, h]) = [m, @), my ()]
4.5.7)

my((3, h]) = [ma (@), ma(h)]

so that reducibility (not necessarily full reducibility) of a representation M (fé)
of a Lie algebra yields two new, lower-dimensional representations m|(§) and
ma(8).

Clearly then, if we can find all irreducible representations of a group (or of
its Lie algebra) then we have the building blocks from which all representations
are made. This explains why the construction of all irreducible representations
is a central problem. In many cases—and in fact in rotational symmetry—the
representations which come up are fully reducible. That means that we shall
encounter only situations in which

ml(a) 0

my(a)
M(a) = ms (@) =ma) ®m@ b ...

0 4.5.8)
H=HV o H® & ...
W=y oy a...
M@)|¥) =m@)]yD) & m@)|y?P) & ...

Finally we prove a theorem which is a very powerful tool in the search for
irreducible representations; it is the famous lemma of Schur, of which we state
and prove only its simplest form.

If a matrix A commutes with all matrices of an irreducible

system M (a), then A = A -1, 4.5.9)
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Proof. Every matrix, whether we can diagonalize it or not, possesses eigenvalues
A and eigenvectors . Let then Az = Ax. The supposition that A commutes
with all matrices of the set M (a) means

AM(@)x] = M(a)Ax = A[M(a)x].

In other words, M (a)z is again an eigenvector of A with the same eigenvalue A.
This holds for all vectors belonging to the subspace spanned by the eigenvectors
of A with this same eigenvalue A. Hence this subspace is not only an invariant
subspace with respect to A, but also with respect to the whole set M(x): every T
belonging to that subspace is transformed by M (e) into another =’ belonging to
that same subspace. This contradicts the assumption that M () is irreducible—
except if this invariant subspace is the whole space; then A = A-1, as the
theorem asserts.
This proof also shows as a by-product

if a matrix A commutes with all matrices of a system M(x)

and A can be diagonalized, then the system is fully reducible

into a direct sum; to each different eigenvalue A; of A 4.5.10)
belongs one irreducible invariant subspace and one irreducible
representation.

Note that it is tacitly assumed that no other matrix A’ with a set of different
eigenvalues inside the invariant subspaces of A exists and commutes with all
M (a); if this is the case, then A splits M (@) into a direct sum of representations
which are still further reducible by A'.

We shall use this fact in the construction of eigenstates and representations
of angular momentum; the operator J* = J?2 + J? + J2—called the Casimir
operator—will play the role of the matrix A. In what follows, we shall not
always stress these general aspects of what we do; the reader is urged to take
a glance over and over again back to chapter 2 (symmetry)—just as he would
from time to time reassure himself by a look at the map when he hikes in an
unknown region where his view is barred by many nearby hills, trees, buildings
or even by fog and clouds.

4.6 Eigenstates of angular momentum

We consider a system S with total angular momentum J. What are the
eigenstates of these operators?
As follows from the commutation relations

[/1, J2] =iJ5 and cycl. perm. 4.6.1)
each component J; commutes with the operator (‘Casimir operator’)

JE=Jl+ 7+ L (4.6.2)
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Consequently any component—but only one—and J? can be taken to
possess a common system of eigenstates.
We define the ‘ladder operators’

‘raising operator’ J, =J; +1iJ,
‘lowering operator’ J_ = J; —iJ, (4.6.3)
— gt
Jo=Jg

and find by explicit calculation the rules

(J2, Je) = [J2, J123]1 =0

(N1, Jel =FJ3

(12, Jx] = —iJ5

/3, Jx] = +Js (4.6.4)
Uy, J1=20

J2= T 4 LI+ I T = B =D+ T )
= LB+ 1)+ J_J,.

Let us use J? and J; as commuting observables. If all other observables
commuting with these two and among each other are taken together in one
symbol " then the basis in the Hilbert space is made up by the orthonormal
states |y, A, u) where

ClyAu)=ylyAu)
J3yAp) = Ayiu)
J3lyAp) = plyip) (4.6.5)
(YA i lydiu) =8y MA; ' u)

D IvAm){yiul=1.
yiu

The 8(y'y; A'A; p' 1) is Kronecker’s or Dirac’s according to circumstances.

Whereas (by definition of I') it is clear from (4.6.5) that operating with
r,J2 J; on |yAu) will not change any eigenvalues, it is not clear that
application of J;, J5, J4 or J_ on |yAu) will leave y unchanged. It will leave
A unchanged, since all these J commute with J 2. but they need not commute
with y. This fact is generally neglected in textbooks. Therefore we shall keep
it in mind. It will turn out that it causes no difficulty. We shall build up
the eigenstates of angular momentum by considering matrix elements of the
operators and commutators appearing in (4.6.4). Since all operators commute
with J?, we consider A to be fixed once and for all.
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The situation—expressed in the general terms used in the preceding section
4.5—is then this.

The operator J? is Hermitian and can thus be diagonalized; it furthermore
commutes with Jy, J>, J3, that is, with the whole Lie algebra of the rotation
group. Therefore theorem (4.5.10) tells us that the representations of the Lie
algebra are fully reducible to a direct sum of (as we shall see, finite-dimensional)
irreducible representations belonging to irreducible subspaces; in each of these
subspaces J? is a multiple of the unit matrix. Considering A to be fixed once
for ever means we have chosen the irreducible subspace H,, labelled by the
eigenvalue A, and there we build up a basis; the basis vectors are written |y Au).

All we have to do now is to play around with equations (4.6.4) and (4.6.5).
We shall obtain several intermediate results, labelled by (a), (b), ... which then
will be combined in (4.6.12), (4.6.13) and (4.6.14). Let us now play the game
(4.6.4), (4.6.5).

The relation

S -R=R+7
gives

(YAulJ? — JZlyAp) = A — p?

= (yAplJ2lyAun) + (yAplJZlyAp) > 0

since each term is >0, Hence

(a)
u? <A (4.6.6)
Similarly, the commutation relation
[J5, Je]l =xJs
gives
(y'AIUTs, Jelly Ap)
= (y'Ap'| Jelyrp)
= (' — Wy’ A Jelyip)
or equivalently
(W = pF)Y A [ Jely, 2, 1) = 0. (4.6.7)
The matrix element is zero unless p' = pu+1.
Now we shall first consider the situation [J+, '] = 0. Then the action of
J+ does not change y, and the previous equation gives
(b)

Jely, &, p) = C*Qwly, A, utl). (4.6.8)

The constant
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(d)

(e)

®

()

ANGULAR MOMENTUM OPERATORS AND EIGENSTATES

CHEAp) = (v, A, utJely, A, 1) (4.6.9)
can be determined from the relation
ey = J? — K1),

Since J_ = Jl we have on the Lh.s. a positive operator and therefore

(yaulJeJelyAp) = (yaplJ? — B(BEDIyAp) = A — u(utl) > 0.

Obviously, by complex conjugation of (4.6.9) we obtain

C*, ) =COWU u+1)

and inserting (d) into (4.6.8) we obtain the important relation

ICHEAw))? = A — pu(ut). (4.6.10)

It is useful to fix the phases of the basis in such a way that C® (Ap) are
real. Then we shall have

Jely, h, ) = VA — u(ux)|y, A, ul). (4.6.11)

We call J, the raising operator, and the J_ the lowering operator, according
to their effect on |y, A, u).
We finally determine the possible values of A, ;. From (a), we see that

A>0: —V/A <pu < VA

This condition may be violated by a repeated application of J, and J_
(respectively) to a state |yAu) (see (b)), unless the series of states thus
created breaks off when some limit values max(u) = & and min(u) = p
(respectively) are reached. Hence we must have B

JilA, m) =0
J_l)\.,ﬁ) =0.

Applying J_ to the upper and J, to the lower equation gives (see (d))

JJ A gy =[A—R(E+ DIAE) =0

Since |A, &) and |A, u) are not zero, we conclude
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0)
A=TE+1) = pp - D).

This equation has two solutions

p=-f and pu=nu+l

where the second drops out since by definition u < 7.

The subspace H, is thus equally well characterized by the largest eigenvalue
7 = —u of J3 in that space; this number is called the ‘weight’ of this
irreducible subspace (or of the corresponding irreducible representation); in
the mathematical literature on Lie groups the weight is designated by the
letter I; physicists prefer (for angular momentum) j. Thus we put

J=m=-p and pu=m

hence —j < m < j where the limits +j are indeed assumed. Since by
application of J1 one goes in integer steps from Fj to +j, we have 2j =
number of steps = integer. Our earlier eigenvalue of J? becomes now
A=jG+D.

We have constructed for given j (integer or half-integer) a set of 2j + 1
eigenstates JZ and J3. This was done by our raising and lowering operators.
But what if we had by mistake overlooked the fact that there were other states
between these, which could not be reached by our Ji since their spacing in
the label m is not 1?7 (For instance, could it not be that there exist raising and
lowering operators, A, and A _, say, which we had not yet discovered and which
would change the eigenvalue ¢ not by 1 but by 1/n or any other number < 1?)
This is impossible. Assume we had such a state, then by repeated application
of J, or J_ we would run into the contradiction with —v/A < u < /A if the
sequence did not break off. If, however, it breaks off, we are back to our 2j + 1
states. Therefore this set of 2j + 1 states is complete in the subspace #j, for
fixed j and y.

The same argument excludes the existence of any continuous eigenvalues
of J and J? and thereby ensures that we now possess all the irreducible unitary
representations of the Lie algebra of the rotation group, namely when we allow
all integer and half-integer values of j; all these representations are finite-
dimensional, as their corresponding irreducible subspaces have dimension 2j+1.

We thus obtain (in the subspace of fixed y and j) a complete system of
2j + 1 eigenstates |yjm) with m = —j,—j+ 1, ..., j and 2j = integer,;
the phases, relative to each other, of these 2j + 1 states are uniquely defined
by the factors «/j(j + 1) —m(m £ 1) in the raising and lowering operation
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(see (4.6.11)).

Plyjm)=ylyjm)
J2yjm) = j(j + Dlyjm)

Llyjm)=m|yjm)

Jelyjm)=Vj( +1) —m(mED)|yjm=£1)

=JUFm)(GEtm + D|yjm=Ll)
Jj=0,1/2,1,3/2,..; —j<m<j.

(The second form is currently used; the first is easier to memorize.)

Z |yjm){yjm|= P(y) = projection onto the subspace with y fixed

jm
Z |yjm)(yjm|= P(y, j) = projection onto the subspace
m

with y, j fixed

Z |yjm){yjm| = P(j) = projection onto the subspace with

y.m
total angular momentum j.
(4.6.12)

The matrix representations of J 2 J3,T in this basis are diagonal with the

eigenvalues showing up in (4.6.12); J, and J,, however, are not diagonal. We
find from J,+1J, = J4 that

(y'i'm'\Nilyjm) = 38("yi ' 1) BwmirV i (G + 1) — m(m + 1)
+ bwma VG F 1) = m(m — 1))

(4.6.13)

(V' i'm\halyim) =38 v; ' 1) BmwmarVi(G +1) — m(m + 1)
— b m—1VTG + 1) — m(m = D).

Note that these formulae with the factor §(y’y) hold only as long as
[T, J1.2] = 0. Otherwise, the situation must be dealt with using some care
along the lines of pages 97-98.

In an explicit matrix representation of an operator A it is customary to label
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as follows:
m|j j=1 om  .ee—j
m/
J o |Aji Ajjor o Ajm o Ajj
(ad) = : E . (4.6.14)
m’ Am’.j Am’.j—l e Am’.m cee Am’,—j
~J |A-jjA-jj-1Anjm o Asj

With (4.6.12) and (4.6.13), we have obtained all irreducible representations of
the Lie algebra of the rotation group. The (canonical) representations of the
group follow then by exponentiation. This problem will be taken up in section
4.8 of this chapter (spin %) and in chapter 6 (general case).

Let us finally discuss the case [J4, '] # 0. According to (4.6.7) the action
of J; on |y, A, u) will change u to u+l, and, in general, y will change too.
Instead of the property (b) we shall now have

Jelyap) = VA= uuED Y Fp) Gy’ A, ul) (4.6.15)
yl
where for convenience we wrote the square root appearing in (4.6.11) explicitly.
On the r.h.s. now there appears a matrix in y-indices:
FB ) = (Fy) () (4.6.16)

where the matrix elements are given by
(v's  uklJelyAp) = VA — p(uEDFS ). (4.6.17)
Since J_ = J1, it follows from (4.6.17) that
FOT, m) = FOU, w+1). (4.6.18)
Moreover, repeating the argument leading to (4.6.10) we obtain
FETR, wFEM,p) =1 (4.6.19)

where 1 denotes the unit matrix in y-indices. (4.6.19) means that F& (A, )
are unitary matrices. For the matrix elements this can be expressed as

D FS AW FE) () = 8yry. (4.6.20)
"

The raising and lowering operators we define (in accordance with (4.6.11)) by

Iilyap) = VA — p(uEDly, A, uxl). 4.6.21)
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Below we show that they are given as

Iy = F®y, (4.6.22)
where F@®)* are operators defined by

F®My, & ukl) = ) F Guly' A, pt1). (4.6.23)
~

To prove (4.6.21) for the operators Iy given in (4.6.22), we shall act on an
arbitrary state |y, A, u), and we shall successively use (4.6.15), (4.6.23) and
(4.6.20):

Ly, hop) = FEUL |y, A, u)

= VA= u@ED Y F 0w FShy 4, pkl)
~
= VA= p@ED Y F)MWFR) Gwly”, A, pt1)
Yy
= VA= u(uED) Y Syryly”, A, k1)
-
= VA —u(uxhly, A, uxl).

In the first step we used (4.6.15), in the second (4.6.23), then (4.6.20) and the
last line follows from the definition of the &,-,. This completes the proof of
(4.6.21).

Remark 1. The operators F* have the following properties:

[F®, 7 =[F®, ) =0

FOTF@®) — p@& Bt — (4.6.24)

where on the r.h.s. 1 stands for the unit operator in the full Hilbert space.

The first property (4.6.24) is a direct consequence of the fact that the action
of F® on |y, A, u) changes neither A, nor u (see (4.6.23)). The second property
is just a straightforward consequence of (4.6.19): the subspaces H,, spanned
by |yAu) with A, u fixed, are mutually orthogonal, and F® are in each H,,
represented by the unitary matrix F® (A, ).

Remark 2. Defining

1 1
L =§(I++I—) 12=Z(I+_I—)

it is shown by straightforward calculation that

[h, L]=iJs
L, J3] =11
12, 1s]=il, (4.6.25)
(73, =ik

(5, J)=[hL,J*]=0



4.7 ORBITAL ANGULAR MOMENTUM 99

for which the commutativity of F™® with J? and J; is essential.

These redefined angular momentum operators have thus the same
commutation relations as the old ones, but in addition all three of them commute
with .

We shall not follow this line any further, because these new operators cannot
serve as generators of the rotation group, having been forced to commute with
operators I' which we supposed to be not invariant under rotations. Operators
which generate the rotation group, must not, however, commute with operators
which are non-invariant under rotations; thus I; and I, cannot be used when the
rotation group is considered. We shall from now on forget this complication.
The discussion aimed only to show that raising and lowering operators without
any undesired side-effects can be constructed, whether J, and/or J, commute
with T or not. Thus, in any case a complete set of eigenfunctions of T, J: I
can be built up (along the lines of what follows) even if the system in question
is not invariant under rotations. In this case, however, these eigenfunctions do
not represent stationary states. But even if the system is rotationally invariant,
it need not be that all operators of the set ' commute with J,£iJ,, i.e. that all
observables y used for labelling the states |yAu) are invariant under rotations.
If they are not invariant, then the above unitary operators F® are different from
1. If they are invariant, we are left with F = ei**#) and may then put @ = 0
to obtain F = | (this is the usual choice of the arbitrary phase a(A, i)).

As we shall see, the angular momentum eigenstates exhibit most clearly
what will happen under a rotation of the system. It is therefore convenient to
use for further characterization of the states only such operators I' which are
invariant under rotation.

A basis |yjm) belonging to a set [’ of observables which commute
with Jy, J, and J; is called a ‘standard basis’ for the description of angular
momentum. It is a basis of this kind which has to be taken when general
rotations are considered. The unitary transformation relating a non-standard
basis to a standard one can be found.

We therefore shall assume in the whole book that we have adopted a
standard basis: having discussed what happens if this is not so, we put F®& =1
in the following and omit y altogether.

4.7 Orbital angular momentum

An important particular realization of the abstract algebra of angular momenta
as laid down in (4.6.12) is furnished by the x-representation in the case of a
scalar particle. The Schrodinger function of such a particle in the state |y) is

¥ (x) = (x|y) 4.7.1)
and the angular momentum operators become (see (4.1.4))

J =L =z x P=—ix x V = orbital angular momenta, 4.7.2)
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We shall see that the eigenfunctions are
Vyim(x) = (x|ylm) = R, (r)Yim (P, 9) 4.7.3)
where £ = r(sin? cos g, sin? sin g, cos #), Yi, (¢, @) are the usual spherical

harmonics and y is the ensemble of all other quantum numbers.

4.7.1 Angular momentum operators in polar coordinates

We shall work in polar coordinates. We first calculate L in these coordinates.
Figure 4.2 shows three unit vectors

@)
ej=ey
! —
e,=e,
'
e, =e,.

Figure 4.2. Polar coordinates.

For any function F(r, ¢, ) we have
(i)
oF oF

dF = —do¢ +

aF
S do+ 4 = VF .z
30 50 Wt ¥ *

We choose as coordinate system the three axes e/, €}, and e} at = and find
(iii)
dx’ = (r d&, r sin® de, dr).



4.7 ORBITAL ANGULAR MOMENTUM 101
Hence, with (ii), z, V and L become in this system

(12 1 8 @
T \rov’ rsingde’ or

z'=(0,0,r) (4.7.4)

i 0 d
L'=—ix x V=—2, -iZ, o).
sin®? d¢ av

These components are valid in the coordinate system defined by e}, e; and
e} in figure 4.2.

Next we transform to the x, y, z-coordinates. (4.7.4) gives the components
in the e}, e, e3-system. We obtain the components in the x, y, z-system by
carrying out a passive rotation: we rotate the e}, e}, e;-frame first by —# about
e; and then by —¢ about the new axis e, which is the z-axis. We can copy
down the matrix for this rotation from (3.3.5): it is

cosep —sing O cos? O sinv
M=(sin¢ cos ¢ 0)( 0 1 0)

0 0 1 —sint* 0 cos¥

costtsing cosg sindsing

(cos Pcosp —sing sind cosw)
—sin ¢ 0 cos ¥

The x, y, z-components of x, L and V expressed in r, ¢ and ¢ now follow
by multiplying (4.7.4) by M; for L we obtain

( a . a)
x=1{ cot ¥ cosp— + sinp—

17 av
L, =ifcot #sinp= 9 (4.1.5)
=1{C SiIn@Y— — COS p— o f.
y =IOV, T
3
L,=—i—
d¢
and from this
Li=L,+il, =c*(i cot 9 + (4.7.6)
¥ =y dp 3 o

and, with the help of (4.6.4), after a short calculation

1@ + in ¢ 0 4.7.7
— —sing— }. 1.
sin?® dp?  sin® 3Y v

L2=L§—LZ+L+L_=—(
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4.7.2 Construction of the eigenfunctions

Since the operators L do not contain r, we can disregard the part R, (r) of the
Schrédinger function: it simply drops out of all equations. We are then left with
the eigenvalue equations (we call the eigenfunctions ¥}, but of course assume
for the moment that we know nothing about them)

LY =10+ )Y,

LYo =mYi, 4.7.8)
and with the raising and lowering equations
LiYim=VI0+ 1) —m(m £ )Y ms. 479
The Y;,, will be normalized:
/ Y (8, ) Yru (9, ) sin® d dp = 8y S (4.7.10)

That they are orthogonal for ! 5 I’ or m # m’ follows from the general property
that (I'm’|lm) = 6;6mm. We have also seen that for / fixed m can take the
values —/ < m <[ and that the 2! + 1 functions are complete in the subspace
of given l. Therefore (see 4.6.12)

fo.] I
33 1@ 0)in(, 0) = 8(p" — ¢)8(cos B’ — cos V). (47.11)
=0 m=—I

There are now two easy ways to obtain the ¥;,, explicitly. One is to observe
that the ¢-dependence can be given at once:

]
LYy = —i—Yim =mYjn 4.7.12)
dp

Yim = €™ fin(cos ). (4.7.13)

At this place most textbooks require that m (and therefore ) should be integer in
order to make Y, unique. This argument is insufficient, because |Yim|? would
still be unique even if Y;, were double valued, and it is unnecessary as we shall
see below. Hence for the time being we allow ! to be half-integer as well as an
integer number.

One now uses the fact that

LYy =0 (4.7.14)

which gives with ¥; = ¢l f;;(cos #) and (4.7.6)

: d
L Y, = e’(’“W(E —1 cot z?) fu(cos ) = 0. (4.7.15)
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This differential equation has the simple solution
fu(cos ¥) = ¢ (sin ). (4.7.16)

From here one obtains by repeated application of L_ all other fi, for —I <
m<l

In order to carry out this programme, we must find LX . Working out directly
the kth power of L. from (4.7.6) leads to very ugly expressions. Fortunately,
someone® found the way to a concise formula for L% which has become standard
in the theory of spherical harmonics (and Legendre polynomials) closely related
to the eigenfunctions of orbital angular momenta. We shall follow this way here
although at first it may seem artificial.

As our eigenfunctions are of the form ¥, = eine Jiu(cos ) (4.7.13) we
must look to see what effect has Ly on such a function. With

dsin?®
— = —sin? —cot ¥ =
oY dcosv dcos
and (4.7.6) we obtain, e.g.
. : dsin .
L,e'"¥ os}) = €' - 04 ue 04
+€" fu(cos ) [Mdcosﬂ s dcosz?]e fiu(cos ?)
) dsin?® i
= —e¥sin't* 9| —u(sin# 1 9 +sin7* e £, (cos ¥
[ w )dcosz? dcos? Fuu )
= —e?sin't# z?m sin™* 9" f;, (cos B)].
Similarly for L_.. The net result is written as an operator acting on

the eigenfunction elne fiu(cos#); this operator has become, by the above
manipulations, explicitly u-dependent (the original L4 is not)*

Li(n) = Fet%sin'*# p sinT# ¥. 4.7.17)

dcos

This explicit u-dependence implies that this operator is a raising (lowering)
operator only if applied to an eigenfunction e'*¢ Jiu(cos®) with the same u.
Consider L3 applied to e f;,(cos #): if we use for L, the above L (i), then
the first application leaves us with an eigenfunction with the new eigenvalue
1 + 1 and the second application (if it is to be again a raising operation)
must then be Ly(u + 1). Generally LX e#* fj,(cos®) = Ly(u + k —
1)---Li(u+ l)L+(p,)ei““’f,#(cos #). Exactly this circumstance has the lucky
effect of producing a concise closed formula; one easily checks by working out

3 Who is never quoted.
4 We write one with, the other without, argument p.
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Li = Li+(u + 1)L+ (u) and proceeding up to L"i that
k

: . d
L [e"%# fiu(cos )] = (—1)kel¥ sint~ "W sin™* 9

x [ fi,(cos 9)] 4.7.18)

L* [e%# fiu(cos 9)] = e *¢sint~+ 9

F oo sin* ¥ [e" f1, (cos 0] .
Note the (—1)* which appears only in the first equation. Note further that
(4.7.18) makes sense only with the argument e!#¥ Siu(cos®) (and not with any
other argument-function g(&, ¢)), because of the explicit p-dependence of the
differential operator on the r.h.s.

Having obtained the powerful tool (4.7.18) one can now start with ¥, =
c1e' sin' ® and work down (using (4.7.9) to obtain the correct normalization)
the whole ladder until one arrives at ¥, _;. Finally one fixes ¢; such that the
normalizing condition (4.7.10) is fulfilled and Y;(0, O) is real and positive, which
is the most commonly used phase convention (here we have anticipated that /
is integer and that therefore ;. = O appears in the spectrum).

We leave it as an exercise to the reader to carry this through in detail,
because we shall not follow this line but use below another, slightly different
one, which emphasizes the close relation of the orbital momentum eigenfunction
to the Legendre polynomials.

4.7.3 Orbital angular momenta have only integer eigenvalues

Before we proceed to calculate the Y;,, we show that / must be an integer.
From the general formalism of the angular momentum it follows that

LE’Y” = constant Y;

and then that
Ly, = Oforalln>1. 4.7.19)

We know, on the other hand, from (4.7.16), that
Y, = constant "¢ sin’ 9. (4.7.20)

Inserting (4.7.20) into (4.7.18), where we put k = 2/ 4- n, we obtain on account
of (4.7.19)

. d2+n
2+ — —i(l+n) o d+n . 2 _
LZ7"Y, = constant e~ (sin ﬁ)—dﬂ“ po— (sin“ %) = 0
which requires that for all n > 1
d21+n
(sin ®) = 0.

d2+n cos
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Putting cos ? = x we find

d21 +n

[(1—x%]

Oforalln>1.

dxd+n
This clearly requires ! to be an integer. We thus have shown

orbital angular momenta have only integer eigenvalues;

therefore the Y, are single valued. 4.7.21)

Note that in this proof no assumptions were made which were not already
contained in the general formalism of angular momentum (namely (4.7.8) and
(4.7.9)) and in the definition of orbital angular momentum (namely (4.1.4)).
These two have, roughly speaking, the following consequences.

(i) The general formalism requires L**"Y;, = 0, for all n > 1.

(ii) The definition of orbital momentum requires L_ to be a differential
operator; L¥*" contains an integer number of differentiations, even if !
is half-integer.

(iii) If an integer number of differentiations is to make a function identically
zero, then this function must contain only a finite number of integer powers
of its variable: it is a polynomial.

4.7.4 Spherical harmonics

We shall determine the Y, now in a way slightly different from that indicated
in section 4.7.2; it is not simpler but exhibits from the beginning the relation to
the Legendre polynomials P,(cos#), which we shall suppose the reader to be
familiar with. We observe that for m = 0 (4.7.13) reads

Yio = fio(cos B). (4.7.22)

Therefore, the operator L? (4.7.7) gives

1 d d
L? ) =———sind— O
Joleos ) = =205 gp S0 gy fio(eos 9)

=1+ 1) fio(cos B).

By means of d/d® = —sin®# d/dcos # this can be written

d .,  d
: =0. 72
[dcosz?sm 0dcosz9 +Id+ )] fio(cos ) =0 (4.7.23)

This is the differential equation for the Legendre polynomials Pi(cos?);
consequently we put

b

!
Jio(cos®) = C; Pi(cos?) = C; TR (ﬁs—ﬂ) (sin9)%. 4.7.24)
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Normalization requires (4.7.10)

+1
/Y,‘(‘,Y,osim?dz?dgo = 21r|C,|2/ PA(cos®)dcos® = 1.

Putting cos# = &, we obtain with (4.7.24)

+1 (_])l+l +1 dl . y
[ POR®E = o [ - z)__,,(l—zm de.

Assume [ > !’ and integrate / times by parts:

'

=D (=1 [ 2y 4
A+ N . (1-§9 dgl+r

+1
/1 PE)Pr(§) dE = (1-&Hde.

This is zero for I > I’, since (1 —£2)" is a polynomial in & of order 2!’ which is
differentiated ! + !’ > 21’ times. This proves orthogonality for [ # I’ (although
this proof is not necessary, P; being an eigenfunction of a Hermitian operator).
For I =I’, we obtain for the 1.h.s. above the expression

b [ ! NI ¢ LI RPN
221(1!)2[ - d;y —g)dg—mll (1-§7) d&.
e

D@
Integrating ! times by parts gives

+ 2 2 p
£ gE — A4 —
_[, (147 d 1.3-5---2 =1 5;' o = 2A+1D1-3-5--2 =1

Hence finally

+1 2 2 Q@ 2
) _ -
/_1 Pr(§)d§ = QI+1)1-3-5..QL=1D220H2 ~ 2A+1’

This gives
20+1
C)="———
ICil P

and since P;(1) = 1, we obtain Yjp(0, 0) = +1 by putting |C;| = /(2] + 1)/4m,
hence

/ 21+1 -1 d \ .
Yo = P,(c 9) = (2,“) ( dcow) sin? 9. (4.7.25)

Next we obtain from this by application of L all the other eigenfunctions
Y;,. Since we have the factors /Il + 1) —m(m £ 1) in (4.7.9), the other
eigenfunctions are automatically normalized.
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If one writes
I+ 1D —ppx)) =(dFu)dEp+1)
one sees by going a few steps from p = 0 to u = £m, that

{d—-m)!
4+ m)!

_ ’(l—m)! m
Y_m= mL_Ylm

We now can apply (4.7.18), noting that (see (4.7.22)) Y;o(?, ¢) is of the
type €% f(cos ¥) with 4 = 0. Hence, combining with (4.7.25), (4.7.26) and
(4.7.18) we obtain®

— ! . —_1)i+m m+{
Yim (9, ¢)=‘/(l m)! (2 + l)e""“’ [( b sin'"z?—d——— sin¥ 19]

Ylm"=

LYo
(4.7.26)

(+m)! 4n 20 dmt cos 6
I=—m) @A+1) i, (=D amt
m(®, ) = im () S .
Y (3, ) \/(l gy R e i S 0 g oosg SN
(4.7.27)

The function in square brackets is called the ‘associated Legendre
polynomial’:

m
P (cos ) = (—1)" sin™ 0d'" p— Pi(cos )
(4.7.28)
(_1)l+m m dm+l . 9
= T sin ﬁm sin” 9.
One sees immediately that
Yi—m(@, ¢) = (=1D)"Y,, (0 ¢)
4.7.29)
i (I = m)! (
P[ m(COS 19) = (—l)mml’["(cos 7).
This result is a by-product of our procedure working from m = 0 in both
directions to m = —I and m = +I with L, respectively. One can prove (4.7.29)
directly by showing that
d-m (I —m)! d'tm
s—m A9 1ym : 12
sin ﬁm sin® @ = (—1) T m)] sin™ ¢ pEy— sin® .

5 We assume m to be a positive integer and write explicit expressions for —m. Thereby we avoid
the use of |m|, which appears in the formulae of some authors.
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4.7.5 The phase convention

As we have stated earlier in section 4.6, the definition of the factor
~J(j + 1) —m(m £ 1) with the raising and lowering operators is not unique—
an arbitrary phase factor e*U-™ is left open. Choosing the positive square root
without another ¢! makes a definite choice as far as the relation among the
eigenfunctions Y, (1, ¢) for I fixed is concerned.

The last choice is then the common phase of the entire family ¥, for [
fixed. This choice is made by requiring Yjo(0, 0) to be real and positive, in fact
according to (4.7.25)

21 +1

This particular choice of the phase of the ¥, (9, ¢) is the most common
one. It is, however, not the only one in use. Sometimes it is advantageous to
use other phase conventions. As should be clear from our discussion this is of
no influence on the physical content of the theory and will never show up in
any result of calculation when this result refers to observable quantities.

We compare the choice of phase used here to that in a few frequently used
texts, which the reader is likely to look up: our Y, have to be multiplied by
e'*(-m) to obtain those of the listed references.

It should be mentioned that in some of the references the notation Y, (&, ¢)
is not used. The difference in phase lies in that case in the definition of
P™(cos #)—see (4.7.28). Also the normalization is not always the same, even
if the same symbols are used. The best warranty against mistakes is to compare
the definitions (4.7.29) and (4.7.28) to the corresponding ones in the other text
one wants to use; these formulae are invariably given wherever extensive use of
spherical harmonics is made.

4.7.6 Parity

Changing x« to —x is changing ¢ into ¢ + 7 and ¥ into w — . Hence from
4.7.27)

Yim(m — 9, ¢ + 1) = ™ (=1)" Y1, (8, @) = (1) ¥} (D, ).

Eigenstates |Im) of orbital angular momentum have definite parity:
(~|tm) = (=1 (xlim). .
The P/™(cos®) do not contain the factor "%, hence their ‘parity’ is
(_1)l+m:
P (—cos¥) = (= 1)+ P (cos B). (4.7.31)

4.7.7 Particular cases

We list in table 4.2 the spherical harmonics for/ =0,1,2,3,4andm =0, ..., 1[.
For m < 0 one uses (4.7.29).
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Table 4.1. Phase factors e*™ relating our definition of spherical harmonics ¥, to that
appearing in the listed references. In references denoted by * only Py, are defined and
we give the phase relating their definition to ours. In Handbuch der Physik (1957) the
definition of P, is the same as ours but the definition of Y;, differs.

ala(l.m) Reference

=nnm Bethe and Salpeter (1957)
Jahnke-Emde (1948)*
Handbuch der Physik (1957)
Madelung (1950)
Morse and Feshbach (1953)

il Landau and Lifschitz (1981)
(- Bohm (1989)
+1 Blatt and Weisskopf (1959)

Brink and Satchler (1968)

Condon and Shortley (1953)
Edmonds (1957)

Galindo and Pascual (1990)
Gasiorowicz (1996)

Hamilton (1959)

Killen (1964)

Merzbacher (1961)

Messiah (1970)

Rose (1957)

Schiff (1955)

de-Shalit and Talmi (1963)
Varshalovich er al (1988)

Review of Particle Properties (1996)
Abramowitz and Stegun (1970)*
Gradshteyn and Ryzhik (1984)*
Magnus and F. Oberhettinger (1949)

The spherical harmonics of order one are particularly interesting. This is
seen by rewriting them in terms of x, y, z.

/3 / 1
Yy, =—- G(sinﬁcos¢p+isinﬂsinﬂ)=—} % [——ﬁ(x+iy):l
{3 1/3
Yio=, — P =-/—
10 4 cos r 4zrz
. 1 /3 1 .
Yl—l =—Y“ =; G [—ﬁ(x—ly)]
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Table 4.2. Spherical harmonics for [ =0, 1, 2, 3, 4.

1=0
1=1
=2
1=3
=4

5
4n 2
15 .
Y,y =—,/—e¥sin? cos
8
1 /15 .
Y= —‘12——62"" sin? 9

4Y 2n
Y5 = ,/l(é cos’® — 2 cos ¥)
4n 2 z
1 /21

Y = -3 Ee“”(Scoszﬂ — 1)sin?
1 /105 .. .
Yy = W e¥¥ sin? 9 cos? »

1 /35 .
Y;;:—Z 4—e3‘“’sin319
o1
9 35 4 15 . 2 3
Yo = E(TCOS ?— 7 cos" P+ 3)
3/5 . 3 .
Y4'=_Z 4—e“”(7cos ? — 3cos?)sin?
o1
375 2 . 9
Y42=Z ge “(7cos” ® — 1) sin” ¢
Y43=—§‘/j—5-e”"’cosﬂsin3ﬂ
n
3 /35
Y44=§ 4—C4I¢Sin4'l’
n

That is, the components of the radius vector in the ‘spherical basis’

1 .
_ﬁ(x + 1y) Y,
z transform as | Yo
1 . Y,
—(x —iy) .-l
72 y

under rotations and reflections.

(4.7.32)



4.8 SPIN-% EIGENSTATES AND OPERATORS 111

4.7.8 Further formulae

In chapter 6 the representation matrices DY’ of the rotation group will be shown
to be related to spherical harmonics. Formulae given there yield many more
formulae for spherical harmonics which we do not list here. An excellent
collection of formulae and theorems is found in Magnus and F. Oberhettinger
(1949) and in Varshalovich et al (1988); numerical values are given in Jahnke-
Emde (1948) (see table 4.1).

4.8 Spin-% eigenstates and operators

If, in (4.6.13), we put j = %, then m = :i:% and the three matrices are
immediately found to be

170 1 170 —i 1/1 0
=) aml(0F) wal(D 5) e

J=ic (4.8.2)

0'=(0’|,0’2,0’3)=(((1) :))’((l) Bl),((l) _01)) (483)

is Pauli’s spin operator. We shall now write down the spin—% operator for

measuring the spin component in direction n and the corresponding eigenstates
for spin 1 in direction £n. We put

or

where

n = (n, ny, n3) = (sin ¥ cos ¢, sin ¥ sin @, cos ). (4.8.4)

According to (4.1.9) the component in direction n is ‘measured’ by the
operator

1 n n; —in
* —l . — 3 1 2
Jo=n-J=3n-o0o 2 (nl iny 73

1/ cos® e ¥sing )

“4.8.5)
=2 (e“"sinz? —cos ¥

Similarly to what we did in section 3.3.3, we shall use the explicit form
(4.8.5) to calculate U, (n) = exp[—inn - J] for the spin—% case.
We write inn + J = 3(in2n - J) and observe from (4.8.5) that

Qn-J),=1.
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Thus all even powers of (2n - J),/, are equal to unity and all odd powers are
equal to (2n - J)12. The power series for the exponential then becomes

i _ = (_iﬂ/z)k k

=1 cos i —i nj n) —iny sin n (4.8.6)
B 2 nl + inz —n3 2

In particular

) —ip/2 0
Wa(pe)lyp=[e747), , = (e 0 eiw/Z)

. cos 3 sin 2
(Ua(BeD)) /2= [e(_lﬂh)]l/z = B
sin> cos >

which gives by combination the matrix for rotations by the three Euler angles
«, B and y

Wale, B, P2 = [e7 e PlrerhY,

eia/2 —e—ia/2 i g eir/2 (4.8.8)

B iy
cos—e Y
2
e'?/2 gin B e~ir/2 e'*/2 cos g el?/?

The eigenstates of the spin-operators (called ‘spinors’) for the direction n
are easily found from (4.8.1); we first choose an eigenstate of J3, namely the

state
1
Yy = (0) . (4.8.9)

This already fixes everything, because the state I%, —%) is now completely
determined:

=

1
lf’

’

=4 =ik Yy = (‘1’) (4.8.10)

N—
-

and the eigenstates of the spin operator in director n follow from the states
13.3) and |1, —3) respectively by rotating them by means of U,(c, B, ¥)
(4.8.8). In doing that we find, however, that the eigenstates with spin up
or down in a given direction n depend on three angles—namely the three
Euler angles—whereas the direction n contains only two, namely ¢ and ¢:

n = (sin ¥ cos g, sin ¥ sin g, cos #). Indeed the ‘states with spin up and down
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respectively in the ¢, ¥, y-orientation’ are the following ones (see (4.8.8)):
) . ‘ 1
11 —igJy =D Sy iy ]
IE’ i)y)_z?,y =[e Whe Whely 3]|/2 (0)

_ onips2 (€% cos(8/2)
= (ew/zsin(v/z)

(4.8.11)

1 —ipJy —i0 Jy o —iy ] 0
13> = Dp.0y =[e7*2e™ 2T B]y (1)

e (—e“m sin(®/2) ) '
e'?/2 cos(1/2)

Usually one puts y = 0, because the first rotation by y only rotates the
z-axis in itself and does not affect the statement ‘spin up or down in the z-
direction’. The second and third rotations (¢ and ¢) bring the space into the
position such that a pointer in the z-direction, moving with the space, would
now point in the n-direction, but we are not forced to put y = 0 and we
have to accept (4.8.11) as the general form. In fact, the two factors e ir/2
and €'7/2 are nothing other than phase factors, which have to be tolerated, as
only rays—not state vectors—correspond to physical states. The relative phase
between the two states (4.8.11) cannot, however, be fixed arbitrarily, because the
state I%, %)w’,r must be transformed into I%, _lf)?’-l")’ by the rotated lowering
operator J_(g, ¥, ¥) = U,(p, 9, y)J_Ua“(tp, ¥, ¥) and that fixes the relative
phase of the two states:

J_(0, 0, V5, Dpoy =Uale, 9, ¥)I_U; (9, 3, ¥)

0
X [Ua(‘p' %, y) (1)] 458.12)
0
= [Ua(‘p' %, ¥) (1)] = l%’ _%)w.ﬂ.r'
We add one more remark.

One could think of defining only one state, say I%, %)w.ﬂ.y’ by a rotation
and then obtaining the corresponding spin-down state by reversing the direction
of the axis n. Reversing n — —n is equivalent to the substitutions

p—ept+m
t—->m—-9
y — v/, where y’ remains currently undetermined.
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The substitutions imply the following changes of functions:

eTilw/2) _y +ei(@/2) oilp/2)
cos(?/2) — sin(#/2) and sin(#/2) — cos(¥/2)
/2 _y oH('/2)

If we carry out these substitutions on (4.8.11) we obtain

1 1 _ iy -1y /2) 1 1
130 Dptma—py =TI 1) oy

We see that we indeed obtain the correct spin-down state, if we choose
y + ¥’ = (mod 4x). This then determines ¥’ = 7 — y; hence

11 — 11 1
'5’ §)w+n.n—19.n'—y = liv _E)w.v,y'

And now comes the surprise: one might think that by exactly the same operation
carried out on the spin-down state, one would obtain the spin-up state. Wrong!
We obtain

1 _ 1 11 11
17+ —3)ptma—va—y =13+ Dptamoy = ~17: 3)p0- (4.8.13)

There appears an extra minus sign (which is related to the double valuedness
of the representation—see the next section). We therefore see that we cannot
replace the use of the ladder operators J. by a prescription which only
manipulates the angles, in other words, by rotations. Indeed, although the ladder
operators act on some states as if they were rotations, they are basically different
from rotations, as for instance J_I%. —%) = 0 shows: no rotation acting on any
state can give zero. Explicitly one sees it clearly with the following example:
the two matrices

(Ua(ren)]y = (? _01) and [J_]% = (? g)

have the same effect on the state ( ! ): they transform it into the state (?)

0

But on (?) they act differently: U,(me;) transforms it into — ( (1)) whereas

J_ annihilates it.

4.9 Double-valued representations; the covering group SU(2)

The rotation operators (3.3.17) and (4.8.6) or (4.8.8) are nothing other than
representations of the rotation group, generally called D™ and D'2). There
is one important difference between them, which is immediately seen by
considering a rotation by 27 about an arbitrary direction: with n = 2 (3.3.17)
gives

MQ@Qn) =1
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whereas (4.8.6) yields
exp[—2min - J]% = —1. 4.9.1)

This property is shared by all half-integer j representations. In fact these
representations are not, in a global sense, representations of the three-
dimensional rotation group (as the operators M (n) of (3.3.17) indeed are), but
they are representations of the group called SU (2), namely the two-dimensional
unitary group with determinant +1, of which (4.8.6) and (4.8.8) are the original
representation defining the group. The fact that by using the Lie algebra of
the rotation group we have obtained two types of representation, one which
is single valued and one which is not, need not disturb us: we know that by
exponentiating the Lie algebra of the group we obtain a matrix group, which is
locally, but not necessarily globally, isomorphic to the group one starts from. As
we concluded from (4.8.6) and (4.9.1), there exist in SU(2) two elements, +1
and —1, which correspond to the unit element of the three-dimensional rotation
group 0% (3) (0*(3) means orthogonal three-dimensional with determinant +1);
therefore these two elements +1 constitute a normal subgroup N of SU(2)
and the factor group SU(2)/N is isomorphic to 0%(3). That double-valued
representations of the rotation group arise comes from the twofold connectedness
of the parameter space: one sees easily when one characterizes a rotation by an,
namely as points inside a sphere of radius m, that there exist two kinds of closed
curve, those lying entirely in the interior and those touching the surface; the first
type can be continuously contracted to a point, the second only under certain
conditions: when the curve reaches the surface, it corresponds to a rotation wn;
however,—mn denotes the same rotation and therefore we can draw a continuous
curve, which starts somewhere in the interior, reaches the surface, jumps to the
antipodal point and returns to the starting point. It is ‘continuous’ and closed,
but cannot be contracted into one point. It is easy to see that each closed curve
can be deformed into either one or the other type; indeed all curves with an
even number (including zero) of jumps to the antipodal points can be contracted
into one point; those with an odd number cannot. Therefore the rotation group
is twofold connected. Each group element g of the rotation group can thus be
reached in two essentially different ways by continuous paths from 1 to g: by
a path on which an odd number of jumps occurs or by a path with an even
number of jumps. If one considers a new group with elements which consist of
a group element g of 0% (3) together with an indication of how g was reached,
then to each element g of 0"(3) there correspond two elements of this new
group because of the two classes of paths:

g { 8o for paths with an even number of jumps 4.9.2)

g1 for paths with an odd number of jumps.

The group with these elements is called the universal covering group of
the rotation group. It is isomorphic to the group SU(2) and the half-integer
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representations of 0%(3) are single-valued representations of its covering group
SU(2). We may now alternatively consider the half-integer representations as

e single-valued representations of the covering group SU(2)

o  double-valued representations of 0% (3).

We shall choose the second alternative. It is clear then that we cannot throw
away half of the representation matrices—we have to accept two, which simply
differ in sign for each rotation. The possible occurrence of such representations
up to a factor was already anticipated in our general discussion in chapter 2;
see in particular the statement (2.2.7) and the following text, up to Wigner’s
theorem (2.2.11).

4.10 Construction of the general j, m-state from spin-% states

In section 4.8 we found explicit formulae for the spin—% states and their

transformation properties under rotations. As j = '5 is the smallest non-

vanishing j-value, we expect that all | jm) states can be built up from spin-%
states or, in a perhaps better formulation, that for any given j and m it should
be possible to form such a direct product of spin-% states that the resultant
state belongs to the subspace H;,. Such a |jm) state will then be a particular
realization of the abstractly defined |jm) state, just as the spherical harmonics
Y. (3, @) are a particular realization of the abstract |Im) states.

It is evident that such a realization, which (in contradistinction to the Y;,)
covers integer and half-integer j, will prove to be very useful because we know

1

so much about the spin-; states. It is indeed possible to build up the whole

theory of angular momentum from the two states |12, 12) and |12, —%), which
in turn are either abstractly defined (Schwinger (1952)) or realized by analytic
functions (Bargmann (1962))°.

We shall consider now the construction of | jm) as a direct product of spin-
% states, because it seems to be up to now the only known way to construct the
general |jm) state in a form in which its transformation properties are explicit.

We shall assume the orthonormal states |’§, 12) to be abstractly given; we
know what happens when J,, J_ or J3 act on them; that is sufficient. We
introduce the following notation:

=
+

[l
o=
N —
~

(4.10.1)

=
|
{
ol
I
[ Lt
N

6 Both reprinted in Biedenharn and van Dam (1956), where also the Jordan—Schwinger construction
(presented in our chapter 7) can be found.
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and have with (4.8.2) and (4.8.3)

Jeuyr, =0

Jpu_=uy

J_uy=u_

Ju. =0 (4.10.2)
Jyuy = quy

Jyu_ =—%u_

The behaviour under rotations is laid down in (4.8.8) but is currently not of
interest.
Let us consider 2p systems of j = %, labelled by a superscript (i) =
(1), (2),...,(2p) and combining into a single supersystem. A definite state of
the combined system is given if each of the 2p subsystems is in a specified
state, either u(f or u”. Hence
10,2, )s@+1,...2p) ) =4’ ® - @uP @u @... @ u?®
4.10.3)

is a definite normalized (because the u are normalized) state of the combined
system, namely the one in which

e the systems with label 1,2, ..., ¢ are in a state u,
e the systems with label g +1,...,2p are in a state u_.

This state does not change if the labels of the u,-systems are permuted among
each other and/or if the labels of the u_-systems are permuted among each other;
it does change, however, if any label is exchanged between a u_-system and a
u_-system: if, for example, the labels 1 and g + 1 are interchanged, then that
means that in the new state system 1 has changed from spin up to spin down
and system g + 1 has changed from spin down to spin up; this new state is
orthogonal to the old one, because (ug)luﬂl)) = (uﬂf“’lu(f“)) = 0 and both
these appear as a factor in

(@+1,2,3,...,9+(,g+2,...2p)-1(0,...)+(g+1,...,2p)_).

Considering then all (2p)! permutations of the 2p labels in (4.10.3) and keeping
in mind that permutations inside the sets of + labels and — labels do not give
a new state, we see that there exist

@pt  _ (2,;)
q'!2p - q)! q

different classes of normalized states, each containing q!(2p — ¢)! states. States
belonging to different classes are orthogonal to each other. A typical state is then
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[y e i)+ (ge, - .o i2p) ), where the set {1(i), ..., 1)+ (ig41, ..., 12p)-)} isa
permutation of the numbers 1,2,...,2p.

We now show that each of these states is an eigenstate of J3 = .13(') + .13(2) +
s 13(2” ) (where this sum has to be understood in the sense of our discussion
in section 4.3, in particular (4.3.16) and (4.3.18): namely, 13(") acts only on
subsystem rn and is the unit operator for all other subsystems). Hence

J3l(iy, i)+ (igars - i2p)-)

= [Z J;'”]w., i) s ligars . ip)-)

=1lg = Q2p — 1, .-y i)+ Ugrr, - - oy izp)-)
= (q - p)l(ll, vy iq)+(iq+lv ey i2p)—)'

Putting ¢ — p = m, we see that [(i},...,ip4m)+(psms1, ..., i2p)=) iS an
eigenstate of J; with eigenvalue m; the same holds for all the (2p)! states
of this type.

Next we consider the effect of Ji") on such a state. As Ji") acts only
on the subsystem n, it annihilates the state unless the label n occurs in the set
[(ip+m+1, -+ -, i2p)-); if n occurs there, then this subsystem undergoes the change

J(") ny _ ()

ul =ul.
In other words if n€ (i,4m+1,..., i2p)— then Ji") transfers it to the set
(s iprm)y:

TP, con, o ipemY g Gptmats - o izp)=) =0

TN, oy ipm)s Gprmats o s P ey i2p)) (4.10.4)

= |(i], ey ip+mn)+(ip+m+|, ce ey eeay i2p)_).

This shows that the resultant state is either zero or it is one of the states
with eigenvalue m + 1 of J;. As this is so for each J\”,n = 1,...,2p,
it follows that the operator J, = Ji') + Jf) + ...+ Jf” ) acting on
[G1s - ipem)+Uptmst, - . i2p) ) produces a sum of p — m different states
with eigenvalue m 4+ 1 of J;. This suggests considering not a single such state,
but rather the sum over all (2p)! states generated from an arbitrary one by all

possible permutations. Consequently we define the (not yet normalized) state

1
I(p, m))s z—p,ZI(l,l e pAm(pEm+1,..,2p))
P

= W™, (4.10.5)

Here S stands for ‘symmetrized’, P for ‘all permutations of the numbers
1,...,2p’" and the second line represents ‘completely symmetrized direct product
of p+ m states uy and p — m states u_’.
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The normalization of that state is easily found by remembering that the
terms of the sum group themselves into (2p)!/[(p + m)!(p — m)!] mutually
orthogonal classes, each containing (p+ m)!(p —m)! equal states. Thus, taking
a representative of each class, we can write

_ (p+m)i(p—m)!
2p)!

[(p,m))s Z [representative).

classes

All states in the sum over classes are now mutually orthogonal. Hence

(p+m>!(p—m>!]2 @p)!

so that the normalized states are (the subscript N stands for normalization)

@p)!
(P, m))s N \/(p+m),(p oy - 1(p, m))s. (4.10.6)

We now show that these normalized states are indeed the usual states |jm) with
Jj = p. That is seen by considering the effect of J, on the state (p,m))s.
If m = p, then in (4.10.5) no u_ occurs and thus Ji|(p, p))s = 0. Assume
m < p. Then

Lelpom)s = = ),Zmu 2. ptmsptm+1,..,2p).)

(2p)u ZZ (")l(l 2,..,ptmy(p+m+1,...,2p) )

> Z (L2, ..., p+mny(p+m+1,...,...,2p))

(2P)' n=p+m+1
1

= ep)! Z Zl(l2---»P+"l,n)+(P+m+l,...,...,2p)_).
p n=p+m+l

Here > p already contains all permutations, no matter what n is; hence
Jel(p,m))s = (p — (2 X Z (1,2, p+m)(p+m+1,....2p)-).

Thus
Jil(p,m))g = (p —m)|(p,m + 1)) (4.10.7)
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and with the help of (4.10.6) we find for the properly normalized states

@p)!
Telp s \/(p+m)'(p m)!

D p —m—1)!
x(p—my [PXmEDNp=m= DY s
2p)!

=/ (p+m+D(p—ml(p,m+ Dy

=/plp+ 1) —m(m+Dl(p,m+1)sy.

Comparison with (4.6.12) shows that |(p, m)}s y is indeed a realization of the
abstract state |jm) with j = p. It is also properly normalized. We summarize:

A properly normalized realization of the abstract |jm) state is given by the
totally symmetrized direct product of spin-% states u; and u_:

. _ (2])' jt+m j—m
"'")'\/(Hm)!(j—m)'(“ o

(W++”'u1 —m) ®_WZ|(1 2, ., j+mi(G+m+1,...,2p)) 4.10.8)

e WU+ g yUHmED @i
(2])'2 ®. ® uY e ® u®,

It should perhaps be remarked that the present mathematical construction
is independent of whether or not such state vectors occur as state vectors in a
theory describing physical objects existing in nature; in fact the Pauli principle
requires that a system of spin-- particles is always in a completely antisymmetric
state’—but this in no way prevents us from realizing the mathematical object
| jm) by the above construction and using it to study explicitly its transformation
properties under rotations. Note that in most cases the symmetrization is an
unnecessary luxury and may be omitted (cancel 1/(2/)! and }_p). In chapter
7 on the Jordan—Schwinger construction, further relevant information can be
found.

7 With respect to all its variables, not only spin.



ADDITION OF ANGULAR MOMENTA

In this chapter we shall discuss the addition of angular momenta in the physicist’s
way; the relation of the present discussion to the group representations will
become clear in the next chapters.

5.1 The general problem

We have seen in sections 4.2-4.4 that a system S may be thought of as being
composed of several subsystems S&. Each of these subsystems has its own
angular momentum J®; the total angular momentum is J = Y ;_, J®. It is
important now that the J of different subsystems commute and that for each
J® as well as for J the commutation relations for the three components are the
familiar ones. In this respect also the orbital and spin angular momenta L and
S may be considered to belong to two ‘subsystems’; namely we have shown
in sections 4.1 and 4.2 that J = L + S, that L and § commute and that the
components of L and of S fulfil the usual commutation rules. Thus for the
following the nature of the J, which are summed up to yield J, is irrelevant:
there may be orbital and spin parts in any combination.

In dividing up a system S into subsystems we arrive finally at an end when
each subsystem is a single ‘elementary object’. The meaning of ‘elementary’ is
uniquely defined by convention; for instance in the Hamiltonian: to each pair
of conjugate variables g;, p; one has to attach one ‘elementary object’. As far
as the mathematical structure is concerned, a macroscopic symmetric top may
then be in this sense an ‘elementary object’.

Let us now consider the expression (remember (4.3.16), (4.3.18) and
(4.3.20) in section 4.3)

J=)Jo (5.1.1)
-~

for the total angular momentum (n is the number of ‘elementary objects’ plus
the number of spins). It is at the moment irrelevant which—if any—of all the
operators occurring on both sides of this equation commute with the Hamiltonian;
this question enters only later.

From the commutation relations of the components of each J and from
the fact that different J commute, it follows that the set

WY g, g@F 5@, . g@)?
T ARIRN ARV LOBRN IS SIIE I A A0 (5.12)
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is—as far as the angular momentum is concerned—a complete set of commuting
observables. This is so because it leads to the most detailed description we can
hope for: the angular momentum of each ‘elementary object’ of our system is
described as fully as possible.

However, as (5.1.1) indicates, this is by no means the only possible
description. J? and J, are two commuting operators which belong to another
such set. We cannot add these two to our old set (5.1.2). Namely, although
J, = Y0 J® commutes with all operators of (5.1.2), it is not worthwhile to
add it, being simply a linear combination of operators already there. J2, on the
other hand, does commute with each J©2, but with no J, .... Namely

TE=3 "I+ 1P I + 1010 (5.13)
L

gives after a short calculation

[J2, J®] = 2 (J;"’ doID - ey J,‘”) # 0.
7 ik
Consider now the other mentioned set which begins with J? and J,. Which
other operations can we add to these two? J, = ) Jz(’ ) commutes with every
J®’since each J® does already. Likewise J2 also commutes with every
J®’ since each single term of (5.1.3) commutes already. Hence

[, J® 7 = [J2, g% = 0. (5.1.4)
This shows that we can add to the second set of commuting observables, which

begins with J2 and J, = 3" J{, the squares of each single operator J@’. That
gives a set of (so far) n + 2 operators

(J2, Iy, JOF g@ gty (5.1.5)

whereas (5.1.2) contained 2n operators. Therefore we expect that we might be
able to complete this set to 2n commuting (independent) observables. We shall
do this now in the most general way, leading to the construction of all such sets
containing J? and J,. We shall not, however, start with the set (5.1.5), but only
with J? and J,. The J® will be found automatically then.

5.2 Complete sets of mutually commuting (angular momentum) observ-
ables

The construction is easily performed by a graphical representation. Let us
represent our system S =Y ;_, S¥) by n little boxes in one row:

b
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Undivided parts, like a or b, will be called ‘connected ensembles’. We may
subdivide our system at any place into

S=5@ 450,

Then
J=J,=Jp.

We now know from (5.1.4) that J2 and J? commute with J?, J, and among each
other (since they belong to different parts of the system). This first division gives
us (besides J? and J, which we have from the beginning) two new operators
for our set: J2 and J2.

Next we divide S in an arbitrary way:

I I S

J=Jo +Jo, + b

Again we know from (5.1.4) that JZ, JZ and J? commute with each other,
with J? and with J? and J,. Hence the two new operators JZ and JZ may be
added to our set.

Proceeding in this way one sees that every new subdivision yields two new
operators, which commute among themselves and with all those constructed so
far. Each such subdivision will be marked in our graph by a new division line.
We will invariably end up with the same final pattern, whatever sequence of
subdivisions we choose, namely with this one:

In this final pattern are then all the possible n— 1 division lines. A sequence
of subdivisions ending up with this pattern cannot be continued and will be called
a ‘complete sequence of subdivisions’. It leads in fact to a complete set of
commuting (angular momentum) observables. Namely, the n — 1 subdivisions
have yielded altogether 2(n — 1) operators of the type J2 (o indicating any
connected ensemble) which all commute among each other and with J? and
J,. Including J? and J;, we have just 2n commuting observables; this, as
we know from the set (5.1.2), is the maximum number we should expect. By
whichever sequence of subdivisions we proceed, we will necessarily find J)*,
J®* . J®™ (no one missing!) among our 2n commuting observables.

We have seen that by any sequence of subdivisions we obtain a set of 2n
commuting observables and we have said that this number 2n is the one we
expected for a ‘complete set’, but do we have a guarantee that we cannot add
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any more (angular momentum) observables which commute with the 2n already
there and which at the same time are not simply functions of them? That is, can
we show that there are at most 2n observables in each set? And furthermore,
can we say when two sequences of subdivisions will lead to different sets of 2n
observables? We shall deal with the last question first.

We call two sequences of subdivisions different, if they lead to two sets of
commuting observables which are not identical.

It is clear that we may subdivide in different orders and yet obtain the same
set of operators. Let a certain sequence of subdivisions be given. We show the
consecutive divisions and give each new division line a number. This is on the
left-hand column of the following graph; the right-hand column shows another
sequence which leads to the same operators:

CD ]
(11T Il
@ O [ON©)

RN HERREENR
D O 0 ® 00
HRERREN HEEARER

and so on.

As one sees, it does not matter which connected ensemble of blocks is next split
into two; it does, however, matter how each such ensemble is split, i.e. where in
a connected ensemble the next dividing line is drawn. Namely, let the following
graph correspond to any connected ensemble A occurring in a sequence and let
us subdivide it twice differently by one further dividing line (left- and right-hand
side):

A A
—— —_——
[1]2[3]4]5]6]7] L5617
[2BEEREN) DBEQEdd

a b a b
Ja=1.41, Ja= o+ 1,

These subdivisions contribute
the commuting observables :

2,02, A R N

We see that they contribute different operators to our set of 2n commuting
observables; thus these two sets are different. Furthermore, the two sets as a
whole will no longer commute since, e.g., JZ and J2 do not commute. This we
shall show now. We draw the two different subdivisions in one graph, where
we distinguish the two division lines (one pointing up, the other down):
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1(2|3|4|5|6|7

o
~— v .
a b

We see that @’ and b have some boxes o in common, whereas a and b’ have
nothing in common. Therefore J2 and J2 will commute, wherereas the boxes
a will spoil the commutativity of J2 and J2.

We write
Jo=da+ Jy Jpy=Jy +Jo

J2 =T+ T2 +2d, - Jy
JE=J2+ I+ 20y - Iy

Evaluating the commutator [J2, J2] we can, step by step, eliminate operators
which commute with what is on the other side of the comma. Operators sharing
no common boxes commute. Thus

(J2, T2 =[J2+J2+20,- Ty, T}
=[J24+2J, - Jo, JE + T2+ 2Jy - Jo]

=[J2+2J,- Ty, J2+ 20y - Jy]
= 2'[Ja «Ja, Jg +2Jy - Jul

=4 Ja.j [Ja.j, Ja.k] Jb’,k
j'Zk Ne— e’

} (since [J2, Jyi]1=0,i =x,y,2)

iJoy (j.k1 cycl)
(since J, commutes with J, and Jp). Hence if a and b’ are different systems

[(Ja + Ja)zs Jy + Ja)Z] =4i{Jax(Jabi’z - Jaz-’b’y)
+Jay(-’az-’b’x - Jax-’b’z)
+Jaz(Jabe’y - Jay-’b’x)}

£0.

We have seen that two complete sequences of subdivisions which lead to different
sets of commuting observables lead in fact to two sets which do not commute
with each other; i.e. it is always possible to find a pair of non-commuting
observables such that one member of this pair is taken from the first and the
other one from the second set.

This then also settles the question of completeness, the question being
whether it is possible to enlarge (in a non-trivial way) such a set of 2n commuting
observables. The answer is no; these sets are complete. The argument goes as
follows: the equation below (5.1.3) says [J2, J®] # 0. The same will be true
for J® and J®. Hence no operator of this component type has a chance to enter
into our system of 2n commuting operators (which contains J2). The only type

5.2.1)



126 ADDITION OF ANGULAR MOMENTA

of operator which may possibly enter is of the square type J2, where 8 denotes
any subsystem. Now, either in a given set of 2n commuting operators this J ;
is already contained, so by adding it once more to the set nothing is gained; or
this Jﬁ2 is not contained in the set; in that case the connected ensemble 8 of
boxes does not occur in the complete sequence of subdivisions leading to the
given set. Then there must be in this sequence at least one connected ensemble
B’ which spoils the occurrence of 8 by splitting 8 up and sharing some boxes
with it (without being contained in or containing 8); graphically

B
—H

HEEEEEEEEE

W—/
B.

Then [J2, JE] # 0 according to (5.2.1).
We have thus found the following result:

If a system S can be subdivided into n subsystems (# = number of ‘elementary
objects’ + number of spins), then the total angular momentum operator is

J = J®  (recall section 4.3).

n
=1

There are different complete sets of commuting angular momentum operators
available, of which one important one is the ‘uncoupled set’

(JOT, g0, g @ @, g@t oy

The other ones which are of importance are those which contain the square J?
and the z-component J, of the total angular momentum, and besides these two

also all squares JO’(i = 1,...,n). They will contain a further n — 2 squares
JZ, Jg, ... of angular momenta of subsystems S,, Sg, ... of S; the complete set
has the form

’

(J2, 1, T g g™ g2 gt ),

Each of these sets is generated by a certain complete sequence of subdivisions
of § and each of these sets will contain the same first n + 2 operators
J2, 7, JO . J™ they differ from each other by the remaining ones J2,
JE, .... Each of these sets contains 2n observables and is—as far as angular
momentum is concerned—complete.
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All possible complete sequences of of subdivisions! of S will generate
all possible complete sets of commuting (angular momentum) observables
containing J? and J,.

There will of course be other complete sets of commuting (angular
momentum) operators besides those constructed above, but they cannot contain
J? and J,; therefore they are not of any importance. (One could for instance
make any arbitrary (non-complete) subdivision S = S, + Sg, + ...+ S, and
then treat each S,, separately: each would be described by its own complete set
of observables (either of the uncoupled type or containing Si_, Ja,z) and all these
sets may be unified into one set of again exactly 2n commuting operators which
form certainly a complete set, although in general it is of no use.)

From our considerations it follows that there are several ways to construct
complete systems of commuting angular momentum observables. Each of these
will lead to a complete description of the states of the system by 2r quantum
numbers; such a state will have the form (as far as angular momentum is
concerned)

l]//) = lql’q2r~~-’q2n)

and the ensemble of these states {|q1, ..., g2,)} will form a complete basis in
the angular momentum part of the Hilbert space.

Choosing another possible complete set (another ‘coupling’) of commuting
angular momentum observables will lead to other states of the form

"P) =|r|,r2,...,r2,,)

where the r; will in general have a different physical significance from the
g; above. The ensemble of these states {jr|,r2,...,rz)} will form another
complete basis in the angular momentum part of the Hilbert space.

Between such bases, belonging to two complete sets (two different
‘couplings’) of commuting angular momentum observables, there must exist a
unitary transformation. We shall study these transformations in the next sections.

As we have seen, the complete sets of commuting observables are generated
by complete sequences of subdivisions. As each single subdivision splits just
one subsystem into two new ones, it is clear that the combination of two angular
momenta is the basic operation; combination of more than two involves then
only repeated applications of this basic operation.

For two angular momenta there are only the two complete sets

{J(l)z, Jz(]); J@? _122} the ‘uncoupled’
(JO g g2 g3 the ‘coupled’.

1 *All possible complete sequences of subdivisions of S” means, of course, that we not only consider
all (n — 1)! possible sequences of division lines, but also all n! ways of associating n systems with n
boxes. The resulting n!(n— 1)! complete sequences generate certainly all possible sets of commuting
operators (containing J' 2 and J,), but these sets will not all be different from each other.
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Studying the unitary transformation C between the corresponding states leads
to the Clebsch—Gordan coefficients as their matrix elements. For more than
two angular momenta there will be more sets and more unitary transformations
between the different couplings. The matrix elements of these transformations
are called ‘recoupling coefficients’. They can be expressed by sums over
products of Clebsch-Gordan coefficients; this is to be expected from the fact
that repeated coupling of two angular momenta generates any desired coupling
scheme. It also is to be expected that the transformations between different
coupling schemes become rapidly more complicated with growing numbers of
subsystems.

The recoupling coefficients for threé angular momenta are the so-called
Racah coefficients and/or 6 — j symbols. A certain type of recoupling coefficient
for four angular momenta is called the 9 — j symbol, etc. The importance of all
these transformations and different sets of observables arises from the fact that
in general not all these sets commute with the total Hamiltonian. In a reaction
(scattering, production) the initial and final states will consist of free particles
(asymptotically). These are most frequently described and experimentally
analysed by the set {J"’, JV; J@ JE . Jm J™MY. This set will almost
certainly not commute with the total Hamiltonian. The Hamiltonian will,
however, commute with J? and J,. Therefore a complete set of the type
{J2, J,;; TV .} might be adequate (but even this need not be, since sometimes
H does not commute with JV°, ... J™). Then the S-matrix elements will be
labelled by the eigenvalues of J? and others, the asymptotic states by those of
J®" and Ji—hence we must know the unitary transformation between these and
perhaps other types of coupling. The j — j and L — S couplings are examples
of importance in nuclear physics.

5.3 Combining two angular momenta; Clebsch—-Gordan (Wigner)
coefficients

5.3.1 Notation

There are many different notations in use and we are going to introduce a further
one; it is, however, almost the same as the notation used by many authors.
The point is this: whichever set of observables

AL S G W0 L (S e A (5:3.)

we might use, there are always just four quantum numbers. As long as the
general state is written down, everything is clear. We might for instance write

|jliml,j27 m2) and |jlvj27 ]’m) (5'32)

for the states corresponding to the two sets, and everybody would know
which states belong to which operators. Also the Clebsch-Gordan (or Wigner)
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coefficients, which are the scalar products between these states

(U, my, ja, maljy, jo. j, m)

would be quite obvious. The trouble is that one frequently uses these expressions
with numbers or definite values replacing the symbols, and then what does

1,0, 1, 1) or |jijij2j2)

mean? These states can occur in both representations, but designate quite
different things there.
We shall adopt the following rules:

(i) of a pair jm belonging together, j is always written first;

(1) in the coupled representation jij» come before jm and the coupling of j
and j, will be symbolized by parentheses around j; and jy;

(iii) in the uncoupled representation no parentheses occur and the sequence is
Jimy jama;

(iv) we do not separate the quantum numbers by commas, except if the comma
helps to clarify the meaning;

(v) the Clebsch-Gordan coefficients (hence forward called CGCs) have the
property that (see (5.3.8))

(jymi1 jam2| (i jo) jm) = 8jlj{‘8jzj{8.ml+mz.fn N (533)
x (jimy jama|(Grj2) J, my + ma).

Therefore several symbols are redundant. We shall omit (j; j,) from the
coupled state appearing in the CGC (but only there). It will be understood
that (j;j2) could always be added and, if so, then in exactly the same
sequence as in the uncoupled state.

We shall write, according to these rules:

|(J1j2)jm) in the coupled representation
| jimy jama) in the uncoupled representation 5.34)
(jimi jama|jm)  for the CGCs.

As the reader might frequently encounter other notations, we collect some of
them in table 5.1.

Let us, with a few words, indicate the link between this formal question
of notation and the considerations in section 4.3 (direct product spaces) and
section 4.5 (irreducible representations; Schur’s lemma). It will be seen, then,
that our notation expresses the mathematical content of what we mean by
‘addition of two angular momenta’.

The state |jim,jymy) is nothing other than the direct product state
|jim)®lj2m,) and differs from it in notation only by omission of )®|; in
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Table 5.1. The counterpart of our CGC (jym, j,m;|jm) in the quoted references.

Blatt and Weisskopf (1959) Cijy(jm; mymy)
Condon and Shortley (1953)  (j) jamma)ji jojm)

and

{1 jamimz|jm)
Edmonds (1957) (im) jama|j1 j2jm)
Fano and Racah (1959) (jm|mymy)

and

(J12im| jimy jama)
Galindo and Pascual (1990) (jymy jamz|(Jr J2) jm)
= C(j1j2j: mymym)

Hamilton (1959) (hrjamymz|jm)
Killen (1964) {J1.my; jo, mz|j, m)
Messiah (1970) {Ji amima|jm)
Rose (1957) C(jijaj: mimym)

CUrjajimi,m—my)

C(j1jaj3: mimams)
de-Shalit and Talmi (1963)  aj"

and

(j1m jamal jy j2jm)

Varshalovich et al (1988) cin

\my jamy

Wigner (1959) s/n

jmymy

particular the quantum numbers appear in the same order. The states | jim; jom3)
thus span a certain invariant subspace, namely the product space H;; =
H; ® H;, = Hj;,. This space gives rise to a representation of the Lie algebra
with operators (4.3.16):

J = J(i|)®l(i2) 41U ® Ju» (5.3.5)

and as J? commutes with each component of J, the representation is fully
reducible (see (4.5.10)) and the invariant subspace H;,;, splits up into a direct
sum of irreducible invariant subspaces:

Hip=H;, @ Hy =D @H;. (5.3.6)
j

All this will be carried out in detail. The states spanning the irreducible
subspaces ‘H; cannot simply be written |jm}, because one has to indicate that
they are subspaces of the particular subspace H;, ;, (it cannot be assumed that the
same quantum numbers j and m could not appear also in another product space
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H;; j;—in fact they generally do appear); that is why we should write these states
as {(ji1 j2)jm) which means a basis state of the invariant subspace H; € H;, .

Here we remark that the states |(j; j,)jm) and [(j,j;) jm) are not the same;
the order in which the two angular momenta are coupled shows up in a phase
factor which is fixed by convention. (See (5.3.25) and subsection 5.3.5, equation
(5.3.33)).

Finally, the CGCs are written as the scalar products between these states;
only the (j;j,) on the right has been omitted as j; and j, appear already on the
left.

5.3.2 Definition and some properties of the Clebsch—-Gordan coefficients

The two sets of commuting angular momentum operators
2
(JO O g Oy and (JV, gV, g2, ) (5.37)

have the three operators J*, J@* and J, in common (although in the uncoupled
set JI and J@® are even separately diagonal).
Consequently, the two sets of eigenstates

{ljymijamz)}  with ji, j» and m) + my = m fixed,
m) or m, free to vary

and
{|(GG1j2)jm)}  with ji, jo, m fixed, j free to vary

span the same subspace Hj ;,» of the Hilbert space H. The corresponding
projection operators are

Pipm= D limijomy)(imyjamal = D 1Gii2) jm) (G2 jml.
J

my+my=m

Leaving m free to vary, these sets span the subspace H;,;, of H. It is inside
H;, jm only that we have to consider the unitary transformations between the two
bases: because jj j,m are common quantum numbers of both sets of operators,
it is not allowed that in the transformation

Gri2)jm) =Y Liimy jyma) (im jyma) G j2) jm)

any state |jimy jmy) with j| # ji, j, # j» and my + my # m appears on the
right-hand side. We thus conclude the first property of the expansion coefficients
{imy joma|(j1j2)jm):

=i
(jim1jyma|(j1j2)jm) =0 unless § j, = j2 (5.3.8)
my+my; =m.
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Therefore, in the non-vanishing coefficients, j; and j, would appear twice; two
of them and furthermore either m, or m, or m are redundant. As laid down in
(5.3.4) we shall omit () j») and simply write (jym; jam;|jm).

It follows from (5.3.8) that the transformation

|(1j2)jm) = Z |ymy ama) (jim) jama| jm) (5.3.9)
my+my=m
and its inverse
|jimy jama) = Z () im) (im| jim) jama) (5.3.10)
J

involve only summations over m, and m, such that m, + m, = m and over
J (with limits to be specified later) respectively. The coefficients of these
expansions are called Clebsch-Gordan or Wigner coefficients:

(j1myjama|jm). (5.3.11)

We now prove that (j; and j; being given) j can vary only between |j; — jsl
and j; + ja.

(i) In any family of states |jm), m varies between, and indeed assumes, all
values from —j to 4/ (integer steps). Hence, if we know the maximum
possible m, then j cannot be larger; otherwise there would be also a larger
m value. Consider now (5.3.9) and (5.3.10). The maximal values of m,
and m; are j; and j, respectively; m = m; + m, implies max(m) = j, + ja.
This then is also the maximum value of j.

(ii) As the possible m-values differ by integers, the same holds for the allowed
Jj-values:

h+ip>2U=h+jp-K=ji+jh—n k=01,...,n

where n is to be determined. To each of these j belong 2j 4 1 states with
Jj = m > —j, so that the total number of states |(j, j2) jm) is

Y RGi+ =k +11=@+DQj+2i2+1-n) = Qi+ DQRj+ 1)
k=0

where the last equation holds because the total number of states is the same
in both the coupled and the uncoupled set. One sees easily that n = 2 j
and n = 2, are solutions. Hence

2 ] whichever is > 0.

it en=17
Jmin = Jt T 2 [}1‘]2

Therefore ji + j» = j > |ji — j2|. The consequence of this is that in the
transformations (5.3.9) and (5.3.10) no j-value outside | j, — j2|,..., i+ j2
can occur. The CGCs must automatically take care of that.
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Combining this result and the one of (5.3.8), we state that

(jimyjama|jm) =0

unless my +my=m, |ji—pl<j<ih+h
ie. A(frj2)) =1

and, of course, |m| < j, |m| < ji, |m2| £ j2.

(5.3.12)

The A-symbol is shorthand for |j; — j2| < j < ji + j»- It says jj, j2 and
J must be such that they could be the three sides of a triangle:

1 if a, b, ¢ can form a triangle

Alabc)= {0 otherwise.

This A(j,j2Jj) is always understood, although we shall not write it always.

5.3.3 Orthogonality of the Clebsch—-Gordan coefficients

The CGCs are elements of a unitary matrix C; the condition C'C = C ct=1
leads to certain orthogonality relations (or sum rules) if written in terms of the
matrix elements (j;m; joma|jm).

The explicit form of these relations is most easily written down by means
of the projection operator onto H;,;,» which exists in two forms

Pj jym = Z | jim; 2ma){jim, jamz| (uncoupled representation)
m,+my=m
(5.3.13)
Pj jym = Z |G g2) im){(ij2)im| (coupled representation).

J

We have underlined the summation quantum numbers to exhibit them more
clearly (we shall use this device on other occasions too). That these two are
identical has been discussed in section 5.3.2 above. Inside the subspace H;, j,m
these operators are just unit operators.

Now the orthogonality relations for the CGCs are immediately written down
by introducing the ‘unit operators’ (5.3.13) into the orthonormality relation of
the state vectors (j; jom fixed)

((12)J'm'|(Jrj2)Jm) = 6j jbmim
(Jim} jamy) jimi jamz) = Sugm, Smiymy -
We introduce the first P into the first and the second P into the second

orthonormality relation and obtain immediately (omitting the symbol (jij2)
according to our convention (5.3.4)):

Yo My jama) (i, jamal jm) = & jSwm A j27)
m;+my=m
(5.3.14)
> (' jamy| jm){m] jimy jama) = Sum, Sy,
i
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(summation variables underlined). If instead of P; ., we introduce the
projection Pj, j, onto H;, j,:

Py = Z ljvmy jama){jimy jama| = Z P} jom

mym;
(5.3.15)
Py = Z |(172)Jm}((hj2)jm| = Z Pj jom
into the orthogonality relation of the states, we obtain
3 ' m L jimy ama) (rm, jomy| jm) = 8 j6mm A j27)
m, m
(5.3.16)

3 Gimy jam | jm) (jml jimy 2 = S Sy

im

5.3.4 Sketch of the calculation of the Clebsch-Gordan coefficients; phase
convention and reality

We draw a figure in which for fixed j, = 2 and j, = 4 all 45 states are
represented by dots in the (m;m;)-plane and in the (jm)-plane for the uncoupled
and the coupled set respectively. We observe with its help how the states of H;, ,
are mapped from the uncoupled set | j;m, jom,) onto the coupled set |(j, j2) jm)
and vice versa.

In figure 5.1 we have indicated which points belong to the same subspace
H;, ,m. Obviously, the unitary transformation C which maps H;, ;,» onto itself
will represent any one given state (e.g. one of the circles © in figure 5.1(b)) as
a linear combination of all states of the corresponding subset (e.g. all circles ©
in figure 5.1(a)).

We see immediately that there are two subspaces Hj, jm, namely with
m = j, + j (indicated by ®) and m = —j, — j» (indicated by * (star)) which
consist of one single state each. Here the unitary transformation C consists at
most of multiplication by a complex number of modulus 1.

We see that the phase is arbitrary. The usual convention is then to fix it to
be +1 for the ®-states. Hence the CGC is +1:

'l('Jl_JZ?» J_l + {2» J.l + J.z) = |1 j1j22) (5.3.17)
hihhilh+ j, h+ ) =1

This convention, however, already fixes uniquely all those CGCs belonging to
the states of the column below ® in figure 5.1(b), for which j = j; + j>. The
calculation of these CGCs is achieved by the lowering operators

JI_=J0 42 (5.3.18)
formed according to the rule J = J + J® (see (5.1.1)).
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m; m

+ @

Q@ * +
.

o o o
*
a) b)
| imyjamg> 1Guj2)im)

Figure 5.1. States belonging to the same subspace H;, ;, in the two sets are drawn with
the same symbol for m =6, 5,4, 3,2, —6.

Applying J_ to |(jij2)j1 + j2, 1 + j2) repeatedly, we descend from this
state step by step down the column below ® in figure 5.1(b) until we arrive at
*, namely |(j1/2) 1 + 2 212

Applying J_ = JO + 19 10| J1j12J2) repeatedly, we generate those
linear combinations of the states of figure 5.1(a) which make up the states
|Gi2)jr + ja,m).

Thus, applying J_ in figure 5.1(b) three times to ® will give ©; applying
ALY @ | in figure 5.1(a) three times to ® will give a linear combination of all
the states © on the diagonal line; in fact exactly that linear combination which
is equal to |(ji j2)j, j — 3).

According to (4.6.12)

J_1Gij2)im) = TG+ D —m@m — DG j, m — 1)
IPjimyjoms) = VRGr + D = mi(my = Dlji,my — 1, jomg)  (5.3.19)
I jymyjamy) = NGz + 1) = ma(my — D jimy ja, my — 1).

Thus applying IO+ 12 0 any state |jjm, jomz) generates a superposition of

2 The reader should recall that here JV really means JV®1@ etc. See section 4.3, in particular
(4.3.16) and the discussion following it.
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two states:

I+ TP jimy jama) = V5 Gr ¥ 1) —m(my = D jimy — 1jamy)

+/j2(a + 1) — ma(my — )| jimy jomy — 1),
(5.3.20)
As all these superpositions involve real positive coefficients (the square roots
in (5.3.20)) it is clear that by repeated application of J_ and of FARNNE ()
respectively only sums of products of these real, positive roots can occur. Thus,
n-fold application of J_ to (5.3.17) leads to

IONGri)s i+ jas i + 72y = TP+ IOy i jada) (5.321)

with real positive coefficients on both sides. On the Lh.s. n square roots multiply;
writing /j(G+ 1) —m(m = 1) = /(G + m)(j — m + 1), we obtain

My e /2'!!....
I G id) = (.—])n—I(Jljz)J,J—n).
2j —n)!

Putting j — n = m yields

(+m)!

SRR USATIN 7 e TN
(j—m)!(zj)!J— |G 72)JJ)- (5.3.22)

|Grj2)jm) =

In the particular case (5.3.21) we must put j = j; + j» and obtain

h+jp+m)
Ur+ 2 —m)i2ji +22)!

IO 4 JPY*i=m) o o).

(5.3.23)
We could now work out the r.h.s. by means of the binomial expansion of
JP + 112))jl+j2_m and (5.3.19). Finally we could compare the coefficients
with those of the general formulae

|Gy j2) jr + Jo, m) = \/

|Giijt+ jom)y = D Livmyjama)Grmyjamal i + jo, m)

my+my=m

and thereby read off the CGC (jym, joms|j; + j», m). We shall not do that now
in detail. We only note that from the discussion between (5.3.20) and (5.3.21)
it follows that for arbitrary m,, my and m

{(jimy jama| j1 + j2, m) is real and > 0. (5.3.24)

Now we return to figure 5.1. We have just (in principle) calculated CGCs
belonging to the states |(jj j2)Jji + j». m) which make up the column farthest to
the right in figure 5.1(b). We now do the same for the column next (left) to it.
The state on top of it is |(j1 J2), 1 + J2 — 1, j1 + j» — 1), indicated by +. There
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is another one, also indicated by +, which belongs to the j = j; 4+ j, column
which has already been settled. Both these + states in figure 5.1(b) are linear
combinations of the two + states in figure 5.1(a); and since there are (except for
an arbitrary phase) only two orthogonal linear combinations possible (of which
one is already used), there remains only one linear combination for the top state
+ of the second column. The phase, however, is arbitrary and we must again
fix it by convention. Once this is done, all other states of the second column
are found by repeated application of J_ to the highest state +.

Obviously, when we arrive at the top state of the next column in
figure 5.1(b), two linear combinations of the three possible ones are already
used up and the only remaining one is fixed (up to an arbitrary phase). Its phase
will be agreed on by convention and then by repeated application of J_ all states
of that column can be calculated.

This situation is found each time when we wish to determine the linear
combination of a state on top of a column in figure 5.1(b), i.e. a state of the
form |j; j2jj). All possible mutual orthogonal linear combinations, except one,
have been used up, and for this last one we must only fix the phase; then the
rest is uniquely determined.

We fix the phases for all the top states (m = j) of figure 5.1(b) by the
following phase convention:

In the linear combination

IGuiiy =Y. limjama){jim, jamal i)
m+my=j

(5.3.25)
the CGC with the highest m, is real and > 0:
(fri1j2s J — J1ljJj) real > 0.

That is, in the linear combinations making up the top states of figure 5.1(b),
the states of the rightmost column (m; = j;) of figure 5.1(a) always enter with
a positive coefficient.

It is this phase convention which causes the two states |(jjj2)jm) and
|(jzj1)jm) to differ by a phase factor. This will be seen in detail in
subsection 5.3.5.

This convention—but not our notation'—is used by many authors (see
table 5.1).

This convention and the phase convention for the ladder operators (laid
down in (5.3.19)) fixes the CGC uniquely. In (5.3.19) only real square roots
occur and our convention (5.3.24) does not imply other than real coefficients for
the linear combinations making up the states |j; j2jj). Therefore all CGCs are
real in this phase convention:

(Jimyjamz|jm) = (jm|jim jam3). (5.3.26)
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5.3.5 Calculation of (jim, j,j — m;|jj)

It is relatively easy to calculate explicitly the coefficient {jym, j,j — my|jj) of
(5.3.25), from which the others belonging to the same j are found by application
of J_ to the relevant states. We proceed as follows.

We apply J; = Ji” + Jfrz) to the state |jj j2jj); it gives zero. Thus

J+|j|j2]'f)=1+[ > U]mljzmz><jlm|jzmzuj>]

mi+my=j

= Y ViGi+ D =mm + Dljim + Ljama)Gimy jama) )

mi+my=j

+ Y ViU 1) = mylmy + Dljimy jamy + 1) (im jama) jj)
my+my=j

=0.

The m are summation variables, therefore we may substitute in the first sum
m, — 1 for m; and m, + 1 for m,; after this substitution we can compare the
coefficients term by term and obtain

VirGr + 1) = my(my = D{jimy — 1 jamy + 11jj)
+V 2o + 1) — ma(my + 1) (jim; jam;|jj} =0

or

202+ 1) —ma(my + 1)
G+ 1D =m@m —1)

(fimy=1joma+11jj) = —\/ (jimy jamaljj). (5.3.27)

It is clear that by repeated application of this formula we can come from
{1 hj2j — j1ljj) to any other {jimjaj — m|jj). For this procedure it is more
convenient to rewrite the square root in (5.3.27) by using j(j+1)—m(m*x1) =
(j £m + 1)(j F m), hence

. . iy (a+m+DGr—my) .
my — 1jomy +11jj) = — . (53.28
(imi — 1jama +11jj) \/(j1 —m,+l)(j1+m,)(hmlhm2|“) ( )

Applying this formula k& times, we arrive at

Gromy =k, jo,my+k|jj) = (=1t

(o t+ma+ ) —m) Gy —m)YGi+m = k) .
(jimy jamaljj).

(2 + m2)!(2 — ma — )1y — my + )Gy + my)!
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We now put my = jy, my = j — ji, k = j1 —m and obtain

1+ 72— D! [(_l)jl—m

Uiz, J = mli) = \/(210!(1 + 72— i)

(5.3.29)
R e (IRY BT
(2 = Jj+m)l(Gr — m)! )
As—by convention—{ji j1j2J — j1ljj) = 0, it follows that
(imja, j = mljj) (=D = 0. (5.3.30)

Finally we find the value of (j, jij2j — ji|jj) by using the orthogonality relation
(5.3.14):

S Gimjj = mljjyt = 2D i
2 @G+ — )]

AN
Xz(]1+m)-(l+12 m)!

— (o + j+m)Gr—m)!

It remains to calculate the sum over m. This sum is a special case of the sum

Z (a+m'ib—m)
c+mid—-—m!

m

This sum is calculated by starting from the addition theorem of binomial coefficients: we expand
(1 +x)P* = (1 4+ x)?(1 +x)? and find

B3 6)
T

£()(t)-(1)

Further it follows from the definition of the binomial coefficients

(n) _nr=1)-(n—k+1)
k]~ 12- -k

-ny\ _ cfn+k—1
(7)=cr ("21). 533

The sum which we wish to evaluate contains the summation variable m in the numerator and in the
denominator, each time once positive, once negative. Thus, if in (5.3.31) we replace p - —p and
q —> —q. we obtain a sum of the required type:

prr—1\{q+k—r—1\_(p+q+k-1
B () () e

Hence

that forn > 0
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which, written in factorials, becomes

Z(P—l+r)!(q+k—l—r)' l),(P+q+k—l)
! ; .

itk — ) - =(p=Dig -

As r is a summation variable which goes over all values for which the factorials make sense, we
may replace r by ¢ + m and sum over m:

e e )
Now weputc+ p—1=a;qg+k—c—1=b; k—c=d and obtain the desired result
Z(a+m)!(b—m)! _(@+b+Dla—-0o)l(b—d)!
< (c+mid—m! (@+b+1—-c—d)lc+d)

(5.3.33)

With the help of the formula just derived, (5.3.33), we obtain

Z GAmlGt+p—m! _Gititj+D0Gi =+ Djt i+ D!
(2 — J +m)!(Gy —m)! @2j+D!Gr + 2= D!

and finally (this CGC is by convention positive!)

A (2)12) + D! .
s J = = N T 5.3.34
Gz J = i) \/(j.+jz+j+1)!(jl Y (339

from which by means of (5.3.29) all CGCs of the type {jim,j2j — m;|jj) are
found:

L . w—m, |+ 2= m)IGiL+m)!
J- = (=™ 5.3.35
(jimij2, j —miljj) = (=1) \/(jz—j+m1)!(j| ey ( )

< Zj+ DG+ = )
G+ a+j+DWG+i—i)Gi =2+ D

From this we could—following the procedure described above—obtain all CGCs
by application of J_ to the relevant states. We shall not do this here, because
the principle is obvious and the calculation tedious. We shall instead derive
a closed formula for the CGCs in subsection 5.3.8 by a completely different
method, thereby gaining a new aspect.

5.3.6 Obvious symmetry relations for CGCs

We shall now derive three symmetry relations for the CGCs, which seem rather
plausible. We derive them here explicitly because physical intuition leads the
way to them. In subsection 5.3.9 below we shall derive the full symmetry
group of the CGCs and find the symmetries present among them—but in that
derivation their simple geometric meaning does not become apparent. Here we
discuss only the following symmetries.
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(i) The first symmetry relation is obtained by interchanging the order in which
the angular momenta are coupled; that is, we consider the difference
between |(Jy j2)jm) and {(j,j;)jm). One might have expected the two
CGCs {jim, jymay|jm) and (jym,jim;|jm) to be equal, but our phase
convention (5.3.25) makes this impossible. This is seen immediately when
we observe what happens to figure 5.1(a) if the order of the coupling is
reversed. We display the effect in figure 5.2, where the horizontal axis
counts the m-values of the system which is taken first, and the vertical axis
those of the system which is taken as the second one.

m of second system

¢ o e ¢

L L 4 [ ® [ ] ® ® [

L L - p—————» m of first system

!
e o ¢ o ¢ o 4 o *
K
3
* * * *—o 3

Figure 5.2. Each dot represents a direct product state |jym, jom;). Each frame contains
one complete set of such states.

The states on the line m; + my = 3 combine into states |jm = 3); in
particular: the four states of the upright box are needed to build up a state
|(G1j2)jJ) with j = 3, and the four states of the flat box (they are the same
states in another order) combine into a state |(j,ji1)jj). Now our phase
convention (5.3.25) prescribes that in the first case the state

[*) = |2241)
enters with a positive coefficient, whereas in the second case
|©) = 442, -1)

is the state with a positive coefficient. These two states do not transform
into each other by reversing the order of coupling (except if j; = jp).
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(ii)

(iii)

ADDITION OF ANGULAR MOMENTA

Therefore the two states |(j; j2) jj) and |(j,,)jj) will be different, because
in Hj,;, = H;,; there is for fixed j and m (inside the allowed region)
essentially only one state |jm), of which we have fixed the phase (in an
arbitrary but definite way) such that it depends on the order of coupling.
This must not disturb us, as obviously a complete orthonormal system
remains such if one multiplies each basis state by an arbitrary phase factor.
We shall derive below the explicit form of the phase factor.

Next we consider the relation

[Ghija)im) = Z | jamy joma) (jim jama| jm)

mi+my=m

and replace m, my, my by —m, —m,, —m>; then

G, =my = D" i, —my, ja, —ma)(jr, —=my, ja, —malj, —m)

—-m|—my=m

which is again true. Now, any state |jm) may be transformed into a state
|j, —m) by rotating the space by m about the y (or x)-axis. There will,
however, be a change of the phase, because a rotation by & about any axis
lying in the xy-plane will make |jm) — |j, —m) and somehow the new
state should bear a label indicating about which axis the space was rotated;
the phase of the state |j, —m) is the only place where such a label could
be attached. Let then R, be a rotation by  about the y-axis:

Ry|jm} = @y (jm)|j, —m).

Thus our equation above with the negative m can be transformed into

03 G, =G im) =Y ey (ir, —=m)ey (a, —=m2)

X|jimy jama) (1, —=my j2, —=malj, —m).
Comparing this with the above equation with positive m we see that

¢;(]v _'m)?y(jlv .—ml)(/’y (j27 —mz)(jlv -my, j27 _m2|jv _m) (5336)
= (jimy jama|jm).

The whole factor must be real; its exact form will be derived below.

Considering finally the vector (operator) equation J = JV + J@, we
see that we may interchange J with either J or J@ if the proper
signs are taken. We thus might expect that e.g. (jim;jom2|jm) and
{jimi1, j, —m]ja, —m3) would be equal. Again this is not quite true. Of
course, after the preceding discussion we are ready to expect a difference
in sign. However, even the magnitudes will in general not be the same.
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This is seen immediately from the orthogonality relation (5.3.14)

> { > (jmljlmljzmz)(jlmljzmzljm)l =2j+1

m;

Z [ Z (jz’ __2|j|m|, jv —ﬂ) (jlmlv j, “ﬂUZ, —ﬂz)l = 2]2 + \

(5.3.37)
because in both cases the curly bracket is equal to unity. Since we sum
over the squares of the CGCs, the possible different signs are eliminated
and then both sums go over the same variables. If the two types of CGC
were the same, then the sums would be equal—but they are not.

Dividing the upper sum by 2j + 1 and the lower by 2j, + 1, we find a 1
on both right-hand sides. We might expect therefore that

l (Jimy jama| jm) } and ‘ (Jimy j, —m| ja, —my)
NES Va1

would be equal. That this is true will be shown below, where also the
correct sign will be derived.

We turn now to the proof of these three symmetry relations; the reader who
is content with the above plausibility arguments may skip these proofs and turn
to the results, (5.3.52).

(i) We first prove that by interchanging the order of coupling of systems 1 and
2, we obtain

(amajimy|jm) = (=127 (jymy joms| jm).

Above, in our plausibility consideration we convinced ourselves that
because of the phase convention the two CGCs might differ by a phase
factor. To calculate this phase factor, we use (5.3.30) (which is a direct
consequence of the phase convention (5.3.25)):

(jimy jama| jj) (=1 ™™ 2 0.
Had we interchanged the order of coupling, the same formula would read
(Jamajim|jj) (=17 > 0.

The direct product states | jym, jomz) and | jomajym,) in these expressions
are the same; only the two states |(ji j2)jj) and |(j2j1)jj) can differ by a
phase factor. Thus, as both expressions have equal magnitude and are both
non-negative, they are equal. Thus

(jimy jama|jj) = (=270 Gamg jimy | )
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where m; + my = j has been used. With the same arguments (equality
of the direct product states and at most a phase factor between the two
coupled states) we can immediately draw the conclusion

|G ii) = (=1 2731y j2) jij)-

Now, by application of J_, we can generate all | jm) states; the phase factor
remains obviously untouched. Hence

\(Gaj1)jm) = (=127 o) jm) (5.3.38)
and from this it follows for the CGCs that
{(jamajimi|jm) = (=) 27T (imy joma| jm). (5.3.39)

Next we calculate the change in sign which is caused by changing all m
values into their negatives. According to (5.3.36) the new sign is

¢ = @3, —m)ey (1, —m)ey(j2, —m2) (5.3.40)
where ¢, (j, —m) is defined for any state |jm) by

Ryljm) =@, (j,m)|j — m)
Ry|j —m) = @y(j, —m)|jm)

and Ry is a rotation by 7 about the y-axis.
Fora spin—% state we can write down the effect of a rotation R, immediately
by means of (4.8.7), where we put 8 = r and obtain

(Va(R)) = (‘1’ o ) .

Writing uy = ((1)) and u_ = ((1)), we find then

Ryuy =u_ Ryu_ = —uy,. (5.341)

For arbitrary j and m we use the representation (4.10.8)

o @)! jim o
IJm)_\/(j+m)!(j—m)z (“+ “- )®

and apply R, to it (to |jm) on the left-hand side and to each u separately
on the right-hand side); using (5.3.41)

. @2)N! e .
RyIJm>=‘/(j+m)!(j_m)! [(Ryu)*™ (Ryu-y "],

_ (2])' _1Nj—m j+m_ j—m
—\/(j+m)!(j—m)!( D7 (W),
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or .
Ry|jm) = (=1)""|j —m). (5.3.42)

Thus, by definition, ¢,(jm) = (=1~ which is always real, because
Jj — m is always an integer. We now obtain with (5.3.40)

9= (_1)j+m+jl+ml+jz+mZ.

Using m; + m; = m and adding j — j = O in the exponent yields
9= (__1)2j+2m+j.+j2—j — (_1)j|+jz—l

since 2j + 2m is always an even integer. The combined phase factors in
(5.3.36) thus have the value (—1)/1+/2-/ and (5.3.36) becomes

(i» —=mi, Jo, —malj —m) = (=D (imy jomy|jm).  (5.3.43)

Finally we show what changes follow from interchanging any one of the
coupled angular momenta with the resulting one. To this end we consider
first the more symmetric problem of coupling three angular momenta
JD 4 gD 4 J3 = 0. We then have to calculate the state

[(j1/243)00).

This is achieved by first coupling j; and j; to j

|G jm) =Y imy jama) (Gimy jama) jm) (5.3.44)

and thereafter coupling j and j;to J =0

[ ((U1J2)JJ3) 00) = Z |UrJ2) jmjzm3){jmjzm3(00). (5.3.45)

Here the symbol |(jj;)jmjsms) is an abbreviation for the direct
product state |(jj2)jm)®|jzms). Inserting here the expression (5.3.44)
for |(j1jz)jm) gives a sum over threefold direct product states
| jim1)®|jama)®| jsms) = |jym) jam,jims). Hence the combination of
(5.3.44) and (5.3.45) yields

| ((1J2)i3) 00y = D Ljrmi jama jsms){ jimy jams| jm){jmjsms3|00)
(5.3.46)

where the sum goes over all m such that my +m; =m and m3 + m = 0.
The last CGC vanishes unless j = j3 and m = —ms3. Its value follows
immediately from (5.3.35):

(_1)j3+m3

T\/—_TT (5.3.47)
3

(J3, —m3, jam3|00) =
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and this is the CGC to be inserted into (5.3.46), where of course jm is to
be replaced by j; and —m3. Hence we can write | ((jy j2)j3) 00) instead of

1 ((j1j2) jj3) 00) and find
(_ 1 )j;+m3

N2+ T
(5.3.48)

| (G 2)J3) 00) = D |jimy jamz jams) (umy jamal js — ms)

Now we couple the three states in a different order and remember that
| jim, jam2 jzms) is invariant under the permutation of the order of 1, 2, 3.

Hence
i) 00 Lo T (=1n*m
| ((23) 1) 00) = ) |jimy jama jams) (jama jams | jr — ml)—ﬁ-
(5.3.49)

We now claim that the two states | ((ji j2)j3) 00) and | ((j2j3)j1) 00) differ
at most by a phase. Both states belong to the direct product space H;, ;,;,
spanned by the vectors |jm, jomzj3ms). We must only show that there
cannot exist more than one state |/ =0, M = 0) in H; ;,;,. We couple j
and j, to j with the possible values |j; — ja| < j < ji + j»- Coupling any
one of these intermediate j with j; will lead to a total J with the possible
values |j — j3| < J < j + j3. The value J = O is present in only one of
these sequences, namely in the sequence obtained with j = j;. As j itself
occurs only once in the sequence of possible j values, it follows that only
one state |J = 0, M = 0) exists in H,,;,;,. A different order of coupling
can at most lead to another phase. (Note that the above conclusions hold
only for J = 0, M = 0; for J # O there will in general be several
independent states |J M) for given J and M, see section 5.4).

We thus obtain
| ((j243)j1) 00) = @ ((j273)j1) | ((J1J2) j3) 00).

Comparing coefficients in (5.3.48) and (5.3.49) yields

, , . , L 25 +1
_ — ; : +j3+mi+m
(]2’”2]3’”3']1 s ml) = ‘P(]2]3]1) ( l)jI 3T 2].3 1 (5350)

X{Jjim| ama|j3. —m3).

We determine ¢ ((j>j3)j;) by making the CGC on the right-hand side positive
(see (5.3.25)). We put

my = ji

m3=—j

my=jz— ji-
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Then, collecting the positive numbers on the r.h.s. into one symbol P we have
(2o J3 = Jvs J3» — Jsbjr, — 1) = P o (Gaja) ) (=D
On the Lh.s. we change all m-values into their negatives and then exchange 2
with 3. A glance at (5.3.39) and (5.3.43) shows that both operations give rise to
the same sign (—1)%27/5~/' whose square is one. But after these operations we
have on the left-hand side (j3j3j2, j1 — j3ljiji) which is positive (see (5.3.25)).
Hence . _
eUzjsjt) = (=) = (=)~
If we insert that into (5.3.30) and remember m, + m; = —m;, we obtain

o N Y T
(amajsmalji, —my) = (—1yp=hmm (2T omaljs — m3). (5.3.51)
2j3+ 1

This formula gives us the result of the cyclic permutations; (5.3.39) adds to
them the remaining three. Thus, with these two equations we can calculate any
permutation of the arguments of the CGCs.

We collect the results of this section (the equations are numbered as they
originally appeared):

o (=1
m, j, —m|00) = —— 5.3.47
(m, j |00) NAES [ ]
(jamajimy|jm) = (1Y 2J (jymy jymy]| jm) [5.3.39]
|(2j0) jm) = (=DM 3 () j) jm) [5.3.38]
. . o 2j1+1 . .
Uamajmljy —my) = (=1)i=h=m [SIL T 2 omalj —m)  [5.3.51]
2j+1
Uiy —my, Jo, —malj — m) = (=1)+2=I (jim, jmy| jm). [5.3.43]

(5.3.52)
From this, further relations can be derived by repeated application and
specialization of the values. For instance, from the last relation we read off

(1,01,0/10) =0 if Iy + 15 + 1 is odd (/; integers). (5.3.53)

5.3.7 Wigner’s 3j-symbol and Racah’s V (j j,j3|m,m,m3)-symbol

Wigner introduced another symbol instead of the CGC, which shows more
symmetry. It is defined by?

(Jimy jama| jz, —m3) = /2 j5 + [(=1)—a=m ( . ) . (5354

m, m; mj

3 The reason for this definition is that (5.3.48) becomes simple in this new notation: it is now
(5.3.62).
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From the properties of CGCs it follows that

oo B I
(ml my m3)—0 unless m; +my +m3 =0; A(j1)2/3) =0.

Introducing this into (5.3.51), we find

V2L + [(—1)f2—ss—m ( 23 h )

my ms3  my

2ji + 1 i - iy h 72 J
= —1)hp—h-m _/ _1)Ji—h—ms
\/2j3+1( ) 2a+ 1= (m. my  ms3

=25+ 1 (_])js-j2+ml ( Ji a7 ) .

mp mp; mj

Hence (because j; — j, + m; = integer)

jl j2 j3 - j2 j3 jl - j3 j] j2 (5 3 55)
m my ms my, m3 m m m mp )’ b
It is a matter of a few minutes of simple algebra to derive from (5.3.39) and
(5.3.43) the following further formulae:

2 Qv — (= 1)Hirtis ho R
m; mp ms my, may; mj
J J2 J3
—-my —m; —m3

(5.3.56)

where the first corresponds to (5.3.39) and the second to (5.3.43), whereas
(5.3.17) and (5.3.24) become

(jl 2 G+ i) )_ (=%
h i =i+ 2+ )+ 1

o ) (53.57
(= 1)hi=h+is (J_l o ) -0,
Jm —p /)
The orthogonality relations (5.3.16) appear now as
Z(jl J2 j3)<j1 J2 f5)=a. 5 BAGIRR)
S\m o my omy J\my om, omy J R 440 (5.3.58)
- ho hoJ, ok oI Yos s, e
Z(znﬂ)(ml b m;)(m'l , ms) S Brmgms-

J,my
Summing the first one over mj after putting m3 = mj and j3 = j; yields

Z ook B ok By (5.3.59)
myomy omy)\my omy omy) -

m mymy
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Note that the sums in (5.3.58) are in fact only sums over one variable and in
(5.3.59) only over two variables, because m; + my + m3 = 0. Furthermore,
by means of the symmetry properties (5.3.55) and (5.3.56), we may permuie
arbitrarily the columns of the 3j-symbols in the sums of (5.3.58) without any
consequence other than that the summation goes over another variable (after
changing their names). Hence

) h 2 ho B
(2]3+1)Z(ﬂ1 m, ’"3>(ﬂ1 m, m’3>

m,m,

P h 2 ] ho ko 3 _
_(2]|+1)Z(m,1 y m3>(m1 _"12 %)

m,my

- h B2 ] ho o
Y @is+1 I3 I3
273 ) (’"l m _’"3> (’"/1 ’"lz _’"3>

iyms

: hoJ, I hoJi, i
= 2 22 =2 =....
Sarev (i 2 ) (e 2 %)

iy

(5.3.60)

Racah has introduced still another symbol by

L. —(—1h—h—5 Ji s
V(i j2jslmymams) = (—1) (ml my m3
(—1)5s=m

——————{jimy jamy|j3 — m3).
2j3+1(]1 1j2ma2l 3 3)

The properties of the V-coefficients are similar to those of Wigner’s, but they
are a little less symmetric.

5.3.8 Racah’s formula for the CGCs

In this subsection we shall derive a closed formula for the CGCs; this formula
is due to Racah, although he derived it differently. We shall use the Wigner
notation (3 j-symbol) for the CGCs and follow the usual custom of replacing the
letters j) joj3 by abc and mymams by aBy.

We start our consideration by remembering that any | jm) can be represented
by a suitable direct product of

states. This was fully discussed in section 4.10. Thus, according to (4.10.8) we
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may build up three states

- (2(1)' a+ta, a—ao
lac), —\f(—a—————_l_a)!(a mpwy (uru® )@

b8}, = \/ ___ @0 (vi“’v’i"’)@ (5.3.61)

b+ B - p)!

_ (20)! c+y e~y
|Cy)w_\/(c+y)_'—|(c_ y)| (w+ w_ )@

where u, v, w serve to distinguish three physical systems.

Next we remember (5.3.48), which allows us to couple three such states
to a state with total angular momentum zero, i.e. fo a state which is invariant
under rotations; we rewrite (5.3.48) using the Wigner 3 j-notation and obtain

((@b)e) 00) = (=" 3" |(@a), (bB)u(cy)u) ( f; C). (53.62)
a+p+y=0 4
If we insert (5.3.61) into (5.3.62), a sum over terms like
ata a-—a b+p_b—p c+y, =Y
(iUl ® (v+ v )®® (w+ w® )@ (5.3.63)

results, and this sum is invariant under rotations.

The main idea is now to build up an invariant state from factors uy, vy and
wz in a different way and not containing CGCs, then to rearrange it such that
it takes the form of the sum (5.3.62), (5.3.63) and compare coefficients. As the
coefficients will contain the CGCs, we obtain in this way a formula for them.

How can we build up an invariant state? First we look back at (4.8.8)
which describes the transformation properties of spinors. As one sees at once,
this matrix has determinant unity (it is the original representation of SU(2)) and
therefore leaves the ‘determinant’ (u,v_ — vyu_) and similar ones invariant®.
These expressions are therefore also invariant under the corresponding rotations
of the three-dimensional space. Hence we can build up invariant states by taking
direct products of any number of determinants:

&y =(vyw_ —wyv)
5 = ( +U_ — u+w ) (53.64)
dy=(uiv_ —viu-).

We only have to do it in such a way that the total number of factors u, v and w
is equal to 2a, 2b and 2c respectively—then this state is equal to (up to phase
and normalization) the state | ((ab)c) 00},

4 It is recommended that the reader checks this statement by an explicit calculation. Hint: use the

standard U = ( a

—b* ab. ) with aa* + bb* = 1 for simplicity.
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Thus we put
| ((ab)c) 00),,,, = N(pqr) (87828,,) (5.3.65)

v-w

where the numbers p,q,r and the factor N(pqr) which contains both
normalization and phase will be determined later.

We use the binomial expansion for the powers of the determinants and
collect all u, all vy and all wy together. The result is

r ‘+q'+r' [ P q r
N(pqr) (81838,) g = N(pgr) > _ (=1)P*4+ <p,) <q,) (r)

=
r+q' —r' q+r'—q' +r'—p' r+p —r +p'~q', p+qa'—p
X [(u+" uTTTTy T TPV T @it T w? p)e]-

(5.3.66)
We now only have to compare exponents and to insert some normalization factors
in order to arrive at a sum of type (5.3.62), (5.3.63). In fact, considering (5.3.61)
we see that the sum of the two exponents must equal 2 (= 2a, 2b, 2¢) and their
difference 2m (= 2, 28, 2y). We thus replace, e.g., according to (5.3.61)

ur+q’—r’uq+r'—q’)® - r+q' =g+ r —g)!
* - (r+g)!

X rta
2

1
50 =4 + 24’ —2r’)>

u
where now %(r +¢g) =a and %(r —q + 29’ — 2r’) =« will do what we want.
We thus have to put

r+q=2a r—q+2q - 2r' =2«
r+p=2b  p—r+2r—2p =28 (5.3.67)
ptgq=2c q-p+2p—29=2y.

The three equations for p, ¢, r are solved at once:

p=—-a+b+c
g=a-b+c (5.3.68)
r=a+b-c

but we cannot solve the other three for p’q’r’ because the three equations are
not independent: their sum gives 0 = 0, as it should (@ + 8 + y must be zero!).
Since we wish, however, to change from the summation variables p’, ¢',r’ to
a, B, ¥y which appear in the sum (5.3.62), we have to keep one of the three—say
r'—and solve for the other two. We call r' from now on p, and obtain from
(5.3.67)

r=p p-p=b+p-p
g =a—-b+c+p g—q¢ =a—a-—p (5.3.69)
pP=-B+c—a+p r-r =a+b-c—p.
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From here on «, B and p are the summation variables. The factor (—1)7+4'+"
is calculated with the following congruence mod 2 (note that 2(j +m) = 0 mod
2):
pP+qg+r=p+a—-F+2c—b—a+ (2a—-2a)mod2
=sp—a—-B+2c—b+a—(Q2c+2y)mod2
=p—(@+B+y)+a—b—ymod2.
N
=0

Hence

(=DPHH = (—1)r b ()P, (5.3.70)
With these substitutions the sum (5.3.66) becomes (we use pgr along with abc,
but consider them only as an abbreviation, see (5.3.68)), writing out all binomial
coefficients:

|((@b)) 00}y =N Y X (@, B, ¥) [(ae)u(BB)u(c¥)w)
a+p+y=0
plg'r!

v (2a)!(2b)!(2c)!

X B.y) = (=17 Sla+a)a— )G+ PG - Plc + y)ic— y)!
1
—1\*
x;( V@t b—c—pla—bretpla—a-pl]
(=B+c—a+p)+B—p)!

N = N(pgr)

(5.3.71)
Comparison with (5.3.62) shows that

(—1)"-"+'-‘(§ g ;)=NX<a,ﬂ,y)

where N and X(a, 8, y) are defined in (5.3.71). Explicitly

tgir! [(a+a)!(a—a)!(b+5)g]
(“ boc\_ _iyetrn PN 6 - B+ »)ie - !
y)_ (=1)***N(pgr)

a B J2a)1(2h)12c)!
1
-1)* .
x;( ) plla+b—c—p)l@—b+c+ p)!
(@a—-a—-p)l(—B+c—a+p)b+p—p)!
(5.3.72)

It remains only to evaluate the sign and magnitude of N(pgqr). As N does not
depend on «, B, ¥, p, this can be done at once by evaluating the r.h.s. of (5.3.72)
in the case a = o« where in the sum over p both (p)! and (—p)! appear; thus
necessarily p = O (all sums extend over such values of the variables, that the
factorials make sense).



5.3 COMBINING TWO ANGULAR MOMENTA 153

Furthermore, we may put y = —c and write with (5.3.54)
-1 a—b+c
(a b ¢ ) = (;—(aab(c —a)lcc).
a ¢c—a —¢ 2c+1

The last CGC has been calculated earlier in (5.3.34) which gives in the Wigner
notation

(“ b« )=(_1)a-b+c \[ (2a)!Q20)! . (5373)
a c—a -—c a@a+b+c+ Dlia—->b+0)!

For this same CGC we obtain now from (5.3.72)

(a b c )=N(pqr)x/(—a+b+c)!(a+b—c)! (5.3.74)

a c—a —c¢ J(2b)!

so that

(2a)!(2b)! (2c)!
(@a+b+c+ DN —a+b+c)a@a—b+c)la+b—oc)
(5.3.75)

N(pgr) = (—1)“-"“\/

Inserting this into (5.3.72) yields Racah’s formula

(a b c)_(_l)a_,,_y (—a+b+0a—-b+0l@a+b—o)!
@« B v)" “@+b+c+)!

xJ(@a+a)la—a)!®d+ Bl — Blc+ y)lc—y)!

(=1)°
x2
> [p!(a+b—c—p)!(a—b+c+p)! ]
(@a-—a—pl(—a—B+c+p)lb+B—p)!
(5.3.76)
with the conditions that « + 8 + ¥ = 0 and A(abc) = 1. The sum over p
extends only over such integer values where the factorials have non-negative
argument.

It could be argued that, in order to determine the sign and magnitude of
N(pqr), we have used a formula for the special CGC {(aab(c — a)|cc) which
was calculated earlier by means of the usual technique involving recursion
formulae obtained by application of Ji. So our present derivation would not
be independent of these techniques. It is left to the reader as an exercise to
prove that we can determine N(pqr) with little more effort also without the
help of (aab(c — a)|cc). One uses the orthogonality of CGCs as expressed in
(5.3.58) and (5.3.60) and writes it down in terms of (5.3.72), thereby obtaining
an expression for N2(pqr). Here again, one uses the trick to put @ = a which
implies that the (this time two) sums over p and p’ have only one single term.
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The ensuing sum over factorials can be evaluated by means of formula (5.3.33)
and N%(pqr) is found. Its sign is then determined from the requirement that

(_l)a—b-H: a b ¢ >0
a ¢c—a —c¢

(phase convention (5.3.25), (5.3.57)).

The general Racah formula is rather complicated and not too useful for
the calculation of CGCs, except if one uses computers. But in many important
cases it reduces to much simpler expressions. In general, one needs the CGCs
for rather small values of its arguments and then it is easier to write down some
explicit formulae. We shall collect such formulae at the end of this chapter in
subsection 5.3.10.

5.3.9 Regge’s symmetry of CGCs

The first closed formula (similar to Racah’s) for the CGCs was given by Wigner
in 1931 (Wigner (1931, 1959)). The rather obvious symmetry relations

(a b c)_(b c a)_(c a b)__(b a c)
a B vy B v « y « B B o vy
(which were derived above in subsection 5.3.6) were known all the time. It took
twenty-seven years before some further, much less obvious symmetries of the
CGCs were discovered by Regge (1958). We shall discuss them now. We write
down once more (5.3.65)
, 1
(8768,) = 5| (@B)) 00,

and insert | ((ab)c) 00),,,,, from (5.3.62) and (5.3.63) and N from (5.3.75) with
the result

(808%8r)g =V@a+tb+tc+ D(—a+b+ol@a-b+ola+b—o!

ata, a—a b+p b-p cty ¥
< Z (a b C)(u+ "- )®(v+ v- )@(w+ - )@

ariyo \% B Y \/[(a—}—a)!(a—a)!(b+ﬁ)!(b—ﬁ)!]

(c+Pic—!
p=—a+b+c g=a—-b+c r=a+b-c
P+gq+r=a+b+c=k.
(5.3.77)

Consider now the determinant
Ugp Vo wo
Uy vVy Wy
u- V- w_

=ug(Vpw- — WV )g + volwipu- —ujw )g
®

+wo(uyv- —v4u_)g

= (uo5u + vO‘sv + wo5w)®
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and its kth power (k =a+b +c)

k

pP.4q,.r
= Y L% s (5.3.78)
® p+qtr=k p!q Ir!

1 |40 vo wo
Fu+ Ve w4

Uu_- v w_

(For the definition of §,, , and é,, see (5.3.64).) The new quantities ug vo wo May
be considered to be parameters (just numbers). We encounter here our familiar
invariant state (3548747,) & Which we now insert from (5.3.77) into (5.3.78) with
the result

1 Uo Vo
o u+ vy w+ =vk+1)! Z (a B )’)
_ w_ a+p+y=0
v ® pratr=k (5.3.79)

5 (ufultut™) (vg it vf—ﬂ) (wowiﬂ'w y)@ |
Vplla+a)la—a)lg!(d+ BIb— Bri(c + y)(c — y)!

Now the well known symmetries of the determinant on the lLh.s. imply that

the r.h.s. has the same symmetries. Thus even (odd) permutations of columns

leave the determinant invariant (multiply it by —1). On the r.h.s. this means

corresponding permutations of u, v, w. In order to restore the sum one only has

to rename the summation variables and to perform corresponding permutations
b ¢
B

invariant. According to what happens to the determinant, we conclude that
(Z Z ;) multiplies by (—1)?+2+¢ under odd and stays invariant under
even permutations of its columns. Interchanging the last two rows of the
determinant multiplies it by —1. On the r.h.s. the corresponding operation leads
toax > —a,8 —> —8,y > —y. Thus

a b c a+b+c b ¢
(-a -B —y) =D (a B y)

These two types of symmetry are our old well known ones of (5.3.55) and
(5.3.56). But there are now many more: arbitrary permutations of rows
and arbitrary permutations of columns and reflection on the diagonal. These
symmetries sum up to 72 different operations: (3! = 6 column permutations) x
(6 row permutations) x (2 reflections on the main diagonal), whereas the old
symmetries comprise only 12 operations.

In order to bring out more clearly the complete symmetry group of CGC,
Regge introduced a new notation:

a b c —a+b+c a—-b+c a+b—c
(a B y)E a+a b+ 8 c+y jl (5.3.80)

a—a b-8 c—y

of the columns of , because the square root in the denominator is
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The Regge symbol is highly redundant with its nine entries for five
independent variables—but between the Wigner 3j-symbol and the Regge
symbol there is a one-to-one correspondence. With this notation (5.3.79)
becomes

Up VYo Wo k

1 p q r
FL|4 U Wy =yk+1)! Z [a+a b+p c+vy
u- v w-le wrrola—a b—p c-y
(uguf'au‘i_a) (vg v_l:_—+—ﬂ vl:—ﬂ) (w(’,wfy wi—y) (5.3.81)
(2]

PG tola—oqiG T PG = piriec + 1) — !
p=—a+b+c g=a—b+c r=a+b—c.

In this form each of the symmetry operations on the determinant implies exactly
the same operation on the Regge symbol:

—a+b+c a-b+c a+b-c a b c

|: ato b+ B c+y ]E(a 8 ) (5.3.82)
a—ao b-8 c—y Y

is invariant under the following operations on the Regge symbol and the

corresponding ones on the 3 j-symbol:

(i) reflection of the Regge symbol on the main diagonal;

(ii) even permutation of rows and/or columns of the Regge symbol;

(iii) simultaneous multiplication by (—1)74*¢ and odd permutations of rows
and/or columns of the Regge symbol.

5.3.10 Collection of formulae for the CGCs; a table of special values

We collect here some formulae which either have been derived in the text or
are found by specialization of formulae given in the text. We shall, however,
not prove here these more special formulae. Table 5.2 contains the values of
{(jim, 00| jm), (jlmlémzljm) and {jym;1m3|jm) in Wigner’s 3j-notation. The
following notations are in current use:

j1 ©a

m, <o

j2 b

my; < f

Bej—=c

miyem-—y.
The CGC is defined as the scalar product of two states

lab)ey) =1(j1j2)jm) ‘coupled state’

laabB) =|jim)®|jams) ‘uncoupled direct product’.
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The scalar product is written with (j; j;) omitted:

{aabBlcy) = (cy|aabB) reality ((5.3.26))
=0 unless x + B8 =y ((5.3.12))
and A(abc) =1

where A(abc) = 1, if a, b, ¢ could be the three sides of a triangle; otherwise
A =0.

Other useful notations—Wigner and Regge

a b ¢ —a+b+c¢c a-b+c a+b—-c
= a+a b+ c+
(a B y) [ p v ]

a—uo b-8 c—y
T 1
Wigner Regge
(_l)a—b—y

727_+—1(aabﬂ|c -y

Orthogonality
a b ¢ a b ¢ ] remains true
GRS G | G LN I s

permutation of
b
VN B A RANG
20ct0 o 5y ) o g y) =i
c.y
((5.3.16), (5.3.58), (5.3.60)).

Symmetry

[—a+b+c a—b+c a+b—-c

ato b+ B c+y ] is invariant under  ((5.3.82))
a-—ao b-8 c—y

(i) even permutations of rows and/or columns;

(ii) reflection on the main diagonal,

(iii) simultaneous multiplication by (—1)?***¢ and odd permutations of rows
and/or columns.

Phase convention

a b

(aabBlcc) = (a p _CC) VZEFT(-1)070* > 0. ((5.3.25), (5.3.57))
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Computation of CGCs: Racah’s general formula (5.3.76)

(a b c)_(_l)a_b_y\/(—a+b+c)!(a—b+c)!(a+b—c)!
@« B8 v) (@+b+c+1)!

xy/(@+a)la—a)!(b+ )b —B)l(c+ y)ic—y)!

.7 (~1)° |
- plla+b—c—p)la—b+c+p)la—a—p']
(ma—-B+c+p)lb+p—p)!

Special formulae (5.3.73), (5.3.34) and (5.3.35)

_1\a—b+c
(a b c ) _ L(aab,c —alcc)

a c—a —c 2c+1

C2a)I20)]
(@+b+c+1)l@—b+o)

a b c (—1)a=b*e
= ————(aab, c — ajcc)
a c—a —c¢ 2c+ 1

— (_ 1)a—b+c

(c‘+ b—a)l(a+ a)!
b-—c+a)a-a)

= (_ 1 )a—b+c

g Cc)la+ 5 =)
(@+b+c+Dli(—a+b+c)l@a—b+c)

Putting ¢ = 0 requires b = a and we obtain ((5.3.47))

a a 0 1
=(—1D)*"?—— = (aaa, —a|00).
(& % 0) =0 gy = taaa. 0
0, ifa+b+c¢=J = odd number

(—1)1/2\/“ —2a)i(J = 2)I(J = 20)!
a b ¢ J+ D!
(0 0 0)= (J/2)!

x (J/2—a)(J2 —bB)/(J/2 =)
if J =a + b + ¢ = even number (a, b, c integers!)

(can be derived from Racah’s formula).

Further special formulae follow from these by means of the symmetry of the
CGCs (see table 5.2).

Table 5.2 allows one to compute any CGC in which at least one j-value is
0, 1/2 or 1; of course the symmetry properties have to be used. We shall not go
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Table 5.2. Some special formulae for 3 j-symbols.

j 0)=(_1)_’—m

NIES]

j+12 1/2)_(_,),-_m_1,2 (G—m+1/2)
m -m—-1/2 1/2) 7 2j+2)2j+1)

i+l j 1):(_1)1—»-—1 J-m@(—m+1)
m —-m-1 1 2/ +3)@2j+D2j+ 1D

-m 0 @j+3HCi+bG+D

J
m —m

j 1)=(_1)j_,,, G—mG+m+1
-1 1 2@j+ DG+ D)

(j:'-l j 1)=(_1),_,,,_,\/(j+m+l)(j—m+l)

8=
Vj+ DG+ D)

J
m —-m O

into any further detail. A table of special formulae of the above type, when one
of the angular momenta is 3/2 or 2, is found in Edmonds (1957). For a survey
on numerical tables see section 5.6 at the end of the present chapter.

5.4 Combining three angular momenta; recoupling coefficients

5.4.1 General remarks; statement of the problem

The general problem was discussed in sections 5.1 and 5.2, where it was found
that the coupling of any number of angular momenta was reducible to repeated
coupling of two angular momenta. In what follows, we shall see that explicitly.

Let us return to the summary on page 126 in section 5.2. Applying it to
the case of three subsystems, we see that there are four different sets of states
characterized by the quantum numbers of some of the operators

J2 g, JO got g jm @ g3 gy gen ja?
2z 2z b4
J mjg 2 3 m o oma om3y jn ju ji

(first line, possible operators; J’ is the squared total angular momentum of
systems i and £ coupled together; second line, corresponding quantum numbers).
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The invariant subspace H;, ,;, is spanned by

ljimy jamajsms)  or by
[(U1J2)jr2j3)jm)  or by
[((j23)ja3j1)jm)  or by
[((J3j1) J3172)jm);

541

in each case by (2j; +1)(2j>+ 1)(2j3 + 1) orthonormal states. As the operators
JU2' J@ and JOY do not commute with each other, it follows that the
corresponding bases of Hj, ;,;, cannot be identical, but as each of them spans the
whole of H;, ;, ;,, they must be related to each other and to the uncoupled (direct
product) basis by unitary transformations. The above notation in which j j; j3
are cyclically permuted would seem the most natural. Common use prefers,
however, to consider (instead of the third and fourth states of the above list) the
states |(j1(j2j3)j23)jm) and |(j2(j3j1)j31)im), respectively, which differ from
those of (5.4.1) only by a phase (see (5.3.38)). Furthermore it is clear that
we need not consider all the unitary transformations between the four bases; it
suffices to know the transformation between

| himy jama jsm3z) «— |((j1j2) j12j3) jm)

and
[ j2) jr2ga)jm) «— [(j1(j2J3) j23)jm)

because the others are obtained from these two by a suitable rearrangement. We
therefore study the following unitary transformations:

. . . yun N s en s

| jimy jams jsmz) < |((j1j2) J12j3) jm)

. . . y®» e e ey .

|jim1 jama jams) < [(j1(J2Jj3) ja3) jm) (5.4.2)
[((J172) 12 j3) jm) < (1 (j2j3) ja3)jm).

V bears a suggestive name: recoupling transformation. For the two U-
transformations, it is obvious how they are found by twice applying the coupling
rule for two angular momenta, but then we also automatically have the V-
transformation—so there is no problem; we shall carry out the trivial calculation
later on and define the 6j-symbol, which is essentially the V-matrix element.

We shall first stop a moment to ask ourselves why there is a recoupling
transformation V at all and on what quantum numbers it depends and what is
the dimension of the space in which it works.

If we couple two angular momenta j; and j, then the resulting j can have
values between |j; — j2| and ji + j» and each of the possible values appears
once and only once; thus a state |(j j») jm) is defined uniquely except for a
phase, which is fixed by convention. When we couple three angular momenta,
then jj j» j3 may compose in different ways to form one resultant j:
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C

I=1+). I=1+L+]

In these two diagrams the point A can rotate about J, that corresponds to
a phase factor for the otherwise uniquely fixed triangle. The figure in which
three angular momenta are added has additional degrees of freedom: B and
C can—apart from rotating the figure about J—change their relative position
and thereby lead to different shapes of the figure; different shapes correspond
to independent states. There is one exception, namely when one of the four
numbers ji, j2, j3, j is zero; in that case the second diagram reduces to the first
one and we conclude that (except for an arbitrary phase) there is only one way
to couple three angular momenta to a j = O state, a result which we derived
earlier (between (5.3.49) and (5.3.50)).

Thus our above qualitative diagrams show that now j and m do not define a
state but a whole subspace, and that the vectors in that subspace must be labelled
by a further quantum number: either ji» or j,3 or ji;. Each of these labellings
defines another orthonormal basis and the unitary transformation V transforms
these into each other. One might think that ji,, j,3 and j3; have different ranges
of possible values, e.g. |ji — j2| < jiz < ji + jal, jo = Jal < jo3 < j2 + J3, but
the condition that each of these must combine with the remaining j; to a given
J reduces all of them to the same range. We leave it as an exercise to the reader
to prove that the number of possible values is the same for j,3, j3; and jj;. One
only has to inspect the various possibilities of the four inequalities

h=—Rl<iesih+i |h—Bl<js<ih+js

. ; o . ) o (5.4.3)
lj—Bnl<j2<ji+Js lj=—hl<js=<j+h

(assume j; < j, < j3 and discuss the four possibilities j < j, j; < j < ja,
J» £ j < j3and j3 < j; show that if any one of the four values j, j2, j3, j
equals zero, the subspace Hj, , ,;m is one dimensional).

Next we observe that the unitary transformation V does not depend on m;
that is: it is the same for all subspaces H;, ;, j,jm Once ji, j2, j3 and j-are fixed.
This follows immediately from its definition (5.4.2):

[((1j2)j12j3)jm) = Z |G1U2J3)J23) Jm) ((r (J2J3) j23) jm|
J3
X |((J1J2) i2J3)jm) (5.4.4)
=Y 1 Gani)im VD .

J
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Whatever the values of all other quantum numbers are, the states appearing
in (5.4.4) are of the form |yjm) (y labels all other quantum numbers whose
operators in fact commute with J.JyJ,—see (5.1.4)) and thus obey the usual
rules

Jelyjm) = VjiG+ 1) —mm £ Dlyjm=£1).
Therefore, applying J, or J_ a suitable number of times to (5.4.4), one obtains
the transformation law for all m (—j < m < j) and clearly the numerical
coefficients ng;u remain untouched.

The matrix elements of the unitary transformation V) are not only
interesting insofar as they transform between two different coupling schemes; the
very fact that they do not depend on m is an interesting feature in itself: it means
that these matrix elements are invariant under rotations (in contradistinction to
the m-dependent CGCs) and therefore are likely to come up in any calculation
where the result is expressed in a coordinate-independent way. That does not
necessarily mean that by formulating one’s problems by using invariant equations
as much as possible, these transformation coefficients will automatically appear
(quite apart from the fact that there are additional invariants if there are more
than three subsystems); what may—and frequently will—happen, however, is
that sums over products of CGCs are obtained which can be written in terms of
these invariant coefficients and thereby considerably simplified.

In the next subsection we shall define the 6j-symbol (which is almost the
same as a V)-matrix element) and the Racah coefficient (which differs from it
by a phase). In the last subsection we shall collect the most important formulae
for the 6j-symbol without deriving them. We shall not derive them because
after having defined and expressed the coupling coefficients in terms of CGCs all
the listed formulae are obtained by straightforward® elementary algebra, which
probably every reader of this book would skip anyway.

54.2 The 6j-symbol and the Racah coefficients

We start by working out the unitary transformations U and U defined by
(5.4.2). We define U1? by

(G jizisim) = Ljimijamajsma)Usm, i (5.4.5)

mi

and U®® by

S N N , . . (23)
|G (2 gs) j23) jm) = Z ljimy jamajsm3)U, o isime (5.4.6)
mi
The summation over all three m; is formal, because m; + m; + m; = m; we
may define the U-matrix elements to be zero if that condition is violated (they
5 Do not take this literally: ‘straightforward’ means only that no new ideas are needed: clever

substitutions. extensive use of known symmetry and orthogonality relations, all these, in the right
combination, will lead to the collected formulae.
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are indeed automatically zero in that case). From the two expressions (5.4.5)
and (5.4.6) and the definition of the V-coefficients by (5.4.4) we obtain directly
the relation between V and the two U.
VD = ((hG2d3)J2s)im (G o) drzds) im)
Z U™ 2 547

J3jmimimyms mlmzms)l.llzlm

As the U are obtained by twice using CGC coupling, the V-matrix elements are
a sum over products of four CGCs.
We find actually

(G j2)dnzadim) =Y Liamazjsms) {ramia jsms) jm)

mj
G2y amz) =Y Livm jama) Gimy jama | jizmaz).

Inserting the second into the first yields

(G2 e jz)im) = Z |jimy jama jams) (jimy jama| jramyz2) 54.8)

X (jrzmiz jams|jm).

Similarly

|GGz da)jas)im) =Y Ljimy jamy jsma)( jama jsms| jsma)
m; (5.4.9)
X {jimy joamas|jm).

These two equations may be used to read off immediately the matrix elements
of U1? and U® respectively. Equation (5.4.7) then gives for the recoupling
coefficient (we suppress m, because the coefficient is m independent as we know
already):

VD = ((GU2Js) js)il(Gi i) i) )

=Y [amajsms|jaamas) (jimy jaymas| jm) (5.4.10)

all m;

x {jimy jamajjrami2) (jram2 jsms|jm)].

As this quantity does not depend on m, we may sum over m and at the same time
divide by 2 j 4+ 1; furthermore we may, without any consequences, sum also over
mj, and over m,3, because the relevant CGCs are zero unless m;; = m; + m;
and my3; = my + m3. If we do all that and finally replace the CGC by the
3 j-symbol

(@abBley) = (—1Y* P VT T (Z ’ _Cy)
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we obtain

VO = VCin T D@+ D
Z (-1 )2f| —2j3+ j1z—j3+2m+miz+ma3

mmymsm
miama3

% Jo 3 Jn o
m; m3 —mp my mp3 —m

x(jl J2 ]'12) Juz 3 j)
m  m; —mp mp; mz —m

One now defines the 6j-symbol by

‘ o i } (_])j|+jz+jz+f V.(j).
Jon VCin+ DR+ 1) »n

(5.4.11)

By an obvious substitution of new names for the variables and by some simple
manipulations in the exponent of —1, one arrives at the formula

Boodr B qyhthts s (N 2 P
[11 lz 13} ( 1) Z( 1) [(m; my m;)

allm;
all i

x(jl 17} 13)(11 J2 13)(11 17} js)]
my Hr —U3 —ur my U3 Hy —H2 m3

= (= DA+t W bl jals).

(5.4.12)

The symbol W(j, jolaly; ja€3) is the Racah W-coefficient. Other notations
are in current use; in the more recent literature the 6j-symbol is gaining steadily
more territory owing to its simple symmetry properties. The other notations are
given in the next subsection, where we list the most important formulae. For
derivations refer to Edmonds (1957), Biedenharn and van Dam (1956) and Brink
and Satchler (1968).

5.4.3 Collection of formulae for recoupling coefficients

Notation

VD =i Ga3) i) (G ) jiaja) )

L, (5.4.13)
=V Qjs + )QZjiz + D(=1)ititsti ’ Juo2 e }
J3 7 I

(Wigner in Biedenharn and van Dam (1956)).
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Other notations are

B = (— )W (ol jal)
L L I

(Racah (1942); reprinted in Biedenharn and van Dam (1956))

(— 1)/1 +j i+l

= U (i J2laly: jal
N CTED) (1 j2balys Jala)

(Jahn (1951))

YA G+ Z il il s
_ (—1) (2 j2li B3 j3) (5.4.14)

<J(')1 jOZ 103) VZi+DCp+ DR+ DL+ DL+ D)

(Biedenharn et al (1952), reprinted in Biedenharn and van Dam (1956)).

Symmetries
{jn 2opl_fih b Bl_lu i ls]
h L 1 h 2 i h b B
={zl Iz j3}~
a 2 b}

Each of these is, moreover, invariant under any permutation of its columns:

(5.4.15)

hode Bl _lJ Je m (i, k, m is any permutation
{11 L I } - { L b } of 1, 2, 3); (5.4.16)

(unless one can draw a tetrahedron with sides
i R B of lengths ji, j2, j3, b, I, I3 and such
L L I3 that the sum of the lengths of the sides of
each triangular face sum to an integer):

Il
=]

(54.17)
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[jl J2 j3] _ [jl 12+ i —h+1) %(1'2+J'3+12—13)]
hhh h 3(—h+i+h+b) Yh-j+h+h)
si+i-h+b) j» Yh+i+h -13)]
J—qh+a+h+h) L G-+ +h)
={ T+ h-h+h) YGi+ih+h-bh) j3]
H—h+h+h+h) JGhi—h+h+h) b
_ [ sh+h—h+h)  Ya+ps—h+h) Gi+i+h —13)]
Y—qh+h+th+h) Y —h+h+h+h) JGi—i+h+1)
2(11 +h+h—-h) JGa+i+h—-1) Yh+i—-h+h) ]
1Gi—h+h+h) $(a—js+h+B) J(—j+js+h+1h)
(5.4.18)
The first symmetry in (5.4.18) is due to Regge (1959), reprinted in
Biedenharn and van Dam (1956); the other symmetries are ‘old’. Note that

under Regge symmetry the sums of the numbers in each row and each column
stay invariant.

Closed formula

We define an expression F(abc), which occurs already in the general formula
for 3 j-symbols (see (5.3.76)), by

F(abc)z\/(—a+b+c)!(a—b+c)!(a+b—c)!. (5.4.19)

(@a+b+c+ 1!

With this abbreviation we have Racah’s formula

[tai l: ;]=F(abc)F(aef)F(dbf)F(dec)

9 Z [ (=DP(p + D! (5.4.20)

(a+b+d+e—p)\(b+c+e+ f—p)l(a+c+d+ f—p)! ]

x(p—a—b=c)l(p—a—e= ) (p=b—d— ) (p—d—e—c)!

(Racah (1942); reprinted in Biedenharn and van Dam (1956)).

-/

] is a real orthogonal matrix.
(5.4.21)

Orthogonality; sum rules

A+DEj+D|N L j]
;( @i+ D o !
j
!

ie. M = ./l 2 [J] ‘]:2
ie. Mj RI+DEj+D Wk
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(These relations follow from the unitarity of the recoupling transformation; see

(5.4.13).)

iR 4 {J: jz J'3][J:|
z,:( ) ( Wi & L]k

Bl 542
) e

it_ln »n
! L §

(Racah; see reference below (5.4.20));

stk 12 I3 Allh i bk
Y P L T L P

J
h

|

J2

J3 13 b
L Ll 1 o

(5.4.23)

5=zi:ji+zi:1i+Zlf

(Biedenharn (1953), Elliot (1953); both reprinted in Biedenharn and van Dam

(1956)).

Special formulae

Special formulae for 6-symbols are given in table 5.3.

Table 5.3. J = ji + o + Jjs.

{fl 2 i
0 i £

=1’

S VTRt DChTD

{jl j2 J3 } — =1y’ (J=2j)(J=25+1)
3 h—3 qitj Qjz + DQ@J + D25Qjs + 1)
Ji J2 J J+D{J =2j)
3 -3 qh-1i 2j,2ja+ D2j323+ 1)
ok = (=1’ JUJ+ 1) =2j=1)(J =2j)
1 j=1 12 - ] (2j2 = D2/ Q25+ D(2j3s — D2j3(2j3 + 1)
VI /) 1'3 200+ D =2j))(J =2j)(J =253+ 1)
1 =1 fz 22+ DQ2j2 +2)(2j3 — D2j32jz+ 1)
ok J3 = (=1’ (J=2h~-DU=2j)J =25+ 1D(J-2j3+2)
1 j-=1 j2+ 1 Qi+ D2 +2)2js+3)2js— D2j5(253+ 1)
| h i B = (=)’ 2022+ D+ j3GUs+ D — (i + D]
1 i V2i2h+DRR+2)2/3R25+ D2 +2)
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Together with the symmetry relation ((5.4.15), (5.4.16)) these formulae are
sufficient to calculate any 6 j-symbol with one entry being 0, % or 1. By means
of the Regge symmetry some other 6j-symbols can be calculated (see (5.4.18)).

5.5 Combining more than three angular momenta

Here we give only a few remarks and references. Evidently the number of
different ways of coupling J®V 4+ J® + ... 4+ J® to a resultant J, i.e. into a
| jm) state, grows rapidly with n, the number of coupled systems. The principle
is clear after our general discussion in sections 5.1 and 5.2 (see in particular
the summary on page 126) and its application to the case of three angular
momenta. Although the recoupling coefficients for four angular momenta (the
‘9 j-symbol’ appears in the problem of transforming from LS- to jj-coupling)
and for five momenta (the ‘12 j-symbol’ is one particular recoupling coefficient)
are of practical importance, we do not consider them here. Information may be
found for instance in

(i) Rotenberg et al (1959),

(ii) Biedenharn and van Dam (1956),
(ii1) Edmonds (1957) and

(iv) de-Shalit and Talmi (1963). _

5.6 Numerical tables and important references on addition of angular
momenta

We list here some numerical tables and books in which further information may
be found. Short special tables and formulae are scattered in the literature on
atomic and nuclear spectroscopy; it is plainly impossible to give here a complete
list of them.

General references

(i) Biedenharn and van Dam (1956)
(i) Rose (1957)

(i1i) Edmonds (1957)

(iv) de-Shalit and Talmi (1963)

(v) Varshalovich er al (1988).

Numerical tables

(i) Rotenberg et al (1959) (contains bibliography of tables)
(ii) Ishidzu er al (1960)

(iii) Nikiforov et al (1965) ,

(iv) see also Varshalovich er al (1988). -
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We finally note that a powerful and elegant graphical representation for
CGCs exists which can be used in the calculations of coupling of angular
momenta. We shall not discuss such a technique here. As references we list

(i) Brink and Satchler (1968) j
(ii) Varshalovich et al (1988). /

/



REPRESENTATIONS OF THE ROTATION GROUP

For what follows it is useful to have in mind the discussions in chapters 3 and 4.
All states |yjm) are assumed to be standard ones.

6.1 Active and passive interpretation; definition of D,(,{,Zn; the invariant
subspaces H;

We shall define the representations DY) of the rotation group by means of the
abstract state vectors |jm) and not—as many authors do, and as we could do as
well—by means of wave functions. That implies that the rotations, for which
we define the representations, are active rotations.

On the other hand, we could also discuss everything in terms of wave
functions and then we would have the choice between active and passive
rotations. In that case we would find unitary representations

Us(e, B, ) =U(Ru(a, B, ¥))
Up(av ﬂ’ }’) = U(Rp(av ﬂv }’))

In section 3.2.2, we found that for a sequence of rotations the three-
dimensional matrices M have the property (see (3.2.14))

M. (o, B, y)Mp(a, B, y) = Mp(a, B, ¥)Ma(a, B, y) = 1. 6.1.2)

This, as will be shown now, is also true for the unitary representations of
these rotations. We have not yet, however, defined what U,(n) or Up(a, B8, ¥)
means. As said above, this is not possible without using the concept of wave
functions. We shall consider both the active and passive interpretations for a
given axis and angle or rotation

(6.1.1)

71 = nn (angle n and axis n of rotation). (6.1.3)

Let P be a point in space. If we introduce a frame in reference, P will have
the coordinates £ = x, y, z.

An active rotation means P, together with all its physical properties (field
at P) is transferred to a new position P’:

P> P'=R,()P (6.1.4)

with coordinates
z, = Mi(n)x. (6.1.5)
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A passive rotation means the coordinates of the point P are referring to a
rotated frame of reference; its new coordinates become
xz, =M,(nx 6.1.6)
M,(m My(m) = 1.

6.1.7)
This and what follows is illustrated in figure 6.1, where we assume for simplicity
a rotation by »n about z.

Figure 6.1. Active and passive rotations.

We consider the change of the wave function in active and passive rotations
respectively.

In the active interpretation the physical system—characterized in space by
the wave function—is bodily rotated. The state of the rotated system is Ua (1) (V)
and its wave function at the point P is the same as that of |y) at the point R, P,

because it has been bodily transferred from there to P. Hence
Vo (@) = (@|Ua(mly) = ¥ (M ().

(6.1.8)
In the passive interpretation the frame of reference is rotated, whereas P and

the local physical state at P remain unchanged. We must require that there
is a description V/‘;,(:El) which uses the new coordinates but describes the old
situation; it is defined by

v, () = ¥, (Mp(mx) = Y ()

6.1.9)
which can be rewritten as

V(@) = ¥ (M, (n)x).

(6.1.10)
We now define a unitary transformation U,(n) by

v, (@) = (@ Upmly) = v (M, () (6.1.11)
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From (6.1.6) and (6.1.10) we read off (for the same 7)
V(MM T) = (2|UUply) = ¥ () = (z|y)
(M M x) = (2|U,UL|Y) = ¥ (z) = (zly).

Hence
Up(n) =U'(n) =U,(—n)

Up(a’ ﬂ' }’) = Ua_l (o, ﬂ! y) = Ua(_yv _ﬂv _a)'

Note that for a sequence of rotations the order is reversed in the two
interpretations! In the active interpretation the sequence R, = R,,R, is
represented by the unitary matrix U, = U, U, . In the passive interpretation
the sequence R, = R, R, is represented by the unitary matrix U, = U, Up 2
since only then does U, = U, I, This has to be kept in mind if one compares
formulae in different books: some authors use the passive interpretation and
find U(RyR ) = U(R|)U(R;), whereas others use the active point of view and
obtain the same formulae as we do.

From now on (if not stated otherwise) we mean always the active
interpretation. Thus from (3.4.2) and (3.4.5) we have

(6.1.12)

Ua(n) =7

. . . 6.1.13
Ua (d, ﬂ, }’) - e—la!, e—lﬁ!, e—-ly!,_ ( )
We define the (2j + 1)-dimensional unitary representation D)(a, 8, y) of the
active rotation R,(a, B, y) by the transformation of the eigenstates of angular
momentum |jm)

Ualet, B, ) jm) =D _ Lim')(jm'|Ua(e, B, ¥\ jm)

m
=) 1jm\D). (@, B, ¥) (6.1.14)
. m ) . -
DY), (. B, y) = {(jm'le~ 6% &=i¥ )| jm).

Since we know that J,, Jy, J, all commute with J2, it is clear that the
operator U,(a, B,y) also commutes with J? and therefore has no matrix
elements between states of different j. Therefore the states | jm) of the subspace
H; transform among each other: the subspace H; is invariant under rotations
in the three-dimensional space. In other words: if the states |yjm) (y = all
remaining quantum numbers) are used as the basis of the Hilbert space, then
the unitary representation U,(«, B, y) of the rotation group splits up into an
infinite set of submatrices DY) with dimensions 2j + 1, which transform only
states inside the corresponding invariant subspaces ;. Since J, and J; do
not commute with J, (whose quantum number is m) and M, is spanned by the
2j + 1 states |jm), it is clear that no further splitting into smaller invariant
subspaces is possible. We call the subspaces H; irreducible subspaces and the
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(2j + 1)-dimensional matrices D) irreducible representations of the rotation
group.

H= Z @Hj
j
Ua(e, B,¥) = )_@©DV (e, B, ¥)
J
DO
Do) 0
(6.1.15)
(1)
U((Z, ﬁv }’) = D
0
D(3/2)

6.2 The explicit form of D) (a, 8, y)

m

By definition, (6.1.14), the D,(n”m are the matrix elements of U, between the
states (jm’| and |jm). Since these states are eigenstates of J,, we obtain

DY) (a, B, y) = (jm'le" @) ¢78s e~ )| jm)

- . 6.2.1)
= e—l(am +ym) (jmrle—lﬂJ, |jm)
That leaves us with the problem of calculating
dy) (B) = (jm'le™% | jm). (62.2)

In all that follows we shall use this convention: if any matrix M, is written
explicitly, m’ and m will assume their maximum values m’ = m = j in the
upper left corner, thus

M M,
M=|Mi-1M_y_y--- ) 6.2.3)
M-j-;

6.2.1 The spin-} case

For the spin-% case the problem has already been solved when we considered

the spin-% state with components :}:% in a given direction ¥, ¢. Indeed, what

does (6.2.2) require? It requires the calculation of the state

e_iﬂjv|%’ m) = |%v m)ﬁ:ﬂ;(p:O
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with m = :t%; namely that state which results from rotating the state |%, m)

by B about the y-axis. Hence it is the eigenstate |%m) in the direction & = 8;
¢ = 0. This state has been calculated in (4.8.11):

cos g

e—:ﬂly|%,%)=|%,%)ﬂ/2_o= p

sin —

2

Bi1 B
= cos Eli' 5) +sin EIE' 3)
(6.2.4)
—sin —
™03 =) =13~ g0 = 8
cos —
2
. B B i
= —sIn §|§, 3) +cos §|'2', —32)
With this, we obtain immediately from (6.2.2)

. cos é —sin g
dVdg) = p 6.2.5)

sin 0 cos 5

and with (6.2.1) we find again our old result (4.8.8):

e i%/2 cos A e"r/2  _e-ial2 g B elr/2
DY, B,y) = 2 . (6.26)
e'?/2 gin g e /2 gle/2 oo g elr/2

We shall calculate the same again in another way. From (4.8.5) we have for
n = (sin? cos @, sin & sin ¢, cos #)

1

m-Ihp= 5(

5 ) . (627

cos?® e ¥sinp) | ns n —iny
e¥sin® —cos? ny +iny —n3

In order to represent R,(n) we must calculate

00 s Nk
) LA S (6.2.8)
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m

Thus even powers (2k) of (n - J) | are equal to (%)Zk and odd powers (2k + 1)
(1)2k+l

are equal to (n - J) 1z . Therefore

—inneJy z . ns ny —ing . z
(e )% = cos l("l Ying  —n )sm2.
In particular
ia e—iu/2 0
(e ! l‘)% = ( 0 eia/z) (629)
cos g —sin —g
(e7#5), = . (6.2.10)
2 -
sin E CcOs E

Carrying out the matrix product e~/ =8/, =17 /: yields (6.2.6).

6.2.2 The general case

We know how a spin-% state transforms under a rotation; we have just derived it.
Can we take advantage of that knowledge to derive the transformation law for
aj> % state? Indeed, we may do that by using the fact that we can compose
several spin-% states to one total angular momentum j state. In (4.10.8) the most
general normalized state | jm) was given as a totally symmetrized direct product
of 2j spin—% states. The symmetrization concerns only the labels (i) which we
might attach to 2j systems, while the number of u, states and that of u_ states
remains j+m and j—m respectively. Therefore the (2j)! permutations leave the
transformation properties untouched, which implies that for our present purpose
the symmetrization is an unnecessary luxury, which we omit. We thus evaluate
6.2.2)

) (B) = (jm'le7#% | jm) (6.2.11)
between (simplified) states according to (4.10.8)

| o 2 '

m) = Cim"W™™, Cim = ( , 6.2.12)
m) = Comits "=\ GEmiG —m!

There are 2j systems of spin % which for a moment we may again imagine to
be labelled (u)®;i =1,...,2j; then, since the different J)f") commute:

: 2i )
e Bh = e B — [Te64" (6.2.13)

where J(? acts only on the ith spin state and is the unit operator for all others.
Thus there is exactly one operator per spin state ). How it acts on u® we
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know from (6.2.4):

e_iﬂ”muﬂi) =cos > p ul + sm A u®?
(6.2.14)
e_iﬂj’(i)u(_i) = —sin 'B u(fr) + cos g o,
Hence (forgetting from now on the labelling) with (6.2.12)
. Jj+m j—m
e 8| jm) = (cos §u+ + sin gu_) (— sin §u+ + cos gu_) .
(6.2.15)

We multiply out (remember that j+m is always an integer > 0)

e jm) = ,MZ(”"')( ") v

PG PG y
X (cos E) (sin E) uitHu TR,

We transform the sum indices:

v+u=j+m wu=j+m—v
or
V=vy v=v
and obtain in the sum the product

j+m'  j—m’ 1 R
wy " ulT" = E——I]m’).
jm'

Therefore

i8I , C; [ +m j—m
e Bl jm)y =) |jm') | = (] ) ( / )
; Cim Xu: v j+m' —v

2v—m-m’ 2j+m+m' —2v
X (=1)f+m-v (cos g) (sin g) ]

=Y 1jm)dS.(B)
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(see (6.2.2)). Inserting the normalization constants Cj,, from (6.2.12) gives the
explicit form

0 G Em)( = m)! B —m—m’ B 2j+m+m’
dm’m(ﬂ)_\/(j+m)!(j—m)! (cosz) (sm 2)

e () (47

v

ﬂ 2v ' ﬂ —-2v
x (COS E) (sm E) ]

D (a, B,y) =eemymd ) (g).

(6.2.16)
The sum over v goes over all integer values v > 0 for which the binomial
coefficients do not vanish.

Example. For j = 1 one finds

1 1 1
5(1+c05ﬂ) —ﬁsmﬂ E(l—cosﬂ)

dV ) = JLE sin B cos B —% sing |. (6.2.17)

%(1 —cos B) % sin 8 %(1 + cos B)
If one compares (6.2.16) to other formulae in the literature, one has to keep in
mind that some authors give D,(,{',in(—y, —B, —a), which refers to the passive
interpretation R,(a, B, ), and call it D,(,,’)m (a, B, v); it also happens that in the
same book sometimes the active and sometimes the passive interpretation is
used. Apart from that real difference, the above formula (6.2.16) can be written
in various other equivalent forms.

6.3 General properties of D)

In what follows we shall investigate the general properties of the D'/)-matrices.
We expect close relations to the eigenfunctions of angular momentum and to
the coupling coefficients (CGCs). The unitarity relation [D!(a, 8, y)]f'{,)n, =
D,(,{;z;‘(cx, B.y) =[D Vo, 8, y)]f'{,)n, = D,('{,:,,(—y, —B, —a) will often be used.

6.3.1 Relation to the Clebsch—-Gordan coefficients

We consider various matrix elements of the unitary transformation representing
a rotation R,(a, B, ¥) or R,(n); we shall omit the arguments «, 8, ¥y and 7;
in products of D-matrices all of them have the same arguments unless stated
otherwise.
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The relations of the D matrices to the CGCs are obtained if we use mixed
matrix elements, i.e. between coupled and uncoupled states. Let R, be an active
rotation, U, the induced unitary transformation. Then

Ualjm') =3 Lim)jm|Ualjm) = 3 |jm) DS,
‘ 6.3.1
(]man=Z(]m|U |]m) ]ml—ZD(j) m|. ( )

m

Now consider the matrix element {(jim jom>|Us|(jy j2)jm’), let U act once to
the left and once to the right and equate these two expressions:

to the right

(Gimy jama|Ua |Gz jm'y = Y (Gimy jamal ju) DY),
I

to the left

GimjomalUalGh ) jm') = 3 Dl D Gy jomy | jm').

mimy " mam)
y
m\m

By equating these two expressions we obtain two equations; namely, we may
use the orthogonality relations of the CGCs in order to eliminate these on either
the left- or the right-hand side of

> Gimyjamal ju) DY), = > DY) DI (im) yms)jm).  (632)

7
u mlm2

Using the first of equations (5.3.16), i.e. multiplying by (jym; jam;|jm) and
summing over m; and mj, we obtain

DY, =Y (jmljim jym) DY) DI (jim| jom))| jm') 633
"'1-"'2 oo

/
m\.m;

(only terms with m; +m; = m and m}| 4+ m’, = m contribute). Using the second
of equations (5.3.16), i.e. multlplymg by {(jm’|jin1j2142) and summing over j
and m’, we obtain

D), DY, =" (imy jamal ju) DS, (G| ja ha Jaha).
wjm'

We change the subscripts 12 — m} ,; # — m and find

D). D =D Cimijamaljm)D,), e (L) jamy). (6.3.4)
J
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Finally we consider the matrix element {the CGC) {j,m, jam,|(j1 j2)jm), where
we introduce | = U, UJ

(imy ama|UaUd| jm) = (jimy jama) jm)

— Z D(Il) D(/z) D(I)*(Jlmljzmzum)

m;m mzm
mimym’

Thus

(jimyjama|jm) = Z pW) pu» pur (i jamy|jm’).  (6.3.5)

m|ml mzm2 my+my, m) +m
m mzm’

Multiplying by (j,m; jom2|j’'i’) and summing over m; and m, yields, according
to the first equation of (5.3.16)

8j jOum = Z [(imi jamalj'uy DY), D) pO*

mymy = mamy " my+my.m) +m’,

x (jim| jamy|jm’)].

6.3.2 Significance of the relation to the CGCs

What do these equations, in particular (6.3.3), mean? They mean what in group
theory is called transforming a direct product of two representations into a form
where it splits up into irreducible parts. We shall look into the details.

Consider a matrix M with a particular structure; namely, let it be built up
of submatrices along the diagonal, like this:

(6.3.7)

Transform M by a unitary matrix U. Then M’ = Ut MU will no longer have the
box structure of M. Now, any matrix of the type M’, which can be transformed
into the form M (box structure), is called reducible; if not, it is called irreducible.
If the boxes showing up in M are irreducible, then one says that M is split into
its irreducible parts.

Now, how is it with the D-matrices? Let us consider the coupling of two
angular momenta, j, and j;, which we hold fixed in the following discussion.
By fixing ji and j, we have singled out a subspace H; ;, of the total Hilbert
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space H. The basis states in H; ;, can be chosen to be

{ljymy jama)} or {1Gh j2)jm)}
with variables
. ) _ ‘ (6.3.8)
—h=<m=<h —J<m<j
or
—f2Em =< jp lh—Rl i+

The dimension of ;, ;,—in either representation—is (2 j;+1)(2j,+1). Consider
now how these states transform under a rotation: the coupled states transform
with DY), namely

Giim')y =Y |G jm) DY), (6.3.9)

that is, they transform with the irreducible representation D). There are,
however, several different j values. We may combine all the D) matrices

in a ‘direct sum’ D(© where the superscript ¢ indicates that D' transforms the
‘coupled’ states)

JitJ2
De = Z ®D, (6.3.10)
J=lh-pl

i.e. in one single matrix—just by lining them up along the diagonal—like this
(we take the example j; =1; ,=3;2 < j <4):

D© = (D® o D® ® DW),» (6.3.11)

¢
c 123456789101112131415161718 192021

ORI AND LN —
3

)
10 D

13 m’
14
15
4)
16 DY,

m
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This matrix transforms the subspace H;, ;, if the set {|(j1/2)jm)} is chosen
as a basis. It is fully split up into its irreducible parts DY (j = |ji—jal, ..., ji+
J2)-

Next, we consider the other basis in H;, ;,, that one which is provided by
the uncoupled states: {|jjm; jam3)}. These states we have called ‘direct product’
states | jymj jomy) = | jiym,)®|jam;). Here each factor transforms with its own
D-matrix. Hence together with what is called the direct product of D-matrices

Ljim) jamb) = > |jimy jama) DY), DY (6.3.12)

mym| m;m
mym;

The ‘direct product’” D™ transforms the ‘uncoupled’ states:

(6.3.13)

mlm

) _ oy (J2) —_ Un (J2)
D u (D )® (Dm;m'z) - (D D )m,m'lm;m’2
which is a matrix with four subscripts. It could be written in a four-dimensional
matrix scheme, but it need not be. Indeed, we can combine two-dimensional
schemes in an interlacing way to write down (6.3.13) like this (we take the same
example j; = 1; j, = 3):

DW =DM g D® = (DM g D®),, (6.3.14)

m 1 0 -1

u 123456789101112131415161718192021

mz' m,z‘ mzl

m, m,
Dt D® DD by D®

» m, » m, m,

O 0[N DN =
B

12 m; fm, m;
3] pgp» | DRD™ D} D®

20 m; m; m;
DY D® D' D® DY, D®

This matrix transforms the subspace H,, ;, if the set {|jm, j,m;)} is chosen as
basis. It is not split up into irreducible parts, but it can be ‘reduced’.
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Now the situation is this: we have in the subspace H; ;, of dimension
(2j1 + 1) (2j» + 1) two orthonormal bases, each containing (2j; + 1) (2j, + 1)
basis states. Let us denote the coupled states by |c;) = |(J)j2)jm), where ¢;
means ‘coupled’ and i goes from 1 to (2j; + 1) (2j2 + 1), and the uncoupled
states by |u;) = |jym jomj), where u; means ‘uncoupled’ and i has the same
range as before. Then the transformation under rotations is given by

lei) = Z lee) (el

= Z Dilex) = DOlc;)

=D lu) (elu;)’
k

=Y Dy lux) = D®1uy).
k

(6.3.15)

Between the coupled states |c;} and the uncoupled ones |u;) is the unitary
transformation by the CGCs—we call it T—which should be the same before
and after a rotation:

leiy =Y luid (uglei) = Z Tuilux) = T'u;)
k
lei)' =) lue) (uxl'ci’ Zrk,mk Tlu;).

k

(6.3.16)

Here Ty; = (uil|c;) = (jim, jama|jm) is a CGC. From (6.3.15) and (6.3.16) we
read off
le;) = Tlu;) = TD®\u;) = TDWT ;)
(6.3.17)
le;) = D©)c;).

Hence
DO =T1DpWT"!
(6.3.18)
DW =T"1pOT.

The first of these equations is equivalent to (6.3.3) and the second to (6.3.4).
They become identical with those equations if in (6.3.3) the ‘direct sum’ over j
is understood. We have thus found the following very plausible result:

The same unitary transformation which relates the coupled and
uncoupled states to each other, and whose matrix elements
are the CGCs—this same unitary transformation, if applied
to the direct product DYY@ DY) = D@, transforms it into
the direct sum ZGBD(C’ of the irreducible representations

DY with |j1 — jal < j < 1+ ja.

(6.3.19)
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6.3.3 Relation to the eigenfunctions of angular momentom
Remark. 1t should be mentioned that the D,(,I.Z,. are the eigenfunctions of the
quantum mechanical symmetric top. This fact has found applications in nuclear
physics. We shall not discuss it here. See, however, Edmonds (1957) for further
details.
6.3.3.1 Transformation of eigenfunctions under rotations
The eigenfunctions of angular momentum are defined as the wave functions
Vjm(x) = (x|jm) (6.3.20)

where x are the coordinates of a point P on the unit sphere, i.e.

T = (sin®? cosg, sin® sing, cos). (6.3.21)

As we have already found in various discussions, for the last time in (6.1.10),
an active rotation R,(«, B, y) on the state carries the wave function from P to
M, P and from M;!P to the point P, thus

Vima (@) = (@|Ualjm) = Yjm(M;'T) = Yjm(M,). (6.3.22)

Mpx = z, are the new coordinates of the point P after a passive rotation
Ry(a, B, v):

Vim(xp) = (@|Us|jm). (6.3.23)
Now .
Ualjmy =Y |jm DY) (@, B, ¥). (6.3.24)

Hence (remember « lies on the unit sphere)

Yim(@p) = Y Yjim (XY D, (@, B, ¥) = ¥}, () (6.3.25)

where x, are the new coordinates of the old point P after the rotation
Ry(a, B, y) of the coordinate system, and D,(,{)m
Rq(a, B,y). For j =1 = integer, Y1, = Yim.

This transformation may be written also by taking the other interpretation
on the left-hand side; namely, remembering that

(a, B, y) is the representation of

—1

T, =Mc=M, 'z
and taking the inverse of the whole transformation, we obtain, using
D', B,y) =DM, B, y)

Vim(@) =), Vim @D (@ B, ),
| (6.3.26)
=Y "Dy, B, ¥V)Vjm ()
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where x/, denote the coordinates of the new point P’ = R,(a, 8, ¥) P in the old
coordinate system and D,("J,)m(a, B, y) is as in (6.3.25). For j = | = integer,
wlm = Ylm-

6.3.3.2 The D,% are spherical harmonics

We may represent the wave function at the point ' on the unit sphere by a
suitable rotation of the wave function at the point (0, 0, 1). This is accomplished
by (6.3.26). In that equation we put & = (0,0, 1), i.e. #$ =0,¢ =0.

The point x is the point into which = (0,0, 1) is carried by the
active rotation Ry(c, B, y). If ) is given, we only have to choose the correct
Rai(a, B, y).

X=(0,0,1)

v X,=(sin< cosy,sindsing,cos)

>y

Figure 6.2. The wave function at point &/, is obtained by rotating the wave function at
point .

Figure 6.2 shows that we must first rotate by #’ about the y-axis and then
by ¢’ about the z-axis. We remember that

Rai(a, B,y) = Rs(xes) R, (Ber)Ra(y e3)
(see (3.2.4)); hence y =0, 8 = ¥’ and o = ¢’. We then obtain from (6.3.26)
Yim(®',9) =D DIV(¢', ', 0)¢m (0, 0). (6.3.27)

m'

The ¥ (0, 0) are simply constants. The equation states that once these constants
are determined, ¥, (¢, ¢') is the wavefunction for the |jm) state—whether j
is an integer or not. This relation makes it possible to define wave functions for
half-integer angular momenta; these wave functions are essentially the DY (8, )
with half-integer j. This possibility does not, however, lead very far, since the
half-integer angular momentum has its origin in the spin part. Spin, however,
is locally attached to the ‘elementary particles’ and should not be described by
a wave function in space, which gives the probability amplitude for the orbital
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part of the angular momentum. Thus the full significance of (6.3.27) will show
up by taking j = = integer. Then

'pjm'(l9 =p= 0) =Y, (0,0)
and (6.3.27) reads

Yim(®',¢') =Y _ DY@, 8, 0)¥;m (0, 0). (6.3.28)

m

First we put ¥’ = 0 and obtain with (6.2.16) and (6.2.2)

DY (', 0,0) = eim¥'s,,.
" " (6.329)
Yim(0, ¢) = €™ Y}, (0, 0).

The Y), are one-valued functions (see (4.7.21)); hence Y, (0, ¢’) must be
independent of ¢’; that is, according to (6.3.28), only possible if ¥, (0, 0)
vanishes for m # 0. Hence

0 form #0
Yim(0, ) = 20+ 1 (6.3.30)
Y10(0,0) = e 4.730) form =0

which also can be read off from (4.7.27). With this, (6.3.28) gives

241 .,
Yim(®, 9) = o/ —— DD (0, 9,y)
4

[ arx
D(lo(cp, D, y) = T Y,m(ﬂ @) (independent of y).

Since D is unitary, we obtain from Df = D~!

47
H=
Dy (0, =9, —p) = DL o(p, 0,0)=,/2IJrl Y5 (2, 9).

We change —&, —¢ into @, ¢:

DY*(0, 9, ¢) = ,/2,+1Y,,,,( -0, —p) = ,/2l+1 Yy (9, 7w — 9);

by means of (4.7.27) and (4.7.28)

(6.3.31)

Yim (9, @) = constant €™ P (cos )
which gives

Yim (9, m — p) = constant (—=1)" e~ P (cos #) = (=1)" ¥}, (9, ¢).
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Hence
0 4r myx .
D, (a, 1}, ) = m_—](—l) Y, (2, ¢), independent of . (6.3.32)
Finally with m = 0 (see (4.7.27) and (4.7.28))
p® r
oo (@, B, ¥) = m)’,o(l?) = Pi(cos?). (6.3.33)

6.3.3.3 The addition theorem and the composition rule of spherical harmonics;
integral over three spherical harmonics

From (6.3.25) and (6.3.26) it follows in either interpretation that

D Oim @O (X2) = Y Ojm (@)Y () (6.3.34)

whenever z; & x| and z; < x; are connected by a rotation. The situation is
shown in figure 6.3.

fz
B, A

% P,
P,

¥; cos? = costhcostsindsindcos(Pr—P))
» y

X
Figure 6.3. The relationship between the spherical coordinates of points P and P;.

We now take advantage of the rotational invariance of (6.3.34), by rotating
such that P, — P/ = (0,0, 1) and that P, — P, comes to lie in the xz-plane,
i.e. P, = (sin®,0,cos?). The angle ¢ is, according to the figure, the angle
between Py and P, (and between P| and P;). We specialize to j = I (integer);
in that case ¥, — Y},,; in particular (see (6.3.30))

2041
4

Ylm(P]/) = Ylm(ov fP;) =¢SmO

so that (6.3.34) becomes

. 20 +1 .
Yo ®.0) == = 3 Yin(®. )Y, 92, 92)
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or, with (see (4.7.27) and (4.7.28))

[21+1
Y[:)('}v 0) = Ylo(l?, 0) = 4—HPI(COS 17)

i (6.3.35)
Pi(cos?) = D Vi1, ) Y (92, 2)
m

21 +1

(compare figure 6.3). With ¢; = ¢, = ¢ this angle drops out and ¥ = ¥, — .
Then we obtain from (4.7.27)

(I — m)!

Pi(cos(®2 — 1)) = ) _ TTm!

m

P[" (cos V1) P" (cos ;). (6.3.36)

These two equations are known as the addition theorems of spherical harmonics
and Legendre polynomials. Two further useful formulae for spherical harmonics
are found by specializing to m| = m5, = m’ = 0 in the combination formula
for D-matrices, (6.3.4). The D-matrices become then spherical harmonics (see
(6.3.31)). We obtain immediately the composition rule for spherical harmonics

2Lh+1)R2L+1
YllMl(ﬂ»w)lemz(ﬂ’w):‘/( : :I(T : :

D (hmilamy|im)
Im 6.337)

1
— Y (B, 10|1,01,0).
X\/2[+11( ®){10]1,01,0)

The CGCs take care of m = m, +m, and of the ‘conservation of parity’: namely,
both sides should transform equally under reflections. Since Yj,(—z°) =
(—1)!Y;,(x°) we must require that on the right-hand side only such ! contribute,
that (—1)'*2 = (—1)": thus !; + I; + must be even. The CGC (10|!/,0.,0)
does that automatically (see (5.3.53)). Note that the argument of all spherical
harmonics is the same. This is different from the formula for combining two
angular momentum eigenfunctions into a new one:

Limyjama) =" |Grj2)im){jm] jimy jams)
which, translated to wave functions with integer j reads
Yim (91, 00 Yium, (92, 92) = Y Limilama|lm) Yim (91, 91, D2, 92)

where Y, (U1, @1, 92, 1) is no longer a spherical harmonic.

From (6.3.37) we easily obtain the integral over three spherical harmonics.
Multiplying (6.3.37) by Y}, (9, ) and integrating over the whole sphere gives
(because of (4.7.10))

/ Yim¥} , 809 40 d = 81, 8m,



188 REPRESENTATIONS OF THE ROTATION GROUP

and we obtain the desired result:

f Yiym, (D, 9) Vigm, (9, @) ¥,5,_ (9, @) sin 9 4 dop
(6.3.38)

20+ DL +1
=\/ @h+ DL+ mallms) 1 050150).

Ar (2l + 1)
The * may be transferred by means of (4.7.29).

6.3.4 Orthogonality relations and integrals over D-matrices

The D-matrices, as representatives of the unitary transformations U, (e, 8, ¥),
have the property
DU DY — pWpWt — 1

that is ) . . '
Y DD =3 DY) DY = s (6.3.39)
m’ m’
If one puts m = n =0, one obtains
. 2+ 1
2 Yim (3. @)Y, (9, 9) = = — (6.3.40)

which is a special case of the more general (6.3.35).

There is another orthogonality relation, namely with respect to integrations
over all three Euler angles. We derive that now. Let us integrate (6.3.4) over
all angles a, 8, v:

[ P, D, a0= 3 timujamal jm i, )
J (6.3.41)
)
X / Dm|+mzm'|+m'2 s

/dQ=A-h da/:sinﬁdﬁ/:”dy.

On the r.h.s. the integration over da and dy can be done at once, because (see
(6.2.1) and (6.2.16))

pY

my+mam|+m}

where

= e—i[(m|+mz)a+(m’,+m’2)y]d(j) B) (6.3.42)

my+ma.m'|+m)

The integral over this vanishes unless my = —m,; m), = —m] and we thus obtain
() plh) — 42 o
/Dmlm,l D,y 4Q = 478, —my8m).—m; (6.3.43)

xy [(jlmljz — my | jOY(jOl jm jo — m}) f déé)(ﬁ)sinﬁdﬁ] :
J
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Now j must be an integer [/, since m = 0. Hence with (6.3.33) and table 4.2:

Ooay_ | 47 ar
doo B) =/ 577 1 Y5(B,0) = N Yio(B, 0) Yoo (B, 0). (6.3.44)

Therefore

[agersinpap

2 27[W/Ylo(,3 0)Yoo(B, 0) smﬂdﬂd¢

10

= 2550

We thus obtain from (6.3.43)

/D(len DY 4q = 8”28m1-—m28""1'_"”2

mamy (6.3.45)
X {jimy j» — m1|00) (jim| j» — m}|00).
The CGCs vanish, unless j; = j; (triangle condition). We change now
m; - —m) and mj} — —m/ and obtain
/ p® D% dg
= 8728, ,8m,.my 8 i, (1, —m1 j1my|00)(jy, —m jym|00).
From (5.3.47), namely
. ; (=1)y/*m
(j, —mjm|00) = NIES
it follows that the product of the two CGCs is equal to
(=1)2rtmi+m|
—W—
With a slightly changed notation we obtain finally
(—1)2tmtn (%) / DY), DY) dQ = 8,/ 8pmbuw (6.3.46)

where

2 2 b4
/dQE/ da/ dy/ sin 8 dB.
0 0 0

Using a result from subsection 6.3.7, namely (6.3.68)

D(J)

~m,—n

2j+m+n ry(j)*
= ()Y D
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we obtain the orthogonality relation of D-matrices:

2j + 1
8m?

f Dr(njrz*Dr(r{”rz’ Q@ = 8jj’8mm’8nn’- (6.3.47)

This result enables us to carry out the integral over three D-matrix elements.
Equation (6.3.4) allows us to combine two D-factors into one:

Un (2) (3)*
f Y Dmlm’l szm’2 Dm;m’;

= [ 4@ Ciimyjomal i) DLy DL i oy,
J

Now the integral can be read off from (6.3.47) and inserted; the result is

U pl) plhx*
fdQDm;m,lD ), pUs

, .
mamy " mam’,

(6.3.48)
nZ

T2 +1

(Jimy jama| jsma){jym) jamy| jamy).

If the last two results are specialfzed to integer j values and n = n’ = 0 and
m| = m; = mj = 0, respectively, then (6.3.47) gives the orthogonality and
(6.3.48) the ‘3Y-formula’ (6.3.38) of the spherical harmonics.

The last equation, (6.3.48), can be used to calculate CGCs: by putting

m; = m}, my = m; and m3 = mY, one has

23 + 1 . : .
{(jimy jamy| jsm3)? = st f dQ DY) pr) plas (6.3.49)

mm maom mym
87t2 1my 2m; 3ms3

which determines the CGCs up to the sign. It should be noted that in the
non-vanishing integrals (6.3.47), (6.3.48) and (6.3.49) in fact only the sin 8dB
integration remains, while the d dy gives just a factor 472,

6.3.5 A projection formula

We shall derive here a formula by which one can project out the jm-part of an
arbitrary state. The orthogonality relation (6.3.47) will be the direct origin of
the projection formula.

Consider a state |y’j’m’) and apply to it an active rotation R,(w) with
o= (a, B,v). Then

Ro(@)ly'j'm’y = Iy'i'n') DY ().
~
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We now use the orthogonality relation (6.3.47) in order to eliminate the sum on

the r.h.s. 2i+1
o [ o @Ry im)

= 8; ' Smm’ Z San Y j'n") (6.3.50)

= sjj’smm’lylj,n)
where dw —dadysmﬂdﬂ 0 < (a, y) <2m;,0< B <m. Thatis, |y'j'm') is

transformed into |y’j'n) if j' = j, m’ = m; otherwise it is annihilated. Hence,
if a general state

= Iy imyyim'ly) (6.3.51)

y'j'm

is given, then applying (6.3.50) to it yields the projection formula (attention:
dw = da dy sin 8dg)

2.’ + l ( )* 7. I
o [ D @R = = LWmemy). 6352
By putting n = m one obtains the projection operator
2j .
Pjm = g;‘ f dw D) ()R, (@) = ; ly'jm){y’jml (6.3.53)
and by multiplying (6.3.52) by (yjn| one finds
o 2j+1 iy .
(yinl fmz / dw DY (@) Ru(@)|¥) = (yjm|¥). (6.3.54)

The usefulness of this formula depends, of course, on what we know about the
effect of a rotation of the state |).
6.3.6 Completeness relation for the D-matrices

Starting from (6.3.53) we shall now prove three different completeness relations
for the matrix of the irreducible representations D) (a, B, y).

Obviously, if we sum the projection operator Pj, over j and m, we must
obtain the unit operator; hence, for whatever state |y), we find

/ dadcosﬂdylz AL D, B v) | Rale, B, )W) = 19). (63.55)

Let us for a moment call the curly bracket f(«, 8, y). and the rotated state
Rala, B, V)|¥) = [¥(e.p.))- Then the last equation says in that new notation

/ dadcos By f@ B, V)Wapp) = ).
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As |y} is completely arbitrary, this is only possible if f(a, B,y) =
3(a)8(cos B — 1)8(y) (where cos 8 = 1 means to imply 8 = 0 in order to
cover also the case of half-integer j representations). Thus the expression inside
the curly brackets is equal to these 8-functions. This is already essentially our
desired result. In a somewhat symbolic notation we can write it as

2 21 DY*(R) = 8(R — E) (6.3.56)

82
jm

(where R = (o, 8,v); E = (0,0,0), (R — E) = 8(a)d(cos 8 — 1)8(y) and
dR = dadcos 8dy). We shall, however, write this result in a somewhat more
general form which we derive now. Returning to (6.3.55) we notice that when
an integral over R goes through the whole group (i.e. all values 0 < o < 2m,
0<y <2mand 0 < B <) then RRO_l with fixed Ry does the same. Hence

2 1
/ dR{Zm 2oy R

5t (6.3.57)
J + *
=/dk[; 11 L D (RRs )]RRO ) = ¥)
which, by the same reasoning as above, implies
2j+1 " _ 2j+1 * +
Z é _ D(;) (RR; Iy = Z ;; _ Dm (R)D") (Ry 1
" Jmm (6.3.58)

=275 B 1D‘”"(R)D“’ (Ro) = 8(R — Ro)

mm’
jmm’

which, for Ry or R equal to E, reduces to (6.3.56). This completeness relation
is the counterpart to the orthogonality relation (6.3.47).

Next we derive two further relations in the following way: we multiply
the last line of (6.3.58) by e "~ and integrate over yo. Here n will be any
integer or half integer such that j —n is integer and |n| < j (i.e. n is one of the
possible values of m, m’). On the r.h.s., with the use of

8(R — Ro) = é(a — ag)8(cos B — cos Bo)d (¥ — »o)

8(a — oip)d(cos B — cos Bo) / dyo e " m§(y — 1)
= 8(a — ag)d(cos B — cos Bo)

whereas on the l.h.s., by means of

D(J) (o, ﬁ }’) _ e-l(ma+m y)dl (ﬂ)
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(see (6.2.16)) we obtain

2j+1 o o |
> j+z e, (B)d i (o) ./(; e r = gminty=10) gy,

&~ 87
jmm

The integral is equal to
. ’ 2 . ’
el (m'=n) f dyo e ivolm’'—n) _ 278
0

because the difference m’ — n is an integer by the choice of n. Introducing this
in place of the integral and summing over m’ yields with arbitrary y

241 . o
Z 4][ elm(u uo)d’(njn) (ﬂ)d,(,{,z (ﬂo) elyll e 1yn .
jm

The e+ factors may be recombined with the rest to DY)-matrix elements. The
net result is then—independent of n and of y

> 2’4: ID‘” (a, B, Y)DY) (e, Bo, ¥) = (a—ag)S(cos B—cos fy). (6.3.59)
jm

Next we multiply by e~*(®—=0) (where |A| < j; j — A = integer) and integrate
over ap. By exactly the same reasoning as above we arrive at

> 2j + 1d‘"(ﬂ)d‘f,} (Bo) = 8(cos B — cos Bo) (6.3.60)
J

independently of the values of m and n.
The collected results are the three completeness relations:

2
@ 3 2D @, B.7)D G 0, o 1)

jmm'

= 8(a — ag)d(cos B — cos Bo)d (¥ — yo)

(i) Z U DY (@, B, v)De0. o, ) = e — aq)b(cos B — cos o)

(mdependent of n and y; indeed y drops out)

(i) Z 2j + D(J)' a, B, y)D,(,{,z(a, Bo, ¥) = 8(cos B — cos )

(mdependen[ of m, n, @ and y; indeed & and y drop out).
(6.3.61)
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6.3.7 Symmetry properties of the D-matrices

The symmetries of the D-matrices arise from two of their properties: they are

unitary and they have a simple exponential behaviour in two arguments (see
(6.2.1)):

D,("’)m (o, B, y) = Df,{,)",(—y, —pB,—a) unitarity

. . ' _ (6.3.62)
DY (@, B, y) = e imatmg) gy with dY) real.

For the d,(n’:" (B), unitarity and reality imply

dV) () = dV) (—B). (6.3.63)
Interchanging « and y leads therefore to
DY) (v, B, @) =eitvima 4D (g)
= e~itma+nm'y) d’('{’l,(_ )

P (6.3.64)

=DY (@, —B,y)
=DY*(—y, B, —a).

m

Another relation is found as follows (see (6.2.2)):
), (B) = (jm'|e= P | jm)

— (jmlle-}-iﬂ], e+iﬂly e—in],|jm)

because rotating by s about x, then by 8 about y and again by m about x, is
the same as rotating by —f about y. Now obviously

e jm) = @e(j, m)lj, —m)
where @, (jm) is a phase. The phase factors cancel! and we have

d.B)=dY),_,(-p) =d")_,.(B). (6.3.65)

—m—m

A glance at the explicit form d,("’;) (B) (6.2.16) shows that

m

d9D (=B) = (=12 +mgD gy — (—1y"-mgd) () (6.3.66)

(the two sign factors are equal because they differ by (—1)%*2" = +1; jtm is
always integer). Combining (6.3.65) and (6.3.66) we find

A (B) = (=M 4md D (B). (6.3.67)

—m'—m

! The phase factor ¢, (s, m) may be calculated along the lines in which the corresponding phase
factor for Ry(m) was found (between (5.3.40) and (5.3.42)). One finds ¢x(j,m) = -/
independent of m.
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All these relations are combined in the following formula, where we use from
top to bottom (6.3.64)—6.3.66) and from left to right unitarity:

DY) (@, B,y) =DV (~y, -8, —a) = DY) (y, B, @)

- =DY) (—e, 8, —y) = DY) _ (~v, B, —@)
=DY_ (a,—B,¥) (6.3.68)

- (_1)2j+m+M/D(—er|—m'(_y' _ﬂ‘ —a)

= (-DPtm DU (@, B, ¥).

—m'-m

Note that (—1)2/+m+m" = (—1ym-m' .

With m = 0, we obtain from DY) (a, 8, 7) = (—1)" DY, (@, B, y) the rule
Y (Ba) = (—1)"Y,_(Ba) (already known from (4.7.29)). Further relations can
be derived if one changes any argument by %r.

Finally we consider rotations by 2z about an axis . This can be achieved
by the matrix

DY (2rn) = DY (e; » n) DYV (2ne;) DV (e3 > n).
Now the matrix in the middle is (see (6.2.1))
DY (27,0,0) = ¢ ¥ g = (—1D™ 1 = (—1)¥ |

because 2j + 2m’ = even. Thus DY (2me;) commutes with the other two
matrices which together give 1. Hence for any direction n:

DYVQ2ran)=(-1)¥ x 1. (6.3.69)

This is the well known result that the half-integer representations are double

valued and that consequently the states | jm) multiply by (—1)%>/ under rotation
by 2.



THE JORDAN-SCHWINGER CONSTRUCTION
AND REPRESENTATIONS

In this chapter we shall obtain all the representations of the rotation group and
its Lie algebra' (su(2)) by another very useful method, namely by means of
the Jordan-Schwinger construction (Jordan (1935), Schwinger (1952)). The key
idea of this approach is the Jordan mapping of the Lie algebra generators into
operators made of bosonic creation and annihilation operators acting on a Hilbert
space. For the reader’s convenience, we start from a short exposition of the main
properties of the harmonic oscillator algebra and its representations.

7.1 Bosonic operators

A harmonic oscillator (see, e.g., Landau and Lifschitz (1981)) is an object that is
subject to a quadratic potential energy, which produces a restoring force against
any displacement from equilibrium that is proportional to the displacement. The
Hamiltonian for such a system whose motion is confined to one dimension is

P mw?

_ 2

H= > + 54 (7.1.1)
where g is the displacement of the oscillator (particle) for some fixed origin
(equilibrium), p is the momentum, m is the mass of the particle and w is the
(classical) circular frequency of the oscillations. The harmonic oscillator is of
basic importance in physics because it provides a model for many kinds of
vibrating system, including, e.g., the electromagnetic field (it can be viewed as a
collection of infinitely many harmonic oscillators) and because of the following
fact. For many more general physical systems, the potential energy V(g) has a
minimum at some point g in space. Expanding the potential energy in a series
of powers of the distances from that point one can write -

1 /8%V ‘
Vig) = V(qo) + 3 ( ) (@ —qo)* + - (7.1.2)
qo

3q?

where the equilibrium point is determined by the condition

)

1 We denote the group by SU(2), its Lie algebra by su(2).

=0.
qo

196



7.1 BOSONIC OPERATORS 197

If a particle of mass m performs small oscillations around the equilibrium
position, higher terms in the series (7.1.2) are small and hence up to the
inessential constant V(g¢) one has

V(g) ~ C(q — qo)*

which is the harmonic oscillator potential.
Quantization is defined by taking p and g to be self-adjoint operators that
satisfy on a dense domain of a Hilbert space the Heisenberg commutation relation

[qu] =i

Let us now introduce the bosonic operators, defined by

= / p (creation operator) (7.1.3)

(a' is adjoint to a). As a consequence of the definition, the bosonic operators
obey the commutation relation

p (annihilation operator) 7.1.4)

[a,a']1=1 (7.1.5)

and the Hamiltonian H written in terms of bosonic operators takes the form
® ot t ty )
H=E(aa+aa)=w aa+§ . (7.1.6)

Let |3) be a normalized vector of a Hilbert space H, where the oscillator
operators act, such that it satisfies the relation

alye) = 0. 7.1.7)

The Schrodinger realization of the operators p and ¢q, i.e. p = —id/dq and q is
the multiplication operator, converts (7.1.7) into a first-order linear differential
equation whose solution is

2
o =r-Lcn (-5)

X = +/mwq.

This solution is normalized with respect to the L?(—00, co) Hilbert space scalar
product

(Blv) = / 6" (¥ (x) dx
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so that o
(boldo) = f (Go(x)2dx = 1.

The complete set of normalized eigenvectors, {|1//,,)}, can be constructed
from |yp) by using the definition

[m) = (n1)"2 (@) o). (7.1.8)

These vectors are normalized eigenstates of the dimensionless number operator
N
N=(@ 'H-1=d'a (7.1.9)

with the eigenvalues n
N{yn) = n|¢n). (7.1.10)

The operator a' acting on |,) raises the eigenvalues n by one unit (i.e. increases
the energy by creation of an ‘excitation’), hence, it is called a ‘creation operator’,
and the operator a lowers the eigenvalue n (‘annihilation operator’).

The spectrum of the number operator N consists of all non-negative integers
Z. ; each eigenvalue is nondegenerate, and the eigenvectors |y, ) form a complete
orthonormal basis for the separable Hilbert space H = L2(—00, 00) over the
real line.

The obvious generalization of this algebra consists of the consideration of K
kinematically independent bosons a,.T ,a; (i=1,...,K), with the commutation
relations

[a,a1=8; i.j=12...K
(7.1.11)
lai,a;] = [G,T.a;] =0

and
z t K
H 1. 7.1.12
w(i la,a,-f- ) ( )

so that the eigenstates of H contain n; excitations of the type 1, n, excitations
of the type 2, etc; i.e. they are of the form

@@y - @) * 1) (7.1.13)

To explain the name ‘bosonic operators’ for a,T and a; we reinterpret the
states (7.1.13) as follows. Consider the quantum mechanics of K identical
bosons. Let i be an index counting the set of quantum numbers characterizing the
states of a single boson (these quantum numbers may be discrete or continuous
with appropriate ranges); in other words the complete set of one-boson states.
According to a general postulate of quantum theory for indistinguishable
particles, the distinct states of the system of K identical bosons are only those
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characterized by the number of boson n; in an arbitrary state. Thus the state
(7.1.13) can be interpreted as n; bosons in the state i, n, bosons in the state
Y3, etc. Hence a,t creates a boson in the state k, a; annihilates one.

Let H® be the space of states of a system of bosons with the basis vectors
[ny, na, ..., ng) labelled by the occupation numbers. In this space the actions

of a,.T and a; are expressed as follows:

ailnl,nz,...,ng) = ./nilnl,...,ni_l,ni - 1,n,-+|,...,nK)

a,‘tlnl’nZ)---’nK): Vni+ l|nl,---,ni—1»ni+1,ni+l,--~,nl()-

Then by direct computations, one can indeed obtain from these equations the
commutation relations (7.1.12).

There is another interesting and important realization of the canonical
commutation relations (7.1.5).

Let Hgr be a Hilbert space of analytical functions of complex variables
z*, z with the scalar product

(flg) = /(f(z))"g(z)e_z'Z dz* dz.

Then the map

a—> — a' >z

2

gives the representation of the commutation relation (Bargmann—Fock
representation). This was introduced in a complete form by Bargmann (1961).
The complete set of eigenfunctions of the number operator N in this realization
has the form

n

z
Vn!

The Bargmann—Fock representation is closely related to the so-called coherent
states |{)

fa@) = neZ,. (7.1.14)

)= 3" £ @Y = &' |90) (7.1.15)

which have many remarkable properties (both mathematical and physical ones)
(see Klauder and Skagerstam (1985)). Generalization of this representation to
the case of a multi-oscillator (7.1.11) is straightforward.

7.2 Realization of su(2) Lie algebra and the rotation matrix in terms of
bosonic operators

Now we turn to the construction of su(2) Lie algebra operators and their
representations in terms of the bosonic operators.
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First of all, we notice that the physical quantities such as energy (7.1.6),
(7.1.12), angular momentum M;; = q; p; — g; pi etc, are bilinear expressions in
a,-T and a; of the form

c,-,-a,-*aj Cij € C.

This suggests constructing all basis elements of a Lie algebra L in terms of
such bilinear combinations. The cornerstone of this construction is Jordan’s
observation (Jordan (1935)) that the mapping £ of K x K matrices X;; into
bosonic operators (7.1.11) given by

K
L: Xyj— Lx=) Xyala (1.2.1)
ij=I

preserves the operation of commutation of matrices.

The proof of this statement follows directly from the bosonic commutation
relations (7.1.11). Let us denote by a the vector with the components
(a,T, ...,aI() and by a the vector with the components (a,...,ag), so that
the map (7.2.1) can be written in the form

L: X— Lx=a"Xa. (7.2.2)
Then for the commutator [Lyx, Ly] one easily finds
(Lx,Lyl=[a"Xa,a" Yal =a"[X,Y]a = Lix.y;
Thus the Jordan map has the property
[Lx, Lyl = Lix.y;. (7.2.3)
It is linear over C
Aoy +puLly = Lyxyny ApueC

and the unit matrix has the map

_aa—E aa,

Now consider the map for the spin—% representation (K =2):
L:Yoi — Ji =Ly, = ;@ 0a). (7.2.4)

The property of the Jordan map guarantees that the operators J; satisfy the
commutation relations of the su(2) algebra

(i, J;] = i€ijr Je. (7.2.5)
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In the explicit form the operators J; and J3 have the following Jordan—
Schwinger realization:
Jy = aIaz J.= a;al
(7.2.6)
B = L(ala) — ala) = LNy - ).

The invariant square of the angular momentum J? is expressed in terms of the
bosonic operators as follows:

1 1
2 _ toala — N2
Jo= 5 ?_j a;a;a;a N 7.2.7

where
NEZaiTa,» =N| +N2
i

From the above considered representations of the bosonic algebra it follows
that |, »,) are the eigenvectors for J* with the eigenvalues

I Yny ) = 3n(30 + 1) (7.2.8)

where
n=n+n,.

This implies the equality for the angular momentum quantum number j:

j=5n=0,5,1,....

Nl —
N

Thus, together with (7.2.6) we have
j=3m+n) m=im —n).

The su(2) operators form a subalgebra of the bosonic operator algebra. So
the whole representation Hilbert space of the latter is not irreducible with respect
to the former. Indeed, consider the subspace H?/ of the vectors of the form

P(al,ah0)

where P(a{, a;) is a homogeneous polynomial in aI and a; of the degree 2 and
[0} is the shorthand notation for the vacuum vector |¢0), i.e. a;|0) = a;|0) = 0.
The space H? is invariant with respect to the operators J;. Making use of the
equalities

J£|0) = J3|0) =0

and
AP(a!,ah)j0) =14, P],al)]|0)
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for any bosonic operator such that A|0}) = 0, one can find that the normalized
eigenvectors for angular momentum are expressed in terms of the bosonic
operators as follows (Schwinger (1952)):

|jm) = Pim(al, al)|0) (7.2.9)

where '
(@))/*™(al)i ™
VG +m)I(G = m)!
and that the operators (7.2.6) have the standard action on these vectors:

Pin(al,a)) =

J3|jm) = m|jm)
(7.2.10)

Jeljmy =i Fm)(GEm+ Dlj,mE1).

These results show that the Jordan-Schwinger construction gives all the
representations of the su(2) Lie algebra in the simplest way.

The finite transformations of the space H*/ generated by J; can be obtained
by exponentiation of the matrix —in - o/2. To a given 7 there corresponds the
unitary unimodular matrix

U(n) = exp(—in - 9/2)
which itself corresponds to a unitary bosonic operator due to the Jordan map

exp(—in - 0/2) = exp(L_in.a/2) = exp(—in « Lo 2) = exp(—in - J).
(7.2.11)
Matrix elements of this operator in H?/” give the representations of the rotation
group
(jm'|exp(=in - Lo 2)| jm) = DY, ().

Thus the exponentiated Jordan—Schwinger construction yields all irreducible
representations of the rotation group. Moreover, the explicit construction (7.2.9)
allows an alternative derivation of the rotation matrices.

Denote, for brevity, Vy = exp(£_in.4/2). Acting by this operator on |jm)
one has

Vuljm) = (Vu Pim(al, al)Vy-)Vyy|0)
= Pjm(a], a})|0) (7.2.12)

where
a:‘ = Vuaif Vy-1
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can be expressed via matrix elements of U
Uy u
U=(4n un
Uz U
t

7t t
a; =una; +uja,

as components of a vector

ol = upal + unal. (7.2.13)

Equation (7.2.12) can be rewritten in the form

Vyljm) =Y D) (U)Pjm |0) (7.2.14)
ml
by means of expansion of the expression (7.2.12) in the original monomial basis
using (7.2.13):
(14|1¢11T + uzlaﬁ)”"‘(ulzaf + uzza;)j_'"
VU +m(—m)!
=VGi+miG-—m!y

st

10)

(0 )75 (up)* (uy2) ™™ (u)! (7.2.15)
G+m=—s)si(j—m—-0't!

X (a{)Zj—s—t (a;)s+t IO)

Comparing this with (7.2.14), one finds

DY () = /T FmIG —mIG + m)IG — m)!

X Z ()7 () ()™ =S (ugg)

7.2.16
G4+m—=—s)lst(m' —m+s)}(j —m' —s)! ¢ )

5
x (a1 (al)y*+10).

This gives an explicit expression for rotation matrices in an arbitrary
representation.
The Jordan—Schwinger construction can be applied to other Lie algebras.

Indeed, consider a set a;‘ ,a; (i = 1,...,n) of bosonic operators in a Hilbert
space ‘H. Define

A,‘j = a:aj.
Then using the commutation relations (7.1.11) one obtains
[Aij, Al = 8jAit — 8iAji. (7.2.17)

This means that the set A;; (i, j = 1,...,n) forms the set of generators of
the Lie algebra gi(n, C). Because any Lie algebra is a subalgebra of gl(n, C)
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(Ado’s theorem), any other complex or real Lie algebra is generated by a subset

of Aj; (i, j =1,...,n). In particular, the operators
Mkk=a,tak k=l,...,n
My=ala +alax  k<l<n (7.2.18)

A?k, = i(a,ta, - a,tak) k<l<n
generate the Lie algebra u(n) and the operators
Xy = i(aja; — alay) (7.2.19)

generate the Lie algebra so(n).

Non-compact Lie algebras such as u(p, q), so(p, g) and sp(p, q), including
the important cases of De Sitter and anti-De Sitter Lie algebras and the Lie
algebra su (2, 2) of the conformal group can be also constructed via the Jordan—
Schwinger realization in terms of bosonic oscillators, while the Lie superalgebras
can be built out of both bosonic and fermionic operators (cf, e.g., Chaichian and
Demichev (1996)). For example, generators of u(p, q) Lie algebras, which are
often used in particle physics, are made up of two sets of bosonic operators
a,T,a; (i=1..,p) and bL,ba (@ = p+1,...,p+ q), both obeying
the commutation relations (7.1.11) (see, e.g., Barut and Raczka (1977)). To
construct the generators, one defines the array of operators A = (Ayny), M, N =

l,....,p+¢q
—a'a; + ré;; a'b!
A= i4j ij iYg
~baa;  bybl + réup

(r is any real number) in terms of which the generators. My;, Ny of u(p, q)

read as
Mkk=Akk k=1,....p+q

My =Ay + A k<l
My =i(Aq — A k<1
Mo =Aup + Agy a<pB
My =i(Aep— Ape) @ <P
Ny = Ay — Apx

Nkp = i(Akp + Aﬂk).
Using the known representations for bosonic algebras, one can then
construct representations of all such Lie algebras.

7.3 A short note about the new field of quantum groups

To conclude this section, it is worth mentioning the very important fact that
the Jordan-Schwinger construction can be generalized to the case of quantum
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deformed groups and enveloping algebras. The theory of these objects has
attracted great attention during the last few years and seems to find many
important applications in different areas of physics (for an introduction and
review of quantum group theory, see, e.g., Chaichian and Demichev (1996)).

To give an idea of the deformed Jordan—Schwinger construction, we recall
that the defining g-deformed commutation relations for the operators H, X*, X~
of the quantum Lie algebra su,(2) have the form

[H, X*) = £2x*

(73.1)
H -H :
_ — sinh(x H)
xtx1=4 29 _ZOXE i,
q—q smh(x)
Here g = ¢X, and [x], denotes the so-called g-square bracket
X _ . -x
x, =L =1 (7.3.2)
9—49
with the property
[x]g ;:’1 x (7.3.3)

so that in the ¢ — 1 limit the commutation relations (7.3.1) coincide with the
usual relations for su(2) Lie algebra.

With the help of g-square brackets many formulas of g-group theory can
be written in a form similar to the classical non-deformed case. For example,
the Casimir operator of su(2) Lie algebra

1 2
Cy = JeJs + (E(JO + 1))

becomes after the deformation

2
C! = XFX* + [%(H + 1)] . (7.3.4)
q

If g is not a root of unity, representations of su,(2) have the same dimensions
and structure as those in the classical case

H|j,m) =2m|j, m)
(.3.5)

X*jom) = V7 FmljEm+ glj,m£1)

(J is an integer or half-integer number, m = —j, —j + 1, ..., j). Using (7.3.3)
it is easy to see that the g-deformed expressions have the. correct classical limit
q— 1.
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To define the deformed Jordan—Schwinger construction, the mapping (7.2.6)
is replaced by

X+t =a;[a2 X~ =a;a1

(7.3.6)
H=1N= Ny

where a;‘ and a; (i = 1, 2) are g-oscillators in the Fock representations with the
commutation relations

aial —qala; =g~

aial —g~'ala; = g

[N.a]=a!  W.al=-a (7137

[a,-,aj]=[a?,a}]=[a:,aj]=0 i#j.

Introduce the eigenstates which are analogous to undeformed angular
momentum eigenstates

l]!m) = ([] +m]q'[j —m]q')_]/2 (aI)J'f'M(az)j—m |O)
j=0,%,l,...\ m=—j’_j+]"“,j

with [n],! = [1],12];---[n], and [0],! = 1. Then the map (7.3.6) gives the
representations (7.3.5).

The Jordan—Schwinger construction for su(2), confirms the important
result: for all ¢ € Ry, the unitary irreducible representations of su(2), are in
one-to-one correspondence with those of su(2) and have the same dimensions.

For further details on quantum group theory and especially on the g-
deformed Jordan—-Schwinger construction, see, for instance, Chaichian and
Demichev (1996).



IRREDUCIBLE TENSORS AND TENSOR
OPERATORS

8.1 Introduction

What does ‘irreducible’ mean? (It means, first of all, in our context, irreducible
with respect to rotations; we shall not mention this any more.) We have already
encountered this word earlier in connection with irreducible subspaces H;. An
irreducible subspace was, as we saw, an invariant subspace H;, whose basis
vectors |jm) with m = —j, ..., +j transform among themselves and which
does not contain in itself another invariant subspace h C H;. We have seen

that the linear transformations D,(”’i” are then irreducible also, i.e. they cannot
be split up into boxes along the diagonal.

An irreducible tensor is a tensor whose components transform linearly
among themselves under rotations such that, if the whole rotation group is
considered, all components of the tensor enter the linear combination (which
does not exclude that for a certain rotation some coefficients in the linear
combination vanish). Therefore, irreducible tensors will be defined with respect
to a basis in a j-dimensional space which transforms just like H;. Tensors with
respect to a Cartesian basis are not well suited for this: for instance, a vector
v = (y, ¥y, U;) 1 an irreducible tensor of rank 1. Cartesian tensors of any rank
can be generated by taking the direct product of two or more such tensors of
lower rank:

Tijkl =a;Sjxy etc.
These tensors are not, however, irreducible with respect to rotations, because
they contain parts which transform with a lower rank. For instance, the tensor
of rank 2
Tij = viw;

transforms under rotation (if v’ = Mwv) as follows:

(T = vw) = ZMiijlUkwl = ZMiijlTkl
kl 7

i.e. T transforms with the direct product of M by itself
T'=[MQM]T

and we know, since M is equivalent to DV, that M®M can be reduced to
irreducible matrices of dimension 2j + | with j =0, 1, 2, i.e. T can be reduced
to

207
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e a tensor of rank O, the trace

TO = ZTH

e and a tensor of rank 1, the vector product
) 1
Ty = 3(viwj — v;wi)
e and a tensor of rank 2, the symmetric part minus the trace
2
le ) = %(v,'w)' + ij,') - 3,‘)‘ kawk.

Because this behaviour of tensors in the Cartesian basis x, y,z is
rather annoying, one considers tensors which transform with the irreducible
representations D) and which by this definition are automatically irreducible
tensors of rank j with 241 components T (jm); m = —j, ..., +j. A particular
kind of such tensors are e.g. the wave functions ¥, (x). For them we know
how we can, by means of the CGCs, build up a state | jm) from states of lower
jrand jp ifonly | ji — jo| < j < ji+ jo. If then |jym;) and |jm,) are combined
into

ljm) = ) ljimy jama) i jamy| jm)
nyma

we know that | jm) again transforms according to an irreducible representation,
namely with D). Thus ¥, = (x|jm) will be an irreducible tensor of rank j,
formed by composition of two tensors ¥, and v;,,, of lower rank. Hence
it is possible to construct tensors of any rank by composition—just as in the
case of Cartesian tensors, although in a little more complicated way, but the
great advantage is that the tensors so constructed are automatically irreducible
if they are combined from two irreducible ones. Thus this kind of tensor is
especially suited for all problems in which rotations come up. Of course, the
direct product of two irreducible tensors will be reducible; thus there exist not
only the irreducible ones. The whole class of tensors which transform according
to DY) or to direct products DY’®DU" are called ‘spherical tensors’.

Therefore, the irreducible tensors are quantities which combine
and transform like (standard) angular momentum states; if such
a tensor has 2j + 1 components and transforms like |jm) then
it is called an irreducible (spherical) tensor of rank ;.

(8.1.1)

We shall give only a brief resumé of the spherical tensors; details and
applications may be found in books such as those of Fano and Racah (1959),
de-Shalit and Talmi (1963), Rose (1957), Edmonds (1957) and Varshalovich et
al (1988) and, of course, in many nuclear physics papers.

Remark. We also suppose here that we work with standard states |yjm). In
such a representation J is diagonal in y.
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8.2 Definition and properties

We define the irreducible tensor T (kq, @) of rank k by its transformation property
under the rotation group (active rotation)!

T'(kg, ) = Y _T(kq', M;'T)DY. (8.2.1)
=

This holds if T is a function of x; we shall, however, from now on suppress x.
The above definition is general and includes the possibility that T is an operator.
If we wish to speak not of the components T (kg) but of the whole set, we shall
write T (k;). The correspondence between T (k;) and T (kq) is the same as
between a vector v and its components. Denoting rank and component by k and
g (instead of j and m) is current usage; some authors remain, however, with j
and m.
From the definition it follows immediately that

if T(k;) is to represent a physical quantity, k¥ must be an
integer; otherwise it would be multiplied by —1 under a 27 (8.2.2)
rotation and thus be double valued (see (6.3.69))2.

Most interesting in quantum theory are irreducible tensors, whose individual
components are quantum mechanical operators in Hilbert space. In this case each
individual component transforms under an active rotation in two ways:

e  as an operator
T'(kq) = U, T (k, )U;" (8.2.3)

e but also as a component of an irreducible tensor, according to (8.2.1).

Together these lead to the transformation law of irreducible tensor operators:

UaT (k, )U; ' = T(kg')DY). (8.2.4)
ql

Considering active, infinitesimal rotations about the main coordinate axes
€q; & =X, Yy, 2, one finds with (3.4.2)

Ua(nea) =1~ in-]a
DY) (nea) = (kq'|1 — inJalkq).

! For the appearance of M;! in the argument of T on the r.h.s. of (8.2.1) see the discussion in
section 4.1 for wave functions and vector wave functions, of which the above equation (8.2.1) is a
straightforward generalization.

2 The case of half-integer k is, however, also discussed in the literature (see, e.g., Varshalovich er
al (1988)).
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Inserting this in (8.2.4) immediately gives the result
[Ja, T(kg)] = T(kq')(kq'|Julkq)
7

[V, Thg)] =VERF D =qlg EDT (kg £ 1) (8.2.5)
[J.. T(kq)] =qT(kg).

Equations (8.2.5) and (8.2.1) are fully equivalent.

All components of an irreducible tensor have the same parity; a tensor
T (k; ) combined from two tensors of lower rank T;j(ky; ) and T,(k,;) has the
parity P = P P.

While the Hermitian conjugate of a single component of an irreducible
tensor operator is defined as usual, one must be careful when defining the
Hermitian conjugate of a tensor operator as a whole. The notation is important;
we write (f, Hermitian conjugate; %, complex conjugate) [T (kq)]' for the
Hermitian conjugate of the g-component of T'(k; ); T'(kq) for the g-component
of the Hermitian conjugate tensor T1(k; ).

Writing down the Hermitian conjugate of (8.2.4) we obtain

Ual T, I'U;" =) (T kg DS = (T kg (—1)7 D%, _ (8.26)
q q
where (6.3.68) has been used. Replacing g and ¢’ by —¢g and —¢’ we find (g,
q' are integers)

Ua(= DTk, —1'U =) (17 [Tk, —g"))' DY) 827
=

which shows that (—1)?[T (k, —¢)]' are again components of an irreducible
tensor operator. We thus define the g component of T as

T(kq) = (1T k, —¢)]'. (8.2.8)

With this definition 7t (k; ) is again an irreducible tensor operator. A Hermitian
irreducible tensor operator obeys®

Tikg) = (-1)Tk,—9)]' = T(kq) ] Hermitian irreducible

(8.2.9)
[Tkt =(=1)T (k, —q) tensor operator.

Note that spherical harmonics share this property (see (4.7.29)); as they are
functions and not operators, * replaces . They also have the same transformation
rule under rotations, therefore spherical harmonics Y;,, are a special realization
of Hermitian irreducible tensors 7" (Im).

3 If the tensor components are not operators but functions, 1 is replaced by *.
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8.3 Tensor product; irreducible combination of irreducible tensors; scalar
product

The direct product of two irreducible tensors T and § is defined by
(T (k; Y®S(k; Vigirqr = T(kg)S(K'q") (8.3.1)

in exact analogy to the direct product of angular momentum states (see
section 5.3)

kq)®|k'q') = lkqk'q’). (8.3.2)

Consequently the direct product T (k; )®S(k’; ) transforms as the direct product
D®®D® ), that is, as a reducible representation. Just as with the direct product
of states we obtain an irreducible tensor V of rank X by means of

[T )SK)) oo = VK@) =) Th)SK'q')(kgk'g'lKQ)  (833)

qq’

where the analogy to the composition of states is obvious:

[(kk)K Q) = ) lkqk'q’) (kqk'q'IK Q).

qq’

The presence of CGCs in (8.3.3) implies that g+¢’ = Q and |k—k'| < K < k+k’
and this analogy automatically guarantees that V(K Q) is an irreducible tensor
of rank K, because the irreducible tensors are defined by their transformation
law being the same as that of angular momentum states. Thus we do not need
to prove explicitly that V(K Q) transforms with D%,

In this way we can construct irreducible tensors of any rank. In particular
we can construct one of rank 0, i.e. an invariant:

V(00) = ) T(kq)S(K'q')kqk'q'|00)
79’

where the & in 7 and &’ in § must be the same if the CGC is to be # 0;
furthermore ¢’ = —q. With (5.3.47)

(kqk, — |00)————(_1)k_q (8.3.4)

EE A Y, e "
we obtain* ;
(-1

V(00) = ——= > (-1)*T (kq)S(k, —q). 3.

(00) T (=0T (kq)S(k, —q) (8.3.5)

4 If we were pedantic, V(00) should be written V(00); (as in the CGC (kgk — q|(kk)00), where
we suppressed (kk) also).
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This invariant V(00) is uniquely defined only if k is an integer. This is seen

most easily in the case where T and S are not operators but classical fields or
numbers. Then TS = ST is not required; but

Y (=DISUkg)Tk, —g) =Y _(—1)*T (kg)S(k, —9)
=Y (=D (=1)T (kq)S(k, —q).

However, since g shares with k the property of being integer or half-integer, we
have (—1)~% = (—1)* and hence

V(00)sr = (=1)*V(00)rs. (8.3.6)

Then V(00)sr = V(00)rs implies k = integer.

Assuming now k to be an integer, we define the scalar product by the
requirement that for ordinary vectors the result is the asual scalar product.

To this end we remark two things:

e the spherical harmonics Y, transform as T (Im)

e the spherical harmonics with / = 1 can be written

1 .
Yii —ﬁ(x"'l)’)
Y]() =,/3/(4nr2) Z
Hi x—iy)
V2

(see table 4.2 and (4.7.32)).

That is, if we wish the vector & to be written as an irreducible tensor of
rank 1, we have to give it the ‘spherical components’

1

% ﬁ(x +iy)
X0 = z =x(1, g). 8.3.7
*- L e—iy)

V2

Accordingly, any vector v can be written as an irreducible spherical tensor,
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namely in spherical components

1 .
v —Ti(v,+lvy)
v=V.g)=1}| v | = v,

7§(vx —ivy)
and vice versa (8.3.8)
1
N E(v—l - 1)
Y= Uy =
v, T(v—l + )

One then finds

vew= Y vw= Yy (—D)Tvw_g =Y V(IQ)W(l,—g). (839)

i=x.y.2 g=-1,0.1 q

Consequently we define the scalar product for any two irreducible tensors by
means of (8.3.5)

T(k:)S(k;) = vV2k + 1(=1)*V(00) = Z(—l)"T(kq)S(k, —q). (8.3.10)
Remembering (8.3.6) we can state that for classical irreducible tensor fields of

rank k
ST = —TS if k = half integer  ‘anticommuting’

ST=TS if k = integer ‘commuting’.
84 Invariants and covariant equations
A few words on invariants may be added. We said that T (k;)S(k;) is an

invariant. Indeed, it transforms like a state |00), that is, it remains unaffected.
Invariant means here form invariant. Namely, if

TS =" T(kq)Sk,—q) (1)’
in one frame of reference, then it becomes
D T'kg)S'(k, —g)(=1)*
in another one and in fact these two sums are equal, even if T and S are fields

D (—D)Tkg; TSk, —q; y) = D _(-1)T'(kq; T)S'(k, —q:¥)  (8:4.1)
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which, although obvious by the method of construction, can be checked by an
explicit calculation using (8.2.1) in the form
T'(kg; =) = Y T(kq'; x)D%).
p
It will turn out that the D cancel altogether. However in fact no such proof
is necessary because we know that TS transforms with D© = 1.
Often the following statements are useful.

If a question is of such a nature that its answer will always be
the same, no matter how the coordinate axes are oriented, then it
must be possible to answer this question with the help of those
invariants which one can build with the available irreducible
tensors. One may then find the answer in that particular frame
of reference where it becomes easiest. One looks at how
the invariants appear in this system, expresses the answer by
them and has thereby found the general invariant formulation.
Furthermore: if an equation, given in a particular frame
of reference, can be written in a manifestly covariant form
(namely, both sides of the equation transform in the same way)
which in the mentioned particular frame of reference reduces
to the equation given there, then this covariant formulation is
the unique generalization of the equation given.

842

As an illustration, we derive once more an earlier result: the addition
theorem of spherical harmonics.
Is P(cos#) an invariant?

e NO!if by ¢ is meant the polar angle of . In this case

4n
P(cos ) = ‘/ ST Yio(,0)

transforms with D® into a combination of ¥,,.
e YES! if by ¢ the angle between two vectors, v and w, is meant. In this
case it must be possible to express P;(cos #) in a manifestly invariant form.

We consider the second case. Let n; and n, be two unit vectors with
directions (¥, ¢1) and (9, @) respectively. Then cos = n; - n,. We now
take a coordinate system where ¥; = 0, ¥, = ¢, ¢; = 0. In these coordinates

we have
[ 4n
P, ?) =, ——Y,(%5, ¥5).
(cos ) 2A+1 10( 2 ‘Pz)

Can we write this in a manifestly invariant form? Yes, because the spherical
harmonic of the other angles ¥, = 0 and ¢’ can be written (see (6.3.30))

20+1

Ylm('jll =0, ‘P;) = 8mo an .
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Hence, still in this particular coordinate frame:

4 4 ,
Pz(cosﬁ)=,/——2l+ ll’zo(t?;,<p§)=,/——21+l E 8mo¥im (0, 03)
m

4 ,
= ij Yim (D], @) Yim (95, 0}).

Comparing this with the invariant scalar product (8.4.1) we see that this
sum would be invariant if with one of the ¥ we were to change m into —m
and furthermore attach a factor (—1)™ to each term of the sum. Since the sum
contains only one term, namely the one with m = 0, we are free to make
these changes without doing anything to the sum, except that this sum becomes
now the invariant scalar product of the two irreducible tensors Y, (9%, ¢;) and
Y1 (95, 3). Thus we have the expression (valid in any coordinate system)

Pi(cos ) =

Y (D,
21+] 01)Y _m(2, 02)

(8.4.3)

Y (v,
21+1 ‘Pl)[m(Z‘PZ)

where (4.7.29) was used.
A particular application is the expansion of a plane wave into angular
momentum states. Since k - 7 = kr cos ¢ is invariant, P;(cos #) in the formula

e = "i(2 + 1)jikr) Py(cos ) (8.4.4)
1=0

is taken in the invariant sense. Hence P;(cos ©#) may be expressed in the invariant
form (8.4.3)

kT =an Zn Jl(kr)z Yim (01, ) Y (Or, /). (8.4.5)

8.5 Spinor and vector spherical harmonics

What we are going to address here could have been discussed previously when
the addition of angular momenta was considered.

As we found in the discussion of the physical significance of J for a vector
particle (see section 4.1), its wave function consists of three components which
transform like a vector. Of course, if the components of

Yx(x)
P(x) = | ¥y(x) (8.5.1)
V.(x)



216 IRREDUCIBLE TENSORS AND TENSOR OPERATORS

transform among each other in a prescribed form, then not just any three
functions ¥, ¥y, ¥, will do: there will be a definite relation between them;
e.g. at any given point P, we can achieve that there (in these coordinates, x’
say) ¥, (x') # 0; ¥, = ¥, = 0: we simply put the x'-axis in direction .

The same is true if we consider a two-component wave function, whose
components transform according to D(3),

‘We shall now construct functions (not states) corresponding to spin % and 1.
Since the composition law is the same as for states—just a sum with CGCs—we
could already have done it earlier. However, now we can do it somewhat more
generally, since we consider the ‘wave functions’ no longer as representatives
of states, but simply as a set of functions with such and such transformation
properties, that is: as irreducible spherical tensors. We can then leave open the
possibility of giving them operator properties. In this way the quantities we
are going to construct may serve in three different ways (and have each time
a completely different physical significance—only the transformation properties
remain the same):

e as wave functions of spin—% or spin-1 states;
e as irreducible tensors T(,%)(JM) or Ty (J M);
e  as irreducible tensor operators.

A quantity which depends on the coordinates #, ¢ and transforms like a
state

|(Is)IM) = lemsu)(lmsulJM) 8.5.2)

will necessarily have the form

Tao(IM; 8,0) = D Yim(D, @) xsu{ImsplJ M)

m.u

where s is to be an intrinsic and | an orbital angular momentum.
We have only to specify the x;, such that they obey

S2X:#=S(S+ I)X:# (853)
SiXsu = WXsp-

% we know the spinors:

_ _ (1 _ _ (0
X34 =x+= 1\ Xi-y=Xx-=1{,

(see (4.8.9) and (4.8.10)). Hence we define the spinor spherical harmonics

For the case s =

D1 u® ) =i' Y Yin(D, @)X, (ImiulI M) (85.4)

mi
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where i is a conventional factor which has been introduced to give @ a simple
behaviour under time reversal. Since m + u = M, we can write very explicitly
@ p) =1 D ) (8.5.5)

For the vector spherical harmonics we still have to determine the eigenstates
X1u of S. We know S from (4.1.8)

00 O 0 0 1 0 -1 0
Sx=(0 0 —i) Sy=(0 0 0) Sz=(i 0 0).
0i O -i 0 0 0 0 O

(8.5.6)
The most obvious thing to do is to write
0 -1 O a a
(i 0 0) b =ulb 8.5.7)
0 0 O c c

() ()
and to solve these equations for a, b and c; but as we are now in the chapter on
irreducible tensors, let us do so with a corresponding technique, as follows.

A vector v (in the abstract sense), if fixed in space, is an invariant quantity
under rotations of the coordinates. Rather, it is its representation by means of
components (v, vy, v;) which is not invariant. That v is an invariant must be—
according to the statement (8.4.2)— expressible in a manifestly invariant form.

Here it is:
v= > wve = Y ve. (8.5.8)
i=x,y.z i=x.y.2
Nothing prevents us from writing this ‘scalar product’ in the spherical basis,
namely as the invariant (see (8.3.10))
v= > (-Dfogec,= Y (=DFujel,. (8.5.9)
p=1,0.—1 pn=1.0.—1
But now we know that the three spherical unit vectors e;, e; and e_; must
transform among themselves exactly as states |1u) would do; and since each
of them has three components they must be eigenvectors of S and S, with
eigenvalues u = 1,0, —1 respectively. The e, are easily found:

vow= E viw; = E (=D*vw_,
i=x.y.2 pn=1.0.—1

is invariant if v, and w, are both constructed according to the rule (see (4.7.32)
and (8.3.8))

1 .
w) = —E(w,‘ +iwy)
Wo = W,
wo| = (wy —iwy).

V2
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If we requirt? that v = Zu=1.o.—1 (—=D*v,e_, be invariant, then the e, must be
constructed just the same way, namely

]

1
e =——(e;+ie))=——1{1i
1 ﬁ X y \/E 0
0
e =¢,=1{0 (8.5.10)
]
e_;= 1(e iey) = —i
-1 ﬁ X y _ﬁ O

One easily checks that these e, indeed fulfil (see (8.5.6))

e, =2e
# # (8.5.11)
S.ey =pey nw=10,—1.

They are thus the eigenstates x;, needed to construct the vector spherical
harmonics. Even if this derivation was, admittedly, longer than the simple
determination of the eigenvectors of S, it has, however, served as an illustration
of the concepts of ‘invariance’ and ‘irreducible spherical tensor’. That is, we
have just learned that a vector v, taken in the abstract sense, may be considered as
an invariant or spherical tensor of rank 0; quite differently, the three unit vectors
ey ey e, are not invariant, since they are by definition fixed to the coordinate
axes and rotate with these. Consequently the three vectors e, are components
of an irreducible spherical tensor T (1x). Quite generally

the components. T (kg) of an irreducible spherical tensor may

. ) 5.12
still be scalars, vectors, tensors with respect to x, y, z. (8.3.12)

This ends our little digression and we go back to our problem: we define
the vector spherical harmonics with x,, = e,,

Yinsm(@,9) =Y Yin(9, @)e (ImlulI M). (8.5.13)

m.u

Their use, in particular for the description of the Maxwell field, is well
known. They form a complete orthogonal system (on the unit sphere) for vector
functions. This follows from the simple fact that the wave functions (x|(/1)J M)
are a complete set.

The spinor spherical harmonics are used for spin—‘i fields or wave functions.
Some care is necessary if relativistic particles are considered. We know
from Dirac’s relativistic hydrogen atom that L is not conserved and that the
eigenfunctions of J2 and J; contain Y;, tmand Y; 1, in one single spinor.
This shows already complications we might encounter in a relativistic treatment.



8.6 ANGULAR MOMENTA AS TENSOR OPERATORS 219

Thus, relativistic spin-% particles cannot be described by the spinor spherical
harmonics @, 4y n—Uunless they have zero mass, when again a two-component
wave function is sufficient. We shall come back to these questions later. For
the moment we only remark that all those CGCs which can occur in spinor and
vector spherical harmonics can be obtained from table 5.2 and (5.3.54)—(5.3.56).
For the convenience of the reader we give them here explicitly.

Table of (jim,yma|jm)

my

Np—

L
2

Jj

il jtm+d [h-m+] (8.5.14)
T2 21 +1 2ji + 1

ol fhomAg fhAmis
172 21 +1 2j + 1

Table of {jimi1my|jm)

ma 1 0 -1
J
j 41 Ui+m)(j+m+1) Gr=m+D(h+m+D) [ hi—m)(i—m+1)
1 Ca+D2jH+2) Qi+hHGh+1) CH+hH2i+2) (8.5.15)
j _ [trm)Gi—m+1) m? Gr=m)(ji+m+1)
! ZhGi N WGiHD Zhthi+D)
ji—1 fGi—m+D(h-m) [ Gh=m)(i+m) Grtm+D (i +m)
! 2ji2jp+1) J1(2ji+1) 2jiZjp+1)

8.6 Angular momenta as spherical tensor operators

If we define (notice the difference compared with (4.6.3)!) the spherical
components of J as

1 ) 1
Ju= —_\/—E(Jx +1iJy) = —Eh
Jo=1, 8.6.1)
| 1
Joy=—=(y —ily) = —=J_

V2 V2

then these J,(u = 1,0, —1) transform under rotations with DV and form an
irreducible tensor operator of rank 1. Indeed one can check explicitly that they
obey the commutation relations (8.2.5) with T'(kq) = T(1q) = J,.
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If one rewrites the commutation relations (8.2.5) by expressing the J1 by
J. (u = 1,0, —1) then one obtains

1
[J£1, T (kq)] =¢\/§(k FPUhEq+ DTk, g 1)

[Jo, T (kq)1 =qT (kq).

From the table (8.5.15) of (jym;1m,|jm) we read off that the roots can be
expressed by CGCs; we then write (using the symmetry relations (5.3.52))

[y, T(kq)] = —Vk(k + 1)(1ukqlkg + u)T (k, q + p). (8.6.3)

Similarly, for the matrix elements of J, one obtains, rewriting
7 + 1) —m(m £ 1) by means of (8.5.15), and using the symmetry relations
(5.3.52)

(8.6.2)

(G|l jm) = =835 G + D' | 1pjm). (8.6.4)
8.7 The Wigner-Eckart theorem .-

This famous theorem asserts that in the matrix element of any arbitrary
irreducible tensor operator between standard angular momentum states

' j'm'|T (kq)|y jm)

the dependence on m’, ¢ and m is entirely contained in a CGC which multiplies
a ‘reduced matrix element’, which is independent of m’, ¢ and m. This has two
consequences:

e the factorization of the matrix element into a CGC and a reduced matrix
element makes it sometimes unnecessary to calculate the latter;

e if the matrix element must be fully calculated, then one can do it for the
m’, g, m-values which make it easiest. In this way one obtains the reduced
matrix element and the full one is given by multiplying it by the appropriate
CGC.

The proof of this theorem is extremely simple and needs hardly any
calculations; it follows simply from considering carefully the transformation
properties.

The matrix element in question is formed by taking the scalar product (in
Hilbert space) of the standard bra state ()’ j’m’| with the ket vector T (kq)|yjm).
This ket vector transforms exactly like a state |kqjm), namely with D% @ DU,
Hence it can be written as a linear combmatlon of standard states |yr; j'm”)
which transform with DU" where |k — j| < j” < k + j; this linear combination
is necessarily

T (kq)ly jm) le J'm")(kq jm|j"m")

8.7.1)
ly; j'm”) ZT(kq)lyijkqjmlj” ).

qm
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Therefore

(' i'm'\Tk)lyjm) = (v j'm'|¥; j'm')(kqjm|j'm'). (8.7.2)

All that remains is to show that (y'j'm’|y; j'm’) is independent of m'.
Looking at the second line of (8.7.1) we again stress its significance: it says
that |; j”m”) transforms with the irreducible representation DU, that is, like
a standard state. Consequently ¢ (whatever ¢ means) is not changed by acting
with any of the J; on |; jm). Thus also

Jelys jmy =Vi'G + ) —m' ' £ DIY; j'm' £ 1)

and, since J_ = Jl

(' Jm'|I_J|¥; j'm')
JU' '+ 1) —m'(m’ + 1)
which shows the independence of m’. Note, however, that the set ¥ will in
general depend on the nature of T as well as of the values of k, y and j, hence
¥ = Yr(vkj).

The matrix element (y'j'm'|¥; jm'}y = (y'j'|¥j’) is essentially the

‘reduced matrix element’. Unfortunately there is a variety of factors attached to
it by various authors. We shall employ here the notation of Racah, which reads

(yljlmllw; jlml> — —_ (y,j/, ml+ l|1,0; j/, ml+ l)

(-1t
J2j +1
We give here only a few of the different notations.
Our reduced matrix element is the same as that of Edmonds (1957), of
Racah (1942), of Messiah (1970) and of de-Shalit and Talmi (1963). It differs

from that of Fano and Racah (1959) by (—1)* (which in all practical cases is
no difference) and from that of Rose (1957) by

GNT G Pows = V25" + L=D*GNT KL Rose- (8.74)

Except for Racah, the authors’ names listed here refer to the books quoted
in table 5.1. Further notations are compiled in table 5.1 of Edmonds (1957). An
extensive collection of formulae is given in Varshalovich et al (1988). Apart
from a possibly different definition of (y’j’||T(k;) || yj) it is clear that by
means of the symmetry relations of the CGCs and/or 3 j-symbols (see (5.3.52)
and (5.3.54)) (8.7.3) and the following Wigner—Eckart theorem can be written
in various other equivalent forms.

Combining (8.7.2) and (8.7.3), we obtain the Wigner-Eckart theorem
(henceforth W-E theorem)

' Wrvkj); ') = (V' iNT&k) |l v (8.7.3)

. : GO .
(V' im\Tkg)lyjm) = —=——=('m’lkqjm)(y'J I T(k;)lyj) (8.7.5)
Vi TS (J'm'lkgjm){y’ j'IT (k;)llyj)
where (y’j'||T(k; )|lyj) is invariant under rotations, i.e. independent of m’, g
and m. Thus
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o if (y'j/m'|T(kq)lyjm) is to be discussed with respect to its dependence
on m’'qm, then the reduced matrix element can be considered just as an
unknown constant common factor—only the CGCs need be considered;

e if (y'j'm'|T(kq)|yjm) must be be calculated, one chooses to calculate the
(m’, q, m)-independent reduced matrix element

I . k=i o Y Jm|Tkg)lyjm)
Y iNT k) N vi) = (=12 +1 —
(j'm'lkqjm)
for those values m’, g and m where it is easiest. The full matrix element
for general m’, g and m then follows from the Wigner—Eckart theorem.

In particular it follows that for any two irreducible tensors of equal rank,
say T (k;) and S(k; ),

Y JI'NTDyJ)

"i'm'|Sk im). 8.7.6
ISy ¥ ISkDlyim). 876

(v j'm'|T (kq)ly jm) =

8.8 Examples of applications of the Wigner-Eckart theorem

8.8.1 The trace of T'(kq)

The trace of an irreducible tensor is defined by
TH(T (kq)) = ) _(vjmIT (kg)lyjm). (8.8.1)
vim
The W-E theorem gives
Te(T (k) = (=D* Y L (mlkgimyJITG) I 7)) q=0.
vim N2J+1

With (5.3.47) we put

1 .
T*‘—l = (=1)""(jmj — m|00)
and with (§.3.51)
. 2j+1
o — (—1\k—J+m L. 0).
(kQjm|jm) = (=1) %1 (jmj — m|kO)

Then with the orthogonality relation (5.3.14)

1 2j+1
—_—(k0j im) = (=% =L — Oljmj — imj — m|00
‘; 2j+l<k jm|jm) = ( ),/2“1‘;(1: |jmj — m){jmj — m|00)
= 8ro/2j + 1.

Hence

Tr(T (kq)) = 8o Z V2j+ KyjlTk:) Il vi) (8.8.2)
vi

that is, only tensors of rank 0 have a non-vanishing trace.
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8.8.2 Tensors of rank 0 (scalars, invariants)

The W-E theorem gives

. : (j'm'l00jm) ., .
"j'm’|T (00 =" T©
(y'j'm'|TQ0)|yjm) N TES (Y JNTO) || vj)
’s . (8.8.3)
_sos, IO N vid
8.8.3 The angular momentum operators
We defined the spherical components J, by (8.6.1):
Ji= ! (i +idy) = ! J
1= s/i x y ﬁ +
Jo=J, (8.8.4)

1 _ 1
—(J —idy) = —J_

=7 7

and found (see (8.6.4)) that

' Jm | Tulyjm) = =838,/ i (G + D' [1pjm).
Since J, is an irreducible tensor of rank 1, the W-E theorem says

N G VLA e .
(y'i'm'|ulyjm) = TLTU'”"“W’")(V J'WNyi)

where, of course, m’ = m 4+ u. Comparison of these two expressions gives

V'i'Wyi) = 8,y8i; - ViG + D2j+ D. (8.8.5)

8.9 Projection theorem for irreducible tensor operators of rank 1

In this section we shall write T(1; ) =T and J(1;) = J, i.e. we use the vector
notation but we mean the vectors written in spherical coordinates.

Since J is an irreducible tensor of rank 1, any other irreducible tensor of
rank 1 obeys equation (8.7.6) in the form

Y J'NT | vj)
NI i vi)

This equation loses meaning, however, if ¥’ # y and/or j' # j because J is
diagonal in y and j, and if not {y’ = y and j' = j}, then the equation reads

I

(v'j'm'|Tlyjm) = (' j'm'| Ty jm).
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(y'j'm'|Tlyjm) = 3. Therefore we restrict ourselves to y’ = y and j' = j.
Then

{vim'IT|yjm) = Clyjm'|Jlyjm)
_ WilTlyj) 8.9.1)
vilJllyi)’

C is simply a number. The above equation says that the two vectors
{yjm'|T|yjm) and (yjm'|J|yjm) are parallel. Therefore, if we decompose
T into a component parallel to J, namely J(T - J), and one T, perpendicular
to it:

., . im'|J(T - Dlyjm . .
yjm'\Tly jm) = T Dlyim) oy jm).
Fyjmm) imlTlyim)

=0

Then the matrix elements of T, will vanish. It remains to determine the constant
f(yjmm’) which, if ordinary vectors were considered, would be |J|?; thus we
expect that f(yjm'm) = j(j + 1). We proceed as follows: since J is diagonal
in j and J - J as a tensor of rank O is diagonal in j and m (see (8.8.3)), the
first matrix element can be split into two (where, because of the just mentioned
diagonalities of J and T - J, no sum over intermediate states occurs):

i VIm V(T - D)y jm)
(yim'|T|yjm) = —
f(yjm'm) (8.9.2)
(yjm'|T - Jlyjm) '
flyjmm)

=(yjm'|J|yjm)
Comparison with (8.9.1) gives

(yjm|T - Jlyjm) = f(yjm'm)C

which shows already that f does not depend on m’; but, furthermore, we can
again split this matrix element and then we use once more (8.9.1):

flyim)C =Y (yim|Tlyjm')yjm'|J|yjm)

(since J is diagonal in j and y, sum only over m’)

=CY (yim|Jlyjm')yjm'|I|yjm)
= Clyjm|J?lyjm) = Cj(j + D).

Hence f(yjm) = j(j+1). Thus we obtain from (8.9.2), (8.8.3) and (8.9.1) the
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projection theorem

(yym'\J(T - D)y jm)

(vim'|T|yjm) =

JjU+1)
., . Avjm|T - J|yjm)
= (yjm'| |y jm) L2
JG+1D
_ _ (8.9.3)
= (yjm'\ |y jm) (YT - Jlvj)
JU+DJ2]+T
. . VilTyj)
=(yjm'|J|yjm)—F——r
R S TN 1753
from which follows
[Ty}
IIT - Tlyi) = jGj + D27+ 1) (8.9.4)
vildllvj)
Putting T = J gives
il lvjy =j( + Dy2j+ 1. (8.9.5)
Example: Landé’s formula
The magnetic moment is given by
u=polg,L +gsS]=alL +8S. (8.9.6)

What is the expectation value of p in a state [(Is)jm)? pu is an irreducible

tensor of rank 1, hence (8.9.3) applies:

((s)jm|J - p|(Us)jm)
jG+h

(Us)jm|pl(ls) jm) = ((Ls) jm|J|(s) jm) (8.9.7)

Now, for states |(Is)jm):
Jop=(L+8)-(eL+pS)=cl(l+1)+Bsc+D+@+pL-S
J2P=L+S?=10+D+sGs+1)+2L -8 =j(+1).

Thus
L-S=1G+D)—10+1)~s(s+ D).

That gives

Jop= i'H;—ﬂj(j+ 1)+#[1(1+ 1) —s@s+ D]

Putting this into (8.9.7) yields with

(Us)jm|Jg|(Is)jm) = m &g,
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and o and B replaced by pog; and pogs

(Us) jmlglUs) jm) = 8,;mE2 | g + g5 + (g1 — g5)
2

I+ 1) —s(s + 1)]]
JjG+1
(8.9.8)

which is the Landé formula. That (u,} = {1y} = 0 is physically obvious.



PECULIARITIES OF TWO-DIMENSIONAL
ROTATIONS: ANYONS, FRACTIONAL SPIN AND
STATISTICS

9.1 Introduction

In previous chapters we have only considered the three-dimensional rotation
group, its generators and their physical realization in the Hilbert space—the
angular momentum. In this chapter we shall give a brief introduction to rotations
in two-dimensional space and find that rotations in two-dimensional space have
some special properties. In particular, spin and statistics have peculiarities not
possible in three- or higher-dimensional space—spin is not quantized in integer
or half-integer units of 2 and hence the particles are not necessarily bosons or
fermions but may obey any statistics and were thus called anyons (stemming
from ‘any’ and ‘on’) by Wilczek (1982, 1990). In fact, the concept of fractional
statistics had been already put forward by Leinaas and Myrheim in the late
1970s. They found that the origin of the fractional statistics lies in the peculiar
topological properties of the configuration space of many identical particles.
This space is doubly connected in three or more dimensions but is multiply
connected in two dimensions (Leinaas and Myrheim (1977)). Later Goldin,
Menikoff and Sharp reached a similar conclusion using a completely different
method based on the rigorous study of the unitary representations of current
algebra and diffeomorphism groups (Goldin et al (1980, 1981)).

Since the real physical space is three dimensional and the observed
particles can only be bosons or fermions, anyons may be thought of as purely
mathematical objects. In fact, this need not be the case. In recent years
the advances in the understanding of the fractional quantum Hall effect and
high-temperature superconductivity have led to interest in this kind of quasi-
particle with fractional statistics. It has been found that anyons need not be only
purely mathematical objects and may play an important role in physical systems
which can effectively or approximately be regarded as two dimensional so that
the localized excitations should be quasi-particles obeying the laws of two-
dimensional physics. Therefore, these quasi-particles should be just anyons and
could be observed. One remarkable example is the famous fractional quantum
Hall effect in condensed matter systems, where the collective excitations can be
identified as localized quasi-particles with fractional charge, fractional spin and
fractional statistics and can be naturally regarded as anyons.

227



228 PECULIARITIES OF TWO-DIMENSIONAL ROTATIONS

This chapter is arranged as follows. In section 9.2 we shall consider the
transformation behaviour of wave functions under two-dimensional rotations to
explain the reason why there is a possibility of arbitrary spin. In section 9.3
we shall give an explicit example to show that a physical system in two-
dimensional space can indeed have fractional spin. There are still a lot of
other interesting topics about anyon physics such as the Chern-Simons gauge
theory description of anyon dynamics, the many-anyon problem, the statistical
mechanics of anyons, and the relation between anyons and braid groups and
between anyons and two-dimensional conformal field theory. These topics are
outside the scope of this book; the interested reader can consult the advanced
reviews written by Lerda (1992), Forte (1992) and Iengo and Lechner (1992),
for instance, and the literature cited therein.

9.2 Properties of rotations in two-dimensional space and fractional
statistics

The rotations in two-dimensional space form an Abelian group SO (2) which has
only one generator. This is the essential reason for the spin to be arbitrary. As
we know, spin is the quantum number labelling the irreducible representations of
the (universal) covering group of the rotational group. For SO(2) the (universal)
covering group is U (1)!, which is isomorphic to the real line, so that spin may be
any real number, This is the essential difference between two-dimensional space
and three- or higher-dimensional spaces. In three-dimensional space the rotation
group is SO(3) and its (universal) covering group is SU(2) and the commutation
relations of Lie algebra elements imply that the quantum number characterizing
the representation is discrete, i.e. quantized. However, the two-dimensional
rotation group is Abelian. Therefore there are no commutation relations and thus
no restrictions on the eigenvalues of the rotation generator. Correspondingly,
owing to the relation between spin and statistics, the arbitrariness of the spin
leads to the idea that statistics may be arbitrary in two-dimensional space. In
the following we shall give a detailed exposition of this statement.

In classical physics, statistics refers to the distribution of identical particles
with respect to the physical variables (such as position and velocity) describing
them. At the quantum level, the state of the physical system is described by
a wave function. Consequently, the notion of statistics is usually related to
the sign acquired by the wave function describing a system consisting of several

! In section 4.9 it was found that the elements of the universal covering group can be regarded
as elements of the group together with an indication of along which kind of path from | to g the
element g is reached. Two paths continuously deformable into each other are regarded as equivalent.
Since SO(2) is topologically a circle, the element g = exp(i¢) can be reached by any path from
t =0 tot = ¢ which winds around the circle n € Z times. Paths with different values of n cannot
be deformed to each other continuously. Obviously, the path labelled by » can be regarded as a
path from t =0 to t = ¢ + n2s, since ¢ and r + n27 correspond to same point of SO(2). In the
case of the universal covering group of $O(2), the paths (0 - t = ¢ + n2x), n € Z correspond to
different group elements, so that the universal covering group is the additive group of real numbers.
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identical particles when any two particles are interchanged. This sign determines
the distribution of the particles in a given quantum state. As we know, in three-
dimensional space only two kinds of statistics are possible. If the wave function
obtains a plus sign (i.e. does not change) when we interchange two identical
particles, we say that it describes a bosonic system and the corresponding
particle is called a boson. Any number of such particles can exist in a given
quantum state; this is referred to as the Bose—Einstein statistics. If the wave
function obtains a minus sign, we say that it describes a fermionic system and
the corresponding particle is called a fermion. The particle distribution obeys
the Fermi—Dirac statistics; this leads to the famous Pauli exclusion principle
stating that a quantum state can contain at most one fermion with given quantum
numbers. In order to make this statement more precise, we now give a more
concrete definition of the statistics.

Let W(1,2) denote the two-particle wave function describing two identical
particles with definite quantum numbers such as energy, angular momentum,
spin, etc. The arguments 1 and 2 label the two identical particles. When we
move particle 2 around particle 1 by an azimuthal angle ¢, the new wave function
will differ by a unitary transformation from the old wave function (figure 9.1):

W(1,2)—W'(1,2) = U@)¥(1,2)U(p) = "°%(1, 2). 9.2.1)
2
S RP
e —————— * —_— ‘l-’ ---------
1 2 1
w(1,2) v(1,2)

Figure 9.1. In the operation of particle 2 moving around particle 1 by an angle ¢, the
wave function WV is transformed to ¥'.

One can see that the new wave function acquires a phase factor which
depends on a parameter v. We can refer to this parameter v as the statistical
parameter. The meaning of v can be made clear by the single-valuedness
requirement of the wave function under different rotation operations. We
consider two special exchanges of two particles:

(I) moving particle 2 around particle 1 by an angle ¢ = 7 and then performing
a translation to reach the original spatial configuration (see figure 9.2);

(II) moving particle 2 around particle 1 by an angle ¢ = —m and then
performing the same translation to restore the initial spatial configuration
(see figure 9.3).
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Path [

Figure 9.2. The exchange of two particles realized by moving particle 2 counterclockwise
around particle 1 by an angle ¢ = & (operation I).

Path 11

Figure 9.3. The exchange of two particles realized by moving particle 2 clockwise
around particle 1 by an angle ¢ = —n (operation II).

Owing to the translational invariance of the system, we consider only the
effects induced by rotations. In the first case, the new wave function is

W' (1,2) =™ W(l,2). (9.2.2)
In the second case, the new wave function is
w(1,2) = e ™ (L, 2). 9.2.3)

This simple example clearly illustrates the difference between three-
(or higher-) dimensional and two-dimensional space. In three- (or higher-)
dimensional space, there is no intrinsic difference between the operations I and
II, since we can always deform the operation I into operation II in a continuous
way (this is due to the fact that the fundamental group* of three- or higher-
dimensional Euclidian space with one point excluded is trivial). For example,
one typical manipulation is to first lift the path I into the third dimension, then
to fold it down onto the plane (and, if needed, to deform the path) to fall on
the path II (figure 9.4). Therefore, the transformed wave functions should be
identical:
v(1,2) =¥'(1,2) 9.24)

2 The fundamental group (or the first homotopy group) of a space E consists of homotopy
equivalence classes of closed oriented paths starting from a given point x of E, such that two
paths are regarded as homotopy equivalent if they can be continuously deformed into each other.
The product y) o y2 of two closed paths y; and y» corresponds to a path such that one first traverses
y2 and then y;. The inverse of a path y corresponds to the path with opposite direction of traversal.
The unit path corresponds to a path continuously deformable to the point x. For the plane with a
hole, the fundamental group consists of integers n € Z: n tells how many times the path winds
around the hole.
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eV = eV, (9.2.5)

Path II

Figure 9.4. In three- or higher-dimensional spaces, the continuous deformation of path
I into path II is possible.

This means that in three- or higher-dimensional spaces only v = 0,1
(modulo 2) is possible. Therefore, the statistics cannot be arbitrary in three- or
higher-dimensional spaces. This implies that under the exchange of two particles,
the many-body wave function acquires either a plus sign which corresponds to
v = 0 (the Bose—Einstein statistics) or a minus sign which corresponds to v = 1
(the Fermi—Dirac statistics). Other values for v are strictly excluded.

In two-dimensional space the situation is, however, completely different.
In two-dimensional space there is no way to continuously deform the path I
into path II (the fundamental group of two-dimensional space is not trivial when
there is a hole in it), so I and II are two topologically (and physically) distinct
operations. Therefore, (9.2.4) and hence (9.2.5) should not necessarily hold any
longer and the statistical parameter v can be arbitrary.

The example above also reflects another important peculiarity of two-
dimensional space: the wave function with definite initial and final configuration
is not enough to describe the physical system—it is necessary to specify how
the identical particles are interchanged. Geometrically, this means that the
trajectories of the particles around each other should be specified. Physically, this
implies that the directions of the time evolution and space reflection should be
indicated (in fact, this means the breaking of parity and time reversal invariances
in two-dimensional systems; this is the reason why one can choose the Chern—
Simons gauge theory, which has the same broken symmetries, to describe
the dynamics of anyons in field theory). A second consequence is that in
two-dimensional space the exchange operations of particles do not form the
permutation group as in three- or higher-dimensional spaces but rather a braid
group. Roughly speaking, a braid group is a kind of configuration- and path-
dependent permutation group in two-dimensional space. This concept is outside
the scope of the present book (it is discussed, e.g., by Lerda (1992) and Forte
(1992)).
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9.3 Particle-flux system: example of anyon

As found in the previous section, the transformation behaviour of the wave
function allows the existence of particles with arbitrary spin and fractional
statistics in two-dimensional space. In this section, we shall present a physical
model to see how the anyons can be realized in two-dimensional space.

We consider a physical system which consists of an electron interacting
with an infinitely long magnetic solenoid (flux tube). Later we can see that this
particle-flux system is a typical example for an anyon. In fact, an anyon can be
thought of as a ‘particle’ composed of this charged particle and the flux tube. If
we ignore the motion along the solenoid, the dynamics is restricted to a plane
and should be subject to the rules of two-dimensional physics. In this way we
can show how the fractional statistics appears explicitly.

To be specific, we choose the plane in which the electrons move to be
the (x, y)-plane and the magnetic field B generated by an infinitely long thin
solenoid passing through the origin along the z-direction, i.e.

B = ®5P(r) = ®5(x)8(y)e, 93.1)

where e, is the unit vector in the z-direction, 7 = (x, y) and ® is the magnetic
flux of the solenoid:

¢ = /dS - B. (9.3.2)
Let A denote the corresponding vector potential
B =V x A (9.3.3)
Owing to the gauge transformation freedom
A— A+ VA 9.3.4)

and (9.3.1) and (9.3.3), one can choose

o y X
=—{- x . 35
Ax,y) 2”( x2+y2e +x2+yzey) (9.3.5)

Thus, when restricted to the (x, y)-plane, this particle—-flux system possesses
explicit SO(2) rotational symmetry, since this is essentially a two-dimensional
central force problem. Now, switching on the vector potential A (or equivalently
the magnetic field B) adiabatically starting at some time, say fp = 0, we choose

®0)=0 9.3.6)

i.e. at the initial time A vanishes everywhere. Then A is slowly turned on until
the time ¢:

o(1) = @. 9.3.7)
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According to Faraday’s law, an electric field is generated accordingly:

B a
VXxE=—-—=-—(V x A). 9.3.8
x or 3 t( ) (9.3.8)
Thus there is an electric force acting on the charged particle. As a consequence,
the kinetic angular momentum, Jy = r x m#, will grow slowly according to the
equation

dJy e e d® d ed

- ‘E=_— — —J+—)=0. 9.39

a x ¢ 2nc dt dt ( et 27rc) ( )

Note that in this chapter for clarity we shall write the Planck constant & and the

speed of light ¢ explicitly. If we define the canonical orbital angular momentum

J as &
J=Jp+ — (9.3.10)
2nc

we see from (9.3.9) that J is conserved. Therefore, J must have the conventional
spectrum, i.e. its eigenvalues are always integers in units of &; this follows from
the requirement of single-valuedness of the wave function. This is so despite
the fact that the algebra of the two-dimensional rotation group is Abelian and an
arbitrary constant could be added to the angular momentum operator and thus
an arbitrary eigenvalue could be obtained.

Let us give a further interpretation for the difference between J and J;.
One can see that their difference is completely due to the adiabatic introduction
of the magnetic flux ¢ in the solenoid. As we know, with or without the presence
of this flux, only the eigenstates of J can be used to describe the system since
J is conserved and only J can be the usual quantum mechanical operator:

JEJZ=—ih—a— (9.3.11)
dp
where ¢ is the polar angle in the plane. Since the system possesses two-
dimensional rotational invariance, the angle-dependent part of the wave function
must be proportional to €™ and from the requirement that the wave function is
single valued, m must be integer. Therefore, the eigenvalues of J are the same
as those of J, in three-dimensional space:

J =hm meZ 9.3.12)

where Z denotes the set of integers. Of course, when ® = 0, the kinetic angular
momentum is identical to the canonical angular momentum, so that it also has
integer eigenvalues. However, when & # 0, we see from (9.3.10) that the
kinetic angular momentum operator is

ed d ed
Si=J——=-th— — — 9.3.13
) 2me dp 2mc ( )
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so that its eigenvalues are

ed

Jv=h{m— meZ 9.3.14)
( 271710)

i.e. the eigenvalues of J; are integers shifted by the quantity —e(®/2mc) which

in general is not an integer.

An equivalent way of understanding this phenomenon is to assume that
the vector potential takes the special form of (9.3.5) from the onset. Since the
potential outside the solenoid is constant, we may set it to zero by a gauge
transformation

A =A-VQ
=20 (9.3.15)
2

Under this gauge transformation the wave function is transformed as
‘V = e—i(eQ/hc)w. (9.3.16)

Note that this gauge transformation is in general singular, i.e. the exponential
phase factor is not single valued®. The single-valuedness of the wave function
means that the original wave function y satisfies the periodic boundary condition

U(r,o+2m)=y(r, ¢ (9.3.17)

(here r denotes the distance from the origin in the plane), whereas the gauge-
transformed wave function ¥’ satisfies

¥'(r, @ + 2m) = e7 @Ry (1 ) (9.3.18)

since V'(r, @) = e €@W®/2mh)y(r ). Therefore, the spectrum is shifted into
that of J; according to (9.3.14).

Of course, one may think that nothing new has happened. In quantum
physics it is the canonical angular momentum J that generates the rotations of the
wave functions so the kinetic angular momentum J; is not an observable (Jackiw
and Redlich (1983)). It is a general fact that the kinetic angular momentum is
not equal to the canonical angular momentum when external fields are present.
However, as pointed out by Goldhaber and Mackenzie (1988), one can think
of (9.3.14) from another viewpoint. The integer canonical angular momentum
is divided into two pieces: a piece which is localized near the electron—flux
system and is in general fractional, and a piece which is located at the spatial
infinity and is also fractional. Furthermore, they argued that this diffused angular

3 Only in the special case when the magnetic flux is quantized, i.e. ® = 2wnhic/e with integer n,
is the gauge transformation in (9.3.15) continuous and thus not singular, and in this case both ¥’
and ¢ describe the same physical system.



9.3 PARTICLE-FLUX SYSTEM: EXAMPLE OF ANYON 235

momentum plays no role in describing the local physics phenomena and thus the
piece localized on the electron system is actually identical to the kinetic angular
momentum. Their argument goes as follows.

From (9.3.2), (9.3.3) and (9.3.10), we can see that

1
J=J+ SrxA= Je— - /d3r'r' -E(@ 0B, 1)
(o (o
1
+—/d3r’ V' - (E@, nr' x A@',1)). 93.19)
(o

Here the notation T;; & EC for the tensor of type T;; = E;C; has been used
with C =7 x A(r',t) and i, j = 1,2,3. E(r,t) is the electric field created
by the moving charge, which satisfies the Gauss law

V.E(r,t) =eP@ —r@) (9.3.20)

where 7(t) is the particle position at the time ¢. From (9.3.1), we can see
that the second term on the r.h.s. of (9.3.19) vanishes identically; thus, for this
electron—flux system, we have

J=J+ 1 /d3r'V' (B, 07’ x A(r', t)) (9.3.21)
c

which explicitly shows that J and J differ by just a surface term. We cannot,
however, neglect it—its value is e®d/(2wc)! Recalling that the magnetic flux
through the solenoid is slowly switched on from a zero initial value to the final
value @, we can see the role played by such a surface term. At the initial time
& =0, J = Ji, both of their eigenvalues are integers. When & is switched on
slowly, J remains constant as a conserved quantity and thus its eigenvalues are
integers. After the flux & reaches its final value ®, a piece of J (i.e. the surface
term in (9.3.21)) is radiated away by the vector potential. Therefore for the
physical phenomena on a finite length scale, after a finite time, this ‘dissipated’
piece of the angular momentum has nothing to do with the electron—flux system
and only J; is left on it. Thus, despite the fact that the total canonical angular
momentum remains integer, the angular momentum of the electron—flux system
retains just a part of it. From (9.3.14), it is in general fractional. This is the
reason why we can say that this electron—flux system possesses fractional spin.

Owing to the above analysis, we can regard the eigenvalue of the kinetic
angular momentum as the spin of the electron—flux system (Wilczek (1982,
1990)). More precisely, it is defined as

s = Je(m =0) _ ed
- h = 2whc’

(9.3.22)

In general s is neither integer nor half-integer. If the magnetic flux is quantized
so that the gauge transformation transforming the vector potential A to zero in
the region outside the solenoid is non-singular, then s is integer.
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Above we have given one example of a physical system with fractional
spin. Now let us consider its statistics. One can regard it as an anyon only if it
has fractional statistics. In what follows, we can see that this is indeed the case.

As stated in section 9.2, to establish the statistical properties of a quasi-
particle, one must consider the wave function of a system consisting of at least
two identical quasi-particles and discuss its behaviour under the exchange of two
quasi-particles. Without loss of generality, we can consider the system consisting
of only two such quasi-particles (figure 9.5) and denote its wave function by
W(l,2). Furthermore, we assume that the magnetic flux and the electron are
tightly bound on each quasi-particle and charge—charge and flux—flux interactions
can be ignored. Suppose that we slowly (adiabatically) move one electron—flux
around the second one by a full loop, say, in our case, electron 1 around the
flux 2 on a closed loop I' (see figure 9.5). Then, owing to the Aharonov—Bohm
effect (Aharonov and Bohm (1959)), the new wave function will acquire a phase
factor

e
—i dr-A]. 93.2
exp( 1271"1(“(%r T ) ( 3)

r

Figure 9.5. Two particle—flux systems.

With the aid of Stokes’ theorem, we can write this phase factor in terms of
the magnetic flux, namely

e e
—i dr- Al = —i dxdy B
exp( l2nhcf£p T ) exp( l271'hc_/‘ 4 )
=exX ie¢
=exp he )’

Remember that in two-dimensional space, the exchange of two particles means
in fact the moving of the particles around each other, in this case two electron—
flux systems. When these two electrons are rotated around each other, there
are actually two contributions to the phase: one due to the motion of the first
electron around the second flux and one due to the motion of the second electron
around the first. The total phase factor acquired by the wave function W (1, 2)

under a full 27 rotation is then
2ed
exp (—ie—) . (9.3.25)
he

(9.3.24)
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Thus we have

2e®
W(2, 1) = exp (—i—;c—-) w(l,2). (9.3.26)
Comparing (9.3.26) with (9.2.1), we obtain in the case of ¢ = 2m that the
statistical parameter of the electron—flux system is

ed
V= ———0:. 9.3.27)
whe
Moreover, the spin s and the statistical parameter v are related in the
conventional way:

v =2s. (9.3.28)

So the statistics is like the spin s—in general neither integer nor half-integer.
Therefore, the particle—flux system is an anyon and the standard spin-statistics
connection is satisfied. Of course, in some special cases a quasi-particle may
behave effectively as a boson or fermion. For example, a particle—flux system
composed of a bosonic particle (not electron) with a flux & = 1/(2e) behaves
effectively as a fermion.

9.4 Possible role of anyons in physics

In the above sections, we have analysed the peculiarities of rotations in two-
dimensional space and have shown the possibility for the existence of quasi-
particles with fractional spin and statistics. Then we have given a non-relativistic
quantum mechanical model of an anyon. To conclude this chapter, we briefly
discuss the possible role of anyons in physics.

Up to now, the only known physical objects which can be described
as anyons are quasi-particle and quasi-hole excitations of planar systems of
electrons exhibiting the fractional quantum Hall effect (fractional QHE) (Prange
and Girvin (1990)). The QHE is observed in two-dimensional systems of
electrons at very low temperatures and in very strong magnetic fields orthogonal
to the plane where the particles move. In the Hall conductor, the electrons
are usually trapped in a thin layer at the interface between two different
semiconductors or between a semiconductor and an insulator. The low
temperature and the strong magnetic field freeze the motion along the direction
perpendicular to the layer, so that this is a typical two-dimensional problem.
As we know, the external magnetic field organizes the energy spectrum of the
electrons into Landau levels (see for instance Landau and Lifschitz (1981)) and
forces the particles to fill such levels from bottom to top. A quantity which
plays a key role in the QHE is the filling factor, which is defined as the number
of electrons divided by the number of the Landau levels available. The Hall
conductance which characterizes the QHE is in fact this filling factor in units of



238 PECULIARITIES OF TWO-DIMENSIONAL ROTATIONS

€?/(2mh). When the filling factor is an integer, there is an integer number of
Landau levels completely filled and the Hall conductance is quantized in integer
units of e2/(2mh). In this case the Hall effect is called the integer QHE: this
phenomenon is essentially a direct manifestation of the Landau quantization for
non-interacting electrons in a magnetic field and is now completely understood
theoretically.

In the case of the fractional QHE, only a fraction of the Landau levels
is filled and the situation becomes much more complicated since the electrons
condense into a new type of collective ground state driven by the Coulomb
repulsion. This is a strongly correlated two-dimensional electron system.
Usually one has no way to solve this kind of system. It is, however, found
in some special cases (when the inverse of the filling factor is an odd integer)
that the ground state is described very exactly by the Laughlin wave function
(Laughlin (1983)). This wave function describes strongly correlated properties
of ordinary electrons. It is not simply the product of single electron wave
functions, but a complicated superposition of such products. It is just the quasi-
particle or quasi-hole excitations over this ground state that turn out to have
fractional charge and fractional statistics and can thus be regarded as anyons.
This can be seen from the way they are excited. The situation is similar to the
particle—flux system described in section 9.3: for the ground state described by
the Laughlin wave function, one introduces an infinitesimally thin flux tube near
one electron, then turns on the flux adiabatically from zero to the final value
+®, in such a way that the system remains an (instantaneous) eigenstate of the
changing Hamiltonian. Due to the Faraday law, the variation of the flux from
zero to the value @ will generate a (circular) electric field around the electron.
The particles will then flow inwards or outwards (depending on the sign of the
flux), and a net positive or negative charge will accumulate around this electron.
However, since the change of the flux by & can be compensated by a gauge
transformation (see (9.3.15)), the final state can be considered as an excited state
of the original Hamiltonian. Like the phonon in solid state physics, this kind of
excitation is a quasi-particle or a quasi-hole. From the discussion in section 9.3,
we know that this excited state possesses fractional statistics. Indeed, this kind
of excitation can give a good explanation of the fractional filling of electrons
into Landau energy levels. The exploration of this aspect is still in progress.
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A BRIEF GLANCE AT RELATIVISTIC PROBLEMS

10.1 Introduction

So far we have dealt with non-relativistic situations. This is not sufficient,
because in high-energy and elementary particle physics the particles have in
general relativistic velocities. In that case one cannot restrict one’s consideration
to the components J, J, and J, of angular momentum, since these components
form—at least—part of a four-vector, if not of a tensor. In particular the spin
of a particle with relativistic velocity is not well defined: the spin component
of such a particle, with respect to a given direction, is no longer simply m
(—s < m < 5); in fact it depends on the velocity of the particle. For a single
particle one can, of course, always transform to its rest system, where the spin
component in a given direction is well defined, but that rarely helps, because in
general we have to do with more than one particle; only one of these particles
can be at rest. This then leads to difficulties in applying conservation laws, for
instance for J,. An example: consider a decay a — b + c; let the spins be s,,
s, and s.. Then assume that a was with spin in the z-direction (m, = s,) and
that this particle was at rest. Now it decays and the state is characterized by
a momentum p, = —p, = p and a total angular momentum j = s,, m = m,.
This m has to be shared between particles b and ¢, but is it correct to say
m = mp + m,? What are m, and m., when both particles are in relativistic
motion with respect to the rest system of the decaying particle a, that is, the
system where m has a clear significance? There is in this case no Lorentz system
where all three operators J,, J; , and J, . are well defined; at least it will be
wrong simply to couple the states of particles  and ¢ by CGCs to the state of
the particle a.

There are several possible approaches to this problem and we are here going
to discuss the simplest one, which is known under the name of the ‘helicity
formalism’. We shall give here an introduction which will help the reader to
understand what is behind it and to prepare him to read without difficulty the
paper by the inventors Jacob and Wick (1959).

A much more general approach would be to treat the homogeneous Lorentz
group in the same way as we did the three-dimensional rotation group. This
means: one considers the Lorentz group, finds its generators and selects among
them a complete set of commuting observables (analogues to J? and J;).
Then one writes down the representation of the Lorentz group by means of
the eigenstates of the complete set of commuting observables, discusses the
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direct product of two such representations and finds the CGC of the Lorentz
group, namely the matrix elements of the transformation between coupled and
uncoupled states, which at the same time transform the direct product of two
representations into its reduced form (see chapter 6). In this completely covariant
description the conservation laws can be properly taken into account.

The present chapter is much less explicit than the other parts of the book.
It should only serve as an appetizer; the reader will find enough literature in the
form of reviews and books which, after this short glance, might hopefully look
less technical to him than without having read this chapter. For some references
on the subject one can look, for instance, at Schweber (1961), Gelfand et al
(1963), Naimark (1964) and Vilenkin (1968). For relativistic kinematics see, for
instance, Hagedorn (1963).

Our treatment of relativistic problems will be similar to what we did in the
case of rotations: we shall consider the infinitesimal Lorentz transformations and
corresponding generators, find their commutation relations and select a complete
set of commuting observables, one of which will be the helicity. We shall see
that the helicity presents several advantages and almost eliminates the above-
mentioned difficulties inherent in the relativistic theory of angular momentum.

Our notation is:

four-vectors: a=(@a'a?a’) = (d° a) ]
where a is an ordinary three-vector.
invariant product: a,a* = a,g*a, = a® — a?; hence
1 0
. v -1
metric tensor: gW = 1 =guw
0 -1

summation convention: Greek indices 0...3 (10.L.1)

Latin indices 1...3
sum over double indices of which one
is an upper and the other a lower one:
aub* = agh® + a1b' + arb? + azb?
= aobo - a,b. - azbz - (13b3
raising and lowering
indices: a, =guna’ a* =g"a,
8 =88 =8,

10.2 The generators of the inhomogeneous Lorentz group (Poincaré group)

In general one considers angular momentum for relativistic particles in view
of applications to scattering. The experimental situation is then in almost all
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cases that one or more particles are to be characterized by their momentum,
their total spin and their polarization. In analysing angular distributions the total
angular momentum has to be considered too, but, since the linear momentum
is so important, we have to discuss it as one family of operators which may be
used in a complete set of commuting observables.

10.2.1 Translations; four-momentum

Physics is supposed to be invariant under translations in space and time.
Let a = (a® a) be a constant four-vector, which describes the translation
x* = x'* = x* 4 a*; then, if the whole system under consideration (if
necessary, with inclusion or after removal of part of its environment) undergoes
such a translation, the states of the translated system are again possible states of
the untranslated one; in fact, if 7, designates an active translation then there is
unitary transformation U, (the subscript refers to ‘active’)

W) = U(T)lY)

which for infinitesimal @ becomes
Us(a) = 1 +ipya*. (10.2.1)

The physical significance of the generators p* is found by considering the
Schrodinger function

V(z, 1) = (x|y¥) (10.2.2)
of the transformed state, U,(a)|y¥). The physical system and consequently its

Schrodinger function has been bodily transformed by the translation a from x*
to x* 4+ a* and from x* — a* to x*. Hence

V'(x) = (x|Us(a)|y)
and (10.2.3)
V'(x) =y —a) = x|Us(@)|¥).

For infinitesimal ¢* one finds

Y

Vx—a)=y(x) —a"m = (x|l +ipua”|y)
hence -
—augx—u = ia“(xlpull//).
Thus
"<->i—a— or (p°, p) « ia —iv (10.2.4)
Prelgew O WP T -

which are the familiar formulae for energy and three-momentum.

As all translations and therefore the p# commute, it is clear that we may
choose all four p# together in our complete set of commuting observables.
However, p, p* = m? also commutes with all p* and can be used. Thus another
useful set will be m, p; and, since m is invariant, this is a very convenient choice,
because in many cases we need not mention m explicitly.



242 A BRIEF GLANCE AT RELATIVISTIC PROBLEMS

10.2.2 The homogeneous Lorentz group; angular momentum

The space components of angular momentum were found from considering the
infinitesimal rotations about x, y and z. In a four-dimensional space (¢, x)
it is no longer sufficient to consider the rotations about the four coordinate
axes, because there are more than four independent rotations. They are most
conveniently characterized by the plane they map onto itself. Indeed, in a three-
dimensional space there is only one plane orthogonal to a given vector (e.g. the
xy-plane to the z-axis) and therefore a rotation can be characterized by an axis
as well as by a plane. In four dimensions there is a whole three-dimensional
space orthogonal to any given axis, thus ‘I rotate the system by an angle n about
the nth axis (e.g. about the time axis)’ is not a complete statement because it
can still be any rotation in three-space, whereas, e.g., ‘I rotate the system by
an angle 7 in the x%x'-plane’ is a complete statement: it means a pure Lorentz
transformation in the x-direction, without any rotation in three-space.

Of course, we could have introduced the characterization of rotations by a
plane already in three-space but we did not need to. Now, however, we must
do it.

10.2.2.1 Introducing a new notation adapted to space-time

Consider first the rotations in three-space. Instead of saying that we rotate by
n about the z-axis, we shall say that we rotate by n in the xy-plane etc. Hence
we replace 1 by 1 and J by Ji; such that

M2 =m Ji2 = Jyand cycl. perm. (10.2.5)

In fact this is the most adequate notation, because J is not truly a vector, but a
pseudovector; namely its orbital partis L = r xp, i.e. Lj; = L3 = x1pa —x2p1.
It follows then that J;; is skew symmetric: J;; = —Ji;. On the other hand, an
infinitesimal rotation can be written in three-space as

MR)=1-in-J (10.2.6)
and, if P is the space inversion (‘parity’), then
M(P)=-1 (10.2.7)
so that it follows that rotations and the parity operation commute:
PRP > M(PYM(R)YM(P)=(—1)M(R)(-1)=M(R) - R. (10.2.8)

Therefore, 7 - J must commute with P and this implies (since J, as a
pseudovector, commutes with P) that also 7 does. Hence also n is a
pseudovector and should be adequately written as a skew-symmetric tensor
Nk = —nki; indeed, giving an axis 77 = nn we always had to add the
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prescription that a positive angle n forms a right-handed screw with the direction

of n. This screwedness of n will be contained in it automatically if we define

n3 = e; X e, etc, where now the (polar) vectors e; and e, denote that plane

which is mapped onto itself under the rotation characterized by e; X e; = ns.
In this notation we have

1 1
n- J = Zﬂi.’,‘ = E ka.’[k = _E ank"kl'
i ki 13

According to our summation convention (10.1.1) we omit the summation sign
and write .
n-J = -3
(10.2.9)
Ua(m) = et = =it

where Ji; = J* has been used (this is an identity if only three-space is
considered and it follows from the form of g,, also for space-time).

It should be clear that each J¥ is a Hermitian operator which may be
written in a matrix representation as

Gm| T jm'y = Gy
Let us translate the commutation relation
[/1, /2] = iJ5 and cycl. perm.
into the new notation. It becomes ‘
[J23, J31] = —iJay.

Calling the subscripts i kI m, we see that obviously the numbers 1, 2 and 3 must
all appear, and one of them twice. Thus, if we exhibit the two equal subscripts
by underlining them, then

iklm — —i8y Jim
ikim — —idimJu
ikim — +idy Jym
iklm — +idimJit.

The sign is determined by the number of exchanges of two subscripts which are
necessary to make the two inner ones equal; each exchange implies a factor of
—1 because J = —Ji;. Since the above four possibilities are exclusive, only
one can happen and we may simply add up all the expressions on the right-hand
side:

iks Jim) = =1 Bt Jim + 8im It — 8it Jem — Skm Jit) (10.2.10)

which is the desired new form of the commutation relations.
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In this notation an infinitesimal rotation of a three-vector v about 1 =
(123, M31, M2) Will be written

Mm=1-in-M=1—igm-M =1+ InnuM" (10.2.11)

where the components of the vector M = (M3, M3' M'2) are 3 x 3 matrices,
which can be read off from (3.3.13)

00 O 0 0 i
M23=<0 0 —i) M3'=(0 0 0)
0i 0 -i 00

0 -i 0
M23=(i 0 0).
0 0 O

They are identical to the spin-1 matrices S (4.1.8). We observe that in the ik-
position of M** appears —i and in the ki-position +i, all other matrix elements
being zero.

(10.2.12)

10.2.2.2  Extension from space to space-time

We now extend the definition to the full inhomogeneous Lorentz group, by
writing for infinitesimal 7

Mi(n) =1+ inu M. (10.2.13)
These M,(n) are now 4 x 4 matrices. Writing
(Mo (D)), = 8% + Snuy (MM, = 8, +&”, (10.2.14)
it follows from the invariance of x, y* that
™) = (M@)),> M), x,5° = x,"
which implies for the matrices M (n):
M/ MY =8 (10.2.15)

Hence, with M,* =4,” +e,” neglecting higher orders, (8,” +¢,")(8%, +¢/,) =
8%, + ¢, + &%, =68 or €7 = —¢". That is, as long as the (M**)*° are still
4 x 4 matrices, they must be skew symmetric in p and o. It has to be kept in
mind, however, that the matrix which acts on the four-vector x in the sense of
ordinary matrix multiplication is not (M (n))?° but (M(n))*,; namely

X' = (M) x°

is ‘ordinary matrix multiplication’—remember (10.1.1). Thus, with the notation
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Nlo 123

(M)pc =

0
1w,
3

we have to write the generators of space rotations (see (10.2.12))

(O 00 O 0 0 00
000 O 0 0 0 i
23\p 3y _
MYo=1000 -] M)%={o 0 0o
\o 0 i o 0 —i 00
(10.2.16)
(O 0 0 O
00 -1 0
12yp _—
M =10 i 0 o
\o 0 0 o/
in order to retain our formulae. If we compare any two matrices A?° and
AP = Aftg,, then, because goo = —g1) = —gxn = —g33 = 1 (all others zero),
the two matrices differ in the shaded region by the sign:
0123 0123
0 0
Ap0= é + 9 Apo'= é b
3 3 (10.2.17)
Thus
00 0 O
00 0 O
23\po
M7 =100 o ;e
00 -i 0
This can be written quite generally
(M#V)PT = i§HPEYT — (VP 5H
and leads to
(O i 0 O\ 0 0 i O
s, |-i 0oo0o0 Y 0 000
M =175 00 of W=|5 0 00
\o 0 0 of 0 000
(O 00 i\
0 00O
M =14 00 o
\—=i 0 0 0/
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Going back now to (M%)?_ implies the mentioned changes in sign (10.2.17);
we thus obtain the generators of pure Lorentz transformations

0 —i 0 0 0 0 —i 0
e _[-i 0 00 me [0 0 0 0
M5 =10 0 0 0 M =1_ 0 0o o
0 0 0 0/ 00 0 0
(10.2.18)
0 0 0 —iy
0 00 0
03yp _—
MZs=10 00 o0
i 00 0/

We shall call the set (M#”)?_ (rather than (M#*)#?), i.e. (10.2.16) and (10.2.18);
the generators of the homogeneous Lorentz group (space rotations and pure
Lorentz transformations).

The most general homogeneous Lorentz transformation (including ordinary
rotations) in the active interpretation will be written

M,(n) = e2wM™ — g=1mM™
(10.2.19)
x'P = (Ma(n))pg x°

where the correspondence to the old three-space formulae is 02 = n3; M2 = M;
etc. It is noteworthy that by adopting the technique of writing covariant (x,)

and contravariant (x*) components and the summation convention x,x* =

x%%0 — x -, we could extend our three-space formulae to space-time by simply

including a zeroth component.

10.2.2.3 Physical significance of the new generators

We work out the physical significance of the finite Lorentz transformation

x'? = (M(mo))*, x°

(M(m0))P, = (MM )P,

as follows: we call n;9 = 7, then

[ e 01\n
M(n) = et _ Z (M)

oar n!
0100 100 0
. 1000 . 0100
o _ 01,2 _ .2
MM =116 0 0 0 MY =n"14 ¢ 0 o
000 0 000 0
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Hence all odd powers go with the upper, all even (except zero) powers with the
lower matrix. Thus

1000 X
0100 "
Mm=1+{0 0o o o (‘HZﬁ)
0000
0100 "
1 000 n=*
1o 0 0 o)X @TH
0000

or )
coshn sinhp

0
sinhn coshnp O
1
0

ZAOES IS = (M@,

0 0

-0 O O

x*=MHx" gives (10.2.20)

x® = x%coshn 4 x'sinh p

/11

x’1 = x%sinhn + x' coshn.

This is in the active interpretation. It is, however, conceptually simpler to
discuss Lorentz transformations in the passive sense. We only have to replace
n by —n; we find

0

x® = x%coshn — x!sinhp

1

xM = —x%sinhp 4+ x'coshp.

In this interpretation one and the same space-time point P has coordinates
2 =1t; x' =x; y =z = 0in a frame of reference K and x® =¢; x'! = x’;
y = 2z’ = 0 in another one, K’. Let K’ move with velocity 8 in the positive
x-direction (figure 10.1).

Assume P is at rest in K'; e.g. let x'' = 0; then

X

is the velocity of P seen from K. This gives with

1 1
V1—tanh’n  1- B2

tanhp . .
=By (passive interpretation)

V1 —tanh’p B

coshnp = %

(10.2.21)
sinhn =
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Figure 10.1. Action of Lorentz transformation.

the passive Lorentz transformation

P=(Ng = (g
x0=yx® - Byx! (10.2.22)
xV=—Byx°® + yxl

10.3 The angular momentum operators

We now generalize the matrices M,(n) acting on four-vectors to the induced
unitary transformations U,(n) acting on states; the correspondence is the same
as for the rotation group:

1 v

Ma(ﬂ)=ef"""’”w (10.3.1)
Ui (n) = er™w’ JVH = —Juy,
The JY* are then the generalized angular momentum operators.

In order to define states, we need a complete set of commuting observables.

As relativistic problems are most frequently encountered in high-energy
scattering and elementary particle physics, the plane wave states |p*...) are
particularly important. We shall therefore derive the commutation relations of
the JV* among each other and with the p#, We will then be able to find how
we can achieve the best compromise between non-commutativity and usefulness
of the various operators.

10.3.1 Commutation relations of the J** with each other

The J*Y, being the generators of the induced unitary transformation, must follow
the same commutation relations as do the 4 x 4 matrices M*’, We could work
them out by straightforward calculation. It is easier, however, to generalize the
commutation relation for the Ji; to those of the J# with the help of (10.2.10).
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We only need to remember that gog = +1 and g;z = —8;. We then obtain
immediately
[JHY, TPT) = A(g"P JHO + gHo TP — gHP JV7 — gV% JHP), (10.3.2)

It is left to the reader to check that these are indeed the commutation relations
for M*¥ too.

10.3.2 Commutation relations of the J** with p”

In a similar way we obtain the commutator between J#¥ and p”: we first write
it down for L/* = Lj; and p'. Namely, with L/* = xJp* — x* p/ we have

[L%*, p'1=[xip*, p'1—[x*pi, p']
=is/ pk —is¥ pJ.
This gives, when generalized to jkl — puvp and L — J (remember 6% = —gi*)

(J#¥, p*1 =i(g" p* — g"* p*). (10.3.3)

10.4 A complete set of commuting observables

For the description of a free particle (one-particle state) we wish to have its
momentum p and its spin component in a given direction, altogether four
quantum numbers. We have not much doubt that the corresponding operators
commute. The set is, however, not complete, because in relativistic quantum
mechanics there are four components p* with p, p* = m? . Furthermore we
expect the total spin s also to be a quantum number available together with the
p*.

The programme is therefore that we wish to retain the p* for characterizing
the one-particle states and we hope to add to them total spin and the spin
component in a given direction (instead of p* we can take m, p). There will be,
as usual, other quantum numbers labelling our one-particle states, besides those
just mentioned; for instance, isospin, nucleon number, strangeness etc, which
will be written in one symbol, y, as before.

The problem is now to find some operators for the spin. In three-space, i.e.
non-relativistic quantum mechanics, this was easy: we only had to write

J=L+S§.

We could try here J#¥ = L*¥ + SHY where L*Y = x#p' — x"p*. But we
are faced with the difficulty of saying what the operator x* means—and that
becomes quite troublesome. We cannot go into these questions here; suffice it
to say that relativistic quantum theory is essentially field theory and that there
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the x# obtain the new interpretation of being labels on field operators and no
longer operators themselves. However, even if we do not take the step from the
one-particle theory to field theory and rather try to remain in ‘ordinary’—but
relativistic—quantum mechanics (e.g. Dirac’s theory), we have the difficulty that
L*¥ = xFp¥ — xVp* and S* are not separately conserved. These difficulties
and the construction of a conserved spin for a Dirac particle are discussed in the
article by Hilgerved and Wouthuysen (1963).

What is spin? Spin is that part of the angular momentum which survives
the transformation to the rest system, just because there no orbital part is left
(let us assume m # 0; the case of massless particles will be taken up later).
Whereas in general J#* and p” do not commute, the situation is different in
the subspace of particles at rest (p* = 0; p® = m). Call these states |m, 0, ...).
Then from the commutation relation (10.3.3)

(74, p°lim,0,...) =i(g" p* — g** p*)Im,0,...).

The commutator vanishes (on this set of states) unless £ = 0 or v = 0 (only
one is possible since J'Y = 0). Let 4 = 0. Then

(J%, p1im, 0, ...) = (ig* p°® — g% p*)Im, 0, ...)

where the second term vanishes because v # 0. Again the commutator vanishes
(on this set) unless v = p because of g“°, and, since v # 0, we find with
p°im,0,..)=mim,0,...)

[J%, p*lim.,0,...) = —im|m, 0, .. ).

That is, of the whole family of commutors [J#", p?]
ok k S . (10.4.1)
only [J¥, p*] = —im is different from zero for particles at rest.

This means that the operators J* commute with the p# for particles at rest;
they can be measured without disturbing the particle. Of course, they do not
commute among each other. Loosely speaking, we can thus say that the J'* go
over to the spin operators S'* and commute with the momenta if we apply them
to particles at rest, whereas the J% do not commute with the p* and therefore
cannot be measured without giving a momentum to the particle.

In what follows we shall formalize these arguments and construct operators
representing spin, consider their commutation relations among each other and
with p and finally try to find a suitable set of commuting observables to label
our states.

10.4.1 The spin four-vector w* and the spin tensor S*¥

A sensible question is then, ‘what is the total spin and its z-component for this
particle at rest?’
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And now, since this question must have an answer which is independent
of the Lorentz frame in which it is asked, there must be covariant formulation
available; and this covariant formulation must be expressible by the operators
p? and JH#Y (see the statement (8.4.2)).

We consider what p? and J#¥ look like for a particle at rest:

p? = {p°=m,0,0,0}
T = {JOk,523’ 531, SIZ}.

Can we construct a quantity from p? and J*’ where the inconvenient J% drop
out, whereas the (52, §3!, $!2) = S remain? As this quantity has to reduce to
the three-vector S in the rest frame, we are led to seek a four-vector operator.
The four-vector J#¥’p, = Z* does not work: it is Z* = (0, J*0) in the rest
system—ijust the operator we do not want. We must construct it the other way
round: the J** must be multiplied by p° and the J% by p‘ = 0. Combinations
of this kind, J*p°® and J%p', can be achieved by means of the completely
antisymmetric tensor of rank 4:

+1 for p v p o=even permutation of 0123

Eyvpe = { —1 for pv po=odd permutation of 0123 (10.4.2)
0 otherwise (namely if any indices are equal).
It follows that under cyclic permutation (being odd) €,,56 = —&upo, and

that raising or lowering one index implies a change of sign if it is 1, 2 or 3 and
no change if it is 0. We put

1
wH = ze“vpa.l"”p" =(J-p, Jp° +J° x p) = (w°, w) (10.4.3)

where J = (J2, 731, J12); JO = (JO', J92, J93). The explicit form follows
by working out the components of w#. Indeed, applying this operator w* to a
particle at rest gives, as is seen immediately from the explicit form

wh = m(0, JZ Iy > m(O, S', S2, $%) (10.4.4)

since then p® =m and p = 0.

Applying a Lorentz transformation in direction 3 to (w* )res (se€ (10.4.22))
such that the particle is at rest in a frame K’ and moves with 3 in K, yields
with y = (1 — g%)~1

my?
y+1

w“=(myﬁ.sk,msk+ﬂ ﬂ-sR)

(10.4.5)

p
= - Sg,mS .S
(P R, M R+E+mP R)

where Sy is the spin at rest and p = (E,p) = (my,mBy) is understood
as an ordinary (not operator) four-vector. Assuming for a moment that we
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remain in the frame of relativistic one-particle quantum mechanics; then L** =
x# p¥ — xVp* has a meaning and we can write J#¥ = L*’ + S#*_ Then
1 1
wh =3¢k, JPp° = 36*, 5% p° (10.4.6)
since ¢4 L* p? = ek (x"p? —x?p")p° = 0 on account of the antisymmetry
of €. The inverse of (10.4.6) exists; it is

1 .
SHY = —~—¢ek" wp”  in components
m

S0 = (S, 5%, 5%) = {(J° x p) x p+ (J x p)p°]
m (104.7)

1
= —(J°-pp = J°@") + (I x )P’
§= (52,59, 5 = — [~ - pp+ I () + (J° x p°].

That this is the inverse of (10.4.6) is immediately seen in the rest system
S° = 0;§ = J; and from the covariance of the formula it follows that it
is true in any Lorentz frame. That S° => 0 in the rest system is a typical
property of spin. \

Inserting w* from (10.4.6) into (10.4.7) we find

SHY = —#e“"’,ﬂe"lpa J* p° pP (10.4.8)
which no longer refers to ‘orbital angular momentum’ and can be considered as
a covariant definition of spin: it ‘projects out’ the spin S#¥ of J#¥. It has this
property, however, only for one-particle states.

Thus S#¥ and w* are two operators which can be used to describe spin (for
one-particle states only; otherwise ‘spin’ has no meaning). The antisymmetry
of ¢ ensures another typical property of spin:

w,p* =0 S*p, =0. (10.4.9)

10.4.2 Commutation relations for w* and S*"

We shall prove all commutation relations first for states of particles at rest and
then generalize the result covariantly. This procedure is unique (see statement
(8.4.2)).

We shall say loosely ‘in the rest system the operators become...’ when
we really mean ‘in the subspace H,, o spanned by states of particles at rest, the
operators behave like. ..’ .
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(i) The tensor T#* = [w*, p*] vanishes in the rest system, where w* —
m(0, J3, J3', J12) and p* — (m, 0,0, 0) commute (see (10.4.1)). A tensor
TH#* which vanishes with all components in one Lorentz system vanishes
everywhere. Hence

[w*, p*1=0. (10.4.10)

Consequently any component of w* or any invariant linear combination
a,w# can be measured together with p“. In particular, since p° is the
generator of the time translation, [w#, p°] = 0 implies that w* is conserved.
The commutativity of w* with p? is a further indication that w* describes
the spin part of the total angular momentum. Orbital angular momentum is
not invariant under translations (and this is expressed by (10.3.3)) but spin
is. Indeed, also S¥¥ commutes with p? since this is obviously so in the
rest frame:

[$*, p1 =0. (10.4.11)

This observation offers a different derivation of the operator w#. We could
have defined the spin as that part of the total angular momentum which
is invariant under translations. This part of the angular momentum must
then commute with p#. If then this part is used to write down the unitary
transformation for a Lorentz transformation, this transformation must leave
p* invariant. Let us do this for an infinitesimal n,,: U = 14 (i/2)n,J"#;
Up?U?' = p* gives on the subspace of states |p*, ...} (see (10.3.3))

Nu [, p°) = inu, (g* p* — g p*) = 2in"* p, = 0.

Thus only such n®# are admitted which give zero if contracted with p,.
Such a condition can be fulfilled by means of the e-tensor, one arbitrary
constant four-vector n and the four-vector p itself (here the eigenvalues are
meant)

a
Nuv = 6‘y,v,otfpp”

where n may be taken orthogonal to p, since any parallel component will

not contribute. With such an 7 our unitary transformation becomes, with
(10.4.6)

i

U=1
+2

i
Nt =1+ Eewpal““p"n" =1+iwsn’. (104.12)

These transformations U = exp(iw,n°) with arbitrary four-vector n are
a subgroup of the Lorentz group. They leave the eigenstates |p*,...)
invariant if p# is the one contained in w”. This subgroup is called ‘Wigner’s
little group of p#’. It is the analogue of the rotations which leave a given
axis in three-space invariant.
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(i) Next consider [w#, J™). In the rest system

w* = (0,mS!', mS?, mS?
Jt). > JOI(' Sl, S’l 53
[w/, J¥] = i(g/*w! — g/'wh).

The covariant generalization is

[w*, I = i(g* w* — g"*w"). (10.4.13)
(iii) Furthermore, consider [w#, w?]. In the rest system we obtain with
w’ — mS§*
[wj’ wk] — iEJHOwIpO

which is obviously true for j = 1,k = 2 (¢'%® = §53). Lowering the
indices ! and O and generalizing covariantly give (see (10.4.7))

[w*, wP] = —ig" w*p® = —im?SH*. (10.4.14)

(iv) The most important commutation relation will be that of the operator
W = w,w* with p? and J*°. The commutator of any operator A with p®
and J*? is just constructed such that A is correctly Lorentz transformed by
means of UAU!. Indeed, we could have found the commutation relations
of w with J and J with J by requiring the correct Lorentz transformation,
e.g.

UmpPU'(m) = (M), p°

with U(n) and M(n) given by (10.3.1), and (10.2.16) and (10.2.18).

It is no miracle, therefore, that the commutation relations of w# with J#¢
and p* with J#? are the same: both have to transform like four-vectors.

It is clear then, that invariant combinations such as e.g. w,w" or w, p* or
S,»S"# will commute with J#°. As neither w, nor S, contain ‘orbital parts’, it
follows that these operators and, of course, the invariants made of them commute
with p?, whereas the invariant J,,J** will not commute with p” (as seen in
the rest system, this is the total angular momentum squared, and that depends
on the location of the origin). It is therefore not useful for us.

Since S*¥ and w” become the same in the rest system, (W)ress =
m(0, S, $31, §'%)peq, the invariants w, w* and S, S*” are essentially the same.
The invanant w, p* is zero. We thus may take w,w*, which we know then
commutes with J#° and p*. Its physical significance follows from

1 1
-—— w,wh = ——Z(wuw“)kest = (8H)Rest = total spin squared. (10.4.15)
m m
Since
[w,w”, p©1 = [w,w*, 7] = [w,w”, w’]=0 (10.4.16)
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(the last equation holds because w” is constructed from J and p), it follows that
the total spin squared is Lorentz invariant, conserved (for one-particle states;
only for such states is spin defined!) and can be measured simultaneously
with momentum or angular momentum. We shall therefore use it to label our
states; since the space components S, = §2; 5, = 5*!; S, = 5'? obey the usual
angular momentum commutation relations, it follows that if we denote the states

by |m,p,s,...)

wywhm, p,s,...) = —m2s(s + D|m, p,s,...). (104.17)

10.4.3 Construction of a complete set of commuting observables; helicity

Our set of commuting operators contains so far p* and w,w": momentum
and magnitude of spin. In three-space we did not have the momentum, but
the magnitude (j) of the total angular momentum. To this one could add the
component of the angular momentum in an arbitrary direction. Can we do
something similar also here? That a ‘component 7,,J"* of the total angular
momentum in a given direction’ will commute with w,w# is obvious since
each J?° commutes with it. But will such a component commute with p? In
three-space the component n « J commutes with p if n is parallel to p: the
angular momentum in the direction of motion can be measured simultaneously
with the momentum. (Strictly speaking, the commutator [p;, n - J] vanishes
on the subspace of states |p,...) for n parallel to the (eigenvalue) vector p.)
Geometrically, a rotation commutes only with translations along the rotation axis
n. ‘

Let us consider the subspace of states |p#,s, ...} with p# fixed. Which
component 7,,J"* of the total angular momentum does commute with the
operators p* on this subspace and can thus be measured simultaneously with
the four-momentum? This component will leave p* invariant. The condition is
Nuw[J*, p?] = 0 and we have already seen that it leads to 7, J"* = 2w,n?,
the ‘little group of p#’. Apart from a factor depending on the normalization of
the four-vector n, we can then say that the operator

1
A(n, p)= —;wan" (10.4.18)

with arbitrary n is ‘the component of the total angular momentum in direction
p and n’. That there are two four-vectors, p and n, to define a component
of the angular momentum, is a consequence of the four dimensions: a four-
dimensional rotation is defined if a plane is given which is left invariant. The
unitary transformation

U(n, p) = "™

corresponds to a Lorentz transformation which leaves p and n and therefore the
plane spanned by p and n invariant.
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This is very nice, but still unsatisfactory from the physicist’s point of view.
Namely the operator w,n*, whose eigenvalues we can measure simultaneously
with p, is still too arbitrary because of the four-vector n. We therefore should
restrict the arbitrariness of n. Three possibilities offer themselves.

(i) We define n with respect to a particular Lorentz frame, e.g., by saying that
in the rest system we put n = (0, n) where n is a unit vector; in particular
we might choose n in the z-direction and have thus related w,n* to the
‘spin component in the z-direction’. Such a choice is not very lucky,
because this operator is then not invariant (in spite of its form) since one
vector (n) is attached to the coordinate frame and the other one (w) to
the physical system. From this point of view already in non-relativistic
quantum mechanics the choice of one component J, rather than of an
invariant combination can be considered unlucky.

(i) We define n as before, i.e. by n = (0, n) in one particular Lorentz system
of our particle. We might give n any direction of e.g. perpendicular or
parallel to the direction of p (before the transformation to rest) and then
require that n be transformed as a four-vector. Then the transformation of
the operator A(n, p) is somewhat unusual:

B __l o A t —_l Royy!
A'(n, p)=—— (M) UmwiU' () = ——n"w; (10.4.19)

=A(n, p) = in;'ariant.

That is, not only is w, transformed by the unitary transformation U, but n
is transformed by M and that means that A is not transformed like ordinary
operators:

A'(n, p) # UmA(, p)Ut(n).

The invariance of A thus achieved guarantees that in whichever Lorentz
system A(n, p) is calculated, it always has the same meaning

An, p) = A(n, p)g, = (5 - N)g,. (10.4.20)

(iii) We define n by attaching it bodily to the physical system. Then w,n*
is invariant, since n and w have to be transformed simultaneously. This
‘attaching n to the system’ has its difficulties, however, because if we
attach n to the system, we must do it in a unique way. That is, the system
must have some marks on it which can serve to fix the four-vector n; in
other words, there must already be a four-vector exhibited by.the system
in question, or at least by its state. Two such vectors might do: w and p.
Now w drops out for two reasons. Firstly, its components do not commute
and thus no eigenvalue four-vector w* with all components given exists. If
nevertheless we try the operator four-vector w* and just put n* = w#, then
w, w* results and this operator is already contained in our set. Secondly, we
may try p*, of which all components can be measured simultaneously and
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which thus can be considered as an eigenvalue four-vector. Unfortunately
this does not work either, because w, p# = 0 in all Lorentz frames (10.4.9).

Of these three possibilities the last one would have been the most attractive,
but it does not work. Jacob and Wick (1959), however, forced it to work; they
had to pay for it, of course: the price was a certain loss of invariance; a loss,
however, which is just acceptable. The point is this: if n cannot be parallel to
p—since then it does not contribute to w,n*—why cannot it be orthogonal to
p and still have a space part n which is parallel to the space part p? Let us then
take a ‘four-vector’ n, which we call / from now on (longitudinal) and require
that

l,p* =0 [ parallel to p.

We have then

l-p

PO
1-p\? 2

Ll* = (_’_’) oy ((3) - 1) = PE* -1 <0
Po Po

if 3 denotes the three-velocity of our particle. In that case

L,p* =1 —1.p=0 hence I°=

p=@my,mBy) y*=Q1-pH""

Putting |I|?> = y2, we find

| = (ﬂy, Ey) - ('-’i', L @) 10# = —1. (10.4.21)
B m |p| m
It should be stressed that this / is not a genuine four-vector, because, if it is
given in one particular Lorentz system by the definition (10.4.21), then, if we
apply the same Lorentz transformation to p and to I, the Lorentz-transformed /
is in general not the same as that / which is constructed, according to (10.4.21),
from the Lorentz-transformed p. That is, in general I(p’) # I'(p).
Thus

e cither | transforms as a genuine four-vector, then the definition (10.4.21)
does not hold in all Lorentz frames (it is indeed not covariant!)

e  or the definition (10.4.21) is required in all Lorentz frames, then ! is not
a four-vector, but a quantity which in each new Lorentz frame has to be
calculated anew from p, using the definition.

There is a class of Lorentz transformations for which this difficulty does
not arise: the spatial rotations, because they rotate p and [ in the same way, and
the pure Lorentz transformations in the direction of p (or I), because they leave
these directions invariant. In particular, we can transform to rest. All these
statements may easily be checked by an explicit application of the formula for
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the general Lorentz transformation: if a is any four-vector and if the frame K’
moves with 3 against the frame K, then

y+1
a®=y@®+8-a).

a=a’+5y( 4 5a’+a’°) (104.22)

That by a general Lorentz transformation on p and [ the relation (10.4.21) will
be destroyed is seen by carrying it out in two steps: first to the rest system and
then to the required one. In the second step the parallelism of I and p will be
lost unless this second Lorentz transformation is in the direction of {.

In the rest system we obtain for the operator A(Ip)

1
Al, p)= —;wul“

spin component in ~ (10.4.23)

1 S.
(A)Rest = (—w . l) = (_p) = the direction of
" Rest IPl /rest  motion = helicity

where (p/|P|)gres is understood in the sense of

lim P ( p )
m — = —_— .
lpi=0 |p| 1Pl / Rest

According to the above-mentioned peculiarities of / we can then

e  cither define I by (10.4.21) in one particular Lorentz frame Ky and require
it to transform like a genuine four-vector (then the operator A(l, p) =
—(1/m)w,l* is invariant and, calculated in whichever Lorentz frame,
answers the question, ‘what is the component of the spin in direction p
in the frame K(?’, but not the question, ‘what is the component of the spin
in the direction of the actual momentum p?’; with this definition of I we
would be back to the second possibility of choosing n—see (ii) above);

e  or we require that [ should not be Lorentz transformed, but in any frame
of reference be constructed from the four-vector p by means of (10.4.21).
In that case A(l, p) is not invariant under all Lorentz transformations, but
it always answers the question, ‘what is the component of the spin in the
direction of the actual momentum p?’. A(l, p) is, however, invariant under
pure Lorentz transformation in the direction of p (unless such a Lorentz
transformation ‘transforms beyond the rest system’ and thereby changes
the sign of p; then also A(/, p) will change sign, as is seen immediately
in (10.4.23)) and under space rotations. This class of transformations is
sufficient to transform any four-momentum p* into any other one belonging
to the same mass: let p’# be the new four-momentum; first we transform
from p* to rest, then rotate such that [* points in the direction of p’
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and finally make a pure Lorentz transformation in direction p’ until the
prescribed magnitude of p/ is attained. Under this whole procedure A(l, p)
is invariant.

With Jacob and Wick (1959) we shall choose the second alternative, where
A(l, p) is not generally Lorentz invariant, but invariant enough to serve our
purposes. In that case ! is a unique function of p and can be omitted. The
eigenvalues of A(p) are A =5,5 — 1,..., —s, as follows from its significance
in the rest system and its invariance under the mentioned class of Lorentz
transformations. This class is not a subgroup of the Lorentz group, as one
sees easily: let L(p) be a pure Lorentz transformation in direction p and R
any space rotation; then RL(p) belongs to the class, but not L(p)R. However
L(Rp)R belongs again to it.

To sum up:

we define the helicity operator (not by the misleading ‘invariant’
w,/*, but explicitly) by

! °\ S-p J-
Alp)=—-—3 (w°|P|—w-Pp—) ==P_P

Ipl Ipl Pl
with eigenvalues A = —s, —s + 1,..., +s on states (10.4.24)
p, s, A,...) A = spin component in the direction of p

= total angular momentum component
in the direction of p.

That A(p) = (J-p)/|p| follows immediately if one inserts into the first
part of (10.4.24) the explicit form of w* as it appears in (10.4.3): w* =
(J-p, J p°+J°xp). A(p) isinvariant under L(p) (pure Lorentz transformations
in direction p) (unless the sign of p changes, when A — —A) and under space
rotations R, as well as under all Lorentz transformations which can be written
as a product of the type

L(Rn:--RiP)Ry- - L(RRiP) R L(R\P) R,

i.e. by Lorentz transformations generated by continued application of space
rotations and pure Lorentz transformations in the direction of the last momentum.
These Lorentz transformations suffice to transform a given p into any p’ with
the same mass, but they do not constitute a subgroup of the Lorentz group.

If A(p) is measured with eigenvalue A, then, in any Lorentz frame
which cannot be reached by a transformation leaving A invariant, any one
eigenvalue A’ = —s,—s + 1,...,+s may be found with the amplitude
(p',s, M, ...JUM|p, s, A, ...} where U(n) connects these two Lorentz frames,
e.g. if U(n) = exp(iw,n”) (i.e. U(n) belongs to the little group of p), p* is left
invariant but A not.
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Our one-particle states |m, p, s, A, y) are then characterized by
the complete set of commuting observables (for m # 0)

four-momentum  p (or m, p)

1
total spin squared  ——ww, =s5(s + 1) = (§)ren (104.25)

S.
helicity  A(p) = Tlp = A= =5, —s+1, ... +s) -

further observables (charge etc) TI'=1y .

The second possibility ((ii) above) for the definition of n, namely such that
A(np) = —(1/m)n,w* = (S - n)g, is invariant, should not be forgotten. It
might suit well for some purposes.

10.44 Zero-mass particles

A particular situation arises for particles of mass zero. We shall prove the
following statement.

For particles with spin but with rest mass zero the helicity is
either +Ag or —Aq, where the Aq is ‘the spin’ of the particle.
That is, the spin of mass zero particles is always parallel or
antiparallel to the direction of p.

(10.4.26)

Why ‘the spin’ is in quotation marks and how this comes about is seen in
the following.
Recall (10.4.5) and look at it as if it were a classical equation

2
(wO,W)‘—"m(SO,S)‘—"m(yﬁ'SR,SR-*-ﬁ Y ﬂ'SR)'
y+1

If m > 0, then 8 > 1 and y > oo. What happens, if y > oc0? The
direction of S is turned more and more parallel (if 3 - Sg > 0) or antiparallel
(if B+ Sk < 0) to the direction of 3, because for large y

S = SR + ﬂ}/A.Q e ﬂ}/ko

(Here we have put 3 - Sg = Ao = longitudinal spin component in the rest
system.) This shows that ‘direction and magnitude of the spin of a moving
particle’ both depend on the velocity and have a clear meaning only in the rest
system. Hence, for y — oo one has

w°, w) = Ao(my, mBy) = Ao(p°, P).
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If we now go with m — 0 and y — oo such that my = pp remains finite we
obtain
w* = Aop*; wuw* =w,p* =p,p* =

Now, since no rest system exists any longer, Ao can be called ‘the spin component
in direction p’ only in the sense of an analogy.

After this classical discussion we turn to an exact formulation. For m = 0
we have from (10.4.15) w,w* = —m?(S?)ges = 0'; furthermore for m = 0 the
identity w, p* = 0 holds and also p,p* = 0. Therefore in this case w* may
well have a component in direction p*. Let n, and m, be two unit four-vectors
orthogonal to each other and to p*: n,m* = n, p* = m, p* = 0. Then put

w* = an* + bm" + cp*.
wyw” = 0 yields @ = b = 0, hence
w* = cp* (for m = 0). (104.27)

Since this is a covariant equation, it follows that ¢ must be Lorentz invariant.
Its significance follows from (10.4.3), which we repeat here (using the fact that
in w# = je4 _J?p° we can replace J** by S*):

w* = W, w)=(S-p, Sp°+ S° x p) =c(p°, p) (10.4.28)

where the last equation is true for m = 0. Since now also p° = |pl, we read off
(compare (10.4.24): A(p) = (S - p)/Ipl)

. S
i cp®=8-p or C=FﬁEA([))

(i) cp=Sp®+ 8° x p=Sp° (since S® x p is orthogonal to p).
——

=0

From ¢ = A(p) and the invariance of ¢ it follows that for m = O the helicity
operator A(p) must be a true invariant under all Lorentz transformations and not
only under the restricted class discussed above. This is indeed the case, since
for m — 0 our ‘four-vector’ I* becomes a genuine four-vector: for m — 0
(10.4.21) transforms into

1 P 1 H

"= — (|p|,p_°) - p =2 (10.4.29)
m |p| m m

Hence for m — 0 our /* transforms like p#. That its components tend to infinity

does not matter: we have defined (equation (10.4.23)) A(l, p) = —(I/m)w,I*

! This is not quite correct; since a rest system no longer exists, we cannot know whether ‘(52)gest’
might not be oo; then w, w# could be anything. In fact, w,w* # O leads to ‘continuous spin’
which seems not to be realized in Nature and will not be discussed here.
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and this quantity is now a true invariant (and even finite). The invariance of
A(p) for m = 0 (we shall write Ag(p) for this particular A) implies that its
eigenvalue Ag, found in one Lorentz frame, will be the same in all Lorentz
frames. Furthermore this is equivalent to

[Ao(p), P11 =[Ao(p), J*'] =0 (10.4.30)

and since p* and J*’ (and combinations thereof) are the only observables (apart
from those others, I', which are supposed to commute anyway with p* and J#")
it follows that no measurement can induce any transition from A% to A0 # A°.
In other words: for m = 0 only one eigenvalue A° of the helicity exists (and not
aspectrum A = —s, —s + 1,..., +s as for m # (). The question arises: which
of the possible values between —s and +s does the particle choose? In fact this
question has no sense, because s is no longer defined. The point is this: as long
as m # 0 we define the total spin by

1
(8%)Rest = ——swuw! = 5,8 =s(s + 1),

This is clearly invariant, commutes with all p and J and thus could be written
s(s+1). If m = 0 no such invariant exists any longer; the formula gives simply
s(s +1) = 0/0. No limiting process works, because m # 0 and m = 0 are
qualitatively different: however small m is, a rest system exists—but it does
not exist when m = 0. Between these two possibilities there is no continuous
connection. Thus we cannot define s(s + 1) either by the invariant or by a
limiting process. Of course, we could say that we call the quantity S + S2 4 S7
‘the spin squared’, but we must then accept that this is not an invariant quantity
and does not therefore ‘belong to the particle’. We thus see that the quantum
number s = spin cannot be invariantly defined and the question of which value A
the particle selects, between —s and +s, makes no sense. However, Ag(p) = Ao
is now itself an invariant, which never changes and therefore characterizes the
particle rather than the state. We may then, since our old invariant s cannot be
defined, simply call Ay ‘the spin’ of the mass zero particle.
There is even a simple argument in favour of this definition: from (10.4.28)
we found that
Sp0 = Ao(p)p. (10.4.31)

Now for m = 0 we can always find a coordinate system in which the eigenvalue
four-momentum is (p, 0, 0, p). On such a state, call it |p, Ao}, we have then

polp, 20) = p:|p, A0) = pIP, o)
Px|p, Ao) = pylp, Xo) = 0.
Hence, since p® % 0 commutes with S and p, # 0 with Ao(p)
Selp, ko) = Sy|p, 2o) =0

S:1p, Ao} = Aolp, Ao)



10.5 HELICITY STATES IN PARTICLE PHYSICS 263

so that the eigenvalue of the non-vanishing space component of S is just Ag.
Ao can be positive, negative or zero. If it is zero, only one state exists. If
it is different from zero, then

e  either for the particle a parity operation is defined (the particle has a definite
parity 1), then by applying the parity operation p goes to —p but S goes
to S (because it is a pseudovector), and therefore A — —Aq. Thus for
particles with m = 0 both helicity states with Ay = %|io| exist, if the
particle has a definite parity (e.g. the light quantum);

e  or the particle has no parity, then only one value A exists and the particle
has always a definite helicity (neutrino). In the neutrino case, however, CP
is a good quantum number and since charge conjugation changes neither
S nor p, it follows that the antineutrino has helicity opposite to that of
the neutrino. Note that the possibility of having two states with Xy is
not in contradiction to the above statement that Ay could not change: the
above statement was based on the fact that Ag(p) commutes with all p*
and J#Y, whereas the change from Aq to —A¢ was induced by the parity
(or CP) operation, which does not belong to the proper Lorentz group and
was therefore excluded from that statement.

10.5 The use of helicity states in elementary particle physics

In this last section we select some parts of the paper by Jacob and Wick (1959).

10.5.1 Construction of one-particle helicity states of arbitrary p

Since the helicity A(p) is invariant under rotations and Lorentz transformation
in the direction p, we may construct helicity states starting from a system in
which p points in the z-direction. Call such a state (we omit y)

|p, s, y) = state with p* = (po, 0,0, p). (10.5.1)

If then p = p(sin ¥ cos ¢, sin ¥ sin ¢, cos 1#), we obtain the state |p, ¥, ¢, A} with
the same A by an active rotation R,(«, 8, y) witha = ¢, 8 =6,y = —¢ where
Y = —¢ is not really necessary but has been chosen to make R =1 if ¢ =0.
Thus

1P, 0, 0,5, 1) = Us(p, 0, —9)|p, 5, &) = e ¥re P el p 5 1), (10.5.2)

If the mass m # 0, we can even start all that in the rest system of the particle
and generate |p, s, A) by a Lorentz transformation in the z-direction. For states
at rest—call them |0, s, A)—A is the eigenvalue of S;. The relative phases of
the states with A = —s, —s + 1,..., +s will then be defined as usual by (see
(4.6.12)):

(Sx%15,)10,5, 1) = Vs(s + 1) = AA£1)|0, s, A£1). (10.5.3)
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This does not work for m = 0, since no rest system exists and, since
Sy =8 =0, even §; = §; +1iS, and S_ = §; — iS, commute on the states
|p, A0). But we can define the relative phase between |p, A¢) and |p, —Xo) by
means of the parity operation, which only exists when both values of Ay are
allowed. Let us first see how we can define | p, s, —A) for a particle with m # 0
and then for m = 0.

For m # 0 there are three possibilities.

(i) 2A times applying S_ = §; —i§,.

=M
|p, s, —A) = G +l)'s‘| , 8, A). (10.5.4)
This does not apply for m = 0, since then S_ and s are not defined.

(ii) A Lorentz transformation in the z-direction, which carries p — — p (passing
over the rest system) and thereby A — —A and a rotation by m about x and
y. For such a rotation about x we had the result R;|jm) = (—1)~/|j —m)
(see footnote to (6.3.65)) and, since R, = e {"/D%R, e™/D/: we obtain
Ry|jm) = (=1)™~4|j — m). Since the correspondence is (remember m is
S, A s Sp)

|P, 5, A') = |P, s, m)
‘ (10.5.5)
|_p’s’l)=|_p7s’_m)
we have R,|p, s, A) = (—=1)**| — p, s, X). We prefer R, to R, since s — A
is always integer; the factor (—1)°~* = (—1)*~ is real. Then the state
|p, s, —A) can be defined by

R,
1P.s, ) 3 | = p.s,=A) = |p, s, —A).

The whole procedure still works if we let p — 0 afterwards. If we combine
the L-transformation (which reverses the sign of p and of 1) and the rotation
R, in one symbol R, then for all p (including p = 0)

1P, s, =A) = (=1 R;|p, s, A). (10.5.6)

This procedure does not work for m = 0, because no rest system exists and
consequently p and A cannot be reversed by a Lorentz transformation.

(iii) The parity operation combined with R,. Defining the intrinsic parity of the
particle by the phase factor 7 in

Plp,s,A) =nl—p.s,—4)

we obtain
Y:=PR,=R,P

(10.5.7)
|p, s, —A) = (=1)"*n¥|p,s, X).
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This procedure works even for m = O if the particle is parity invariant and
if we put s = Ap. Thus we adopt it for all particles. When m # 0, all three
definitions are equivalent.

|p, s, —A) = (=1 *Ry Pnlp,s, &) = (=1 *Ry|p, s, A)

(s M! le
RS

s, A) (10.5.8)
|p, —Xo) = Ry Pnlp, Ao) form =0.
In (ii) above we found that our old result R,|jm) = (—1)7/|j, —m) implies
| = p,sh,)=(1R)|p,s,A) form#0

where both definitions become equal if we define the spin by s = Ay for massless
particles. This defines completely all one-particle helicity states for m # 0 and
m =0,

(10.5.9)

10.5.2 Two-particle helicity states

We define these states conveniently in the centre-of-momentum frame by a direct
product of one state |p,, 5., A,) and another one |py, sp, Ap) Where p, = — pp.
That is, the state where p, = +p and p, = —p may be written

| PSaraSprs) = |PSata) ® | — psphs).

This state may be transformed into a state |p?es,Assp2p5) by rotating it by
U(p, 9, —p) = e ¥ e71?)y ei¢): where J = J, +J,. Noting that (see (10.5.5))

Jz.alPSaha) = Aa|psara)
Jz.bl — PspAe) = —Ap| — psphs)

we find

| PO @sahasphy) = e9Pah) emi0)e =0y | o 3 SbAs) (10.5.10)
where the last rotation e’ can no longer be written as a simple numerical
factor, since Ry(1)|ps,A,55Ap) is not an eigenstate of J,.
10.5.3 Eigenstates of the total angular momentum
If we apply our projection formula (6.3.52)

2j+1 . I
I / o DI @) R@)|Y) = ;w jmyyjm) (10511
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to a state |) = | ps,A,spAp), then we should obtain an eigenstate of total angular
momentum |pjms,A.spAp), Where A, and A, are conserved in the state, since
they are invariant under rotations. Now, |ps;AgsspAp) is an eigenstate of J,
with m’ = A = A; — A, hence in (10.5.11) only m’ = X will give a non-zero
projection. We shall furthermore write a normalization factor N;/2n instead of
(2j 4 1)/87?% and obtain

|Pimsahasshs) = / dady sin B8 DY (@, B, y)R(@, B, ¥) |PSahass).

(10.5.12)
Now from (10.5.10)

R(e, B, ¥)|psakasphs) = €7V 7% | paBs, Ay sphs)

with (6.2.16)
D(J) (a, ﬁ y) _ en(ma+ly) d(])(ﬁ)

so that ¢'* drops out and the y-integration yields 27. Hence

|pimsarasphs) = N; / dasin 8dB DY) (a, B, —a)| paBsarasprs). (10.5.13)
The normalization factor N; is determined by requiring that

(p J 'm S’A’ A-;,)|pjmsaA-asbl-b) = 3(1” - p)aj’jam’m
(10.5.14)
Xa;;s,,as,’,sbax;x,,ax;x,,

whereas for plane wave states we require

(P B'e'sy Moy s | PBSaAasyhs) = 8(p' = P)3(@’ — )b (cos B’ — cos B)

X855, 850 5,002,001, -
(10.5.15)
In the following calculation all § except 8, 8mm and 8(a’ — ct)8(cos 8’ —
cos B) drop out and the quantum numbers are suppressed in the states. Then we
have, after integrating over ' and sin g8’ dg”:

('m'|jm) = N,,N,/dasinﬂdﬂ DY), B, —a)DY) (a, B, —ar).

Since the factors e'* e™** cancel, we may replace —a by anything, e.g. by ¥,
and integrate with dy/2x, without changing the expression. Then the integral
becomes (6.3.47)

4
/dasmﬂdﬂ D( (o, B, y)D(j (@, B,y) = 2 +]81/3mm
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and we obtain
s , 4m
(Jm|jm) = N; mtgjj'tSm'm =6 6m'm

if we put N; = /(2j + 1)/4r . Finally, then the eigenstate of total angular
momentum J?2 and J, and helicities Ag, Ap is

. /2 i+ 1 . e
Ipimsgahasphp) = ]47r fsm 2 do de D,(,{z 9O — Q)| pRYsaraSpip)

|PP sakasphs) = |Psaka) @ | — PSpAs)  Pa = P(D, @)
The normalizations (10.5.14) and (10.5.15) imply

(pll"psak:;sll,k;,|pjmsakasll,kb) = 63,’,3463,’,3,,6).;).,,6).;).56(17/ - P)

(10.5.16)
2j+1
x| =D (9.9, ~).
n

The transformation between these two bases, |, ¢) and |jm), is unitary: one
easily verifies (we omit the s,, 5p, €tc)

f Sin 9 i dp (' A s 99Aads)(P@Aahsl imhahs) = 87 Spm

Z(z?'(p'k Ap|ljmAghp) (jmAsdp) |9 @A, Ab) = 6(cos ¥ — cos #)8(p" — ¢).
jm
(10.5.17)
The corresponding projection operators are

[ sin 200 4o 19hata) 0ras1 = Pr

(10.5.18)
Y LimAako) (jmhahs| = Pia,.

jm
10.5.4 The S-matrix; cross-sections

Let a reaction be of the type a +b — ¢ +d; then the S-matrix element is given
by
(PcParcralSIPaPorars) (10.5.19)

where we suppressed the spins s,555.54 since they remain constant anyway. With
the normalization (10.5.14), (10.5.15) this is equivalent to

~ov’
— 6 o
(PcParchralS|papprars) = (27)°8(p'* — p*) - (10.5.20)

X (09 AcAy |S(Pu)I0‘P)‘a Ap)
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with p p
V= + =1+

2 2
\/p +m; \/p2 + mg
(note that because of the presence of vv' this normalization is not Lorentz
covariant). In the centre-of-momentum frame p=p, + pr=p.+ps =0
The cross-section is then related to the transition-matrix element § = 1—iT
by the formula

do —2”20AATE00AA2 10521
d_S—lc.,,,._<7 (oA Ag|T(E)|00A Ap)| (105.21)

where E = E. = [(pa + Po)(pa + po)ult = VP2 +ml + \/p?+m}. We
now go to the jm-representation, where the rotational invariance of § can be
used explicitly. Namely, as a rotationally invariant quantity S(E) is necessarily
an irreducible tensor of rank 0, therefore energy conservation and the Wigner—
Eckart theorem give (equation (8.8.3))

(E'j'm'AcAg|S|EjmAghs) = 8(E' — E)8jr jbmm(Achal ST (E)Aahs) (10.5.22)

where the remaining matrix element is (up to a different notation) the reduced
matrix element.
With the help of the projection operators (10.5.18)

Y limAadp)(imAads = Pis, (10.5.23)

jm
we obtain (omitting §(E’ — E) and writing already S(E))
(P @AcAg|S(E)|00AAp) = (DpAcha| Py oy, S(E)PAaAp|00X,A4)

=) (PorAali'm Acha) ('m Achal S(E)| jmahs)

jm j'm’
X (jmAgdp|Po@oraks); o = @0 =0 (10.5.24)
with (10.5.22)

=) (F@hchal jmrcha) (jmhahp|Poporars) (Aehal S (E)|Aaks).

jm

(10.5.16) now gives

, 2 +1
(Ophcraljmicha) =/ ’4 DY @.0.—9)  m=hc—hg
2j 1
(jmAahs| Popohahs) ,/ L p%0,0,0) = L b
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If we insert thjs into (10.5.24) we obtain

1 . e
(OPAAIS(ENOOAAs) = =D [ + DAkl S/(E)Aaro) DL (9, 9, —9)]
j

A=2ds— 2 U =Ac—Ag.

(10.5.25)
If we write the differential cross-section
do 5
o= | f (Achd, Aaks, U, @) (10.5.26)

then the scattering amplitude f is given by

1 _ . .
fGucha hah, 9, 9) = 5 > Q2+ DireAdl T (E)aaro) DY) (9, 3, —9)
J

(10.5.27)
where again S/(E) = | —iT/(E).
As an illustration we compare this with the usual formula. The comparison
is made by specializing to the case A, = Ay, A, = Ay, when A = u =0 and j
must be an integer /. In this case (6.3.33) gives Dgg (¢, 9, —¢) = Pi(cos ) and
we obtain for the scattering amplitude

1
FQahrg, Ache, 8, 90) = —— E 21 + 1) (Ahchc| S'(E) — 1 AqAq) Pr(cos B)
2ip 4

(10.5.28)
which is very similar to the well known formula for spinless particles. The usual
formula for particles with spin is, however, much more complicated. The helicity
formalism simultaneously achieves simpler formulae and greater generality. This
is another example of the experience that a fully relativistic treatment is often
simpler than the non-relativistic one.

10.5.5 Evaluation of cross-section formulae

For the calculation of cross-sections (10.5.27) has to be squared. Either
one first calculates explicitly the amplitude using the formula (6.2.16) for
D, and then squares, or one squares directly. In this case (we abbreviate

(AcAa| T/ (E)|rahs) = ()

1 e
A=z Y @i+ b + D) pe bl (105.29)
i
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The product of two D can be reduced to a sum over D by means of (6.3.68),
(6.3.4) and (6.3.33):

(63.68): DY) =DY)_ (—1y»

63.4):  DY_ DY) =" (j — AjAIONJIO) — i’ m)DY  (10.5.30)
J
(6.3.33): D&?((p, Y, —¢) = P,;(cos®) (J = integer =1).

Thus, if all helicities are assumed to be given

do 1
— (AcAds Aghp, B) = — i+ D2+ D(=1**
o (kekd Aaks, ) 4,,2;‘2” )@2j' + D(=1)

X (AAd| T (E)Aarp)(hehal T7 (E)Aahp)* (10.5.31)
X Y (j = A'MI0)(101j — pj'we) Pr(cos 9)
{

where L = A; — Ap; it = A, — Ay. If not all polarizations are specified, then one
carries out in this formula the corresponding averages over A, and/or A, as well
as the sums over A, and/or A4. If particles with m = 0 occur, only two states
are possible if parity is conserved; only one state if parity is violated.

10.5.6 Discrete symmetry relations: parity, time reversal, identical
particles

Invariance of elementary processes under the inhomogeneous Lorentz group
including rotations has been used to build up all this formalism. Thus these
invariances cannot give us any further simplifications or relations.

The discrete groups, however, lead to further relations.

10.5.6.1 Parity

For a one-particle state we found with ¥ = PR, = Pe™ '™/ (see (10.5.7))
Plpsi) = (=1)""*ne"™|ps, —1).

For a two-particle state (J, = Jyq + J,p) with (10.5.5)

PIpsakasphs) = (=1)"+* 2 enun, € | psy, —Aasp, —Ap).  (105.32)
This implies for total angular momentum states (10.5.12)
2j+1
4

PlpjmssAasphp) = (—l)s"“"_k"“"nanb

x f sin gdgda dy DY) (a, B, y)R(a, B, ¥)R(0 — 0)| psar —ha, Sp» —Ap)
(10.5.33)
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where PR(a,B,v) = R(x,B,y)P has been used. We can now change
the integration variables by defining R(x, 8, y)R(0,—m,0) = R, B, ¥');
sindBdady = sing'df’ do’dy’ (that dw = de’ is not trivial but can be
shown). Then we have to relate D to the new variables:

D(a, B.¥)D(0, —x,0) = D(«', B/, ¥")
or . ) )
D@, B,v) =) DY, B,y)DFO, x,0).
P

Now R,|jm) = (—1)/~™|j — m) (see (10.5.7)) so that

D0, m,0) = (=1)) 76y,
thus . ' -

D,(:A) (av ﬂv }’) = (_l)]_ADp('-,I.)—,\(a,) ﬂlv V’)
Then (10.5.33) changes into (remember A = A, — A5 and j — X integer)
2j+1
4

x / sin dg dady DY, (@, B, V)R(@, B, ¥)|PSa — haSh — Ap).

P|pjmsarasprp) = (—1)/ 7" n,np

Comparing this with the definition (10.5.16), one sees that
Plpjmsahasphp) = (=1) =S n 0yl pjmsa, —Aa, Spr —As) (10.5.34)

where j — s, — 55 is always integer. If the S-operator is invariant under parity,
then
(final|S|initial) = (final| P~! S P|initial)

= (final| P S P~!|initial)

implies ' _
(=Ae = Ag|S7| — Aa — Ap) = n(Achq|S? |Aadp)
P VR (10.5.35)
Na'lb

This relation approximately halves the number of independent S-matrix elements.

If we insert this into the scattering amplitude (10.5.27), then we would like
to have the subscripts —A — u with the D. This can be done; the second and
fourth line of (6.3.68) yield

D;ﬁ (‘pv 0’ _‘p) = (_I)A_MD(—]'A).—M(_‘/” 0v ‘p)

The factor (—1)*~* can be compensated by ¢ — 7 —¢ so that D,(\L) (p, 0, —p) =
DY) (m — ¢, 9, ¢ — ). This gives in (10.5.27)

f(_)'cv —)'d1 _)va, —)'bv 07 ‘P) = nf()'as )'br )'C, )'dv 01 T — ‘p) (10536)

if parity is conserved.
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10.5.6.2 Time reversal

Time reversal is represented by an antilinear and anti-unitary operator T (do
not confuse with the transition operator T). Time reversal obviously changes
momentum and angular momentum into their negatives; hence, since A refers
to the direction of p, no change of A occurs and hence |psi) — | — psi).
The same can be done by a rotation Ry, only both operations will give rise to
different phase factors. Combining these into one symbol, €, we have

T|psi) = ee”™r|psA). (10.5.37)

Is £ independent of p and A? Yes, it is. Let us apply T2 to |psA). It restores
|psA) up to a phase factor n, which obviously cannot depend on p and A. Then

T?|psA) = n|psh) = e2e™ 2| psA).

Now |psA) can be expanded into a sum over |pjmsA) and each of these obtains
a factor (—1)* upon 2m-rotation. Since these j are either all integers or all half
odd integers, it follows that

82 e—27ril,|ps).) = igzlps)\) = nlps).)

Hence £2 = +n independent of p and y. We may even eliminate & by
multiplying all states |psA) by a phase «*(s). Then (10.5.37) gives (since T is
anti-unitary)

Ta*(s)| psA) = a(s)T|psA) = a(s)ee 7| psi)
=a?(s)ee " ha*(s)|psh).

Choosing a(s) = 1/,/¢ and calling «*|psA) again |psA), we have no & any
longer. For such states n = 1. Putting € = 1, we have

T|psahasprs) = e 7| psahasphs). (10.5.38)

This gives, applied to the |pjms, A sp)p) states (see (10.5.12) and remember that
TDW = DT, whereas T commutes.with the abstract rotation R(a, 8, v):
e.g. TR(a,0,0)|jm) =T e™*™|jm) = &"*™|j, —m) = R(a, 0, )T |jm})

' 2i+1 [
T\pims,Aasphp) = an /Smﬁdﬁdady (10.5.39)

x D@, B, Y)R(@, B, Y)R(O, 7. 0) | pSahass).

We define R(e’, ', ¥') = R(x, B, y)R(0, 7, 0) and

DY@ B.y) =Y DY ('By)DS) (0 — m0).
P
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From page 271 we have D(’)(O m,0) = (—=1)/7*6_, ,; and since DYV (27) =
(=D, it follows that D(’)(O —m,0) = (—1)/**6_, ;. Therefore

[27 +1
T|pjmsaAaSphp) = J4+ (=1)/+ f sin B dB da dy

x D, (@, B, ¥)R(@, B, V)| pSatasphs)-
Now use (6.3.68) DY, = (=1)™™=*DY”% and obtain
T|pimsahasphs) = (1Y ™| pj, —m, sahaSpAs). (10.5.40)

Now, for any anti-unitary operators A and B it holds that {(y|(AB)|g) =
{({(¥1AY(Ble)}*; furthermore, for the S-matrix TS*T = S; thus with T = A,
ST =B

(VISlp) = (YT S*T)lo) = {((WITHS*TIeN}" .
We then obtain with (10.5.40)

(JmAchg|S|jmAghp) = (j — mA Ag|S*|j — mAghp)*
= (j —mhahp|S|j — mAcAy)

and with (10.5.22) on both sides
(AchdlST Aahp) = (Radp) ST [Acha) (10.5.41)

if T-invariance holds.

10.5.6.3 Identical particles

We use the following notation: we distinguish the numerical values of the
quantum numbers by an additional prime, whereas the subscripts a and b indicate
which particle actually has this numerical value. Consider then a state (we omit
Sqg =8p =5)
|PAaAy) = |paka) ® | = pphy).
By exchanging the particles we obtain
Pap|Paka) ® | = pohy) = |Pors) ® | — Paly). (10.5.42)

Now from (10.5.9)
. b
|ppho) = (= 1)~+Am 57| = pods)
| = pakl) = (=1 &5 | poar)
= (=)= &4 | poAL)
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where R(27)[psA) = (=1)*|psA) (see (6.3.69)) was used. We then obtain
(25 — A + ) is integer!)

Paplprahy) = (—1)E 2™ |5l 3. (10.5.43)

If we compare this with (10.5.32) then we see that apart from the additional
nanp and the different state on the r.h.s. the structure is the same. Carrying
through the same calculation as after (10.5.32) would then lead to the equivalent
of (10.5.34), namely

PalpjmAghy) = (—l)f‘zslpjm)\;)\,,) (identical particles). (10.5.44)

Since integer spin gives Bose-Einstein and half odd integer Fermi—Dirac
statistics, the correct states are given by applying the operator % (1 +(=DFPy)

to the state |pjma,A;). Then the factor (—1)® is eliminated and the state with
correct symmetry for two identical particles is

|pjmAX’) miahy) + (=1 |pjmA,ip)} (10.5.45)

f {Ipi
whatever the spin s of these two particles may be. This implies that in a total
angular momentum eigenstate |pjmA)’) of two identical particles only A # A’
is allowed for odd j.

Example

If a particle of spin j decays into two identical decay products (7% — yy), then
for j odd A # A'. Assume jro = |, then |A,| = | and then A # A’ requires,
e.g, ha =1,1 = —1; then J, = m = +2 in contradiction to j, = 1.
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SUPERSYMMETRY IN QUANTUM MECHANICS
AND PARTICLE PHYSICS

11.1 What is supersymmetry?

The concept of supersymmetry (Golfand and Likhtman (1971), Volkov and
Akulov (1973), Wess and Zumino (1974)), which relates bosonic and fermionic
states in quantum mechanics, i.e. combines integer and half-integer spin states
(particles) in one multiplet, has played a central role in the development of
quantum field theory for two decades (see, e.g., Wess and Bagger (1983),
Gates et al (1983), West (1987)). Supersymmetric models of unification
of the fundamental interactions are the most promising candidates to extend
the standard model of strong and electroweak interactions. Gravity was
also generalized by incorporating supersymmetry (SUSY) into a theory called
supergravity. In this theory, Einstein’s general theory of relativity turns out
to be a necessary consequence of a local gauged SUSY. Thus, local SUSY
theories provide a natural framework for the unification of gravity with the
other fundamental interactions of nature.

Another theoretical motivation for studying supersymmetry is offered by
string theory (Green et af (1987)). The presence of fermionic string states
together with bosonic ones imposes a supersymmetric structure on the theory.
In effective field theories which approximate string theory in the energy domain
below the Planck mass equal to 10!° GeV, this structure manifests itself as a
supersymmetry among particles. In the string domain supersymmetry is essential
in order to define a tachyon-free theory (tachyons are hypothetical particles with
unphysical imaginary mass).

Thus supersymmetry is a necessary ingredient in any unification of all basic
interactions of nature, i.e. strong, electroweak and gravitational interactions.
One more important fact which explains why supersymmetry is so important
for the unification is the following: SUSY offers a possible way to avoid
the no-go theorem of Coleman and Mandula (1967) which was based on the
assumption of a Lie algebraic realization of symmetries (supersymmetric or, in
more mathematical language, graded Lie algebras were unfamiliar to particle
theorists at the time of the proof of the no-go theorem). More precisely,
this theorem states that any Lie group containing the Poincaré group and an
internal symmetry group is the trivial product of both. In other words, internal
symmetry transformations always commute with the Poincaré transformations.
The hypotheses of this theorem are quite general. They consist of the axioms of

275
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relativistic quantum field theory and of the assumption that all symmetries are
realized in terms of Lie groups. A way to circumvent it was, however, found by
Haag er al (1975). These authors simply relaxed one of the hypotheses of the
no-go theorem, namely the one which concerns the groups of symmetry. They
assumed that the infinitesimal generators of the symmetry obey a superalgebra
(called also supersymmetric Lie algebra or graded Lie algebra). A superalgebra
is a generalization of the notion of a Lie algebra, where some of the infinitesimal
generators are fermionic, which means that some of the commutation rules are
replaced by anticommutation rules.

A further motivation for supersymmetry is found in the solution of the
hierarchy problem of the grand unified theories (see, €.g., Ross (1984)). In these
theories, which tend to unify all the particles and forces except gravitational ones,
two energy scales must be introduced, typically of the order of 103~10* GeV, the
electroweak scale, and 10'5-10'® GeV, the grand unification scale. This means
that masses of the particles in the model must be fine tuned with a precision of
107'2, Such a tuning is not possible in ordinary quantum field theory, since the
presence of the so-called ultraviolet divergences of the quantum mass corrections
induces a strong instability of the mass differences. In supersymmetric theories
ultraviolet divergences are milder; in particular the quantum mass corrections
depend only on the logarithm of the ultraviolet cut-off, instead of its square.
The huge mass differences in grand unified theories are then much more stable.

Thus the attractive property is that SUSY relates bosonic and fermionic
degrees of freedom and has the virtue of taming ultra-violet divergences.
Moreover, some ultraviolet finite supersymmetric models have been known for a
long time. Most of these models have the so-called N-extended supersymmetry:
N =2 or N =4, where N counts the fermionic generators. The basis of the
extended N-supersymmetry algebra consists of

e bosonic (even) Hermitian generators T,, a = 1, ..., dim(G), of some Lie
group G

e the (even) generators P, and M, of the four-dimensional Poincaré group

e fermionic (odd) generators Qg. a=12,i= 1IY belonging to a
dimension N representation of G, and their conjugates QF and

o  central charges Z', i.e. bosonic (even) operators commuting with all the
T, and all the Q, and Q¥, as well as with the Poincaré generators.

The T, and Z'/ are scalars, whereas Q! and QY belong to the two
inequivalent fundamental (two-component spinor) representations of the Lorentz
group which are conjugate to each other. The dotted and undotted indices of
two-component spinors can be raised or lowered with the help of the invariant
antisymmetric tensors gq5 = £ = —g45 = —£%f | £5 = +1.

The general superalgebra of N-extended supersymmetry, also called the
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N-super-Poincaré algebra, reads as (see (10.3.2) and (10.3.3))

[Mu.v, Mpa] = _i(gu.vaa - gu.anp + gvaMu.p - gvay,a)

. (11.1.1)
[Mu.v, PA] = l(Pu.gvA - Pvgu.l)
[T, T,] = ifabcTc (11.1.2)
[Qf,, Q;;] = £apZ" (11.1.3)
{Q., 0} =28i(c"),* Py (11.1.4)
[0 Myl = 3(0u)e’ O (11.1.5)
(0%, Mu] = — }(5,)507 (11.1.6)
(04, Tu] = (Ra)'; 0} (11.1.7)
[0f, Tu) = — Of (R (11.1.8)

The curly brackets {-, -} denote an anticommutator:

{Q1.0:}= 0102+ 2201 .

Other (anti)commutators are equal to zero. The four-vector o# is defined as

=4 (5 32 D6 1)

(11.1.9)

The matrices oy, = (i/4) [0‘,‘, 0“,] and their complex conjugates d#* provide two
inequivalent two-dimensional representations for the Lie algebra of the Lorentz
group. The matrices (Ra)§ are the representation matrices for the Lie-algebra
generators T, in the representation provided by the fermionic generators.

This result is the most general one for a theory with massive particles. In
a massless theory, another set of fermionic charges may be present.

Inthe N = 1 case, the superalgebra is reduced to the so-called Wess—Zumino
algebra (Wess and Zumino (1974))

{Qa. 0%} =2(c") P,
{Qa. 05} =0 (11.1.10)
2] =0
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to the commutation relations of the fermionic generators with those of the
Poincaré subalgebra

[Qu Myl = $(0)a? Q5 [0 My] = —1 (60509

- (11.1.11)
[Qaqu]=0 [QG,PM]=0

and to
[Qu, R1=—Qa  [Q% R]= Q% (11.1.12)

Here, R is the infinitesimal generator of an Abelian group which is the trace of
the internal symmetry group G.

Being already familiar with the notion of tensor operators, the reader can
easily realize that the operators Q, and Q® change the spin of a quantum
mechanical state by one-half due to their transformation properties (11.1.5)
and (11.1.6) with respect to the Lorentz subgroup. Simultaneously, because of
the anticommutation relations (11.1.3) and (11.1.4), they change the statistical
properties of states, i.e. transform bosonic states to fermionic and vice versa.
Despite the beauty of all these unified theories, there has so far been no
experimental evidence of SUSY being realized in particle physics. One of the
important predictions of unbroken SUSY theories is the existence of SUSY
partners of all known elementary particles which have the same masses as their
SUSY counterparts. The fact that no such particles have been seen implies that
SUSY must be broken. One hopes that the scale of this breaking is in the range
of 100 GeV to 1 TeV in order that it can explain the hierarchy problem of
mass differences. This leads to a conceptual problem since the natural scale of
symmetry breaking is the gravitational or Planck scale, which is of the order of
10'° GeV. Various schemes have been invented to try to resolve the hierarchy
problem, including the idea of non-perturbative breaking of SUSY. It was in
the context of this question that SUSY was first studied in the simplest case of
SUSY quantum mechanics (SUSY QM) by Witten (1981) (see also Cooper et
al (1995) and references therein). Thus, in the early days, SUSY was studied
in quantum mechanics as a testing ground for the non-perturbative methods
of investigating SUSY breaking in field theory , but it was soon realized that
this field was interesting in its own right, not just as a model for testing field
theoretical methods.

In particular, there is now a much deeper understanding of why certain
potentials are analytically solvable and an array of powerful new approximation
methods for handling potentials which are not exactly solvable.

We will use SUSY QM as a simple realization of a superalgebra involving
the fermionic and the bosonic operators, to give the reader the main ideas and an
introduction to the subject, but let us remark that non-relativistic SUSY quantum
mechanics not only has pedagogical meaning and provides us with the method
of solution of the Schrodinger equation for certain classes of potentials, but
also has practical applications and has stimulated new approaches to different
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branches of physics, such as nuclear, atomic, condensed matter and statistical
physics.

11,2 SUSY quantum mechanics

A quantum mechanical system characterized by a self-adjoint Hamiltonian H,
acting on some Hilbert space H, is called supersymmetric if there exists a
supercharge operator Q obeying the following anticommutation relations:

{0, 0}=0=1{0% Q"} {0, Q'}=H. (11.2.1)

One can easily recognize in these relations the non-relativistic analogue of the
Wess—Zumino algebra (11.1.10).

An immediate consequence of these relations is the conservation of the
supercharge and the non-negativity of the Hamiltonian:

(H,Q1=0=[H, Q] H>0. (11.2.2)

In 1981 Witten introduced a simple model of supersymmetric quantum
mechanics (Witten (1981)). It is defined in the Hilbert space H = L*(R) ® C2,
that is, it characterizes a spin—%-like particle (with mass m > 0) moving along
the one-dimensional line. In constructing a supersymmetric Hamiltonian on H,
let us first introduce bosonic operators A, A' and fermionic operators f, f:

1 d -1

d
A= ——— + W(x Al=—— — +wW(x
o ox (x) > & (x)

enm(3l) rmem(00)

where the superpotential W is assumed to be continuously differentiable.
Obviously, these operators obey the commutation and anticommutation relations

2
(A, Al = %W’(x) (f, fli=1 (11.2.4)

and allow us to define suitable supercharges

Q=A®f*=<2 8) Q*=A*®f=<8 *(‘)t) (1125)

(11.2.3)

which obey the required relations {Q, 0} = 0 = {Qf, Q'}. Note that Q is
a combination of a generalized bosonic annihilation operator and a fermionic
creation operator. Finally, we may construct a supersymmetric quantum system
by defining the Hamiltonian in such a way that the second relation in (11.2.1)

also holds ;
A 0 H 0
H={(Q, Q)= ( oA AA*) - ( ol Hz) (11.2.6)
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with
m=-L1% v - we (11.27)
1= 2mdx2 X o X L.
-9 LW+ we (11.28)
2=~ 51 x = x 2.

being the standard Schrodinger operators acting on L2(R).

Example: SUSY harmonic oscillator

As we have discussed in chapter 7 on the Jordan—Schwinger construction, for the
usual quantum mechanical harmonic oscillator, one can introduce a Fock space
of bosonic occupation numbers and the creation and annihilation operators a
and af, which after a suitable normalization obey the commutation relations (cf
(7.1.5) and (7.1.9))

[a.a'1=1 [N,al = —a [N,a'1=ad!
N=ad'a H=N+1 (11.2.9)
For the case of the SUSY harmonic oscillator, one can rewrite the operators
Q (@) as a product of the bosonic operator a and the fermionic operator f.
Namely, we write Q = af! and Q! = a! f, where the matrix fermionic creation

and annihilation operators are defined in (11.2.3) and obey the usual algebra of
the fermionic creation and annihilation operators, namely

horii=1 A=t f1=0 (11.2.10)

as well as obeying the commutation relation

1 0
[f.f*]=ag=(0 _1>. (11.2.11)
The SUSY Hamiltonian can be rewritten in the form
@ x? .
H=QQt+QTQ=<_E+T>1_§[f,f1], (11.2.12)

The effect of the last term is to remove the zero-point energy.

The state vector can be thought of as a matrix in the Schrédinger picture or
as the state |n,, ny) in the Fock space picture. Since the fermionic creation and
annihilation operators obey anti-commutation relations, the fermion number is
either zero or one. We will choose the ground state of H; to have zero fermion
number. Then we can introduce the fermion number operator

_1-o3  1—-[f f1]

= = 11.2.13
nge 7 > ( )
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The action of the operators a, a', f, f! in this Fock space is then

alnp, ng) = |np — 1, ng) flrp,ng) = Inp,ng — 1) (11.2.14)
a'lnp, ng) =Inp+ Lng)  fllnp, ng) = lnpong +1).  (11.2.15)

Of course, ny can have only the values zero and unity. Now one can see that
the operator Q' = —iaf' has the property of changing a boson into a fermion
without changing the energy of the state. This is the boson—fermion degeneracy,
characteristic of all SUSY theories.

As is seen from (11.2.3), for the general case of SUSY QM, the operators
a and a' are replaced by A and A" in the definition of Q and QF, i.e. one writes
0 = Aft and Qf = Atf. The effect of Q and Q' is now to relate the wave
functions of H, and H, which have fermion number zero and one respectively,
but now there is no simple Fock space description in the bosonic sector because
the interactions are non-linear. Thus in the general case, we can rewrite the
SUSY Hamiltonian in the form

a2 )
H= (—8;3+W2>1—[f, fhiw', (11.2.16)

11.3 Factorization and the hierarchy of Hamiltonians

Let us now reverse our point of view and consider how SUSY can help in finding
exactly the spectrum of one-dimensional Hamiltonians. It is generally difficult
to solve exactly the eigenvalue problem of a (time-independent) Hamiltonian in
quantum mechanics. Among the various methods developed for this purpose, a
remarkably simple but powerful one is the ladder operator technique, a typical
example of which is the simple harmonic oscillator. If a Hamiltonian has a
discrete eigenvalue spectrum bounded from below, the energy eigenstates should
be labelled by integers and formal raising and lowering operators can be written
in this basis. However, it does not provide a way to find the ladder operators
explicitly for a given Hamiltonian. A practical method of obtaining ladder
operators has been studied using ideas of supersymmetric quantum mechanics
and a concept of shape-invariant potentials (see, e.g., Cooper et al (1995) and
references therein). This approach has (re)produced many exactly solvable
potentials.

One of the key ideas of the approach is the connection between the bound
state wave functions and the potential. Let us choose the ground state energy
for the moment to be zero. Then one has from the Schrédinger equation that
the ground state wave function ¥u(x) obeys

I d*yo
HlV/o(x)=—2—m—d-xT + Vi(x)¥o(x) =0 (11.3.1)
that
so tha | v
ilx) = -——— (11.3.2)

2m Yo(x)
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This allows a global reconstruction of the potential Vi {(x) from a knowledge of
its ground state wave function. Once we realize this, it is now very simple to
factorize the Hamiltonian using the following ansatz:

H, = A'A (11.3.3)

where A and A' are given by (11.2.3). This allows us to identify

Vi(x) = W(x) — —lﬁw’(x) (11.3.4)

as in (11.2.7). This equation is the well known Riccati equation. The solution
for W(x) in terms of the ground state wave function is

W = LY@

V2m Yo(x)

This solution is obtained by using the fact that if Ay = 0, one automatically
has

(11.3.5)

Hiyo=AlAyo =0
The supersymmetric partner of H; is the operator H, = AA' obtained by
reversing the order of A and At (cf (11.2.8)):

1 d? 2 |
H, = —E’;E-FVz(x) Wx) =W (X)+EW(X) (11.3.6)

The potentials V;(x) and V,(x) are known as supersymmetric partner potentials.
For n > 0, the Schrédinger equation for H,

HiyV = AlAy®D = ENyD (11.3.7)
implies
Hy(AyD) = AATAYD = ED(Ay D). (11.3.8)
Similarly, the Schrédinger equation for H,
Hy® = AAty® = E@y?® (11.3.9)
implies
Hi(Aly®) = AtAAty@ = EP(Aty@). (11.3.10)

From (11.3.7)~(11.3.10) and the fact that E{" = 0, it is clear that the eigenvalues
and eigenfunctions of the two Hamnltomans H, and H, are related by

E?=E" E"=0 (11.3.11)
@ =[E 1Ay (11.3.12)
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Yy = [EP12aty@ (11.3.13)

(n=0,1,2,...). Notice that if ¥\, (¥{?) of Hy (H,) is normalized, then the
wave function w,fz) (w(l)l) in (11.3.12) and (11.3.13) is also normalized. Thus,
the operator A (A') converts an eigenfunction of H; (H,) into an eigenfunction
of H, (H,) with the same energy. Since the ground state wave function of H, is
annihilated by the operator A, this state has no SUSY partner. Thus the picture
we obtain is that knowing all the eigenfunctions of H; we can determine the
eigenfunctions of H, using the operator A, and vice versa; using A’ we can
reconstruct all the eigenfunctions of H; from those of H, except for the ground
state.

It is the commutativity of the supercharges Q and Qf with the Hamiltonian
H:

[H,Q]l=[H, Q=0

that is responsible for the degeneracy.

Let us look at one more well known potential, namely the infinite square
well, and determine its SUSY partner potential. Consider a particle of mass m
in an infinite square well potential of width L:

Vix)=0 0<x<L

= —o<x <0 x>1L. (11.3.14)
The ground state wave function is known to be
M= @/ Psin(rx/L) O0<x<L (11.3.15)

and the ground state energy is Eo = w2/(2mL?).
Subtracting the ground state energy so that we can factorize the
Hamiltonian, we have for Hy = H — Ej that the energy eigenvalues are

ED _ nn+2) x2

= 11.3.16
" 2mL? ( )
and the eigenfunctions are
1
v = (2/L)'* si (lfL)ﬂ 0O<x<L. (11.3.17)
The superpotential for this problem is readily obtained using (11.3.5):
W (x) LT otrx/L) (11.3.18)
=- —cot(mrx 3.
v2mL

and hence the supersymmetric partner potential V; is

2
2”L2[2cos-2(nx/L) —1 (11.3.19)

Valx) =
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The wave functions for H, are obtained by applying the operator A to the wave
functions of Hj. In particular, one finds that

v o sint(rx/L) P o sin(mx /L) sin(2rx/L). (11.3.20)

Thus these two rather different potentials corresponding to H; and H, have
exactly the same spectrum, except for the fact that H, has one bound state less.

Thus, once we know the ground state wave function corresponding to a
Hamiltonian H), we can find the superpotential W;(x) from (11.3.5). The
resulting operators A; and A;’ obtained from (11.2.3) can be used to factorize
the Hamiltonian H;. The ground state wave function of the partner Hamiltonian
H, is determined from the first excited state of H; via the application of the
operator A;. This allows a refactorization of the second Hamiltonian in terms
of W,. The partner of this refactorization is now another Hamiltonian H;. Each
of the new Hamiltonians has one fewer bound states, so that this process can be
continued until the number of bound states is exhausted and one can solve for the
energy eigenvalues and wave functions for the entire hierarchy of Hamiltonians
created by repeated refactorizations. Conversely, if we know the ground state
wave functions for all the Hamiltonians in this hierarchy, we can reconstruct the
solutions of the original problem.

So far we have discussed SUSY QM on the full line (—oo < x < 00).
Many of these results have analogues for the n-dimensional potentials with
spherical symmetry. For example, in three dimensions after a partial wave
expansion

1
Vim(r, 0, ¢) = ;Rz (r)Yim(6, ®)

the reduced radial wave function R, satisfies the one-dimensional Schrédinger
equation (0 < r < o0)

1 dle(r)
2m  dr?

+ [V(r) + w]Rl(r) = ER/(r) (11.3.21)
2mr

with the original potential plus an angular momentum barrier.
A very interesting example of a supersymmetric system is given by the
Pauli equation in three dimensions (Crombrugghe and Rittenberg (1983)). It is

amusing that as a result of the existence of SUSY, the gyromagnetic ratio is
equal to two. Consider the Hermitian SUSY generator of the form

1
0= E["’(” + @+ A0 (11.3.22)

where ¢ (r) and A(r) are external fields and p is the momentum operator of
the particle. The relations (11.2.1) in this case reduce to just one:

0= H. (113.23)
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This equation is not in conflict with the basic anticommutation relations since
the anticommutation relations {Q, @} = 0 and {Q!, @t} = 0 are not assumed
now. Combining (11.3.22) and (11.3.23), one obtains

H =3[+ A7+ +(6,plo + 2640 + (V x A

If A is identified with the magnetic potential, the gyromagnetic ratio is
equal to two. This is a consequence of the supersymmetry.

11.4 Broken supersymmetry

In the quantum theory with an exact symmetry, the ground state (in field theory
this is the vacuum state, i.e. the state without particles) must be invariant with
respect to the group transformations (see, e.g., Chaichian and Nelipa (1984)).
This means, in turn, that the ground state must be annihilated by the generators
of the symmetry group. In the case of SUSY this gives

QVo = QYo =0.

As the Hamiltonian in supersymmetric theory is expressed in terms of the
supercharges

H=(0, 0%

the supersymmetry (11.2.1) of a quantum system is said to be an unbroken
symmetry (exact SUSY) if the ground state energy of H vanishes. Otherwise,
SUSY is said to be broken. For unbroken SUSY the ground state of H belongs
either to H, or to H, and is given by

Vi (x) = ¥ (0) exp[:l:/ dz W(z)]. (11.4.1)
0

Obviously, depending on the asymptotic behaviour of the SUSY potential, one
of the two functions 1//0i will be normalizable (exact SUSY) or neither will be
normalizable (broken SUSY). To be more explicit, let us introduce the Witten
index (Witten (1982)), which (according to the Atiyah—Singer index theorem)
depends only on the asymptotic values of &®:

A =ind A = dim ker H; — dim ker H, = }[sgn W (+c0) — sgn W(—00)]
(11.4.2)
where dim ker H; (i = L, 2) are the numbers of eigenstates of the Hamiltonians
H; with zero eigenvalue. Hence, for the exact SUSY we have A = | with the
ground state belonging to H, and A = —1 with the ground state belonging to
H,. For broken SUSY we have A = 0. The spectral properties of H;, are
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summarized as

. M ¢}
A=+1: EP=E/ >0 E’=0
A=-1: EP=E? >0 EP=0 (11.4.3)
A=0: ED=E?>0

where E®, n =0, 1,2, ..., denotes the ordered set of eigenvalues of H; with
ED < E,(,'il. For simplicity, we have assumed purely discrete spectra.

The class of potentials for which the SUSY-generalized operator method
quickly yields all the bound state energy eigenvalues and eigenfunctions as well
as the scattering matrix (in analogy with solution of the harmonic oscillator
problem by the method of creation and annihilation operators) is called the class
of shape-invariant potentials and includes all the popular, analytically solvable
potentials.

The meaning of shape invariance is the following. If the pair of SUSY
partner potentials Vj»(x) are similar in shape and differ only in the parameters
that appear in them, then they are said to be shape invariant. More precisely, if
the partner potentials Vj 2(x; a;) satisfy the condition

Valx; ay) = Vi(x; a;) + R(ay) (11.4.4)

where a, is a set of parameters, a; = f(a;) is a function of @, and the remainder
R(a;) is independent of x, then Vi(x;qa;) and V,(x; a;) are said to be shape
invariant. Using this condition and the hierarchy of Hamiltonians, one can obtain
the energy eigenvalues and eigenfunctions of any shape-invariant potential when
SUSY is unbroken.

As can be seen even from our brief discussion, the idea of supersymmetry
has found many fruitful applications both in the area of high-energy particle
physics and in non-relativistic quantum mechanics.
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Remarks on symmetric and self-adjoint operators

(1) We shall assume that A is a linear operator in the Hilbert space H defined on
a set D, dense in H: D, = H. The adjoint operator A' to the densely defined
operator A is defined by the relation

(A'nlp) = (n]Ap) (A.1)
on a domain
D ={n e ™; |(nlAp)| < Clig]l for all ¢ € D4}

This means that {r| A¢) as a function of ¢ is a linear bounded functional on D4,
which is dense in H. Then by the Riesz theorem there exists an element in H,
denoted as A’y € H, such that (A.1) holds, i.e. should hold for any 7 € DL and
@ € Dy.

(1) Operator A is symmetric if
(VI1Ap) = (Ayle)  for ¢, ¢ € Dy. (A2)
Comparing (A.1) and (A.2) we see that A is symmetric iff
ACA' (A3)
ie. A= A" on Dy, and D4 C Dyi. An operator A is self-adjoint iff
A=Al (A4)
i.e. A is symmetric and Dy = Dy,

Note 1. The notions of symmetric and self-adjoint operator are equivalent if A
is a bounded operator, since then one can take D4 = H, and of course for a
symmetric operator D41 = H.

Note 2. In quantum mechanics many important operators corresponding to
observables are unbounded. The relevant correspondence is by self-adjoint
operators. The symmetry guarantees only that the mean values {(¢|Ag) are real
for ¢ € D4. The self-adjointness guarantees much more, namely that for the
self-adjoint operator there exists a complete set of generalized eigenstates

AlﬂA = A-WA A real. (AS)
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Here ¥, € H for a discrete point A = A, of the spectrum and for the continuous
spectrum V, are distributions on D4. The completeness means that any ¢ = H
can be expanded as

0= ctn, + [ dhcnn. (A6)

This is necessary for the interpretation of quantum mechanics. Mathematically
more suitable objects as generalized eigenstates are spectral projectors acting on

@ as
A

A
Bw=[ aiow= [ ancam (A7)

o0 -0
existing for any self-adjoint operator.
We stress that if one finds a complete set of (generalized) eigenfunctions
(A.5) of some symmetric operator this means that A is self-adjoint.

Example

Ap = (1/1)3¢p
D4 = {p € £%(0,1), ¢ absolutely continuous, ¢(0) =(1)=0}.

Note. ¢ is absolutely continuous if

N
Z le(Bi) —@(Bi)| < € forany 0 <eo; < B; < 1

i=1
such that
N
> (Bi—a) <8
i=l
This guarantees that d,¢ exists almost everywhere on (0, 1).
Property 1. A is symmetric on (0, 1):
! 1
{(plAY) =/ dxfp"(x)Tafo(X)
0
., . ! | *
= ;[fp (MHyd)—¢ (0)¢(0)]+f dx Tax(p(x) ¥ (x)
0
= (Aply).
Property 2. A is not self-adjoint:

1 ol .
Alp = 79 Dy = {n € L£7(0, 1), ¢ absolutely contmuous}



APPENDIX A 289

! 1 1
(nlAY) =/; dx n*(x)THxW(x) = T[n*(l)\&(l) —n*(0)y(0)]

1 1 *
+f0 dx (Ta,n(x)) V(x) = (ATn|y)

since 7*(1)¥ (1) — n*(0)¥(0) = O is satisfied for any n € D, provided that
Y € Dy, ie. y() =y (0) =0,

Note 3. If B is a symmetric (B C B') extension of a symmetry operator A
(A C A"), then
ACBcCB'cB.

von Neumann (1955) formulated the conditions under which a self-adjoint
symmetric extension exists, namely

AcB=B'cB

and presented a method for their construction.
Let n. be the number of linearly independent solutions in H of the equations

Alp=tip ¢peH. (A.8)

The self-adjoint extension exists <& n, = n_.

Example. Denote by A, the operator

1
Aa‘p = Tax‘p
Dy = {p € £(0, 1), ¢ absolutely continuous, ¢(0) = e*p(1)}.
Then

1

1 1
(nlAa\l/)=f dxn*(x)TaxW(x) = T[n*(l)\l/(l)—n*(ﬂ)\l/(ﬂ)l

0
1 l *
+f0 dx (T"’*"("’) ¥ (x).
D, is determined by the condition
0=n*(1e(1) — n*(0)¢(0)  for all p € Dy
= (n*(1) — € 1*(0))p(0)
= (1*(1) — € 1%(0))p(0).

This is guaranteed for all ¢(x) provided that

n(0) = e n(1)
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as is the case for ¢; this means that D, = Dy, and since AL C A,, we see

that Al = A,, i.e. we find a 1-parametric family B = A,, a = (0, 27) for the
self-adjoint extension of A.

Note 4. A systematic method for the construction of all self-adjoint extensions
of symmetric operators with n, =n_ = n < oo was invented by von Neumann
(1955). .

Denote by x4 the n-dimensional subspace generated by the solutions (p:(t')),
i=1,...,n of (A.8). Then the extensions Ay of A are indexed by the unitary
operator U : k. — «x_ and

DA, ={¥ =0+9,+Upys; v € Da,py €k}
A =Ap +ip, — iup,.

Note. Our explicit example on construction of the left-adjoint extension fits into
this general framework.
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The distinction between finite and infinite numbers of degrees of freedom
in quantum mechanics

Let us assume the case of N degrees of freedom, i.e. the states are elements of
the Hilbert space

N N
H= Lz(RN7 de) = ®k=l(R, dxk) = ®k=1Hk

i.e. the space of square integrable functions ¢ = ¢(x;,...,xx) in RV . This
space is separable as it has a countable basis

q)nl ..... ny =‘Pn|(xl)""Pn~(xn)

where {@,(x),n = 0,1,...} is a basis in L2(R"Y,d"x) (e.g. formed by the
eigenfunctions of the harmonic oscillator).

Under certain domain assumptions von Neumann (1955) proved that the
representation of canonical commutation relations (CCRs)

(X, X;] =[P, P;]=0 [X:, Pj] = i6;j

in a separable Hilbert space, H, is unique up to unitary equivalence. This means
that if we have another set of operators satisfying

(X, X;1=[P,P1=0 [X;, Pl=id;

H

then there exists a unitary operator U, such that

X =Ux,U™! Pl =UPU™".
Note 1. This is a very important theorem which tells us that any representation
of CCRs for N degrees of freedom is unitarily equivalent to the standard one

1
X,-<1>=x,-<l> P,<d>=fa,-<l>
i

i.e. there is basically only one QM of N degrees of freedom. There is a nice
example from the history of QM. At the very beginning of QM there were
two independent formulations of QM, one by Heisenberg and the other by
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Schrodinger. Later it was shown by Jordan and Pauli that they are equivalent
and this was a motivation for von Neumann to prove his theorem.

Note 2. In the case of an infinite number of degrees of freedom, the Hilbert

space in question is
o0
H= ®k=lH"'

However, this space is non-separable as its base

00
'll'lz I |

is non-countable, even in the case where H; itself is finite dimensional. For
example, for an infinite chain of spins any H, is two dimensional, having the
base formed by ¢; (= spin up) and ¢y (= spin down). To any base element
®,, »,... we can assign the real number

(]
nlnz E
k=1

from the interval (0, 1) (remember that n; = 0 or 1), but the set (0,1) is non-
countable. Thus, our Hilbert space is non-separable. The von Neumann theorem
is not applicable, and usually there are many inequivalent representations of
CCRs (von Neumann (1938), Thirring (1983)). This situation, still mathema-
tically not completely understood, is typical, e.g. for infinite spin systems in
solid state physics, or in quantum field theory. Fortunately, we are dealing here
with quantum mechanics of finite numbers of degrees of freedom and can use
such nice results as, for example, given in the von Neumann theorem.

k- |
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